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Abstract 22 

Among the various soil indicators established in order to discuss physical properties 23 

of soils is the S-index, derived from the slope of the soil water retention curve at its 24 

inflection point, used by a number of authors. In this publication we discuss the value 25 

of the slope at the inflection point of the soil water retention curve according to the 26 

independent variable used to plot it. We show that a representation of the water 27 

content according to the arithmetic rather than logarithmic expression of the suction 28 

for the S-index yields a different result for the soil selected. More generally, our 29 

results show that examining the physical properties of soil using a water retention 30 

curve plotted with an arithmetic expression of suction offers greater potential than 31 

when plotted with its natural or decimal logarithm as is often found in the literature. 32 

 33 

Keywords: soil compaction; bulk density; van Genuchten model; S-index 34 

 35 

Résumé 36 

Parmi les différents indicateurs qui ont été proposés pour rendre compte des 37 

propriétés physiques du sol, l’indice S, qui correspond à la pente de la courbe de 38 

rétention en eau du sol à son point d'inflexion, a été largement utilisé. Dans cet article, 39 

nous discutons de la valeur de la pente au point d'inflexion de la courbe de rétention 40 

en eau du sol en fonction de la variable indépendante qui est utilisé pour le 41 

déterminer. Nous montrons que la représentation de la teneur en eau en fonction de 42 

l'expression arithmétique de la succion au lieu de son expression logarithme, comme 43 

pour l’indice S, conduit à un résultat différent pour le sol sélectionné. Plus 44 

généralement, nos résultats montrent qu'une discussion des propriétés physiques du 45 

sol en utilisant une représentation de la courbe de rétention d'eau en fonction de 46 
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l'expression arithmétique de la succion offre plus de possibilités que l’expression 47 

logarithmique naturelle ou décimale qui a été largement utilisée jusqu’alors. 48 

 49 

Mots-clés: compaction du sol; densité apparente; modèle de van Genuchten; indice S 50 

 51 

1. Introduction 52 

Water movement in soils as described using hydrogeophysics [5, 16] is related to 53 

their hydraulic properties which in turn are closely dependent on soil structure. Its 54 

high lateral and vertical variability in soils has led soil physicists to seek out physical 55 

indicators enabling the discussion of its characteristics, and more generally of the 56 

quality of physical properties [7-11, 21]. Among these indicators, the index proposed 57 

by Dexter and Bird [10] and Dexter [7] enables the physical quality of soil 58 

(workability, permeability, structure stability, etc) to be investigated and should be 59 

particularly effective for providing information on the soil hydric functioning. This 60 

index is the slope (S) of the soil-water retention curve (SWRC) at its inflection point. 61 

It is determined for the SWRC when the gravimetric water content (W), a function of 62 

soil-water suction (h) and expressed using the van Genuchten equation [22], is plotted 63 

with the natural logarithm of h. In this study we use W to denote the gravimetric water 64 

content, rather than , as in Dexter and Bird [10], to be more consistent with the 65 

literature since  usually represents the volumetric water content. As for the van 66 

Genuchten equation [27] which was written for , it remains valid for W.  67 

Dexter [7] derived the expression of the slope of the SWRC analytically to 68 

calculate the value of S, thus leading to the following expression: 69 

 
)1(

1
1

m

rs m
WWnS







                                                                                               (1) 70 
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with m and n the fitted dimensionless shape parameters of the van Genuchten equation 71 

[27], and Ws and Wr, in g of water per g of oven-dried soil, and the saturated and 72 

residual gravimetric water contents of the van Genuchten equation, respectively. This 73 

characteristic of the SWRC was considered by Dexter [7] as a physical parameter (S-74 

index) of the physical quality of soil. Dexter [7] showed that it was related to the 75 

texture, bulk density, organic matter content and root growth of soil. Since its early 76 

developments, the S-index has been used by many authors [9, 11-14, 17, 26]. 77 

Dexter and Bird [10], however, noted that there were two possible inflection points 78 

depending on whether W is plotted against log(h) or against h. They reported that the 79 

two inflection points are in close proximity for soils with a narrow pore-size 80 

distribution. This explains why they used the inflection point of curves of W vs. 81 

log(h), believing this was an estimate of air entry into granular materials which were 82 

considered in their study [10]. Another point not raised by Dexter and Bird [10] 83 

concerned their choice for computing the slope in a graph W vs. ln(h) of the W curve 84 

as a function of h according to the van Genuchten equation [11] instead of the slope of 85 

the W curve vs. ln(h) which would have been mathematically more consistent.  86 

In this study we discuss the choice of Dexter and Bird [10] and compare the S-87 

index with the slope of the SWRC at its inflection point when it is expressed as a 88 

function of the independent variable h, ln(h) or log(h). The equations developed are 89 

applied to a non-compacted and compacted soil and the resulting values of the slope 90 

are compared to the S-index. 91 

 92 

2. Theory  93 

2.1. Expression of W according to h, ln(h) and log(h) 94 

On the basis of the van Genuchten equation [27], W can be expressed as: 95 
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                                                                                   (2) 96 

with W the gravimetric soil water content (g g-1); sW the measured gravimetric 97 

saturated soil water content (g g-1); rŴ the fitted residual gravimetric soil water 98 

content (g g-1); ̂ the fitted scaling parameter (kPa-1); and n̂  and nm ˆ/11ˆ   [19] 99 

dimensionless fitted shape parameters. In order to facilitate presentation, it can be 100 

admitted that Eq. 2 can be represented as:  101 

 mnWWhgW ˆ,ˆ,ˆ,ˆ, rs                                                                                              (3) 102 

with g being W as a function of h, given that parameters )g(g 1
s

W , )g(gˆ 1
r

W , n̂  103 

(dimensionless), )hPa(ˆ 1α , and m̂  (dimensionless) are known. The circumflex on a 104 

letter is used to identify a fitted parameter value ( m̂ can also be fitted but in this study 105 

it was forced to 1-1/n). 106 

Similarly, W vs. ln(h), can be represented by f using Eq. 2 as: 107 

 111r1s ˆˆˆˆ)ln( m,α,n,W,WhfW                                                                                                     (4) 108 

with the fitted parameters ),g(gˆ 1
r1

W  1n̂ (dimensionless), ),hPa(ˆ 1
1

α  and 1m̂  109 

(dimensionless) and W vs. log(h), can be represented by k using Eq. 2 as: 110 

 1211rs ˆ,ˆ,ˆ,ˆ,)(log mnWWhkW                                                                                                (5) 111 

with 2̂  the only new fitted parameter such as 10αα lnˆˆ 12  , the other fitted 112 

parameters being identical to those determined for f. 113 

 114 

2.2. Derivation of the SWRC to obtain the inflection point 115 

Taking Eqs. (3), (4), and (5) as general representations of the WRC and using 116 

Eq. 4, we can write the following derivatives: 117 
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dh

dW
g                                                                    (6) 118 

with g  the first derivative of W in relation to h, 119 

      1ˆ1ˆˆ
11rs

ˆ
111

1
111 )ln()ln(ˆ1ˆ)ˆ(ˆˆ

))(ln(


 nmnn hhαWWαnm
hd

dW
f                                   (7) 120 

with f  the first derivative of W in relation to ln (h), and: 121 

      1ˆ1ˆˆ
21rs

ˆ
211

1
111 )log()log(ˆ1ˆ)ˆ(ˆˆ

))(log(


 nmnn hhαWWαnm
hd

dW
k                        (8) 122 

with k  the first derivative of W in relation to log (h). 123 

It is important to state that  )ln(hddWf   cannot be computed by simply 124 

applying the chain rule from Eq. (3) because the parameters determined by fitting 125 

either g (Eq. 3) or f (Eq. 4), subjected to Eq. 2, are not necessarily the same. This can 126 

be also said for functions g (Eq. 3) and k (Eq. 5), except that here the only difference 127 

between f and k  is the magnitude of the scaling parameters 1α̂  and 2α̂ . 128 

It is known that any continuous and differentiable mathematical function has its 129 

inflection points located where the second derivative is null throughout its real 130 

domain. Thus, at the inflection points for function g, we can set: 131 

         
      0ˆ1

1ˆˆ1ˆˆˆˆˆ)ˆ(ˆˆ

1ˆˆ2ˆ

2ˆ22ˆˆˆ
rs

ˆ

2

2









mnn

nmnnn

hαh

nhhααnnmWWαnm
dh

Wd
g

                (9) 132 

with g , the second derivative of W in relation to h. After simplifying Eq. (9), we 133 

obtain: 134 

              0ˆ11ˆˆ1ˆˆˆˆ
1ˆˆ2ˆ2ˆ22ˆˆˆ 
 mnnnmnn hαhnhhααnnm                            (10) 135 

Eq. 10 can be solved for h to obtain the precise location of its inflection point 136 

 ih as follows: 137 
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                                                                                                                                    (11) 138 

Similarly, we can compute the second derivative of Eqs. (7) and (8) to obtain: 139 

    1̂

1

1
1

ˆ
ˆ
1

)ln( n
i m

α
h                                                                                                                            (12) 140 

with  ih)ln( , the inflection point of W vs. ln(h), and: 141 

    1̂

1

1
2

ˆ
ˆ
1

)log( ni m
α

h                                                                                                                         (13) 142 

with  ih)log( , the inflection point of W vs. log(h). 143 

 144 

2.3. Calculation of the slope at the inflection point of the SWRC 145 

The slope, Sh, from function g (Eq. 3) at its inflection point (Eq. 11) is obtained by 146 

substituting Eq. (11) into Eq. (6), which yields: 147 

       1ˆˆ
rs ˆ1ˆˆ1ˆˆ  mm

h mmWWnαS                                                                  (14) 148 

Similarly, the slope, Sln(h), from function f (Eq. 4) at its inflection point (Eq. 12), is 149 

obtained by substituting Eq. (12) into Eq. (7): 150 

       1ˆ
1

ˆ
11rs11)ln(

11 ˆ1ˆˆ1ˆˆ  mm
h mmWWnαS                                                       (15) 151 

The slope, Slog(h), from function k (Eq. 5) at its inflection point (Eq. 13) is obtained 152 

by introducing Eq. (13) into Eq. (8): 153 

       1ˆ
1

ˆ
11rs12)log(

11 ˆ1ˆˆ1ˆˆ  mm
h mmWWnαS                                                       (16) 154 

 155 

3. Application to a case study 156 

3.1. The soil and methods used  157 

The equations developed in this study were applied to samples from a cultivated 158 

soil where compacted layers were identified [1]. The soil studied was a clayey Oxisol 159 
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(Typic Acrustox) [25], a Latossolo Vermelho according to the Brazilian Soil 160 

Classification [23] and a Ferralsol according to the IUSS-WRB [18] soil 161 

classification. It was located on a private farm (latitude 16.493246 S, longitude 162 

49.310337 W, and altitude 776 m), near the Embrapa Arroz e Feijão Agricultural 163 

Research Center, at Santo Antônio de Goiás, GO, Brazil. The native vegetation was a 164 

typical Cerrado until 1985. After clearing the land, the soil was occupied by annual 165 

crops with conventional tillage for two years and then by a pasture of Brachiaria 166 

decumbens cv. Basilisk stapf. The soil was managed according to intensive animal 167 

grazing without any addition of fertilizer. This management led to a compaction of the 168 

topsoil. In 2006, soil cores were collected with stainless steel 100 cm3 cylinders 169 

(diameter = 5.1 cm, height = 5.0 cm) in the compacted 0-5 cm and non-compacted 170 

70-75 cm layers (Table 1). The higher bulk density found in the 0-5 cm layer is 171 

accounted for soil compaction since under native vegetation, this type of soil exhibits 172 

a uniform bulk density profile according to depth, with bulk density close to 1.0 g cm-
173 

3 [1, 29]. 174 

Gravimetric water contents (W in g g-1) at -10, -30, -60, -100, -330, -800, -4000, -175 

10000, and -15000 hPa were determined in triplicate for the two layers studied (Table 176 

2) using the centrifuge method [20, 24]. An SWRC was fitted using the van 177 

Genuchten equation [27] (see Eq. 2) to the different water contents measured for the 178 

compacted and non-compacted layers, using h, ln(h) or log(h) as independent 179 

variable. The Solver routine embedded in Microsoft Excel was used to obtain the 180 

fitting parameters rŴ , ̂ , n̂ , and m̂  (Table 3). During the fitting process, Ws was 181 

taken as the mean value of the three saturated water contents measured [20]: 182 

0.367 g g-1 and 0.544 g g-1 for the compacted and non-compacted layer, respectively, 183 

and therefore was not adjusted. 184 
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 185 

3.2. Comparison of the different S-index values obtained 186 

At this point, it should be remembered that Dexter and Bird [10] and Dexter [7] 187 

derived the S-index formulation from the slope of SWRC plotted in an ln scale, and 188 

the result was transformed to a log scale by multiplying it by ln 10; this log scale was 189 

then used afterwards. In order to compare and discuss the location of the inflection 190 

point according to the independent variable used, we applied the equations developed 191 

here and those of Dexter and Bird [10] and Dexter [7] to water retention properties 192 

found for compacted and non-compacted soils (Table 2). 193 

The S-index computed using Eq. 1 and multiplied by ln 10 according to Dexter [7] 194 

was 0.082 and 0.329 for the compacted and non-compacted soils. Using Eq. 16, the 195 

slope at the inflection point of the SWRC expressed according to log(h) as 196 

independent variable was 0.081 and 0.326 for the compacted and non-compacted 197 

soils. These values are very close to the S-index computed as described by Dexter [7]. 198 

Thus, using an equation of W fitted with h as independent variable and plotted with 199 

log(h) as abscissa, or an equation of W fitted with log(h) as independent variable and 200 

plotted according to log(h), the slopes of the two curves at the inflection point are 201 

very similar. This could be expected since the experimental points remain at the same 202 

place in the W - log(h) graph regardless of the independent variable used for the 203 

equation to describe the SWRC. Consequently, the slope at the inflection point of the 204 

SWRC computed according to Dexter [7] to lead to the S-index and used by many 205 

authors would have been similar using Eq. 16 instead of Eq. 1. 206 

On the other hand, the location of the inflection point of the curve of W vs. h, and 207 

the slope of the curve at this point, have more physical meaning than the 208 

corresponding values computed by Dexter [7]. The value of h at the inflection point 209 
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can be considered as the “breakthrough” matrix potential at which air penetrates 210 

throughout the soil as discussed by White et al. [30] and Dullien [15]. The slopes at 211 

the inflection point of the SWRC using Eq. 14 (using h as independent variable) were 212 

0.0020 and 0.0046 for the compacted and non-compacted soil. These values are 41 213 

and 72 times smaller than the corresponding S-index values (Table 3). Suction at the 214 

corresponding inflection point using Eq. 11 was 6 and 22 hPa for the compacted and 215 

non-compacted soil, while according to Dexter [7] it was 52 and 43 hPa (Table 3).  216 

Using Jurin’s law [4], we computed the equivalent pore diameter corresponding to 217 

the suction at the inflection point of the SWRC (Table 3). The results showed a close 218 

equivalent pore diameter for compacted and non-compacted soil at the inflection point 219 

when the SWRC was plotted with ln(h) or log(h) as independent variable (60 and 74 220 

µm) and according to Dexter [7] (58 and 70 µm). On the other hand, the equivalent 221 

pore diameter at the inflection point of the SWRC was about four times higher for 222 

compacted soil (510 µm) than for the non-compacted soil (134 µm) when the SWRC 223 

was plotted with h as independent variable (Table 3).  224 

In contrast to what is indicated by the S-index, however, air would penetrate 225 

throughout the soil at a smaller suction, and consequently for a larger equivalent pore 226 

diameter for compacted than for non-compacted soil. This result may appear 227 

surprising since compaction leads to smaller porosity with a shift of the inflection 228 

point on the SWRC to larger suction [3, 6, 22]. The effects of compaction on pore 229 

geometry are difficult to understand since they depend on the structure and related 230 

pore types prior to compaction, on soil composition and water content, and on the 231 

intensity of compaction. 232 

Beneath native vegetation, the soil studied had a weak macrostructure and a 233 

pronounced granular structure at the micrometer scale [1, 29]. Since the structure of 234 
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non-compacted soil is considered as similar to the structure under native vegetation, 235 

its theoretical SWRC would be a bimodal curve with two inflection points: (i) the first 236 

inflection point would correspond to pore draining resulting from the assemblage of 237 

the micro-aggregates and occurring for a very low suction of several hPa such as for 238 

coarse sandy soils, and (ii) the second corresponding to pore draining resulting from 239 

the assemblage of elementary particles in micro-aggregates and occurring for values 240 

of several hundred hPa. Because of the difficulty to correctly measure water retention 241 

of the soils studied at several hPa, the second inflection point is the only one that is 242 

usually measured [1].  243 

When soil is compacted, the pores resulting from the assemblage of micro-244 

aggregates are transformed into smaller pores [22, 3]. The resulting SWRC contains 245 

one inflection point which is related to a continuous distribution of equivalent pore 246 

diameters from the smaller pores which were distorted by compaction into those 247 

resulting from the assemblage of the elementary particles in micro-aggregates. Fig. 1, 248 

based on the results of several studies on similar soils [2, 28, 29] illustrates how using 249 

such a transformation of porosity makes it possible to pass from a SWRC with a given 250 

inflection point and its related equivalent pore diameter for a non-compacted soil, to 251 

another SWRC with an inflection corresponding to a larger equivalent pore diameter 252 

for compacted soil. 253 

Finally, our results question the value of S as a possible index to determine the 254 

physical quality of soil. The values of h at the inflection point determined for 255 

compacted and non-compacted soil are low, thus corresponding to a water content 256 

close to saturation which should not be optimal for soil tillage.  257 

 258 

4. Conclusion 259 
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Our results show that the expression of the SWRC according to ln(h) or log(h) 260 

instead of h as independent variable leads to different values of the S-index. 261 

Computing the S-index when the SWRC is expressed with h as independent variable 262 

is both mathematically and physically consistent. We also show that independently of 263 

the consistency of the approach, the discussion the physical properties of the soil can 264 

thus be limited according to the independent variable used. For the soil selected, our 265 

results in fact show that calculation of the S-index when it is expressed with h as 266 

independent variable significantly increases the relevance of the analysis compared to 267 

the range of the S-indices when it is expressed as proposed by Dexter [3]. Further 268 

work will aim at determining in which proportion the S-index is affected for a large 269 

range of soils and verifying if the use of h as independent variable effectively 270 

increases sensitivity of the analysis. 271 
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Figure and table legends 353 

 354 

Fig. 1.  355 

Schematic representation of the structure of the non-compacted (a) and compacted 356 

soil (b), and soil water retention curve corresponding to the non-compacted soil (c) 357 

with the part of the curve related to the pores resulting from the assemblage of the 358 

micro-aggregates (in white in (a) and dashed curve in (c)) which was not measured, 359 

and the soil water retention curve of the compacted soil (d) with the value of the 360 

equivalent pore diameter in µm at the inflection point. 361 

Fig. 1.  362 

Représentation schématique de la structure du sol non compacté (a) et compacté (b), 363 

de la courbe de rétention en eau du sol correspondant au sol non compacté (c), avec la 364 

partie de la courbe liée aux pores résultant de l'assemblage de micro-agrégats (en 365 

blanc dans (a) et courbe en pointillés dans (c)) qui n'a pas été mesurée, et la courbe de 366 

rétention en eau du sol correspondant au sol compacté (d), avec la valeur du diamètre 367 

équivalent des pores, en microns, au point d’inflexion. 368 
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Table 1 369 

Principal physicochemical characteristics of the 0-5 cm compacted and 70-75 cm non-370 

compacted layers selected in the studied soil. 371 

Tableau 1 372 

Principales caractéristiques physico-chimiques de l’horizon 0-5 cm compacté et de 373 

l’horizon 70-75 cm non-compacté, sélectionnés dans le sol étudié. 374 

 375 

Table 2 376 

Gravimetric soil water content (W g g-1) of the cores originating from the 0-5 cm 377 

compacted (C) and 70-75 cm non-compacted (NC) layers according to the suction 378 

(hPa). 379 

Tableau 2 380 

Teneur en eau gravimétrique du sol (W g g-1) des cylindres de sol provenant de 381 

l’horizon 0-5 cm compacté (C) et de l’horizon 70-75 cm non-compacté (NC), en 382 

fonction de la succion (hPa). 383 

 384 

Table 3 385 

Fitted parameter values for W vs. h, ln(h), or log(h), and corresponding inflection 386 

points and S-values for the 0-5 cm compacted (C) and 70-75 cm non-compacted (NC) 387 

layers. 388 

Tableau 3 389 

Valeurs estimées des parameters pour W en fonction de h, ln(h), ou log(h), et valeurs 390 

correspondantes des points d’inflexions et des valeurs S pour l’horizon 0-5 cm 391 

compacté (C) et de l’horizon 70-75 cm non-compacté (NC). 392 
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Fig. 1. 393 

 394 

 395 

 396 

 397 

 398 

 399 

 400 

 401 

 402 

 403 

 404 

 405 

 406 

 407 

 408 

 409 

 410 

 411 
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Table 1 412 

 413 

Particle size distribution(1) 
Soil 

Clay Silt Sand 
Organic carbon(1) 

 
Bulk density(2) 

Compacted 485 71 444 0.70 1.27 
Non-compacted 549 72 380 0.16 1.03 
(1) g kg-1 414 
(2) g cm-3 415 
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Table 2 416 

 417 

Suction W - Compacted layer  W - Non-compacted layer 
(hPa) Replicate 1 Replicate 2 Replicate 3  Replicate 1 Replicate 2 Replicate 3 

0 
10 

0.366 
0.356 

0.356 
0.346 

0.380 
0.355 

0.558 
0.540 

0.549 
0.542 

0.523 
0.516 

30 0.332 0.324 0.306 0.456 0.455 0.432 
60 0.297 0.290 0.281 0.337 0.360 0.333 

100 0.277 0.287 0.271 0.287 0.278 0.277 
330 0.237 0.242 0.237 0.240 0.231 0.227 
800 0.222 0.230 0.226 0.218 0.213 0.214 
4000 0.199 0.206 0.204 0.201 0.195 0.195 

10000 0.185 0.190 0.190 0.193 0.184 0.187 
15000 0.178 0.180 0.181  0.182 0.176 0.175 
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Table 3 418 

 419 

 Independent variable(8)  Dexter (2004a) 
 h  ln(h)  log(h)    Variables 
 C NC  C NC  C NC  C NC 

Ws(g g-1)  
0.367 

±0.012 
0.544 

±0.018 
 

0.367 
±0.012 

0.544 
±0.018 

 
0.367 

±0.012 
0.544 

±0.018 
 

0.367 
±0.012 

0.544 
±0.018 

Wr (g g-1)  
0.160 

±0.010 
0.192 

±0.004 
 

0.147 
±0.012 

0.188 
±0.004 

 
0.147 

±0.012 
0.188 

±0.006 
 

0.147 
±0.010 

0.188 
±0.004 

n(1)  
1.314 

±0.045 
2.057 

±0.088 
 

3.182 
±0.254 

6.396 
±0.364 

 
3.182 

±0.254 
6.396 

±0.364 
 

3.182 
±0.045 

6.396 
±0.088 

α(2)  
0.057 

±0.009 
0.032 

±0.002 
 

0.227 
±0.006 

0.263 
±0.003 

 
0.524 

±0.013 
0.606 

±0.008 
 - - 

m  
0.239 

±0.025 
0.514 

±0.020 
 

0.686 
±0.023 

0.844 
±0.008 

 
0.686 

±0.023 
0.844 

±0.008 
 

0.686 
±0.025 

0.844 
±0.020 

Suction at the 
inflection 

point(3) 
 5.876 22.421  3.948 3.699  1.696 1.606  1.715 1.632 

Slope at the 
inflection 

point(4) 
 0.0020 0.0046  0.035 0.142  0.0805 0.3261  0.0816 0.329 

Equivalent 
pore diameter 

at the 
inflection 

point(5) 

 

510 134  60 74  60 74  58 70 

Water content 
at the 

inflection 
point(6) 

 0.300 0.394  0.266 0.373  0.266 0.365  0.266 0.365 

RMSE(7)  0.0065 0.0114  0.0065 0.0106  0.0065 0.0106  0.0065 0.0114 
R2  0.987 0.991  0.988 0.992  0.988 0.992  0.987 0.988 

(1) Dimensionless. 420 
(2) Units in hPa-1 for h; ln hPa-1for ln h; and log hPa-1 for log h. 421 
(3) Units in hPa for h; ln hPa for ln h; and log hPa for log h. 422 
(4) Units for Sh (g g-1 hPa-1); Sln h (g g-1 ln hPa-1); or Slog h (g g-1 log hPa-1). 423 
(5) Unit in µm. 424 
(6) Unit in g g-1. 425 

(7)  



N

i
ii WWNRMSE

1

2ˆ1  in g g-1. 426 

(8) The standard errors for Ws were calculated directly from the measured values. Those for Wr, n, α, and 427 
m originated from the analysis of variance of errors due to regression when fitting these parameters. 428 
 429 
 430 
 431 
 432 

 433 

 434 


