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[1] The wavelet response is a multiscale method based on the continuous wavelet
transform. We use it to characterize the acoustic reflectivity of a layer of glass beads with
diameter d = 1 mm randomly arranged in water. The volumetric concentration is f ’ 63%
of spherical inclusions. The wavelet response is measured over a large frequency
range (100 kHz � f � 5 MHz) where five different acoustic regimes are identified on the
basis of scattering phenomena. A strong decrease in the reflectivity occurs when the
wavelength of the incident wave is twice the bead diameter, a situation where lateral
scattering is dominant. The energy ratio of the ballistic and the coda parts of the wavelet
response reveals a clear transition from a ballistic propagation regime to a diffusion regime
where multiple scattering occurs. The experimental data are explained with an
effective medium theory approach: the reflectivity data in the low-frequency domain of the
spanned frequency range are correctly reproduced with quasi-static models. For higher
frequencies, more sophisticated models accounting for multiple scattering must be used.
The high-frequency part of the experimental reflectivity curve may be explained by strong
multiple scattering at the top of the glass beads located at the surface of the layer and
corresponds to the optical geometric limit.

Citation: Le Gonidec, Y., and D. Gibert (2007), Multiscale analysis of waves reflected by granular media: Acoustic experiments on

glass beads and effective medium theories, J. Geophys. Res., 112, B05103, doi:10.1029/2006JB004518.

1. Introduction

[2] The nondestructive characterization of heterogeneous
geological materials with either seismic or electromagnetic
waves is an important issue which has motivated numerous
studies concerned with the heterogeneous properties of the
Earth from the global scale [Wysession et al., 1992;
Chambers et al., 2005] down to the very small scales
encountered in environmental and engineering applications
[Exon et al., 1998; Pecher et al., 2003]. Near-surface layers
also constitute an increasing matter of interest for either
pollution concerns or safety assessment of civil engineering
equipments. An example pertaining to the civil engineering
industry concerns the characterization of the sea bottom
[Schock et al., 1989; De Moustier and Matsumoto, 1993;
Augustin et al., 1996; Orange et al., 2002; Acosta et al.,
2004] for the purpose of planning the installation of optic
fiber networks and communication cables or to identify
resources for future mining and fishing facilities [Carter,
1992; McClatchie et al., 2000; Kostylev et al., 2001].

[3] Acoustic probing of heterogeneous interfaces requires
a good knowledge of wave propagation inside the structures
where strong interactions between the acoustic wave and the
medium heterogeneities can occur. The interpretation of
these phenomena is not straightforward: geological reflec-
tors are complex, multiphase interfaces (i.e., mixtures of
fluids, rocks and gas). For instance, the seafloor consists of
different sedimental components (e.g., mud, silt, sand, lava)
mixed with water, constituting heterogeneous substrates
[Goff et al., 2000; Le Gonidec et al., 2005]. The main
physical parameters derived from echo sounder data are the
velocity and the attenuation of the coherent waves, i.e., the
specular reflections. Attenuation of broadband Chirp signals
is used for sediment classification [Vandenplas et al., 2000;
Stevenson et al., 2002; Gutowski et al., 2002]. Attenuation
is frequency-dependent, and new acoustic techniques use
multifrequency methods [Vanneste et al., 2001; Walter et
al., 2002; Lambert et al., 2002; Price, 2006].
[4] Wave propagation inside complex media has been

intensively described and has motivated numerous studies
[e.g., O’Doherty and Anstey, 1971; Sheng et al., 1986;
Burridge et al., 1988, 1993; Scales, 1993; Page et al.,
1995; Cowan et al., 1998; Derode et al., 1998; Tournat et
al., 2004; Marchetti et al., 2004; Dineva et al., 2006]. The
interaction of the acoustic wave with a complex interface is
strongly controlled by the ratio l/d of the incident wave-
length to the heterogeneity size [Le Gonidec et al., 2002]:
At the macroscopic scale, when the wavelength l is much
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larger than the microstructure characteristic size d, the
Rayleigh regime dominates and static effective medium
theories provide a useful framework to derive the macro-
scopic properties of composite materials [e.g., Chýlek et
al., 2000]. Such static methods describe the frequency-
independent properties of the equivalent homogeneous
medium and has been studied by many authors [Foldy,
1945; Hashin and Shtrikman, 1963; Kuster and Toksöz,
1974; Berryman, 1980; Berryman and Berge, 1996; Aristégui
and Angel, 2002]. In the mesoscale domain where l ’ d, the
interaction between the acoustic wave and the microstruc-
ture of the medium strongly depends on the ratio l/d, and
dynamic effective medium theories have been proposed to
account for both the frequency-dependent properties of
multiphase composites and multiple scattering [Waterman
and Truell, 1961; Sheng, 1995; Busch and Soukoulis, 1996].
[5] In the present paper, we study the frequency depen-

dence of the acoustic reflectivity of a layer made of a
densely packed granular medium. In particular, we examine
the influence of the ratio l/d by means of the ‘‘wavelet
response’’ introduced in a previous paper [Le Gonidec et al.,
2002]. Similar to the continuous wavelet transform, defined
as the convolution between the analyzed signal and a family
of wavelets obtained from a given analyzing function (see
Holschneider [1995] for an introduction), the wavelet
response also uses a family of wavelets which are propa-
gated (NOT convolved) through the medium to be analyzed.
The properties of the wavelet transform concerning the
characterization of abrupt changes in signals [e.g., Mallat
and Hwang, 1992; Herrmann, 1994; Alexandrescu et al.,
1995, 1996] are retrieved in the wavelet response. This
method may therefore be used to remotely probe the multi-
scale structure of complex interfaces [Herrmann and Staal,
1996; Wapenaar, 1998, 1999; Marsan and Bean, 1999] and
more generally of heterogeneous structures. When com-

pared to other analyzing methods, the wavelet response
characterizes the multiscale interface structure over a very
large dilation range both in the time and frequency domains.
[6] In section 1, we recall the main steps of the wavelet

response method and we present the acoustic experiments.
We measure the wavelet response of a biphase composite
medium made of a dense packing of glass beads surrounded
by fluid. We analyze the acoustic response of the granular
medium from the wavelet response data, and we identify
five characteristic frequency ranges. In section 2, we discuss
the observed macroscopic effects from a microscale point of
view. We show that the scattering diagram of a single glass
bead can explain the acoustic response of the granular
medium. We put in evidence the propagation-to-diffusion
transition. Sections 3 and 4, we introduce and compare
effective medium theories with the experimental data. We
define the frequency ranges where the theories agree with
the data and discuss the results.

2. Acoustic Reflectivity of a Layer of Glass Beads

2.1. Principles of the Method and Experiments

[7] In order to analyze the acoustic response of a granular
medium, we use the wavelet response method, a multiscale
analysis technique based on the continuous wavelet trans-
form introduced in details in previous papers [Le Gonidec et
al., 2002, 2003]. The main idea at the basis of the wavelet
response is to use a family of incident waves whose source
signals constitute a wavelet family as shown in Figure 1
(i.e., a set of signals with constant shape and different
durations). The experimental wavelet family is obtained
by simulated annealing [Conil et al., 2004]. The advantage
of this method is to span a wide frequency range while
keeping a good temporal localization of the source signals,
this allows an optimal identification of the signals reflected

Figure 1. (a) One member of the experimental wavelet family. Each wavelet is inverted in order to best
fit with the fourth derivative of a Gaussian: (d4/dt4)exp(�t2). (b) Assemblage of the whole experimental
wavelet family obtained by ranking each wavelet with respect to its dilation inversely proportional to its
central frequency.
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by the target, both in time and frequency domains. Another
advantage is to avoid postprocessing operations like noise-
sensitive deconvolution as often required in more conven-
tional methods where the source signals are not controlled.
The wavelet response has the further advantage to deter-
mine the homogeneity degree of a target geometry in terms
of discontinuities. This has been described in previous
papers [Le Gonidec et al., 2002, 2003] where planar
interfaces can be assimilated to Dirac-like and Heaviside-
like discontinuities at low and high frequencies, respec-
tively. A detailed account of the properties of the wavelet
transform with respect to homogeneous functions is given
by Mallat and Hwang [1992] and by Alexandrescu et al.
[1995, 1996] for geophysical applications.
[8] The wavelet family used in the present study consists

in 30 wavelets (Figure 1b) spanning a frequency range
going from 200 kHz to 1 MHz. It has been generated by
means of four pairs of transducers with central frequencies
of 250, 500, 750, and 1000 kHz. The analyzing wavelet is
the fourth derivative of a Gaussian function (Figure 1a) in
order to have a well-defined central frequency while being
sufficiently localized in time.
[9] The experimental setup shown in Figure 2 has already

been discussed in details by Le Gonidec et al. [2002]. It
consists in a rigid frame holding two transducers mounted in
the normal incidence configuration, one for the emission
and one for the reception. The acoustic reflector is a
granular medium composed of a thick layer of glass beads.

Both the transducers and the medium are immersed in the
water of an acoustic tank. The medium is roughly 60 cm
below the transducers and can be translated in order to
measure the mean acoustic field in the far-field conditions.
The experimental wavelet response of the medium is con-
structed by successively emitting each source signal (i.e.,
wavelet) and averaging the reflected signals.
[10] The glass beads of the granular medium are densely

packed in a box, and the porosity derived from mass
measurements is 37%. The concentration of the glass beads
is f ’ 63%, typical of a random close packing [Page et al.,
1995, 1996] and significantly smaller than the densest
concentration of 74% corresponding to a face-centered
cubic packing of spherical inclusions [Neser et al., 1997].
[11] A relevant nondimensional control parameter of the

experiment is the ratio l/d between the incident wavelet
wavelength l to the bead diameter d. Indeed, the granular
media used in the present study have a porosity independent
of the bead diameter and experimentally measured around
37% for all glass bead diameters. Then, the acoustic
response of a granular medium only depends on the ratio
l/d: the glass beads are monodisperse and uniformly
packed, so the wavelet responses measured for different
bead diameters d may be rescaled to a common diameter
and merged to obtain a global wavelet response spanning a
wider range of the l/d ratio. The wavelet response is
measured for six different granular media with bead of
diameters d = 0.6, 1, 2, 3, 4, and 5 mm, respectively.
These individual wavelet responses are further rescaled at
an equivalent unique diameter d = 1 mm and for a
corresponding frequency range 100 kHz � f � 5 MHz
(Figure 3). We emphasize that the reference wavelet res-
ponse is associated to a perfect half-space reflector.

2.2. Identification of the Coherent Frequency Bands

[12] Thanks to the controlled shape of the source
signals used in the wavelet response method, the distor-
tions observed in the wavelet response of the granular
media when compared with the reference wavelet response
of a perfect reflector (Figures 3a and 1b, respectively) may
safely be attributed to wave phenomena produced by the
heterogeneous nature of the glass bead layer. Both wavelet
responses have a similar appearance at low frequency, and
discrepancies are larger and larger when the frequency
increases. The intermediate wavelength domain l ’ pd
marks a clear limit between the low-frequency domain
where both wavelet responses look very similar with a
common conical-like structure, and a high-frequency domain
where the conical structure of the wavelet response becomes
very complex in the case of glass beads.
[13] A quantitative analysis of the wavelet response may

be done from its so-called ridge functions as detailed by
Le Gonidec et al. [2002, 2003]. The analyzing wavelet
used in the present study counts five extrema (Figure 1a)
from which five ridge functions may be defined. Each
ridge function is locked on a given extrema and may be
followed across the dilation range spanned by the whole
wavelet family. The average amplitude of the wavelet
response along a given ridge function may be plotted in
a log-log diagram as a function of the l/d ratio as shown
in Figure 3b. This average curve represents the reflectivity

Figure 2. (a) Experimental setup holding two piezo-
electric transducers above a rolling box filled with glass
beads. The box can be horizontally translated while stacking
the reflected signals in order to record the mean field.
(b) Monodisperse glass beads randomly distributed in water.
The concentration f ’ 0.63 roughly corresponds to
109 beads/m3 for d = 1 mm.
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curve of the layer of monodisperse glass beads, and
constitutes the data which we now discuss in details.
[14] A first interpretation of the wavelet response may be

done in the framework of homogeneous discontinuity
analysis [Le Gonidec et al., 2002, 2003]. From this point
of view, the reflectivity curve may be decomposed in
straight line segments with different slopes a (Figure 3b)
which depend on the homogeneity degree of the disconti-
nuity present at the acoustical interface (i.e., zero for a step-
like transition). By this way, five frequency domains labeled

from I to V are recognized in the experimental reflectivity
curve. The limits of these domains correspond to remark-
able reduced wavelengths, l/d, represented as vertical
dashed segments in Figure 3b: the corner wavelengths
correspond to l = 2pd, pd, pd/2 and 2 d/p, respectively.
[15] The dotted curve in Figure 3a marks the upper time

limit of the wavelets used as source signals (Figure 1b). In
bands I and II, the duration of the wavelet response
coincides with this limit, while it is much larger in bands
III, IV, and V because of the presence of a long coda wave.

Figure 3. (a) Experimental wavelet response of a layer of glass beads with diameter d. The horizontal
axis represents the nondimensional control parameter l/d, the time axis is vertical, and the color scale
represents the amplitude of the averaged reflected signal. The black dots mark the time limit of the
reference wavelet shown in Figure 1: The coherent ballistic component of the wavelet response is located
before this limit, and the coda component comes after. (b) Amplitude of the ballistic component of the
wavelet response shown in Figure 3a. In this log-log diagram, the average curve (solid line) appears
mostly linear in 4 frequency bands represented by straight segments with slopes equal to 0, +1, +2, and 0
from left to right, respectively.
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2.2.1. Long-Wavelength Domain
[16] The long-wavelength domains I–II correspond to

reduced wavelengths l > pd where the wavelet response
of the granular medium has a simple conical appearance
identical to the reference wavelet response with 5 ridge
functions (Figures 3a and 1b, respectively). In these
domains, the wave reflected by the surface of the granular
medium appears as a single wave packet, identical to what
happens for an Heaviside-like discontinuity. The distinction
between domains I and II is motivated by the slope break
observed in the ridge functions at l = 2dp.
[17] In domain I, the ridge function is flat with a = 0

indicating that the reflectivity does not depend on the
frequency of the incident wave. The experimental reflection
coefficient R = 0.34 is identical to the one predicted for an
homogeneous half-space interface as shown in section 5.1
[Le Gonidec et al., 2002].
[18] The reflectivity observed in domain II is frequency-

dependent indicating that the granular medium can be
assimilated to a homogeneous half-space with frequency-
dependent properties. The reflectivity linearly decreases
from R = 0.34 to R = 0.15 as the wavelength shortens
(in a log-log plot). The frequency attenuation for glass
beads d = 1 mm is then estimated to 0.02 dB/kHz. In
section 3, we give physical interpretation of this decrease
due to scattering processes which get stronger as the
reduced wavelengths l/d shortens.
2.2.2. Intermediate-Wavelength Domain
[19] Domain III covers the range pd > l > pd/2 where the

simple cone-like appearance of the wavelet response prog-
ressively disappears and splits into subconical structures at
l ’ 2d (Figure 3a). Observed from Figure 3b, the ampli-
tude of the ridge functions does not obey a power law and
the reflectivity curve presents a deep minimum R ’ 0.025
at l ’ 2d. The temporal limit plotted in black dots in
Figure 3a does not coincide with the time of the reference
wavelet response: we observe reflected wave trains longer
in time than the reference wavelets. Strong interactions
occur inside the granular medium between the acoustic
wave and the glass beads. We associate domain III to the
transition region where the glass bead layer cannot be
assimilated to a Heaviside-like interface but appears to be
a complex structure.
2.2.3. Short-Wavelength Domain
[20] Domains IV–V correspond to the wavelength range

l < pd/2 where the reflected wave trains have a total duration
much longer than the one of the reference wavelets. The
reflected waves are mainly composed of a late coda typical
of strong multiple scattering between the source signals and
the small-scale structures of the granular medium. A strong
decrease of the ridge functions is observed in domain IV
with a slope a = +2 for pd/2 > l >2 d/p where the frequency
attenuation is 0.04 dB/kHz for glass beads d = 1 mm. In
domain V, the slope of the ridge function is roughly a ’ 0
when r < 2/p where the experimental data are scattered
around a mean reflectivity R ’ 0.01.

3. Acoustic Wave Phenomena

3.1. Definition of Scattering Parameters

[21] The amplitude f of an acoustic plane wave scattered
by an inclusion depends both on the l/d ratio and on the

observation angles (q, f). For a spherical scatterer, f (q, f) =
f (q) and, in the forward scattering q = 0 and back-scattering
q = p directions, the far-field amplitudes are [McClements
and Povey, 1989]

f 0ð Þ ¼ 1

ikm

X1
n¼0

2nþ 1ð ÞAn ð1Þ

f pð Þ ¼ 1

ikm

X1
n¼0

�ið Þn 2nþ 1ð ÞAn; ð2Þ

where k is the wave number in the fluid matrix. The terms
An [Goodman and Stern, 1962] include the physical
properties of the materials.
[22] The scattering cross section ss(q) is defined by

ss ¼ f qð Þj j2 ð3Þ

and represents the distribution of the intensity scattered in a
given direction. The total scattering cross section st is
defined by

st ¼
Z

ssd qð Þ; ð4Þ

and the extinction coefficient of an isolated scatterer is the
total scattering cross section st normalized by the geome-
trical cross section. For a spherical scatterer, the geometrical
cross section is sg = p d2/4.
[23] In average, an acoustic wave propagating in a com-

plex medium is characterized by an exponential decay and
the wave coherence disappears as the wave propagates. The
corresponding distance, coherently traveled by the waves
inside the heterogeneous medium until 1/3 of the incident
energy is annihilated by multiple scattering, is defined as the
mean free path l(r):

l rð Þ ¼ 1=nst ; ð5Þ

where n is the number of scatterers per volume unit and st is
the total scattering cross section of a single scatterer.

3.2. Small-Scale Scattering

[24] In this section, we discuss the characteristics of the
scattered wavefield with respect to the five frequency bands
identified from the ridge functions (Figure 3b). The results
are presented as two-dimensional (2-D) radiation diagrams
which are computed for a spherical scatterer with the
physical properties of the glass. Figure 4a shows these
diagrams representing the amplitude, j f(q)j2, of the wave-
field re-radiated by a scatterer in response to an incident
wave traveling in the q = p direction. The q = 0 and q = p
directions correspond to the longitudinal back and forward
scattering directions, respectively. Transverse scattering
corresponds to q = ±p/2. A first glance at Figure 4a
reveals that each frequency band corresponds to a parti-
cular scattering regime, from back scattering in domains
I–II to forward scattering in domains IV–V. This is
quantitatively assessed by examining the curves shown
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in Figures 4b and 4c which represent the back-to-forward
and transverse-to-longitudinal ratios of the scattered ampli-
tudes, respectively.
[25] The curve of Figure 4b indicates that in the low-

frequency bands I–II, the back-scattered energy is about
1 order of magnitude larger than the energy re-radiated in
the forward direction. The energy ratio is constant and
equal to 10 in domain I and begins to decrease in
domain II. The low-frequency bands correspond to a
dominant back-scattering regime. The energy balance in
the high-frequency bands IV–V is opposite to what
happens in bands I–II with the forward scattered energy
about one, and even two, orders of magnitude larger than
the energy reradiated in the backward direction. The
high-frequency bands correspond to a dominant forward
scattering regime where most of the incident energy is
scattered deeper in the bead layer. The experimental limit
between domains IV–V falls on a strong perturbation of
both the back-to-forward and transverse-to-longitudinal

ratios of cross sections corresponding to a sharp Mie
resonance line.
[26] The curve of the transverse-to-longitudinal energy

ratio (Figure 4c) possesses an absolute maximum centered
in band III which separates the low-frequency domain
where the layer of glass beads behaves as a simple
reflector, i.e., the conical pattern of the wavelet response
in Figure 3b, and the high-frequency range where the layer
of beads behaves as a random medium re-radiating a
diffuse wavefield. Band III is also remarkable in the sense
that the backscattered and forward scattered energies are
equal for l = 2d where the transverse-scattered energy is
maximum, up to 1 order of magnitude larger than the
longitudinal-scattered energy (Figure 4c). The intermediate
frequency band then corresponds to a dominant transverse-
scattering regime. Both experimental frequency limits of
domain III correspond to the equilibrium between the
transverse-to-longitudinal energy ratio, as predicted by
the scattering patterns for a single scatterer.
[27] The frequency bands identified from the experi-

mental data correspond to particular radiation diagrams
computed for a single bead: the macroscopic response of the
monodisperse granular medium appears to be controlled by
scattering processes at the microscopic scale. Each scatterer
contributes coherently in the mean reflected field inducing
a strong link between the behavior of a single bead and
that of many. In particular, note the semblance between
the reflectivity curve (Figure 3b) representative of the
energy reflected by the whole granular medium, and the
back-to-forward energy ratio (Figure 4b) representative of
the energy reflected by a single glass bead. We can interpret
the strong decrease in the wavelet response amplitude,
observed in band III of the ridge function curves
(Figure 3b), as a significant amount of the incident wave
energy reradiated perpendicularly to the incident direction.
The similarity we found with results from single scattering
model occurs in the mean-field measurements of the
backscattered energy where multiple-scattering processes
are averaged in the experimental results.

3.3. Propagation-to-Diffusion Transition

[28] We now consider in more details what happens in the
wavelength band III which corresponds to the transition
between the long-wavelength domain, where the granular
medium is equivalent to a simple localized reflector, and the
short-wavelength domain, where multiple scattering occurs
and induces back-scattered coda wavefield. The wavelet
response method allows for separating the ballistic wave
and the coda waves to perform a quantitative study of the
energy balance between these two components of the back-
scattered wavefield. The time of the ballistic arrival (dotted
curve in Figure 3a) corresponding to the reference wavelet
response of Figure 1b is used to distinguish the coherent
ballistic reflection from the late arrivals forming the coda.
We calculate the associated energies Eb and Ec by integra-
ting the two signal components, respectively. The ballistic-
to-coda energy ratio Eb/Ec is plotted as a function of l/d in a
log-log diagram (Figure 5a).
[29] The ballistic energy is 1 order of magnitude larger

than the coda energy in domains I–II and down to 2 orders
of magnitude smaller in domains IV–V. At low frequen-
cies, the reflected energy comes from coherent reflection at

Figure 4. (a) Directivity patterns, i.e., the scattering of a
plane wave coming from the right and incident on a spherical
inclusion, computed for each frequency domain. (b) Back-
to-forward ratio of scattering amplitude defined as j f (0)j2/
j f (p)j2. Bands I and II and bands IV and V correspond to
dominant back scattering and to dominant forward scatter-
ing, respectively. (c) Transverse-to-longitudinal ratio of
scattering amplitude defined as j f (p/2)j2/max [j f (p)j2,
j f (0)j2]. Band III corresponds to the frequency domain
where transverse scattering is dominant. In all three plots, the
vertical dashed lines indicate the experimental frequency
limits defined from the wavelet response analysis.
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the interface, whereas it is mainly associated to multiple
scattering at high frequencies where the scattered waves
follow long tortuous paths in the heterogeneous medium.
[30] In frequency band I, the extinction coefficient

follows a Rayleigh scattering law /l�4 [Ishimaru, 1978]
(Figure 5b) indicating a single-scattering regime inside the
granular medium when l > 2pd where propagation dom-
inates. In domain II, transverse scattering increases for a
single bead (Figure 4c), and the single-scattering regime is
less and less valid. Domains IV–V correspond to multiple-
scattering regime.
[31] At intermediate frequencies of domain III, the

energies of the ballistic component and the coda are
equivalent when l = 2d, corresponding to a strong
transition of a propagation regime at low frequencies to
a diffusion regime at high frequencies. These experimental
results on mean-field measurements (solid line in
Figure 5a) are similar to the theoretical curve of the back-
to-forward scattering energy ratio computed for a single
glass bead (dotted line in Figure 5a) which microscopic

coherency induces the macroscopic behavior of the granular
medium.

4. Effective Medium Theories

4.1. Single-Scattering Regime

[32] We now consider effective medium models and
consider their efficiency to reproduce the experimental
reflectivity curve discussed in sections 2 and 3. A first class
of models concerns the quasi-static models whose effective
medium properties do not depend on the frequency. This is
for instance the case of the models proposed by Kuster and
Toksöz [1974] and by Berryman [1980] in the context of
geophysical applications. These models are fully con-
strained by the experimental physical and geometrical
properties of the granular medium, namely the shape, size,
concentration and nature of both the inclusions (i.e., glass
beads) and the fluid matrix (i.e., water). The models of
Kuster and Toksöz [1974] and of Berryman [1980] are both
derived by considering the statistical properties of a large
number of elastic spherical inclusions randomly dispersed
in a fluid matrix. The diffusing spheres of diameter d
occupy a volume fraction f and their scattered far field is
computed for signal wavelengths l � d using the single-
scattering approximation. The physical properties of the
equivalent homogeneous medium are the effective density,
r*, and the effective compressibility modulus K*.
[33] In the model of Kuster and Toksöz [1974], the cluster

of spheres embedded in the fluid matrix is replaced by a
homogeneous equivalent sphere such that the scattered far
field is unchanged in the fluid matrix. With this constrain,
the effective density r*KT of the effective medium is a real-
valued quantity given by

rm � r*KT
rm þ 2r*KT

¼ f
rm � rs
rm þ 2rs

; ð6Þ

where rs and rm are the densities of the spherical
inclusions and the fluid matrix, respectively. The
concentration of elastic inclusions in the fluid matrix is
0.74 > f � 0. The effective compressibility modulus K*KT
is defined by Wood’s law:

1

K*
¼ f

Ks

þ 1� f
Km

; ð7Þ

where Ks and Km are the compressibility moduli of the
spherical inclusions and the fluid matrix, respectively.
[34] In the model of Berryman [1980], the same cluster of

spherical inclusions in material s embedded in a fluid matrix
m is replaced by a compound of inclusions in a homoge-
neous equivalent matrix * such that no scattered field is
radiated outside the cluster of inclusions in material i and m,
respectively, embedded in the effective medium *. Under
this constrain, the effective density r*B is a real-valued
parameter defined by

1

r*B þ 1
2
r*B

¼ f

rs þ 1
2
r*B

þ 1� f

rm þ 1
2
r*B

: ð8Þ

Note that formula (8) for the effective density is symmetric
under interchange of constituent labels, m for the fluid

Figure 5. (a) Experimental curve representing the energy
ratio between the ballistic energy and the back-scattered
energy extracted from the wavelet response of the glass
bead layer (see Figure 3a). Domain III corresponds to the
transition between a propagation regime to a diffusion
regime, identified in the domains I – II and IV–V,
respectively. (b) Extinction coefficient (solid line), i.e., total
scattering cross section divided by the geometrical cross
section p d2/4. Also shown are the five frequency bands
identified in the data (see Figure 3). In band I, the scattering
cross section closely follows the Rayleigh scattering power
law (/l�4) (dashed line).
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matrix and s for the spherical inclusions which concentra-
tions are (1 � f) and f, respectively.
[35] The effective velocity c* of the fluid equivalent

homogeneous medium is a real value and the effective
reflectivity g* follows the real acoustic impedance contrast
expressed in equation (9):

c* ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K*=r*

q
; g* ¼ r*c* � rmcm

r*c* þ rmcm
; ð9Þ

where cm = 1480 m/s and rm = 1000 kg/m3 is the sound
velocity and density of water, respectively.

4.2. Multiple-Scattering Regime

[36] Waterman and Truell [1961] have proposed an
effective medium theory taking multiple scattering into
account. This model has been applied to the problem of
an elastic wave scattered by a finite number of inclusions
inside a homogeneous matrix [McClements and Povey,
1989; Anson and Chivers, 1993; Robert et al., 2004]. This
model also considers the case of spherical scatterers
embedded in a fluid matrix. The model is fully constrained
by the physical parameters of the experimental granular
medium. The properties of the effective equivalent medium
are frequency-dependent, and the model of Waterman and
Truell [1961] belongs to the so-called class of dynamic
effective models.
[37] From a granular medium made of spherical inclu-

sions, Waterman and Truell [1961] define an equivalent
homogeneous medium whose effective properties are char-
acterized by complex value parameters, the imaginary part
of which stands for scattering absorption. The effective
medium wave number k*, expressed by

k*

km

 !2

¼ 1þ 2pnf 0ð Þ
k2m

� �2

� 2pnf pð Þ
k2m

� �2

; ð10Þ

is complex valued owing to the scattering parameters f (0)
and f (p) which are the diffusion amplitudes of a single
scatterer in the back- and forward scattering direction,
respectively (see Sheng [1995] for details). The wave
number km is the (real) wave number in the fluid matrix and
n = 6f/pd3 is the number of elastic spherical inclusions per
volume unit. The inclusions are supposed to be uniformly
distributed.
[38] From equation (10), the effective velocity of the

equivalent fluid medium is also a complex-valued quantity
and is expressed in equation (11) corresponding to the
effective medium immersed in water (cm and km are the
sound velocity and the wave number in the water, respec-
tively). The effective reflectivity g* following the acoustic
impedance contrast is given by equation (11) (the reflection
coefficient of the glass bead layer is defined as the modulus
of the effective reflectivity):

c* ¼ cm
km

k*
; g*

			 			 ¼ r*c* � rmcm
r*c* þ rmcm

					
					: ð11Þ

5. Comparison With the Experimental Data
and Discussions

5.1. Very Long Wavelength Domain

[39] Identified from the experimental wavelet response,
domain I is characterized by five ridge functions which
slope is a = 0 in a log-log diagram for wavelengths l > 2 pd
(Figure 3b). In this frequency band, the interface between
water and the layer of glass beads can be represented by a
sharp Heaviside-like interface between water and an equi-
valent homogeneous medium with frequency-independent
properties. The reflected field is measured in the far-field
condition and the extinction coefficient curve plotted in

Figure 6. Experimental reflectivities (dots and solid line) extracted from the granular medium wavelet
response superimposed with the equivalent theoretical reflectivities gKT* = 0.34 and gB* = 0.37 computed
from Kuster and Toksöz [1974] and Berryman [1980], respectively (dashed vertical lines). The dashed
horizontal line stands for the reflectivity g = 0.81 of a pure bulk glass. The horizontal arrows in the upper
right part of the graph represent the upper and lower reflectivity bounds of Hashin and Shtrikman [1963].
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Figure 5b shows the wave phenomenon at work in band I is
a Rayleigh single-scattering regime.
[40] Using the physical properties of experimental gran-

ular medium, the characteristics of the effective medium
given by the models of Kuster and Toksöz [1974] and of
Berryman [1980] may be computed to obtain the effective
reflectivity g*. We obtain gKT* = 0.34 and gB* = 0.37 for the
models of Kuster and Toksöz [1974] and of Berryman
[1980], respectively. As can be seen in Figure 6, these
theoretical reflectivity coefficients are in good agreement
with the experimental curve in domain I. Also shown for
comparison is the reflectivity g = 0.81 of bulk glass. Even if
no confining pressure is applied on the close packing of
spherical inclusions, percolating stress network should exist
through the Hertz contacts among the glass beads [Rioual et
al., 2003]. This effect should contribute to the efficiency of
the granular medium reflectivity but it does not appear in
the methods of Kuster and Toksöz [1974] and Berryman
[1980]: the effect is then supposed to be very weak in our
experiments.

5.2. Intermediate-Wavelength Domain

[41] In the frequency bands II-III-IV, the experimental
reflectivity curve (Figure 3b) displays a strong dependence
of the reflectivity with the wavelength of the incident wave
and the wave phenomena involved in each band are
different. The Rayleigh scattering occurring in band I ceases
to be valid in band II, and a dominant lateral scattering
occurs in band III where by a strong decrease in the
reflected energy is observed. Band IV is dominated by
strong forward scattering which produces a long coda wave
formed by the scattered waves coming from deeper parts of
the heterogeneous medium (see Figure 3a). In these inter-
mediate frequencies, we cannot apply quasi-static methods
and we work on dynamic effective medium methods as the
theory proposed by Waterman and Truell [1961].
[42] All physical parameters are controlled in our experi-

ments and none has to be adjusted. We compute the model

of Waterman and Truell [1961] for a large frequency range,
i.e., between 100 kHz and 5 MHz, and for 63% of d = 1 mm
glass beads immersed in water. The theoretical results are
plotted in Figure 7 together with the experimental reflec-
tivity curve. The theoretical reflectivity predicted by Water-
man and Truell is in good agreement with the data over a
large frequency range including the low-frequency domain I.
It slightly underestimates the data in domains I, II, and III,
where the reflectivity decrease measured around l = 2d is
also well predicted by the theory. In domain IV, the effective
medium theory of Waterman and Truell [1961] fits very
well the experimental data. Also note the theoretical reso-
nance located on the high-frequency limit l ’ 2 d/p. In
domain V, we observe a significant discrepancy between the
model and the data, discussed in section 5.3.
[43] From equations (11), we compute the effective

velocity c* of the granular medium and plot the modulus
in Figure 8 as a function of l/d for frequencies ranging from
100 kHz and 5 MHz. We observe strong variations of the
effective velocity between 1930 m/s and 1350 m/s for the
low and intermediate frequencies, respectively. In domains

Figure 7. Experimental reflectivities superimposed with the predictions of the dynamic model of
Waterman and Truell [1961]. Also shown are the five experiment frequency bands and the associated
directivity patterns at the local scale of a glass bead.

Figure 8. Modulus of the effective velocity for a granular
medium made of glass beads calculated from the dynamic
model of Waterman and Truell [1961].
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I–II and IV–V, the effective velocity jc*j is larger and
smaller, respectively, than the sound velocity in the fluid
matrix cm = 1480 m/s and jc*j = cm when l/d = 2 in
domain III. At low frequencies, the resulting effective
velocity jc*j > 1600 m/s: the acoustic waves propagate
through the glass beads which sound velocity is much
larger than cm. In the high-frequency domain, the acoustic
waves are multiple scattered inside the granular medium
before being re-radiated: the effective velocity is complex
and the imaginary part arises from tortuosity effects induced
by the glass beads. The acoustic waves mainly propagate
through the matrix and follow longer paths around the glass
beads, resulting in a smaller effective velocity.

5.3. Very Short Wavelength Domain

[44] In the high-frequency band, the model ofWaterman
and Truell [1961] is not in good agreement with the data. The
data scatter is large in domain V, but in the average,
the measurements are one order of magnitude larger than
the model predictions when l < pd/2 which is the
frequency limit between domains IV and V. This high-
frequency limit appears as the validity limit of the theory
of Waterman and Truell. In domain V, multiple-scattering
attenuation is important. The acoustic waves are strongly
scattered by the glass beads and cannot propagate very
deep inside the medium. In order to propose a theoretical
interpretation of this limit, we study the elastic mean free
path [see Sheng, 1995]. This multiple-scattering parameter,
defined by equation (5), quantifies the distance traveled by
the coherent waves inside the medium and is plotted
versus l/d in Figure 9.
[45] In the low-frequency bands I-II-III, the elastic

mean free path is much larger than the bead diameter d:
the waves propagate over large distances and multiple
scattering involves a large number of interactions between
the acoustic waves and the glass beads. This agrees with the
model of Waterman and Truell [1961] which requires
averaging of statistical quantities. In the high frequencies
V, the elastic mean free path may be smaller than the bead
diameter. Hence scattering occurs in the very first layers of
glass beads and no wave can propagate deep inside the
granular medium: this makes volume averaging effects

insignificant when l < 2d/p and the model of Waterman
and Truell is not in accordance with the data in domain V.
[46] In the high-frequency band V, the experimental data

tend to be frequency-independent with a ridge function
characterized by a slope a ’ 0 (Figure 3b). The granular
medium appears to be equivalent to a homogeneous medium
defined by rough interface which induces scattering. The
average reflectivity of this equivalent interface is g* ’ 0.01
and takes surface scattering attenuation into account.

6. Conclusion

[47] From the wavelet response method, we define a
coherent acoustic response over a large frequency range for
a perfect reflector. We extend the analysis to characterize
granular media with dense packing of glass beads saturated
with water. We increase the frequency range by rescaling and
merging the individual wavelet responses measured for
different monodisperse layers of glass beads with different
diameters, respectively. The global wavelet response spans
a 5-octave frequency range, and the dimensionless para-
meter l/d varies from 0.3 to 15 (Figure 3). We identify
five ranges from the experimental wavelet response and
define the frequency limits at l = 2dp, l = dp,
l = p d/2 and l = 2d/p.
[48] In the low-frequency bands I and II, defined for l >

2dp, we observe a coherent structure in the wavelet
response where back scattering dominates. The ridge func-
tions are linear curves with slopes a = 0 and a = +1 for
domains I and domain II, respectively. In domain I, we
show the existence of Rayleigh scattering where the granu-
lar medium can be replaced by an equivalent elastic and
homogeneous medium defined by frequency-independent
physical parameters. We apply quasi-static effective theories
to define the effective properties and show good agreement
between the experimental data and the theoretical predic-
tions from Kuster and Toksöz [1974] and Berryman [1980].
[49] In domain II, where 2dp > l > dp, we observe a

simple and coherent structure in the wavelet response but a
frequency dependence of the ridge function amplitudes. We
show that the Rayleigh scattering is not valid and that
multiple scattering appears inside the granular medium. In
order to describe the experimental data, we apply the
dynamic effective medium theory developed by Waterman
and Truell [1961] which takes multiple scattering into
account. We put in evidence a very good agreement
between the theoretical predictions and the data over both
a large frequency range and a densely packed granular
medium.
[50] We show that the intermediate domain III is

characterized by strong transition phenomena: we observe
a pronounced decrease of the back-scattered wavefield
energy. We analyze the theoretical scattering for single
glass bead and associate this observation to a dominant
lateral scattering (Figure 4b). From the experiments, we
define the limits of domain III by l = pd and l = pd/2.
In this domain, an equilibrium between the longitudinal
and the transversal scattering dominates when l = 2d and
we put in evidence a transition from the propagation
regime to a multiple-scattering regime at low frequencies
and high frequencies, respectively.

Figure 9. Elastic mean free path. In band V, it reaches the
glass bead radius. This means that the wave does not
penetrate inside the medium and that the first bead layer
reflects the incident wave.
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[51] In the higher-frequency domains IV and V, we show
a dominant forward scattering for a single scatterer in
accordance with multiple-scattering phenomena observed
with the existence of coda wave in the wavelet response.
[52] From the wavelet response experiments we perform

in highly concentrated granular media, we observe scat-
tering phenomena and quantify the results from theoretical
approach based on effective medium methods. We study in
details the influence of the ratio l/d on the granular
medium reflectivity curve. This work, where we associate
experimental and theoretical results, can help in the
understanding of acoustic probing of geological interfaces.
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