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[1] The numerical model PSEM_2D is applied to reproduce the rill experiments
described by Elliot et al. (1989) for five different textured soils. PSEM_2D is a two-
dimensional water flow and erosion model incorporating the first-order detachment-
transport coupling model. The infiltration parameters and the friction factor are calibrated
to reproduce both the flow discharges and the flow velocities measured by Elliot et al.
(1989). Values of the determined friction factors are higher for the cohesive soils
compared to the noncohesive soils. Four sediment transport capacity formulae for rills are
tested: the Yalin, the Low, the unit stream power (Govers USP), and the effective stream
power (Govers ESP) equations. These equations do not require any calibration. The
erosion parameters for the first-order detachment-transport coupling model come from
the Water Erosion Prediction Project (WEPP) database. They were calibrated by Elliot
et al. (1989) using observed data and the rill component of WEPP. The Govers USP
formula gives the best results for the cohesive soils. Nevertheless, none of the equations
performs well for the noncohesive soils. The study also focuses on the results obtained for
the Barnes_ND, the Bonifay, and the Collamer soils to explore the implication of the
detachment-transport coupling model on the spatial erosion patterns along the rills. A
detachment-limiting regime is produced over the whole rill for the Barnes_ND soil, a
transport-limiting regime is reached over a very short flow distance for the Bonifay soil,
and a detachment-limiting regime in the upper part along with a transport-limiting regime
in the lower part of the rills is experienced for the Collamer soil.

Citation: Nord, G., and M. Esteves (2007), Evaluation of sediment transport formulae and detachment parameters in eroding rills

using PSEM_2D and the Water Erosion Prediction Project (WEPP) database, Water Resour. Res., 43, W08420,

doi:10.1029/2006WR005444.

1. Introduction

[2] Rills are important components in the total upland
erosion process. They assure the transfer of sediment from
the hillslope to the hydrographic network and can be a large
source of sediment as well. It is well known that an
important part of the sediment eroded on the hillslopes
is deposited before entering into the hydrographic network.
Studies involving tracing techniques [Walling, 1990;
Polyakov and Nearing, 2004; Walling, 2005] have pro-
vided valuable data on the spatial and temporal dynamics of
sediment delivery within a small catchment. Evaluation of
the transport capacity of flow in rills and estimation of the
sediment loads leaving a hillslope during a rainfall event

require some modeling of the processes involved in rills.
Foster and Meyer [1972] and then Foster [1982] developed
an important background for modeling the upland erosion
on the basis of an explicit distinction between interrill and
rill erosion and the fundamental equation of mass conser-
vation of the eroded sediments. On the basis of these
studies, Nearing et al. [1989] proposed a physically based
soil erosion model, Water Erosion Prediction Project
(WEPP), involving a first-order detachment-transport cou-
pling model for the rill erosion component. Hairsine and
Rose [1992] followed an alternative approach to model rill
erosion. They considered that detachment and deposition
were simultaneous processes, and that the sediment con-
centration was the result of the equilibrium between these
two processes.
[3] Experimental studies allowed to develop and test the

sediment transport capacity formulae. Govers [1992] under-
took a thorough evaluation of sediment transport capacity
formulae for overland flow using a large amount of data.
These data were either derived from the literature or
collected under laboratory conditions. The author tested
existing formulae developed from observations in channels
and alluvial rivers such as the Yalin formula (1963) and the
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Low formula (1989). He also proposed simple empirical
equations based on shear stress, unit stream power (Govers
USP) and effective stream power (Govers ESP). He con-
cluded that none of the equations yielded good predictions
over the whole range of conditions tested. Nevertheless, the
empirical equations developed from his data and the for-
mula of Low showed reasonable to very good agreement
with other data sets. Therefore they can be used in erosion
models, more specifically for rill conditions. Ferro [1998]
evaluated different sediment transport capacity equations
for overland flow. He calibrated the sediment transport
capacity relationship used in the WEPP model with the
Yalin formula and Govers’ empirical formula on the basis of
shear stress. For each formula, Ferro [1998] expressed the
transport coefficient of WEPP as a function of the Shields
number (also called the dimensionless shear stress). He
showed that the transport coefficient depends on the hy-
draulic conditions (small- or large-scale roughness). He
mentioned that using these transport coefficient relation-
ships is possible but requires a calibration step. He also
tested Low’s formula and transformed it to a stream power
equation.
[4] Given the complexity of flow hydraulics and erosion

processes in rills and their interactions, Lei et al. [1998] set
up a mathematical model to simulate dynamically and
spatially varied hydraulic and erosion processes in rills.
The hydrodynamic equations described a one-dimensional
water flow in a width-varied rill. A detachment-transport
coupling model was involved to calculate the sediment
source/sink term. The model introduced a feedback loop
between erosion, hydraulics, and bed form. The purpose of
this study was to gain a more complete understanding of the
evolutionary process of rill development. It was a first
attempt to develop an evolutionary model which mimics
rill evolution by changing rill morphology over time and
space. The results showed that hydraulic and erosion
variables change very much with downslope distance caus-
ing both erosion and deposition in the same rill. The way
the rills are eroded in the simulations depends largely on the
model selected to describe the detachment and the transport
of the sediment.
[5] Various large, process-based soil erosion models are

available now. However, there have been very few attempts
to validate the submodels or the key equations incorporated
in them. PSEM_2D [Nord and Esteves, 2005] is a two-
dimensional flow and erosion model accounting for mor-
phological changes. It provides a modeling framework to
test some of the equations used in large, process-based
models. In the present paper, we use PSEM_2D to simulate
rill erosion processes. The aims are to test the validity of
four sediment transport capacity equations, explore the
implications of the detachment-transport coupling concept
(the validity of this coupling concept is not tested) and
examine the ability of the Saint Venant equations to repre-
sent eroding rills.

2. Materials and Methods

[6] The numerical model PSEM_2D is applied to repro-
duce the experiments of Elliot et al. [1989]. Five different
textured soils are selected. The experiments, including
simulated rainfall and added flow in rills, correspond to
period 2 in the WEPP database. Four sediment transport

capacity formulae are selected in the literature. These
formulae do not require any calibration. The parameters of
the first-order detachment transport coupling model come
from the WEPP database. The hydrological and hydraulic
parameters of PSEM_2D are calibrated manually so that the
simulated water discharges and the average flow velocities
are similar to the measured data. Under these conditions, the
simulated sediment loads are compared with the observed
sediment loads to evaluate the performance of the four
sediment transport capacity formulae. Then the longitudinal
erosion patterns are examined to explore the implication of
the detachment-transport coupling model when it is associ-
ated to a 2D overland flow model that accounts for
morphological changes.

2.1. Description of the Model

2.1.1. General Presentation
[7] PSEM_2D is a two-dimensional numerical model

based on an explicit finite difference scheme coupling
infiltration, overland flow and soil erosion processes.
PSEM_2D is described in detail by Nord and Esteves
[2005]. Below a short description is given. The develop-
ment of PSEM_2D is an attempt to improve the under-
standing of the interactions between flow hydraulics and
erosion processes at the plot scale. The erosion processes
involved are rainfall and runoff detachment of original soil,
rainfall redetachment, and overland flow entrainment of
sediment from the covering cohesionless layer, and deposi-
tion. The formation of the covering cohesionless layer is
related to rainfall impact before runoff and deposition of
sediment by overland flow. Infiltration is computed using a
Green and Ampt model. Overland flow is computed using
the depth-averaged two-dimensional unsteady flow equa-
tions (Saint Venant equations). Sediment concentration is
computed by combining the equation of mass conservation
of sediment and the first-order detachment-transport cou-
pling model. Coupling of runoff processes and erosion
processes is made by computing the bed elevation at the
end of each time step as a result of incision or deposition.
Sediment concentrations are assumed to be small enough so
as not to appreciably influence the mechanisms of flow
[Bennett, 1974]. The friction slopes are estimated using the
Darcy-Weisbach equations. The model uses a single repre-
sentative particle size. The limits of using a single particle
size class in this model is recognized. Nord and Esteves
[2005] stated that it was a first step before further develop-
ment of the model. Nevertheless, at this stage, the use of a
single representative particle size allows to test in a simple
way the validity of the equations applied. The implementa-
tion of a multiclass approach would require assumptions
concerning the formulation of the sediment transport
capacity as a function of particle size that are not yet
tested.
2.1.2. Transport Capacity Formulae
[8] Four transport capacity formulae were selected in the

literature as they have been shown to give acceptable
results: the formula of Yalin [1963] based on shear stress,
the formula of Low [1989] based on stream power, and two
empirical formulae proposed by Govers [1992] based on
unit stream power and effective stream power.
2.1.2.1. Formula of Yalin
[9] The Yalin [1963] equation is a classic excess shear

stress bed load formula based on physical principles and
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calibrated using experimental data collected in channels or
rivers. It is defined as

Tc ¼ A
rs
r
� 1

� �
r1=2t1=2Ds ð1Þ

in which Tc is the sediment transport capacity, rs is the
sediment density, r is the water density, t is the total flow
shear stress, Ds is the diameter of the sediment, g is the
gravitational acceleration and

A ¼ 0:635g 1� 1

b
log 1þ bð Þ

� �
ð2Þ

g ¼ Y

Ycr
� 1 ð3Þ

b ¼ 2:45

rs
r

� �0:4 Y 0:5
cr g ð4Þ

in which Y is the Shields number defined by

Y ¼ t
Ds rs � rð Þg ð5Þ

and Ycr is the critical value of the Shields number for
incipient motion of sediment particles. In this study the
values of Ycr are determined using the Shields curve
proposed by Yalin and Karahan [1979].
[10] The Yalin equation was incorporated in the erosion

component of WEPP [Foster et al., 1995] although rela-
tively few attempts had been made to evaluate its perfor-
mance in overland flow conditions [Alonso et al., 1981;
Govers, 1992; Ferro, 1998]. The Yalin equation was rear-
ranged in a mathematical form useful to deduce an explicit
relationship which estimates the transport coefficient of the
transport equation of the WEPP model [Foster et al., 1995]:

Tc ¼ Ktt3=2 ð6Þ

in which Kt is the transport coefficient defined by

Kt ¼
A

Yr1=2g
ð7Þ

2.1.2.2. Formula of Low
[11] The Low [1989] equation is a modified version of the

formula of Smart [1984] that takes into account density
effects. It can be expressed as follows:

Tc ¼
6:42

rs
r � 1
� �0:5 Y � Ycrð ÞDsS

0:6
f Vrs ð8Þ

where Sf is the friction slope and V is the depth-averaged
flow velocity in the flow direction.
[12] According to Govers [1992] this formula is interest-

ing since it is the only formula that has been developed
using experimental data obtained on steep slopes, although

unit discharges were considerably higher and sediment sizes
considerably coarser than those used in overland flow
experiments. The method proposed by Ferro [1998] was
used to transform Low’s formula as a stream power equa-
tion in which a stream power coefficient, depending on
Shields parameter, slope, sediment and water density and
flow depth, appears:

Tc ¼ KSPSP ð9Þ

in which SP is the stream power and KSP is the stream
power coefficient expressed as

KSP ¼
6:42 rs

r

rs
r � 1
� �0:5 Y � Ycrð Þ

S 0:4
f g h

Ds

ð10Þ

where h is the flow depth.
[13] The ground slope S is systematically substituted by

the energy slope Sf in this study.
2.1.2.3. Formula of Govers USP
[14] Govers [1992] also calibrated a unit stream power

formula for particles of quartz of size between 58 and
218 mm:

Tc ¼
86:7 Sf V � 0:005

� �
ffiffiffiffiffiffi
Ds

p q ð11Þ

where q is the unit flow discharge.
2.1.2.4. Formula of Govers ESP
[15] Govers [1992] calibrated an excess effective stream

power formula on the basis of his data for particles of
quartz of size between 127 and 414 mm. The equation is
defined by

logTc ¼ 1:081log
tV
� �1:5
h2=3

�
tc V
� �1:5

h2=3

 !
� 2:528 ð12Þ

in which
�Vð Þ1:5
h2=3

is the effective stream power and tc is the
critical shear stress of the noncohesive particles.
[16] Ferro [1998] highlighted that the advantage of the

effective stream power compared to the stream power is that
it is function of the flow depth.
2.1.3. First-Order Detachment-Transport Coupling
Model
[17] The model of soil detachment and deposition by

runoff applied in PSEM_2D is the first-order detachment
transport coupling model proposed by Foster et al. [1995]:

Dfd d ¼ Kr t � tsolð Þ 1� qs

Tc

� �
1� �ð Þ ð13Þ

Dfd e ¼ Kr t � tcð Þ 1� qs

Tc

� �
� ð14Þ

where Dfd_d is the detachment/deposition rate of sediment
from original soil by runoff, Dfd_e the entrainment/
deposition rate of sediment from the covering layer by
runoff, Kr the flow erodibility parameter, tsoil the critical
shear stress of the cohesive soil, qs the sediment discharge
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per unit flow width, and � the percentage of a grid cell
covered by the covering layer.
[18] Kr and tsoil are the two most important parameters

for this study. The total shear stress is assumed to contribute
to both detachment and transport of sediment in this study.
Other expressions than equations (13) and (14) are used to
calculate the deposition rates [Nord and Esteves, 2005].
2.1.4. Boundary Conditions at the Upper End
of the Rills
[19] The boundary conditions are crucial in this study.

The conditions at the downstream end were given by Nord
and Esteves [2005]. At the upper end, a flow discharge is

injected. At this limit we control the flow discharge deliv-
ered and we compute the water depth using the kinematic
wave approximation. The longitudinal velocity is derived
from the flow discharge and the flow depth. The transversal
velocity is assumed to be zero. There is no sediment
concentration injected at the upper end.

2.2. Numerical Experiments

2.2.1. Standard Topography
[20] The standard topography used in this study is similar

to that described by Elliot et al. [1989]. The initial shape of
the rills is 9 m long, 0.5 m wide and 0.05 m deep with a
uniform trapezoidal cross section. Their standard profile
presents a 0.1 m wide trough and two adjacent ridges of
0.05 m wide connected to the trough by side slopes as
shown in Figure 1. The spatial resolution is 0.05 m in the
two horizontal directions. The five soils selected from the
WEPP database are the Amarillo, the Pierre, the Bar-
nes_ND, the Bonifay and the Collamer soils. For each soil,
Elliot et al. [1989] worked with three pairs of rills formed
using a ridging tool mounted on a small tractor. In this study
a pair of identical rills is considered for each soil as shown
in Figure 1 and the longitudinal slope is calculated as the
average of six rills. The longitudinal slopes range from 3 to
9% as shown in Table 1. The rills are extended 1 m
upstream the upper end and 1 m downstream the lower
end to improve the treatment of the boundary conditions as
shown in Figure 1. The whole length of the rills is therefore
11 m. The flow discharge is injected over the whole width
of the upper limit. The flow naturally converges toward the
troughs of the depressions as indicated by the velocity
vectors in Figure 1. This zone of convergence allows
avoiding the local injection of the flow discharge straight
into the troughs of the rills. As clear water is injected and
flow discharge may be as high as 40 L min�1 in a single rill,
erosion would be accentuated at the upper reach of the rill if
flow was injected over the three lowest nodes of the rill
profile. This would cause numerical instabilities or numer-
ical shocks as a result of rapidly changing surface slopes. A
similar divergence zone is included at the end of the rills to
prevent from regressive erosion. Govers [1992] observed
that the drawdown of the water surface near the flume outlet
was such that sediment transport was intensified, so that
excessively high sediment transport rates were measured.
[21] The geometrical characteristics of the rills applied in

this study are common in the literature. In the experimental
study carried out by Polyakov and Nearing [2003], the rill
was 8 m long and 0.61 m wide and a slight V shape with

Figure 1. Velocity vectors for the Barnes_ND (Ds =
115 mm and rs = 2000 kg m�3) when the formula of Govers
USP is used at 5 min after the beginning of period 2.

Table 1. Input Parameters Including the Water Temperature, the Average Slope, the Sediment Properties D50 and

rs, and the Parameters of the Detachment-Transport Coupling Model tsoil and Kr
a

Soil Name

Water
Temperature,

deg C

Average
Slope,
%

D50

Texture,
mm

D50 Undispersed
Eroded Sediment,

mm

rs Undispersed
Eroded Sediment,

kg m�3
tsoil,
Pa

Kr,
s m�1

Amarillo 23.5 3.59 230 150 2650 1.6 0.0356
Pierre 27.0 6.65 4 280 2000 4.8 0.0109
Barnes_ND 22.5 5.78 28 115 2000 2.5 0.0032
Bonifay 26.0 3.98 310 200 2650 1.0 0.0157
Collamer 19.0 8.68 14 45 2000 6.3 0.0215

aThe values of tsoil and Kr come from the WEPP database [Elliot et al., 1989].
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approximately 2% side slopes was formed initially. In
another study undertaken by Gimenez et al. [2004], the rill
was 4.5 m long, 0.4 m wide and was shaped by a 0.05 m
deep longitudinal central depression with a flat bottom. It is
therefore possible to refer to these studies for comparing the
results in terms of unit water discharges, sediment concen-
tration or morphological evolution of rills.
2.2.2. Calibration of Infiltration and Flow Hydraulics
2.2.2.1. Infiltration
[22] Infiltration is computed using a Green and Ampt

equation described in details by Esteves et al. [2000]. The
infiltration parameters are the hydraulic conductivity at
natural saturation Ks, the wetting front capillary pressure
head hf, and the initial and saturated volumetric water
contents qs and qi respectively. The use of a Green and
Ampt equation is questionable, especially in the case of the
clay soils. However, our purpose is only to reproduce the
flow rates measured during period 2 of the experiments of
Elliot et al. [1989] without attempting to reproduce the
transient regime of infiltration observed during the begin-
ning of period 1 before runoff equilibrium. The soils are
assumed to be saturated during period 2 and the infiltration
rates are nearly constant. We calibrate the values of the
hydraulic conductivity and the wetting front capillary pres-
sure head using the average discharge of six rills for each
soil. The adjusted parameters are given in Table 2. The
simulated water discharges are compared with the observed
values at the end of the real rills, i.e., before entering the
divergence zone, 1 m upstream of the lowest end in Figure 1.
2.2.2.2. Flow Hydraulics
[23] A look at the values of the Darcy-Weisbach friction

factors f derived by Elliot et al. [1989] shows that the f � Re
relationships are complex. Therefore Re is not a sufficient
predictor of hydraulic roughness in eroding rills. Predictive
relationships for estimating the friction factor cannot be
used unless abundant soil information is obtained [Nearing
et al., 1997]. A global friction factor calibrated in rill
eroding conditions using the Low equation was considered
to be more preferable for this work. We used a spatially
uniform friction factor over the whole grid of the paired
rills. The simulated velocities of the points located in the
middle of the cross section, i.e., at the bottom of the V
shape, were averaged over the last 6 m of the 9 m rills and
compared to the average flow velocities of six rills for each
soil. As it was not possible to reproduce the observed flow
velocities using a unique value of the friction factor, we
calibrated it for each inflow rate and for each soil. Therefore
flow hydraulics was allowed to change during a simulation

run as a function of flow discharge and related incision/
deposition. An increase of the calibrated friction factor with
the added inflow rate may be interpreted as energy expen-
diture because of additional losses such as hydraulic jumps.
In reverse, a decrease of the calibrated friction factor when
the added flow rate increases may mean that the rill is
smoothing or widening due to bank sloughing for example.
Such processes are not described explicitly in the model but
are lumped within the global friction factor. The computa-
tion of the flow width depends on the flow rate, the slope,
the friction factor and the shape of the cross section of the
rill. Generally only the lower point of the cross section
located at the bottom of the V shape, has flow shear stresses
high enough to overcome the critical shear stress of the
cohesive soil and produce incision/deposition. As a conse-
quence, our model was more prone to erosion by deepening
than erosion by widening. Effects of sediment load on flow
hydraulics were not included as the experimental evidence
is inconclusive [Govers, 1992; Guy et al., 1992; Merten et
al., 2001].
[24] The values of the calibrated friction factor are given

in Table 2. The added flow rates ranged from 7 to 35 L
min�1 for all the soils except the Barnes_ND which ranged
from 7 to 42 L min�1. Low values of the friction factor are
associated to the Bonifay and the Amarillo soils which are
noncohesive soils. f is about 0.6 for the Amarillo soil and
between 0.6 and 0.8 for the Bonifay soil with a decreasing
trend when the flow discharge increases. These values are
lightly higher than those derived by Elliot et al. [1989]
using their measured data. The Pierre, the Barnes_ND, and
the Collamer soils which are cohesive soils demonstrate
larger friction factor values, characterized by high rough-
ness. For the Pierre soil, f is between 0.8 and 1.2 and
increases along with the flow discharge. For the Barnes_ND
soil, f is relatively stable and is between 0.9 and 1.0. The
Collamer soil is the roughest soil with f increasing from 1.0
for the lowest inflow rate to 2.3 for the highest inflow rate.
[25] The values of the measured velocities and the veloc-

ities computed using the Low equations are given in Table 3.
The results show the capacity of the calibration procedure to
reproduce the measured velocities over a wide range of flow
conditions.
2.2.3. Sediment Properties and Parameters
of the Detachment-Transport Coupling Model
[26] The rill erodibility parameter Kr and the critical shear

stress for cohesive soil tsoil come from the WEPP database,
presented in Table 1. These parameters were calibrated by
Elliot et al. [1989] by linear regression using the equations

Table 2. Calibration of the Infiltration Parameters Ks and hf and the Friction Factor f in Rill Eroding Conditions

Using the Low Equationa

Soil Name Ks, m s�1 hf, m

f Calibrated for Each Added Flow Rate

7 L min�1 14 L min�1 21 L min�1 28 L min�1 35 L min�1 42 L min�1

Amarillo 2.0E�6 0.22 0.6 0.6 NR NR NR x
Pierre 1.5E�7 2.00 0.8 1.0 1.1 1.1 1.2 x
Barnes_ND 3.0E�6 0.20 0.9 0.95 1.0 1.0 0.95 0.9
Bonifay 2.0E�5 0.12 0.8 0.7 0.6 NR NR x
Collamer 1.2E�7 1.10 1.0 1.2 1.6 2.1 2.3 x

aHere f is calibrated for each soil and for each flow rate, NR means that the simulation stopped before reaching this step, and x
means not tested by Elliot et al. [1989].
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of the rill erosion component and observed data. The
rainfall detachment and rainfall redetachment were not
considered in this study as we assume that its effect on
sediment transport was negligible during period 2 of the
experiment of Elliot et al. [1989]. Ferro [1998] assessed
the influence of rainfall on sediment transport capacity on
the basis of various studies of the literature and recalled
that the rainfall contribution to total transport becomes
negligible when the flow depth is greater than three times
the raindrop diameter [Sharma et al., 1993]. The other
parameters necessary in PSEM_2D are the median particle
diameter of the sediment D50, the water temperature, the
sediment density rs, the water density r, and F a coeffi-
cient that accounts for the degree of mixing of the
sediment concentration within the flow depth. The D50

of the soil matrix and of the undispersed eroded sediment
along with the water temperature are given in Table 1.
These values result from an analysis carried out by the
authors on the comparison between the particle size
distributions of the soil matrix and the undispersed eroded
sediment. During the calibration phase, the D50 of the soil
matrix and a sediment density of 2650 kg m�3 were used.
Subsequently, the same simulations were run with the D50

and the density of the undispersed eroded sediment. rs was
2650 kg m�3 in the case of the Amarillo and Bonifay soils
since these soils were mostly eroded as primary particles.
The Pierre, Barnes_ND, and Collamer soils were mostly
eroded as aggregates. Therefore rs was set to 2000 kg m�3

according to the values measured by [Davis et al., 1983;
Rhoton et al., 1983; Foster et al., 1985] for the density of
aggregates. The water density is a function of the temper-
ature. Turbulence is high enough to mix the sediment
concentration within the flow depth. The value of F is
therefore set to 1.

3. Results and Discussion

3.1. Hydraulics

[27] The friction factors calibrated using the Low formula
and presented in Table 2 were then applied using the three
other transport equations described in section 2.1.2. The
observed and the calculated velocities are plotted in
Figure 2. The results show that, for each soil, the calculated
velocities corresponding to the four transport capacity
formulae are not distinguishable at the beginning of the
simulation. They differentiate as the inflow rate increases
resulting from the changes in bed morphology due to
incision or deposition. The changes in bed morphology

are controlled by the detachment-transport coupling model
dependent on the transport equation applied. The unex-
pected falls of the simulated velocities over a short period
of time after injections of larger inflow rates for the Pierre,
the Barnes_ND, and the Collamer soils are due to numer-
ical oscillations when the upstream boundary condition
and the friction factor changed. The model is more
sensitive to instabilities when f is larger than 1.0.
[28] The calculation and the calibration of flow hydrau-

lics are key points in this study. Although the calibration
procedure provides acceptable results, it is very much
simplified compared with the complexity of the real pro-
cesses. Average flow conditions are simulated by the
St Venant equations because of the use of a spatially
uniform friction factor for each soil and for each flow rate.
Various energy losses are implicitly parameterized within
the global friction factor. Gimenez et al. [2004] clearly
showed that flow hydraulics is spatially nonuniform. The
authors observed that the bed of an eroding rill formed a
succession of steps and pools with rapid transitions from
supercritical to subcritical flow due to the changes in
topography. Nearing et al. [1997] asserted that given the
importance of local turbulence and localized supercritical
flows associated with the rilling process, the interpretation
of average flow information is questionable. Nevertheless,
Gimenez and Govers [2002] showed that average flow
conditions are good predictors of flow detachment. Simula-
tion of nonaverage flow conditions using the Navier-Stockes
equations is far beyond the scope of this paper and available
observed data are inadequate to such an exercise.

3.2. Sediment Transport Capacity

[29] Figure 3 presents the simulated sediment delivery
(Qs) as a function of time for the five soils selected in this
study when the four transport equations described in
section 2.1.2 are applied. The results are given for two
median sediment diameters. On the left-hand side, the
simulations were run with the D50 of the soil matrix and a
sediment density of 2650 kg m�3. On the right-hand side,
the simulations were run with the D50 and the density of the
undispersed eroded sediment. Incomplete simulations due to
numerical problems are to be dealt with later on. Figure 3
reveals that globally the calculated sediment loads are quite
similar and of the same order of magnitude as the observed
data considering the scattering of the observed data.
[30] The irregularities of the calculated sediment deliver-

ies near the end of the simulations for the Pierre, the
Barnes_ND, and the Collamer soils are due to numerical

Table 3. Measured and Simulated Velocitiesa

Added Flow Rates

7 L min�1 14 L min�1 21 L min�1 28 L min�1 35 L min�1 42 L min�1

Amarillo 0.245 0.234 0.277 0.272 0.545 NR 0.637 NR 0.708 NR x
Pierre 0.277 0.275 0.294 0.294 0.303 0.304 0.330 0.325 0.333 0.338 x
Barnes_ND 0.240 0.240 0.268 0.275 0.278 0.285 0.297 0.300 0.312 0.319 0.335 0.341
Bonifay 0.191 0.196 0.252 0.254 0.318 NR 0.362 NR 0.378 NR x
Collamer 0.287 0.285 0.320 0.313 0.308 0.314 0.298 0.306 0.303 0.311 x

aThe velocities are expressed in m s�1. The measured velocities correspond to the average flow velocity of six rills. The simulated velocities are averaged
over the last 6 m of the 9 m rills. They were obtained using the Low equation. NR means that the simulation stopped before reaching this step, and x means
not tested by Elliot et al. [1989].
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problems. In the convergence zones where erosion rates
are important and topography is changing rapidly, the
model is occasionally unsuccessful in redistributing the
sediment mass. In some cases, side slopes were very steep.
This caused sediment concentration to become superior to
1.0 over short periods of time and lead to instabilities of

the sediment delivery. Therefore the sediment load
corresponding to these periods should not be taken into
account in the analysis.
[31] A necessary condition to evaluate the sediment

transport formulae is the presence of a transport-limiting
regime. This is the case for all soils except the Barnes_ND

Figure 2. Observed and calculated velocities for the five soils during period 2 of the experiment of
Elliot et al. [1989].
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soil. For this latter soil, the sediment loads calculated using
the four transport equations are quite similar and the regime
is rather limited by detachment. This is not surprising
considering the parameters of the detachment/deposition
model applied to this soil in Table 1. The rill erodibility
parameter Kr has the lowest value of the group. The results
corresponding to this soil are therefore not considered for
the transport equations evaluation.
[32] For the Amarillo and the Bonifay soils, which are

noncohesive soils mostly eroded as primary particles, the
results behave similarly. There is no difference between the
results of the graphs on the left- and right-hand sides of
Figure 3 since the size and the density of the particles of the
soil matrix are nearly the same as those of the undispersed
eroded sediment (see Table 1). The Yalin formula slightly
overestimates the observed sediment loads whereas the
three other formulae give comparable results and underes-
timate the results.

[33] For the Pierre soil, which is a cohesive soil mostly
eroded as aggregates, 2 orders of magnitude were observed
between the D50 of the soil matrix and the D50 of the
undispersed eroded sediment. When the D50 of the soil
matrix is applied (D50 = 4 mm) with a particle density of
2650 kg m�3, the four transport equations give higher
sediment loads compared to the observed values as seen
in the graph on the left-hand side of Figure 3. The Govers
USP formula overestimates significantly the results whereas
the Yalin, the Low and the Govers ESP formulae slightly
overestimate the results. When the D50 of the undispersed
eroded sediment is applied (D50 = 280 mm) with a particle
density of 2000 kg m�3 (graph on the right-hand side of
Figure 3), the Govers USP gives relatively good results,
while the Govers ESP formula still overestimates lightly the
results, the Low formula provides higher sediment loads
and the Yalin formula overestimates largely the results.

Figure 3. Observed and calculated sediment loads for the five soils during period 2 of the experiment
of Elliot et al. [1989]. The curves displayed in the graphs on the left-hand side are obtained using the
D50 of the soil matrix, and the curves displayed in the graphs on the right-hand side are obtained using
the D50 of the undispersed eroded sediment.
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[34] For the Collamer soil, which is a cohesive soil
eroded as both primary particles and aggregates, the results
behave quite in the same way as for the Pierre soil. The D50

of the undispersed eroded sediment is three times larger
than the D50 of the soil matrix. When the D50 of the soil
matrix is applied (D50 = 14 mm) with a particle density of
2650 kg m�3, the Yalin and the Govers USP formulae
overestimate the observed sediment loads whereas the
Govers ESP and the Low formulae give relatively good
results. When the D50 of the undispersed eroded sediment is
applied (D50 = 45 mm) with a particle density of 2000 kg
m�3, the Govers USP formula gives acceptable results, the
Low formula overestimates somewhat the observed data,

the Yalin formula overestimates considerably the results and
the Govers ESP underestimates slightly the results.
[35] Different values of the particle size and density of

sediment were applied in this study to counteract the
limitation related to the use of a single representative
median sediment size. Looking at the results of Figure 3
and the mathematical expressions of the sediment transport
capacity formulae presented above, one can address the
sensitivity of these formulae to the variations of the sedi-
ment diameter and the sediment density. The Yalin equation
is not as sensitive to the sediment density as it is to the
sediment diameter. The relationship between the sediment
diameter and the sediment transport capacity is complex and
not intuitive. The sediment transport capacity increases with

Figure 3. (continued)

Figure 4. Calculated sediment load (qs), sediment transport capacity (Tc), and detachment or deposition
rate (Dfd) along the rill length for the Barnes_ND (Ds = 115 mm and rs = 2000 kg m�3) when the formula
of Govers USP is used at 30 min after the beginning of the simulation.
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increasing sediment diameter for fine particles (inferior to
50 mm) and then decreases slowly with increasing sediment
diameter for coarser particles. For the Low equation, the
sediment transport capacity increases with decreasing sed-
iment density. However, it is not sensitive to the sediment
diameter. The Govers USP equation gives much lower
values for increasing sediment diameter as it is proportional
to the inverse of the square root of the diameter. However,
this equation is not a function of the sediment density as it
was developed empirically using only quartz particles
[Govers, 1992]. The Govers ESP depends on both the
sediment diameter and the sediment density through the
use of tc in equation (12). However, this equation is neither
sensitive to the sediment density nor to the sediment
diameter.
[36] All these formulae were originally developed for bed

load conditions except the Govers USP which can explain
its strong sensitivity to the sediment size. The Yalin and the
Low formulae were derived from physical principles and

calibrated using empirical data. The Govers USP and
Govers ESP formulae were calibrated by using only empir-
ical data. The Yalin and the Low formulae were initially
proposed by researchers involved in sediment transport by
rivers whereas the Govers USP and the Govers ESP
formulae were developed specifically for sediment transport
by overland flow.
[37] The results show that the Govers USP formula,

which has a simple expression, performs the best in eroding
conditions over cohesive soils. This equation is very sensi-
tive to the sediment diameter, which is a necessary condi-
tion to assure that the characteristics of aggregates are taken
into account in the sediment transport models. The Yalin
equation should not be used in rill flow conditions. The
calibration of the transport coefficient Kt defined in equation
(7) is not appropriate to overland flow conditions. Further-
more this equation is very sensitive to the computation of
the shear stress. In this study, the total shear stress is used to
compute both the detachment term and the sediment trans-
port capacity. A possible alternative might be to use grain
shear stress. However, identifying grain shear stress is
difficult [Govers, 1992] and while grain shear stress may
be a valid parameter for sediment transporting capacity
[Govers and Rauws, 1986], it is not the case for soil
detachment [Gimenez and Govers, 2002]. The Low and
the Govers ESP formulae can be used to provide a good
estimation of the total sediment load by concentrated flow
in rills. However, they cannot provide information on the
size selectivity of sediment transport as they are not sensi-
tive to the sediment diameter.
[38] In the case of the noncohesive soils, none of the

equations tested performs well. Since the simulations are
unstable and stop early, the simulations obviously miss
physical processes. A possible explanation is that the
physical principles involved in the first-order detachment-
transport coupling model and its parameterization do not
represent correctly the way these soils are eroded. What was
observed on these soils by Elliot et al. [1989] is that sandy
rills tend to erode by widening and silt and clay rills by
deepening. The patterns of erosion along the rills produced
by the model are discussed below. However, the validity of
the detachment-transport coupling concept cannot be tested
since no relevant data on the evolution of the topography of
the rills are available in the WEPP database.

Figure 5. Evolution of calculated soil surface elevation
with time along the rill length for the Barnes_ND (Ds =
115 mm and rs = 2000 kg m�3) when the formula of Govers
USP is used.

Figure 6. Calculated sediment load (qs), sediment transport capacity (Tc), and detachment or deposition
rate (Dfd) along the rill length for the Bonifay (Ds = 200 mm and rs = 2650 kg m�3) when the formula of
Low is used, at 7 and 14 min after the beginning of the simulation.
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3.3. Detachment/Deposition Model

[39] This section presents a demonstration of how the
coupling affects the spatial erosion patterns. Three cases
representing three different situations are considered. The
case of the Barnes_ND soil is first considered as this soil
illustrates the detachment limiting regime. The analysis is
limited to the results obtained with the Govers USP formula
and the D50 of the undispersed eroded sediment. The case of
the Bonifay soil is then examined. It is representative of the
noncohesive soils in a transport limiting regime. The
analysis involves the results obtained with the Low formula
and the D50 of the eroded sediment. Finally the case of the
Collamer soil is explored, looking at the results obtained
with the Govers USP formula and the D50 of the undis-
persed eroded sediment.
[40] For the Barnes_ND soil, both the observed and

calculated sediment loads are the lowest of the five soils
as shown in Figure 3. Figure 4 shows the sediment load, the

transport capacity, and the detachment rate in the middle of
the cross section, i.e., at the bottom of the V shape, along
the rill for the highest inflow rate. The sediment load
increases with the downslope distance but remains lower
than the sediment transport capacity, illustrating a detach-
ment limiting regime. The Froude number is inferior to 1.0
translating to a subcritical flow along the rill. Figure 5
shows the erosion profile resulting from the parameteriza-
tion of the detachment-transport coupling model (Kr =
0.0032 s m�1, tsoil = 2.5 Pa). The erosion cavity is spread
over the whole length of the rill but remains relatively
smooth. It is about 2 cm in 30 min in the most erosive zone
located near the upper end.
[41] The Bonifay soil illustrates the case of the non-

cohesive soils in a transport limiting regime. Figure 6 gives
the sediment load, the transport capacity, and the detach-
ment rate in the middle of the cross section along the rill at
two time steps during the simulation. The first graph
corresponds to the end of the lowest inflow rate injection.
The second graph corresponds to the period just before the
early stop of the simulation. In the first graph the sediment
load joins the transport capacity within the five first meters
of the rill and remains constant downstream, leading to a
detachment rate close to zero over the most part of the rill.
In the second graph the transport capacity and the detach-
ment rates display a strong peak followed by a significant
fall in the first meter of the rill. As a consequence the
sediment load becomes higher than the transport capacity
and there is deposition over the second meter of the rill. In
such a case, the detachment/deposition rate is arbitrary
limited to 0.2 kg m�2 s�1 in the model in order to avoid
excessive localized erosion or deposition. Downstream, the
sediment load joins the transport capacity and the detach-
ment rate tends to zero before a last increase at the
divergence zone, responsible for erosion at the lower end.
Nearing et al. [1997] observed that for noncohesive mate-
rial, the rills had approximately reached a transport limiting
state within a flow length of 3 m. The couple of parameters
(Kr = 0.0157 s m�1, tsoil = 1.0 Pa) applied to the Bonifay
soil produces a localized erosion zone in the first meter of
the rill. However, over the most part of the rill, the bed
surface is constant as shown in Figure 7. A very high cavity
volume in the first section was also observed by Nearing

Figure 7. Evolution of calculated soil surface elevation
with time along the rill length for the Bonifay (Ds = 200 mm
and rs = 2650 kg m�3) when the formula of Low is used.

Figure 8. Calculated longitudinal velocity, Froude number, and water depth along the rill length for the
Bonifay (Ds = 200 mm and rs = 2650 kg m�3) when the formula of Low is used, at 7 and 14 min after the
beginning of the simulation.
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et al. [1997]. The authors attributed this feature to bound-
ary effects where the water first entered the soil bed. As
shown in Figure 8, the Froude number was always less
than 0.8 along the rill at the time 7 min, so the flow was
only subcritical. At the time 14 min, the Froude number
was less than 1.0 over most of the rill but reached values
higher than 1.0 both at the upper and the lower ends of the
rill. The flow was therefore supercritical upstream, then
subcritical and supercritical again downstream. The result-
ing hydraulic jump affects the flow velocity and flow
depth distributions along the rill and leads to a numerical
shock and the early stop of the simulation.
[42] The Collamer soil is representative of the cohesive

soils in a transport-limiting regime. Figure 9 shows the
sediment load, the transport capacity, and the detachment
rate in the middle of the cross section at two time steps of
the simulation: during the injection of the third inflow rate
and just before the early stop of the simulation. In the two
graphs, the sediment loads increase along the rill but remain
smaller than the transport capacities except at the lower end
of the rill where deposition occurs. In the two graphs, the
detachment rates reach the limit of 0.2 kg m�2 s�1 over 3
and 4 m downstream of the upper end of the rill then
decrease downstream and become negative near the lower
end of the rill. The two parameters (Kr = 0.0215 s m�1,
tsoil = 6.3 Pa) applied to the Collamer soil produce a deep
and narrow cavity spread out along most of the rill and a
deposition cone at the lower reaches of the rill as shown in
Figure 10. The longitudinal eroded profile tends to a
concave shape. More downslope distance is needed for the
sediment load to join the transport capacity in this case
compared with the Bonifay soil. This may partly be
explained by the higher initial slope of the rill for the
Collamer soil compared with the Bonifay soil (8.68% versus
3.98%) leading to large values of the sediment transport
capacity as seen in Figure 9. Erosion is very intense
upstream. The cavity reaches up to 8 cm deep, longitudinal
slopes rise up to 26% before the early stop of the simulation
and a hydraulic jump occurs between the time 15 min and the
time 21 min as illustrated by Figure 11 followed by the
unexpected stop of the simulation.
[43] The analysis of the results reveals that very different

erosion patterns may be simulated by PSEM_2D. The

results presented in this study are consistent with the
observations made by Huang et al. [1996] in a field
experiment involving rills. Huang et al. [1996] described
three situations very similar to the three sediment regimes
discussed in this section. Merten et al. [2001] observed that
in each experimental test, a portion of the rill bed experi-
enced net detachment and a portion experienced net depo-
sition. Looking at their numerical results, Lei et al. [1998]
stated that the narrow areas of the rills were apparently
scouring the surface, while the wider regions were experi-
encing sediment deposition, and the two types of regions
alternated down the rill length.
[44] The early stops of the simulations mentioned above

are related to the occurrence of hydraulic jumps that cannot
be handled by the St Venant equations since these equations
assume a gradually varying free surface. A three-dimensional

Figure 9. Calculated sediment load (qs), sediment transport capacity (Tc), and detachment or deposition
rate (Dfd) along the rill length for the Collamer (Ds = 45 mm and rs = 2000 kg m�3) when the formula of
Govers USP is used, at 15 and 21 min after the beginning of the simulation.

Figure 10. Evolution of calculated soil surface elevation
with time along the rill length for the Collamer (Ds = 45 mm
and rs = 2000 kg m�3) when the formula of Govers USP is
used.
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model solving the complete Navier-Stokes equations would
be required to avoid the numerical instabilities due to the
hydraulic jumps but the available observed data would not
support such an approach.

4. Conclusion

[45] PSEM_2D was used to simulate the rill erosion
experiments carried out by Elliot et al. [1989] for five
different textured soils. The infiltration parameters and the
friction factor were calibrated to reproduce the flow dis-
charges and the flow velocities measured by Elliot et al.
[1989]. The calibration revealed the distinction between the
rougher cohesive soils and the smoother noncohesive soils.
The detachment parameters (Kr and tsoil) were taken from
the WEPP database. Four sediment transport capacity
equations were evaluated against the observed data: the
Yalin, the Low, the Govers USP and the Govers ESP
formulae. The Govers USP formula gave the best results
for the cohesive soils. However, none of the equations
performed well for the noncohesive soils; the simulations
stopped early. This highlights that the model possibly miss
some physical processes in such conditions.
[46] The spatial erosion patterns implied by the first-order

detachment-transport coupling model were also examined
for three of the five soils tested. However, the results are
only a demonstration of how the model operates and could
not be verified since no experimental data on rill morphol-
ogy are available. For the Barnes_ND soil, the sediment
load was limited by the detachment rate over the whole rill.
For the Bonifay soil, the sediment load was limited by
the transport capacity at the upper reaches of the channel.
For the Collamer soil, the sediment load was limited by
the detachment rate near the upper end of the rill but the
transport capacity controlled the sediment delivery in the
lower part.
[47] The numerical experiments carried out in this study

revealed the limits of PSEM_2D. In some cases the simu-
lations did not reach the end. PSEM_2D accounts for
morphological evolution as a result of erosion but it cannot
handle rapidly changing hydraulic conditions because of
very strong erosion. The two dimensional Saint Venant

equations cannot be used to reproduce the formation of
deep rills.

Notation

Dfd_d detachment/deposition rate of sediment from origi-
nal soil by runoff, kg m�2 s�1.

Dfd_e entrainment/deposition rate of sediment from the
covering layer by runoff, kg m�2 s�1.

Ds sediment diameter, m.
D50 median diameter, m.

f Darcy-Weisbach friction factor.
Fr Froude number.
g gravitational acceleration, m s�2.
h flow depth, m.
hf wetting front capillary pressure head, m.
Kr flow erodibility parameter, s m�1.
Ks hydraulic conductivity at saturation, m s�1.

KSP coefficient of efficiency of transport in the Low
formula, s2 m�1.

Kt coefficient of efficiency of transport in the Yalin
formula, s2 m�1.

q flow discharge per unit flow width in the flow
direction, m2 s�1.

qs sediment discharge per unit flow width, kg s�1.
Qs sediment discharge, kg s�1.
Re Reynolds number.
Sf friction slope.
SP stream power, kg s�3.
Tc sediment transport capacity of the flow, kg m�1 s�1.
V depth-averaged flow velocity in the direction of the

flow, m s�1.
Y dimensionless shear stress.

Ycr critical dimensionless shear stress.
� percentage of a grid cell covered by the covering

layer.
F degree of mixing of the sediment concentration

within the flow depth.
qi initial volumetric water content.
qs saturation volumetric water content.
r water density, kg m�3.
rs sediment density, kg m�3.

Figure 11. Calculated longitudinal velocity, Froude number, and water depth along the rill length for
the Collamer (Ds = 45 mm and rs = 2000 kg m�3) when the formula of Govers USP is used, at 15 and
21 min after the beginning of the simulation.
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t flow shear stress in the flow direction, Pa.
tc critical shear stress of the non-cohesive particles,

Pa.
tsoil critical shear stress of the cohesive soil, Pa.
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