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[1] We address the problem of modeling dynamic rupture on multiscale heterogeneous
faults in 3D. Under the assumption of slip‐weakening friction, we numerically construct
effective friction laws that integrate the effects of small‐scale heterogeneity during
the rupture. This homogenization process is based on the description of the initial phase of
the rupture by the dominant unstable spectral mode. Its dynamics is influenced by the
geometry of the fault, the static friction heterogeneities and the friction law. We first
define a periodic small‐scale heterogeneous model, introducing heterogeneity in the
distribution of the static friction coefficient. We then describe a method for constructing
this effective friction law. Applying this new law homogeneously on the fault permits to
reproduce the dynamic evolution of the heterogeneous fault. Furthermore, we show
that the effective friction law can be used to replace small‐scale heterogeneities in
two‐scale heterogeneous models, while preserving their effects. We study three kinds of
two‐scale models, with growing complexity: first periodic at both scales, then periodic
only at small scale, and finally irregular at both scales. This homogenization method
can be adapted to the case where the heterogeneity is introduced in the initial stress rather
than in the static friction value. Finally, we show in a simple example that the effective
friction law permits to reproduce the transition between subshear and supershear rupture
propagation, originally produced by heterogeneities on the fault.

Citation: Latour, S., M. Campillo, C. Voisin, I. R. Ionescu, J. Schmedes, and D. Lavallée (2011), Effective friction law for
small‐scale fault heterogeneity in 3D dynamic rupture, J. Geophys. Res., 116, B10306, doi:10.1029/2010JB008118.

1. Introduction

[2] Modeling dynamic rupture process is a matter of first
importance in seismology in order to understand the physics
of earthquakes. Such modeling is usually done by repre-
senting the fault as a frictional surface separating two elastic
half‐spaces. The dynamic evolution is controlled by the
friction law imposed at the frictional surface and the initial
and boundary conditions. The slip‐weakening friction law,
introduced by Ida [1972] to avoid stress singularity at the tip
of a rupture during its propagation is widely used for its
straightforward implementation in numerical models.
[3] The shape of the slip‐weakening friction law influ-

ences the rupture propagation process [Andrews, 1976] as
the area under the weakening part of the curve is directly
related to the so‐called surface fracture energy, accounting
for the non‐linear processes of dissipation associated with

friction. More recent studies have shown that it also controls
the slow fault motion preceding rupture propagation named
initiation phase or nucleation process. Campillo and Ionescu
[1997] showed for the case of linear slip‐weakening law,
that the initiation duration is dependent on the slope of the
friction law. This result was extended to non‐linear slip‐
dependent friction and finite fault ruptures by Ionescu and
Campillo [1999]. Dascalu et al. [2000] and Voisin et al.
[2002] found that the stability of the finite fault depends
on the slope of the friction law multiplied by its length, and
defined a universal constant of stability. This stability
analysis was also studied by Uenishi and Rice [2003], and
more complex behaviors were obtained for power law slip‐
dependent friction laws of Rice and Uenishi [2010].
[4] A complete knowledge of the friction law acting at the

fault interface is required to model the dynamic propagation
of rupture in a proper way. This knowledge is primarily
based on laboratory friction experiments, aimed at deriving
the principal frictional parameters [Ohnaka and Shen, 1999;
Dieterich, 1994; Scholz, 1998; Marone, 1998]. Two prin-
cipal friction laws are derived: the rate and state dependent
friction law [Dieterich, 1994] and the slip‐dependent fric-
tion law [Ohnaka and Shen, 1999]. The former defined four
main parameters: a and b typical of the material; a charac-
teristic length of a few microns dc; and a state variable �.
The slip‐dependent friction law defines a static friction
coefficient ms, a dynamic friction coefficient md and a slip‐
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weakening distance Dc also of the order of a few microns
according to laboratory experiments. These two constitutive
laws both present a characteristic length, dc or Dc, that gives
an internal scale to the friction phenomenon and to the
nucleation problem. The rate and state friction law is of
interest to describe the complete seismic cycle as it permits
to introduce the effects of velocity dependency and of sur-
face ageing that modify the friction at large timescale. It
gives a good insight on how successive events on the fault
affect the nucleation location and evolution [Lapusta and
Rice, 2003]. Concerning rupture propagation, Bizzarri and
Cocco [2003] show that the rate and state law reduces to
a slip‐weakening law in the weakening part of the fault. In
such cases, the parameters describing the slip‐weakening
law depend on the state of the fault just before the beginning
of the event, obtained through the rate and state evolution.
Rubin and Ampuero [2005] provide an extensive study of
the nucleation on rate and state faults. They show that the
stability analysis of fault described by rate and state friction
laws tends to the one described by slip‐weakening friction
law for specific conditions. In particular, the velocity‐
dependent effects (characterized by a) have to be small
enough with respect to the term describing the evolution of
the state fault (characterized by b), and the dimensions of the
slipping area have to be constant. In all cases, these laws are
empirical and the estimation and meaning of their parameters
remains a problem of importance when it comes to use them
for seismic modeling. Hence, we limit our analysis to the
somehow restrictive but simpler case of pure slip‐weakening.
[5] Indeed, the friction parameters can tentatively be

inferred from seismic data. Different techniques have been
developed. Kinematic modeling based on the inversion of
strong ground motion in the near field permits to reconstruct
the slip‐stress evolution of the fault [Ide and Takeo, 1997;
Bouchon et al., 1998, and references therein; Guatteri and
Spudich, 2000; Zhang et al., 2003]. Dynamic modeling
offered the possibility to model large ruptures in their gross
features by tuning the friction parameters, namely, Dc [Day,
1982; Peyrat et al., 2001; Favreau and Archuleta, 2003].
Despite the trade‐off between Dc and the prestress assumed
for these computations, large values of Dc are required to fit
to the seismic data and rupture history: from a few cen-
timeters up to a few meters. Direct measurements of Dc

using the correlation between time of breakdown and time
of the peak velocity was developed by Mikumo et al. [2003]
and Mikumo and Yagi [2003] and gave values from 40 cm
up to 1m for the 2000 Tottori earthquake and the 1995 Kobe
earthquake.
[6] The friction law parameters measured in laboratory

experiments and those deduced from seismological data
differ by several orders of magnitude. In particular, the
fracture surface energy which should be a constitutive
property of the interface is larger by many orders in seismic
inversion than in experimental measurements. This differ-
ence might find its origin in a number of factors. One of
them might be related to the poor spatial resolution of
seismology that does not allow to take into account the
whole range of heterogeneity on the fault. Heterogeneity is
present at all scales on the fault surfaces [Power et al., 1987;
Gusev, 1992; Mai and Beroza, 2002; Renard et al., 2006;
Lavallée, 2008; Candela et al., 2009; Schmedes et al.,
2010b]. However, in numerical modeling based on discrete

techniques, the size of heterogeneities that can be introduced
is always limited by the step grid size. Aochi and Ide [2004]
proposed an algorithm in which the grid step size scales with
the size of the rupture, as well as the friction parameter.
[7] In this paper we propose another approach that con-

sists in homogenizing the friction law on faults. The step
size is generally around ten to hundred meters: hetero-
geneities smaller than this are not described by the models.
On the other hand, the typical size of samples in laboratory
experiments is around a few centimeters: heterogeneities
larger than that are not represented. All scales of hetero-
geneities between these two values, and their dynamical
effects during rupture, are thus discarded. They cannot be
described by a heterogeneous distribution of friction para-
meters in dynamic simulation, and they are not included in
the friction law measured on laboratory samples.
[8] Friction laws measured on macroscopic samples

integrate the effects of microscopic heterogeneities. In the
same way, friction laws deduced from seismology probably
integrate the effects of the heterogeneities smaller than the
spatial resolution.
[9] In this paper, we tackle the problem of integrating

small‐scale heterogeneities into a large‐scale fault model.
The general framework for friction is based on the slip‐
dependent friction law [Ohnaka and Shen, 1999]. The
geometrical heterogeneities observed on actual faults are
modeled as variations of the static friction coefficient ms. We
investigate how a heterogeneous distribution of the para-
meters (here mainly the static friction coefficient) describing
linear slip‐weakening on a fault can be replaced by an
uniform distribution of an effective nonlinear friction law.
We use the description of the 3D initiation phase into a
wave and a dominant part by Favreau et al. [2002]. We
develop a method of homogenization based on a spectral
equivalence to construct the effective friction law, in a way
inspired by the one proposed for the antiplane 2D rupture by
Campillo et al. [2001]. This effective friction law is aimed at
reproducing the principal characteristics of the initiation
process, namely the initiation time and the evolution of slip.
The effective friction law allows to remove the smallest
scale of heterogeneity while keeping its contribution to the
rupture dynamics.
[10] The outline of this study is as follows: In section 2,

we develop the heterogeneous and equivalent problems. In
section 3, we present the spectral construction of the
effective friction law. In section 4, we present the compar-
ison between a one‐scale heterogeneous fault model with
the uniform effective fault model. Section 5 presents dif-
ferent applications of the effective friction law to models
with two scales of heterogeneity, either regular or irregular
in the shape and distribution of heterogeneities. Finally,
section 6 enlarges the discussion, considering the applica-
bility of the effective friction law to describe faults under
inhomogeneous initial stress, and to describe rupture prop-
agation of a heterogeneous fault. We also discuss the limits
of validity of the homogenization method.

2. Heterogeneous and Equivalent Problems

[11] In this section, we briefly describe the physical
problem of dynamic rupture and detail further the particu-
larities of the heterogeneous and the effective problems.
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[12] The studied system consists of two elastic half‐spaces
in contact at a fault plane. The faultGf, limited by unbreakable
barriers, is defined as a region of the plane z = 0, with x axis
as the strike direction and y axis as the dip direction. The
elastic medium is characterized by the Lamé coefficients l
and G and its density r.
[13] We denote by s∞ the in‐situ or primary stress tensor,

corresponding to the state before the beginning of the slip-
ping event. The total stress is the sum of this tensor and of
the elastic over‐stress tensor noted s. The displacement with
respect to this primary state is noted u(t, x, y, z) = (ux, uy, uz)
and the velocity v(t, x, y, z) = (vx, vy, vz). With this definitions,
s and u are linked through the elasticity relationship (1) and
the momentum balance (2):

s ¼ s uð Þ ¼ � div uð ÞI þ G ruþrTu
� � ð1Þ

�
@2u
@t2

¼ divs uð Þ: ð2Þ

Equations (1) and (2) are valid for t > 0 and for (x, y, z)
outside of the fault Gf.
[14] The boundary conditions on the fault Gf permit

to describe the rupture phenomenon. We suppose that the
tangential stress sT = (sxz, syz, 0), the normal displacement
uz and the normal velocity vz are continuous fields across the
fault Gf, and du = (dux, duy, 0) = u(t, x, y, 0+) − u(t, x, y, 0−)
and dv = (dvx, dvy, 0) = v(t, x, y, 0 +) − v(t, x, y, 0−) denote
the slip (relative tangential displacement) and the slip rate
(relative tangential velocity), respectively. Normal stress is
continuous across the fault (due to the symmetry of the
problem) and the variations of the normal stress vanishes on
the fault during the dynamic process, i.e. szz = 0 (see, e.g.,
Favreau et al. [2002] for details). Following the convention
that compressional stresses are negative, we write the nor-
mal stress as szz

∞ = −N, with N > 0. Finally, on the fault, the
displacement discontinuity du and the stress are related
through a slip‐dependent friction law which can be generi-
cally written as follows:

sT t; x; y; 0ð Þ þ s∞
T ¼ � x; y; �u t; x; yð Þj jð ÞN �v

�vj j t; x; yð Þ if �vj j > 0;

sT t; x; y; 0ð Þ þ s∞
T

�� �� � � x; y; �u t; x; yð Þj jð ÞN if �vj j ¼ 0;

8><
>:

ð3Þ
In (3) m is the friction coefficient and depends on the slip
modulus ∣du∣. The choice of a friction law dependant on the
slip modulus rather than on the slip path has been made for
simplicity of the analytical description. This modulus will be
noted simply du in the following. The friction coefficient m
also depends on the position (x, y) on the fault, allowing to
describe faults with heterogeneous frictional properties.
[15] We define the specific properties of the heteroge-

neous fault in terms of a special choice of the friction
coefficient, denoted with mh(x, y, du) (superscript h will be
used for all the values related to the heterogeneous model).
The heterogeneity is introduced on the model by a spatial
variation of the friction coefficient mh(x, y, du), while the
initial stress is homogeneous in every case (except for the
model in section 6.1). In general, on each point of the
heterogeneous fault, the friction is described by a linear slip‐
weakening behavior, characterized by a static friction coef-

ficient ms(x, y), a dynamic friction coefficient md(x, y) and a
critical slip Dc(x, y). In this paper we will further assume
that md and Dc are constant on the fault, and that ms is
variable. An example of heterogeneous fault is described in
Figures 1a and 1b. Barriers of strong resistance are arranged
on the fault, forming a surface Gf

s where the static coefficient
ms
s is high. The other part of the fault, Gf

w, presents a weaker
static coefficient denoted ms

w. The difference Dms = ms
s − ms

w

is positive. This is summarized by (4):

�h x; y; �uð Þ ¼

�s
s �

�s
s � �d

Dc
�u if �u � Dc; x; yð Þ 2 Gs

f ;

�w
s � �w

s � �d

Dc
�u if �u � Dc; x; yð Þ 2 Gw

f ;

�d if �u > Dc:

8>>>>><
>>>>>:

ð4Þ

[16] Concerning the effective problem (denoted by super-
script e), we impose that the friction is described by the
same slip dependency everywhere on the fault. This can be
written as

�e x; y; �uð Þ ¼ �e �uð Þ: ð5Þ

[17] As a counterpart, we do not impose linearity with
respect to du for the weakening part of me(du). The very
problem addressed in this article is how to design the
effective friction law me(du), such that the displacement field
ue(t, x, y, z) produced by the effective model during the
initiation stage of a slipping event is comparable to the
displacement field uh(t, x, y, z) produced by a fault with
heterogeneous friction properties described by mh(x, y, du).
[18] To complete the description of these dynamic pro-

blems, we have to specify in detail the chosen initial con-
ditions. The initial displacement and velocity fields u0 and
v0 are defined as

u 0; x; y; zð Þ ¼ u0 x; y; zð Þ; @u
@t

0; x; y; zð Þ ¼ v0 x; y; zð Þ: ð6Þ

[19] Concerning the initial shear stress, we use the
assumption that sT

∞ = Nms
wx̂. This physically means that the

whole weak part Gf
w of the heterogeneous fault is at its

threshold stress level. This initial state, somewhat unrealistic
for the description of a fault before a rupture event, is very
convenient to study the initiation stage of the rupture since it
defines a metastable state where the slightest perturbations
(here u0 and v0) lead to the beginning of slip. Moreover, the
analytical solution of such a problem for an infinite homo-
geneous fault has been computed by Favreau et al. [2002],
and our homogenization method rely on an extrapolation of
their results for finite and heterogeneous faults. The analysis
of 2D‐nucleation problems using such an hypothesis on
the initial stress has been made by Campillo and Ionescu
[1997], Favreau et al. [1999], and Dascalu et al. [2000].
It should be noted that the eigenvalue problem describing
the evolution of the slip during the nucleation stage and the
ensuing results regarding a critical nucleation length are
identical to the results discussed by Uenishi and Rice [2003].
However the settings adopted by Uenishi and Rice [2003]
are different since in this paper the fault experiences a
non‐uniform peaked initial shear‐stress added to a constant
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loading. The identical results obtained by Dascalu et al.
[2000] and Uenishi and Rice [2003] show that despite the
difference of the initial conditions, the initiation problem is
robustly described by the eigenvalue analysis, suggesting
that the results can be generalized to more realistic initial
situations. In the discussion, we also consider some slightly
different models, with heterogeneity introduced in the initial
shear stress rather than in ms (section 6.1) or with initial
stress lower than the yield stress (section 6.2).

3. Spectral Construction of the Effective Friction
Law

[20] Let us describe here the homogenization technique
used to find the effective friction law described in section 2.
We shall use the "spectral equivalence method", introduced
by Campillo et al. [2001] in the anti‐plane 2D case. As will
be shown, the use of a new methodology was necessary to
adapt this technique from 2D problem to 3D problems.
[21] The spectral analysis is based on a linearization of the

dynamic frictional problem (2), (3) and (6).To describe the
evolution of the system from a given position, we rely on a
tangent linearized problem. The eigenvalue problem asso-
ciated reads: find the early initiation eigenfunction F and
eigenvalue l2 such that

divs Fð Þ ¼ �2�F for x; y; zð Þ =2 Gf ; ð7Þ

Fz x; y; 0þð Þ ¼ Fz x; y; 0�ð Þ; sT Fð Þ x; y; 0þð Þ ¼ sT Fð Þ x; y; 0�ð Þ
for x; y; 0ð Þ 2 Gf ; ð8Þ

�zz Fð Þ x; y; 0ð Þ ¼ 0; sT Fð Þ x; y; 0ð Þ ¼ N
@�

@�u
�F x; y; 0ð Þ

for x; y; 0ð Þ 2 Gf ; ð9Þ

where dF(x, y, 0) = F(x, y, 0+) − F(x, y, 0−). The dis-
placement can be generically written in its spectral expan-
sion as

u t; x; y; zð Þ ¼
X∞
n¼0

cosh t�nð ÞUn
0 þ sinh t�nð Þ

�n
Vn
0

� �
Fn x; y; zð Þ; ð10Þ

where l0
2 > l1

2 > … are the eigenvalues (which satisfy the
conditions that ln

2 are real and limn→∞ ln
2 = −∞), Fn are the

corresponding eigenfunctions and U0
n, V0

n are the projections
of the initial perturbation u0, v0 on the eigenfunctions base.
If the spectrum is continuous then the above sum has to be
replaced by an integral.
[22] The initiation develops according to a finite set of

eigenfunctions associated with positive eigenvalues that
govern the exponential evolution of the instability. The pro-
cess evolution is dominated by the greatest positive eigen-
value l0

2. Indeed, after a period of time the term which
involves exp(tl0) completely dominates over all other terms
in the series, hence we can write

u t; x; y; zð Þ � U0
0 þ V 0

0

�0

� �
exp t�0ð ÞF0 x; y; zð Þ: ð11Þ

[23] Indeed we shall define the effective friction as the
slip‐dependent function which generates the same first

Figure 1. (a and b) The heterogeneous model of fault, and (c and d) the linear uniform model. Figures 1a
and 1c show maps of ms and Figures 1b and 1d correspond to the mapped zone (lengths are given in km
on the maps). On the homogeneous fault, the friction law is the same everywhere on the fault (ms = 0.80,
md = 0.72, Dc = 0.08 m). On the heterogeneous fault, a distribution of more resistant barriers (ms = 0.82) is
added. The effective friction law is aimed to reproduce the dynamical effects of this distribution of small
barriers on an homogeneous fault.
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positive eigenvalue as the one associated with the hetero-
geneous problem. To be more precise let us denote by l0

h the
first eigenvalue associated to the heterogeneous fault (i.e. we
consider m = mh in (9)) and by l0

e the first eigenvalue
associated to the effective fault (i.e. we consider m = me in
(9)). Then the principle of spectral equivalence, reads

�h
0 ¼ �e

0: ð12Þ

[24] As it follows from Favreau et al. [2002] we can
compute the l0

h from the dynamic numerical simulations.
For this we make use of the slipping velocity dvx

h of the
heterogeneous problem in the center of the initiation patch
to get from (11)

�h
0 ¼

d ln �vhx
� �� �
d t

: ð13Þ

[25] This technique of measure of the eigenvalue differs of
the one proposed in 2D by Campillo et al. [2001] in which
the eigenvalue was deduced from deformation in the bulk.
In two dimensions, the rate of the exponential decrease of
the displacement in the bulk can be directly related to the
maximum positive eigenvalue. In three dimensional initia-
tion, this process of inversion is impossible due to the mix of
in‐plane and anti‐plane modes presenting different rates of
decrease in the bulk, and we need to use the local mea-
surement (13) on the fault.
[26] We denote the characteristic wave number a as

� ¼ �N

G

@�

@�u
: ð14Þ

[27] For the homogeneous infinite fault, the first eigen-
value l0 is equal to csa. In the case of finite faults, 1/a
defines a characteristic critical length, under which the fault
is stable (no positive eigenvalue), and beyond which it
becomes unstable (existence of positive eigenvalues). For an
unstable finite fault, the maximum positive eigenvalue l0 is
smaller than csa and is dependent on the shape and on the
dimension of the fault. This dependency will be introduced
through a factor FG, characteristic of the fault, defined as

FG ¼ �0

cs�
: ð15Þ

If we use the above formula for the effective fault then one
can deduce the effective slip rate from the spectral equiva-
lence principle:

@�e

@�u
¼ � �h

0G

FGeNcs
: ð16Þ

[28] Thus, to determine the slope of the effective friction
law, we need the factor FGe of the effective fault and the
maximum positive eigenvalue l0

h of the heterogeneous fault.
l0
h is measured through (13). Since it is very difficult to

directly compute the shape‐scaling factor FG
e for the effec-

tive fault we shall use the dynamic computation of an
auxiliary problem, called the ’linear uniform problem’, to
measure it. The most convenient way to construct the linear
uniform fault (denoted by the upper script lu) is to consider a
linear slip‐weakening law which has the same weakening
rate alu at any point on the fault. The shape and size of the
fault of the linear uniform problem are the same that in the
effective problem. They are thus described by the same
parameter FG. The weakening rate alu is chosen equal to the
weakening rate on the weak part Gf

w of the heterogeneous
fault. We then may perform a dynamic computation with the
same initial perturbation as for the heterogeneous problem
to get csFG

e = l0
lu/alu. The first eigenvalue l0

lu of the linear
homogeneous fault can be computed dynamically through a
formula similar to (13). This process for determining the
shape‐scaling factor FG

e can be used only for dynamic pro-
blems far enough of the limit of stability, because the simple
dependency on a of FG expressed by (15) loses its validity
near the stability. This question will be further detailed in
section 4.2. Finally, we obtain the slip derivative of the
effective friction coefficient:

@�e

@�u
¼ �luG

N

d ln �vhx
� �� �

d ln �vlux
� �� � ¼ �h

0

�lu
0

@�lu

@�u
: ð17Þ

4. One‐Scale Heterogeneous Fault

4.1. Numerical Model

[29] We use a finite element code with rectangular grid on
which elastodynamics is implemented. The code was devel-
oped byMa and Liu [2006] and Schmedes et al. [2010b]. The
boundary conditions of the 3 dimensional, plane‐parallel
model we use are as follows:
[30] 1. On the top side: free surface.
[31] 2. On bottom, right, and left sides: absorbing condi-

tions (PML).
[32] 3. On the fault plane (z = 0): a rectangular zone

bounded by unbreakable barriers defines the actual fault on
which the slip‐weakening friction law is implemented
independently on each point of the fault.
[33] The parameters used for numerical modeling are

summarized in Table 1. The friction law m(x, y, du) depends
on the model and will be described more precisely for each
of them individually. Except for the model of section 6.1,
the normal stress is set constant on the fault and corresponds
to the pressure at 5 km depth. The fault dimensions have to
be larger than the critical initiation size which depends on
the frictional properties of the fault. We used a 6 km × 3 km
fault that fulfills this condition for all the models we study,
and gives a reasonable time and size of computation.
[34] Finally, the initial conditions are as follows: a null

displacement everywhere and a given shear stress on the fault
Nms

w, which correspond to the threshold stress of the weakest
part of the fault. To initiate the slip, a small gaussian‐shaped
perturbation of shear stress is added on a zone of 100 m ×
100 m at the center of the fault.

Table 1. Parameters Used in the Numerical Modelsa

Parameter Name Value

Density r 3000 kg.m−3

Shear wave speed cs 3000 m.s−1

h = cp/cs
ffiffiffi
3

p
Spatial grid step dx 10 m
Time step dt 1.4 × 10−3s

aThe frictional properties are detailed separately for each model.
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4.2. The Effective Law

[35] In this section we construct the effective friction law
corresponding to the heterogeneity presented in Figure 1. It
consists of an even distribution of squared barriers (ms

s =
0.82) of size 40 × 40 m separated from their neighbors by a
distance of 120 m. The value of the static friction coefficient
on the weak area is ms

w = 0.80. The linear uniform problem
(denoted with superscript lu) needed to construct the effec-
tive friction law is presented in Figure 1. On this model ms

lu

is constant on the fault and set to 0.80. (17) gives the slope
of the effective friction law provided that the values of l0

h

and l0
lu are known. These values are obtained numerically.

Rupture models are computed for the heterogeneous model
and for the auxiliary (linear uniform) model. The slip du(t) is
evaluated at the center of the fault. For a given model, we
measure l0 from dv, the slipping velocity at the onset of the
instability using (13).
[36] The measurement is taken at the center of the fault

where the small initial perturbation is applied. Although

local, this measure provides information about a wide zone
of the fault around it due to the spatial extent of the
eigenfunction [Favreau et al., 2002], hence it is possible to
use it in an homogenization process. The measure is shown
in Figure 2, as well as the ratio lh/llu.
[37] Since the barriers prevent the fault to slip as fast as

it could if it was homogeneous, the ratio of the eigenvalues
lh/llu is smaller than 1 for small values of du. The breaking
of the barriers is associated with a sudden change in the
linearized problem, leading to an increase of the eigenvalue:
when the barriers break, the initiation has more area on the
fault to develop, and thus grows more quickly. Figure 2
shows a clear example of this effect at ln(du) ≈ −5.5. The
ratio l0

h/l0
lu increases drastically, by jumps corresponding to

successive barriers breaking and eventually reaches a value
close to 1 when the effects of the edges of the fault become
predominant.
[38] The validity of the estimation of FG

e through the use
of an intermediate homogeneous fault was verified a pos-
teriori. We evaluated l0 on a series of homogeneous fault of
same dimensions with variable Dc to explore a range of
value of a. The curve of l0 as a function of a can be
compared to the linear relation corresponding to (15), with
the value of FG

e extracted from the linear uniform model of
the Figure 1 (see Figure 3). The values of l0 deviates from
the linear approximation for small values of a, because the
model is close to stability. They also diverge from the linear
approximation for large values of a. This behavior, which
is unexpected for the maximum eigenvalue l0, can be
explained by the measurement method of the eigenvalue. As
the initiation process is very rapid for large values of a, the
mode with maximum eigenvalue does not have time to
become completely dominant and is mixed with modes of
lower eigenvalues, which results in an underestimation of
l0. Despite this, on a large range of a, the error on l0 is less
than few percents. Provided that the eigenvalue measured
for the heterogeneous model is in this domain, the method
can reasonably be applied.
[39] Inserting the slip‐dependant ratio l0

h/l0
lu in (17), gives

the derivative of the effective friction law with respect to the
slip du. The effective friction law obtained after integration
is presented in Figure 4. The value of ms

e is chosen to be 0.80
that is, the smaller one of the heterogeneous model ms

w. This
makes sense because the slip effectively begins when the
weaker zones begin to slip. md

e is kept at 0.72: the weakening
part of the effective law is stopped when me(du) = md or
linearly extended until me(du) = md. The two stages (before
and after barriers breaking) of the heterogeneous initiation
can be seen in the friction law. The initial slope of the
effective friction law is smaller than the slope of the initial
linear slip‐weakening law. This accounts for the delay due
to the barriers. The breaking of the barriers and subsequent
acceleration of the initiation process correspond to the kink
of the law and its steeper slope afterwards.

4.3. Efficiency of the Effective Friction Law

[40] Here we study the efficiency of the effective friction
law to reproduce the effects of heterogeneity on the rupture
dynamics. To do so, we compare the full heterogeneous
dynamic model with the uniform equivalent dynamic model
fitted with the effective friction law.

Figure 2. (a) Dominant eigenvalue l0 as a function of slip
logarithm for heterogeneous and linear uniform models and
(b) their ratio. On the linear uniform model, l0 is nearly con-
stant, to a value slightly smaller than csa

lu = 32.7 s−1 due to
the finiteness of the fault. On the heterogeneous model, the
slip begins with a small value of l0 (≈17.5 s−1), due to the
spatial restriction imposed by the barriers. When the barriers
break, initiation finds suddenly more area on the fault to
develop and grows up faster. Oscillation of the curve during
the growth corresponds to successive breaking of barriers
zones located further and further away from the initiation
point. The slight growth of l0 for both cases is due to a
mode mixing in the early stage of initiation. This growth
disappear when considering the ratio, which proves that
the ratio is controlled by the geometry of the heterogeneity
distribution. The eigenvalues drops suddenly when ln(du) ≈
−2.5, that is when du = Dc, because the initiation is finished
and the slip is no more described by an exponential evolu-
tion. (The oscillations of the eigenvalues measure for very
small values of the slip (ln(du) = −10) are due to numeric
oscillations.)
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[41] Figure 5 presents the slip velocity history for three
models: homogeneous linear; heterogeneous; effective.
Their evolutions are very similar, despite some differences.
For the homogeneous case, the initiation time, defined by
the duration between the time of perturbation (t = 0) and the
instant when one point of the fault reaches Dc is approxi-
mately 0.47s. For the heterogeneous model, the initiation
time is close to 0.75s: this supplementary delay is due to the
presence of barriers. The effective model has no barriers in
it. Nonetheless, the initiation time is also very close to 0.75s,

and the slip velocity history is very close to the heterogeneous
case. Figure 6 represents the slip patterns of the heteroge-
neous and of the effective models. The effective model slip
pattern closely matches the envelope of the heterogeneous
slip pattern. On this basis, we validate the effective friction
model in its ability to include the effects of heterogeneity
into the rupture dynamics.
[42] It is interesting to note that even when a large set of

points on the fault have slipped of values larger than Dc, the
effective law is still efficient to reproduce the evolution of
the slip. This suggests that even though this law has been
constructed from considerations related to the initiation

Figure 4. The effective friction law (plain curve) con-
structed to account for small‐scale heterogeneities of the
heterogeneous model. Compared to initial linear slip‐
weakening friction‐law (dashed curve), the initial slope is
smaller (slower initiation), until breaking of the barrier leads
to a kink and a steeper curve corresponding to the accelera-
tion of the initiation process.

Figure 3. Variation of eigenvalue l0 as a function of a, for the linear uniform model (+) and the
heterogeneous model (×). For the heterogeneous model, the abscissa is the value of a in the weak part
of the fault and the measured eigenvalue is the maximum value reached before breaking of the barriers.
Red line (continuous) is the linear approximation of l0

lu corresponding to (15), with FG obtained by the
measurement on the auxiliary linear uniform model described in text and Figure 1, at a = 0.011 m−1. This
value of a corresponds also to the weak zone of the heterogeneous model of Figure 1. The eigenvalue
describing the evolution of this heterogeneous model is 17.5 s−1, which corresponds to a range of l where
the linear approximation of l0

lu(a) is good.

Figure 5. Slip velocity on the center of the fault for the
uniform linear, heterogeneous and effective model. The
effective friction law permits to reproduce the delay of
initiation due to heterogeneity and the shape of the velocity
history after the weakening phase with very good agreement.
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Figure 6. Slip profiles on the fault on a horizontal line, for the heterogeneous model (plain line) and the
effective model (dashed line) at different times during the rupture process. Slip of the effective model
reproduces well the envelope of the slip of the heterogeneous model. Note at t = 0.847s for example,
the major part of the fault presents a slip larger than Dc = 80 mm, thus is no more described by the weak-
ening part of the friction law. However, the effective friction law permits to reproduce also the behavior of
this part of the fault.
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phase, it seems to be still applicable after this phase is fin-
ished, at the beginning of rupture propagation. A more
detailed discussion about the propagation stage can be found
in section 6.2.

5. Two‐Scale Heterogeneous Faults

5.1. Regular Heterogeneity at Both Scales

[43] The effective friction law, applied on the homoge-
neous fault, is well suited to reproduce the effects of one‐
scale heterogeneity in a homogeneous model. However, as
the modeling of the corresponding heterogeneous fault was
necessary to construct it, there is not any gain of information
or any numerical cost economy. The real gain comes out of
integration of the effective friction law into more complex
and realistic fault models, comprising several scales of
heterogeneity.
[44] The first model we study presents two scales of

heterogeneity: the small‐scale heterogeneity is the same as
previously (even distribution of small squares); the large‐
scale heterogeneity is an even distribution of large squares
(see Figure 7). The increase of ms due to large barriers is set
three times larger than the increase of ms due to the small
barriers.
[45] We compare it to its effective model in which the

small‐scale heterogeneity is removed and replaced by the
use of the effective friction law.
[46] The construction of the effective model requires a

special treatment for the points located at the large‐scale
barriers. Because of the superposition of both scales, four
different levels of ms are possible (Figures 7a and 7b). Large
barriers remain in the effective model while the small var-
iation of ms due to small barriers is suppressed. There are

thus two different zones in the effective model: the weak
zone and the large barriers. In the weak zone, we apply
directly the effective friction law computed before. To apply
the effective law on large barriers, the weakening part is
dilated vertically so that the static threshold ms reaches the
value corresponding to the basic level of the large barriers in
the complete model (see Figure 7d).
[47] The slip evolution of these two models (two‐scale

and effective) is displayed in Figure 8. The area and shape
of the slipping zone at each time is well reproduced by the
effective model, as well as the acceleration of the process
due to the small barriers breaking, which occurs at the same
time (around t = 910 ms). Additionally, the seismic moment
accelerations of both models are in good agreement
(Figure S1 of the auxiliary material).1 The comparison of
these two models (Figure 8) reveals that the effective law is
still efficient to reproduce the dynamics of the rupture
process in the case of a two‐scale models.

5.2. Uneven Distribution of the Large‐Scale
Heterogeneity

[48] By itself, the even distribution considered above is of
limited interest for the earthquake modeling. Large‐scale
heterogeneity produces the complexity of rupture propaga-
tion revealed by kinematic inversions, with zones of rapid
rupture development and zones where the rupture is blocked
or delayed. We therefore build a model in which a large‐
scale ‘deterministic’ heterogeneity is present. As a first step
we keep the small‐scale heterogeneity represented by a
regular even distribution of barriers. We compare the evo-

1Auxiliary materials are available in the HTML. doi:10.1029/
2011JB008118.

Figure 7. A model with two‐scale heterogeneity (a) values of ms on the fault and (b) corresponding
linear friction laws. (c and d) The small‐scale heterogeneity is removed and replaced by the effective
friction law. Slip evolution on these two models can be seen in Figure 8.
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lution of this model with an effective one in which the small‐
scale heterogeneity is replaced by the use of the effective
law. Models are presented in Figure 9, and evolution of slip
is shown in Figure 10.
[49] The shape and size of the slipping zone are compa-

rable throughout the entire duration of the initiation process.
When the small‐scale barriers break (starting at t = 0.91s),
the process accelerates inducing the erosion of the larger
barriers. The dynamics of the breaking of the large barriers
is well reproduced by the effective model.

5.3. Uneven Distributions at Both Scales
of Heterogeneity

[50] To understand the effect of an irregular distribution of
heterogeneity at small scale, we test the homogenization
method on a fault with two scales of heterogeneity, non
periodic at both scales (see Figure 11). This small‐scale
heterogeneity is composed of irregular barriers, whose mean
properties (size, density) are constant over the fault. The
effective friction law for this distribution of small‐scale
heterogeneity was computed following the procedure given
in section 3. It was applied to the fault with the large‐scale
heterogeneity to construct the effective model. The slip

evolutions of the heterogeneous and effective model are
represented in Figure 12.
[51] The main features of the slip history are generally

well reproduced by the effective model. In particular the
history of the large barriers breaking, which can eventually
influence seismic motion is very similar in the real and the
effective model. We can notice that the resemblance is not
as good here as in the previous model with regular small‐
scale heterogeneity. This is probably due to highest spatial
variability of this heterogeneity. Effectively, in the regular
case, the space available for the initial perturbation to
develop is almost the same everywhere and thus the domi-
nant mode is quickly reached everywhere. In the uneven
case, the measurement of the dominant eigenvalue is more
dependant of the measurement position, and this introduces
additional uncertainties in the process of homogenization.

6. Discussion

6.1. Heterogeneity of Initial Stress Level

[52] So far we introduced the heterogeneity of the fault
plane as fluctuations of the strength (resistance to slip)
represented by ms, while the initial stress level was homo-

Figure 9. A model with two‐scale heterogeneity (a) values of ms on the fault, non regular at large scale,
regular at small scale, and (b) corresponding linear friction laws. (c and d) Small‐scale heterogeneity is
removed and replaced by the effective friction law. Slip evolution of these two models can be seen in
Figure 10.

Figure 8. Slip on the fault, for the (left) two‐scale model and (right) effective model at different times during the rupture
process. Color scale changes at each time and goes from 0 to the maximum slip of the effective model M indicated at each
time. Slip of the effective model reproduces well the dynamics of the slip of the heterogeneous model. At the beginning of
slip, the slipping zone grows at the same velocity, and when the small barriers break and the process accelerates, the accel-
eration also occurs on the effective model. The moment accelerations, that can be related to the far field ground velocity, are
shown in the auxiliary material.
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geneous over the entire plane. Many studies on rupture
dynamics rather introduce heterogeneity in the initial stress
level. To allow a comparison, we consider in this section a
heterogeneity introduced in the model as fluctuations of the
initial stress level, while ms is homogeneous over the entire
plane. The barriers are defined by zones of the fault with
low initial stress. Between the barriers, the initial stress is
equal to the yield stress Nms, i.e all the points of the fault
except those on the barriers are in a metastable state and
ready to slip. Figure 13 presents the comparison of the slip
evolution of a two‐scale heterogeneous model (in terms of
initial stress) and its effective friction counterpart, obtained
by the same procedure as previously described. The excel-
lent agreement between the two is the proof of the efficiency
of the effective technique to account for small‐scale het-
erogeneities of the stress field. Indeed, the same test can be
carried out with the effective friction law measured on
heterogeneities of strength implemented in the model of
initial stress inhomogeneity.
[53] This result can be explained as follows. In the initi-

ation stage, a key element is the size and shape of the area of
the fault available for the initiation to develop, that is the
regions where the initial state of stress is larger or equal than
the static stress level. The spatial extent and the shape of this
region determine the existence of the unstable eigenfunc-
tions that govern the slip evolution. At the very beginning of
the initiation stage, the barriers are not included in the

slipping area (as the stress is lower than their yield stress),
and thus introduce a spatial constraint on the eigenfunctions.
This argument holds in the case of barriers defined by more
resistant zones (variation of ms) or equally in the case of
barriers defined by initially less loaded zones (variation of
initial stress). Moreover, as long as the geometry of these
barriers are the same, the same eigenfunctions develops on
the fault, and thus the effective friction law constructed
using one type of heterogeneity can be used to describe the
other one without any changes. Therefore, the effective
friction law homogenization technique is also valid to
describe fault with inhomogeneity of the initial stress.

6.2. Propagation Stage of the Rupture

[54] On the results we show in Figures 6, 8, 10, 12, and
13, one can note that the faults are large enough to see a
beginning of propagation stage after the end of the initiation
stage, when some points of the faults are at slip larger than
Dc. In these models, during the early propagation stage, the
effective law gives good results to reproduce the dynamics
of the models with small‐scale heterogeneities. This good
agreement can be explained by the fact that when the
propagation begins, the weakening zone defined as the
slipping area of the fault with slip smaller than Dc is large
compared to the size of the small heterogeneities. Hence the
homogenization process remains meaningful. Moreover, at
this stage the evolution of the rupture is still very sensible

Figure 11. A model with two‐scale uneven heterogeneities (a) values of ms on the fault, and (b) corre-
sponding linear friction laws. (c and d) Small‐scale heterogeneity is removed and replaced by the effective
friction law. Slip evolution on these two models can be seen Figure 12.

Figure 10. Slip on the fault for the (left) two‐scale model and (right) effective model at different times during the rupture
process. Slip of the effective model reproduces well the dynamics of the slip of the heterogeneous model, including the
acceleration of the process at t = 0.91s due to the breaking of the small‐scale barriers and the dynamics of rupture of
the large‐scale barriers. Large barriers break also at similar times in the two‐scale model and in the effective one. See
Figure 8 for color scale explanation. The moment accelerations are shown in the auxiliary material.
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to the previous dynamics of the slip that occurred during
the initiation stage, and that the effective law reproduces
accurately.
[55] To investigate the validity of the effective law during

the propagation stage itself, we carried out some tests with
models more representative of a rupture stage. To do so, we
consider long faults (3 km × 9 km), and set the initial stress
at a level such that the S parameter defined by Andrews
[1976] (S = (ms − m0)/(m0 − md)) is equal to 1 when com-
puted with the weakest value of the static friction coefficient
ms
w. To initiate the rupture, we define a circular asperity on

one side of the fault, in which we set the initial stress to a
value larger than the static stress threshold. The radius of the
asperity is chosen large enough to make it unstable. In that
case the dynamic evolution of the initiation is replaced by a
sudden stress drop. We study one‐scale heterogeneous
models and compare them to their corresponding homoge-
neous effective models.
[56] Bouchon et al. [2010] showed that the observation of

supershear rupture velocity during earthquake corresponds
with linear and non segmented fault traces, suggesting a low
level of heterogeneity of these fault. Madariaga and Olsen
[2000] and Fukuyama and Olsen [2002] studied numeri-
cally the criticality of the 3D rupture dynamics and the
effects of heterogeneity of the initial stress, with simple and
deterministic model of heterogeneity. They show that the
mode of propagation, supershear or subshear, is controlled
by a critical parameter 	 that is dependant on the geometry
of the problem and, in case of an heterogeneity, on its
amplitude. Dunham [2007] studies the influence of the
S‐factor, and Schmedes et al. [2010a] enlarge the problem,
considering stochastic distribution of the initial stress, and
show that the criticality is more appropriately described in a
probabilistic way rather than in a deterministic way. They
define a modified critical parameter 	ac

(c) that accounts also
for the auto‐correlation of the initial stress level, and beyond
which the probability for a supershear rupture to develop
becomes non null. In our case, the heterogeneity is intro-
duced in the static friction ms and is a one‐scale heteroge-
neity constituted of small squared barriers similar to the
model of section 4.
[57] We study a set of models that show a transition

between supershear propagation (as for the homogeneous
case) and the subshear propagation for cases with a high
enough amplitude of heterogeneity Dms. This study is sum-
marized in Figure 14. We first construct a set of heteroge-
neous models with several values of Dms. Due to the high
value of the initial shear stress in the initiation zone, all the
ruptures begin in a supershear mode. However, in hetero-
geneous models with high enough Dms, the rupture velocity
drops and stabilizes close to the Rayleigh velocity. We
observe that for Dms ⩽ 0.007 the rupture is supershear while

it is subshear for Dms ⩾ 0.009. For each amplitude of het-
erogeneity, we construct the corresponding effective friction
law following the method previously described for initia-
tion. We use these effective friction laws to construct a set of
effective models, in which each effective friction law is
applied homogeneously on a fault. We then compare these
effective models to the corresponding heterogeneous model.
With the effective friction, the transition between supershear
and subshear propagation is reproduced, and the Dms value
of transition is given with good precision. Hence, the
effective friction laws in this case are useful to reproduce the
propagation behavior during the rupture of the heteroge-
neous faults. These tests are thus quite encouraging
concerning the efficiency of the effective friction laws to
reproduce at least some aspects of the rupture propagation.
However, a more comprehensive study is required to delimit
in what extent and in which conditions the use of the
effective friction is valid in the propagation stage.

6.3. Limits of the Use of Effective Friction

[58] The example of section 5.3 with uneven distribution
of small scale of heterogeneity shows that the effective
friction method can easily reach a limit due to the spatial
characteristics of the distribution. Indeed, the effective
friction law method homogenizes the effects of the small
scale on the entire fault plane. This is possible only if the
characteristics of the distribution (e.g. density, strength,
size) are spatially identical over the whole fault plane. If not,
the process of homogenization does not make sense any
more. A strategy to overcome this difficulty would be to
divide the fault plane into areas of similar characteristics of
heterogeneity, and to carry out the homogenization process
individually on each zone. Moreover, in the examples pre-
sented we assume a small scale that is clearly separated from
the one of the macroscopic inhomogeneity.

7. Conclusion

[59] We use an effective friction law to reproduce the
dynamic effects of small‐scale heterogeneity of faults on the
initiation stage of rupture. This friction law is constructed by
spectral equivalence of the dominant part of the initiation of
the rupture. For a given fault, this technique requires the
computation of the homogeneous case and of the small‐
scale heterogeneous case. Once computed, the effective
friction law can be applied to other models to simulate the
effects of the small‐scale heterogeneity. We investigate
three models with increasing degree of complexity in the
distribution of the static stress level: two scales with regular
spacings; small scale with regular spacings and large scale
with irregular shape and spacings; two scales with irregular
shape and spacings. For the three models, the use of effective
friction allows to reproduce the slip evolution during rupture

Figure 12. Slip on the fault for (left) a two‐scale uneven model with non periodic heterogeneity at both scales and (right)
the effective model at different times during the rupture process. Slip of the effective model mimics the dynamics of the slip
of the heterogeneous model. At the beginning of the initiation (from t = 0s to t = 0.56s), the agreement between the two slip
evolutions is acceptable. After t = 0.56s, the maximum of slip moves to the right in the effective model. In the fully hetero-
geneous model, this migration of the maximum is prevented by the small‐scale heterogeneities. This difference vanishes
when the small‐scale heterogeneities disappear in the weakening process (t = 1.05s). From that moment, the slip evolutions
are comparable. See Figure 8 for color scale explanation. The moment accelerations are shown in the auxiliary material.
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Figure 14. (top) A cross‐section of the field of ms (continuous, blue) of the heterogeneous fault for
Dms = 0.011 and the initial stress level (dotted, red) used to force the propagation. (bottom) Position
of the rupture front for a set of heterogeneous model (continuous line) and their effective model (dotted
lines). Black lines indicate the slopes corresponding to the P waves speed, to the S waves speed and to the
Rayleigh waves speed. We observe a transition from a supershear rupture propagation to a subshear
rupture propagation with the augmentation of the amplitude of the heterogeneity Dms. This transition
occurs for a value of Dms comprised between 0.007 and 0.009 in the case of the heterogeneous faults
and is reproduced in the homogeneous effective problems. Hence, for this particular problem, the effec-
tive law gives with good enough resolution the criticality of the propagation velocity.

Figure 13. Slip on the fault for (left) a two‐scale model and (right) the effective model at different times during the rupture
process. The heterogeneity has been introduced in the distribution of initial stress: we consider a uniform friction law over the
plane. Small‐scale heterogeneity corresponds to a decrease of the initial stress level of 0.02 with respect to 0.8 (stress threshold
to initiate the slip). Large‐scale heterogeneity corresponds to a decrease of initial stress of 0.06 with respect to the same ref-
erence. The geometry of the distributions is the same as in Figure 9. Slip of the effective model reproduces well the dynamics of
the slip of the heterogeneous model, including the acceleration of the process at t = 0.91s due to the breaking of the small‐scale
barriers and the dynamics of rupture of the large‐scale barriers. The final slip shows the footprint of the large‐scale hetero-
geneities. See Figure 8 for color scale explanation. The moment accelerations are shown in the auxiliary material.
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initiation with good agreement with respect to the complete
heterogeneous model. This work generalizes the conclusions
of Campillo et al. [2001], by presenting a new technique
of homogenization that can be used in 3‐dimensions. An
application of this work is the possibility to include effects
of heterogeneity smaller than the grid step in dynamic
rupture modeling by using a homogenized form of the
friction law. We show that this effective friction can be used
in a model with heterogeneous initial stress. Finally, we
present a test showing that the proposed representation of
the fault heterogeneity can be used to predict the rupture
velocity in a simple geometry.
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