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Abstract The mixing dynamics resulting from the combined action of diffusion, dispersion, and
advective stretching of a reaction front in heterogeneous flows leads to reaction kinetics that can differ
by orders of magnitude from those measured in well-mixed batch reactors. The reactive fluid invading a
porous medium develops a filamentary or lamellar front structure. Fluid deformation leads to an increase
of the front length by stretching and consequently a decrease of its width by compression. This advective
front deformation, which sharpens concentration gradients across the interface, is in competition with
diffusion, which tends to increase the interface width and thus smooth concentration gradients. The lamella
scale dynamics eventually develop into a collective behavior through diffusive coalescence, which leads
to a disperse interface whose width is controlled by advective dispersion. We derive a new approach that
quantifies the impact of these filament scale processes on the global mixing and reaction kinetics. The
proposed reactive filament model, based on the elementary processes of stretching, coalescence, and fluid
particle dispersion, provides a new framework for predicting reaction front kinetics in heterogeneous flows.

1. Introduction

Reactive fronts and mixing interfaces play a central role in controlling the chemical and biological evolution
of many natural and industrial systems [Renard et al., 1998; De Wit, 2001]. In particular, mixing and reaction
processes occurring in flow through porous media have recently received increasing attention because they
play a key role in a number of important applications, including CO2 storage and oil recovery in geological
formations [Szulczewski et al., 2012; Ennis-King and Paterson, 2005], fracture pattern formation [Malthe–
Sorenssen et al., 2006], reaction-enhanced permeability [Jamtveit et al., 2008], nutrient transport [Durham et
al., 2011], large-scale water contamination of anthropogenic or geogenic elements such as nitrate [Sebilo
et al., 2013] and arsenic [Polizzotto et al., 2005], and the temporal evolution of water quality in rivers over
a range of scales [Kirchner and Neal, 2013]. For all these mixing-dependent systems, the large-scale behav-
ior depends upon the microscale distribution of chemical and physical gradients. Classical Fickian transport
theories, which assume that chemical species are well mixed at the relevant support scale, are known to be
inaccurate for these systems [Tartakovsky et al., 2009; Dentz et al., 2011]. Fluid flow in porous media has been
shown to be characterized by a strong intermittency [de Anna et al., 2013], which implies that mesoscale
mass fluxes do not follow Fick’s law. However, the impact of the resulting incomplete mixing processes and
non-Fickian dispersion on the global reaction kinetics is still an open issue.

Reaction rates in fluid flows are determined by the interaction of microscopic diffusion, advection, and reac-
tion processes at the diffuse interface between solutions. The latter is stretched and folded by the flow
heterogeneity, and the concentration field organizes into a lamellae structure, whose elongation dynam-
ics have been shown to play a key role in determining the global reaction kinetics [Ranz, 1979; Ottino,
1989; Jiménez and Martel, 1991]. The effective upscaled reaction rate in these systems is often assumed to
be controlled by the interface length and the gradient scale s (the characteristic distance over which the
concentration varies), which is generally assumed to grow diffusively with time t, s ∼

√
Dt where D is the dif-

fusion coefficient. While this approximation may be reasonable for some systems, it disregards the decisive
action of compression on the temporal evolution of the gradient size s. Furthermore, it does not describe
the temporal dynamics resulting from the merging of the lamellae that form the interface by diffusive coa-
lescence. Here we consider reaction front in porous media, a system for which these two effects are shown
to be of critical importance.
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Figure 1. The concentration field of the product C of a fast bimolecular reaction (A + B → C) at three consecutive times
t1 = 0.5𝜏a , t2 = 1.6𝜏a , and t3 = 3.5𝜏a for three different Pe values (same flow but different diffusion coefficients), where 𝜆

represents the average pore size and 𝜏a is characteristic advection time 𝜏a = 𝜆∕v as defined in the text.

We focus on the illustrative case of the irreversible fast bimolecular reaction A + B → C in the flow through
a porous medium whose heterogeneity determines the front geometry. Here we show that reaction fronts
are organized in stretched lamellae, whose deformation and coalescence control the reaction front kinetics.
The resulting kinetics differs from that obtained from a purely geometric analysis of the front. We develop a
new theoretical approach to explicitly take into account the competition between compression and diffu-
sion in the evolution of concentration gradients, as well as the dynamics of the lamella merging in a unique
formulation relating the total mass production to the total diffusive flux of reactants at the front. This novel
representation sheds new light on the chemical reaction dynamics in heterogeneous mixing fronts and
opens new perspectives for upscaling reaction kinetics in heterogeneous flows.

2. Methods: Pore-Scale Analysis of the Impact of Incomplete Mixing
on Reaction Kinetics

To study the impact of mixing processes on the effective reaction kinetics, we consider the two-dimensional
heterogeneous polydisperse porous medium shown in Figure 1, characterized by two lengths scales, the
average pore size and the average pore throat diameter. The medium is composed of np = 215 randomly
distributed circular grains of different sizes, the average porosity is 𝜙 = 0.42, and the average pore size
is 𝜆 =

√
𝜙V∕np, where V is the volume of the porous medium. The typical pore throat size is h = 𝜆∕10.

We assume that the reactive flow (A + B → C) is governed by the combination of the Navier-Stokes (NS)
equations and the advection-diffusion-reaction (ADR) equations

𝜕ci(𝐱, t)
𝜕t

= −∇ ⋅
[
𝐯(𝐱)ci(𝐱, t) − D∇ci(𝐱, t)

]
+ ri(𝐱, t), (1)

where ci is the concentration of species i (i = A, B, C) and D is the diffusion coefficient, which is assumed
to be constant in time and the same for all chemicals. The local reaction rate ri is given by the law of mass
action and set to ri = −kcAcB for i = A, B and rC = kcAcB.

Initially, the porous medium is fully saturated with a solution containing the chemical species B with con-
centration cB(x, y, t = 0) = c0. Through the left boundary a solution containing the dissolved chemical A at
concentration cA(x = 0, y, t) = c0 is injected uniformly for t > 0. While mixed, the two reactants undergo
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the fast bimolecular irreversible reaction A + B → C. The concentration field of the product C is shown in
Figure 1 at three different times for 3 Péclet numbers, as defined and discussed below. The pore-scale fluid
velocity field is stationary, the Reynolds number is Re = 5, and the mean flow is in the positive x direction.
The fluid motion is subject to periodic boundary conditions for velocity at the external boundaries in the
x and y directions and no-slip boundary conditions at the grain walls. Pressure is imposed at the external
boundaries x direction and periodic the external boundaries y direction.

2.1. Numerical Method
Here we use the Smoothed Particle Hydrodynamics (SPH) method to solve the governing NS and ADR
equations. SPH is a Lagrangian method in which fluid is discretized by fluid particles. The details of the SPH
method for NS and ADR equations including spatial discretization, time integration, and implementation of
the boundary conditions describing reactive flow in porous media can be found in Tartakovsky et al. [2007].
The size of the domain is 24𝜆 × 6𝜆, where 𝜆 is the average pore length. It has been divided in 1024 × 256
pixels. Each pixel is initially filled with 16 particles whose linear size is 0.25 pixels; thus, the total number of
particles is 1024 × 256 × 16. The number of fluid particles is 1024 × 256 × 16 × 𝜙, where 𝜙 = 0.42 is
the medium porosity. To implement the no-slip boundary conditions, the solid particles (representing sed-
iment grains) within a distance h from the fluid-solid interface are included in the viscous force term of the
SPH momentum conservation (Navier-Stokes) equation. The implementation of the periodic boundary con-
ditions in which fluid particles exit the computational domain and return to the opposite boundary with the
same velocities is discussed in detail by Zhu et al. [1999].

2.2. Flow and Mixing
The SPH solution of the Navier-Stokes equation for the divergence-free velocity field 𝐯(𝐱) shows exis-
tence of a braided network of channels of high velocity as well as stagnation zones with low velocities
[de Anna et al., 2013].

The considered reactive flow is characterized by dimensionless Péclet and Damköhler numbers. The Péclet
number, defined as Pe = (h∕2)2v∕(2D𝜆) (v is the average flow velocity), is the ratio of the characteristic
diffusion time in a pore throat 𝜏D = (h∕2)2∕(2D) to the advection time in a pore 𝜏a = 𝜆∕v. The Damköhler
number is defined as Da = 𝜏a∕𝜏r , where 𝜏r = 1∕(c0k) is the reaction time. We performed four simulations for
Pe = 0.071, 0.71, 2.4, and 7.1, which are relevant for low Reynolds number flows through the pore structure
(typical of many hydrogeological systems), in which transport is neither diffusion or advection dominated.
The Damköhler number is set to Da = 500 for all cases. For the observation times under consideration,
the reaction can be approximated as instantaneous and therefore mixing limited [Sanchez-Vila et al., 2007].
Three snapshots of product concentration field of C in the porous medium for different Péclet numbers are
shown in Figure 1. At early times the interface between the invading and resident fluids, where the reaction
product is localized, is stretched due to the flow heterogeneity and develops a lamella-like topology [Ottino,
1989; Kleinfelter et al., 2005; Duplat and Villermaux, 2008]. For decreasing the Péclet number lamellae tend
to merge, which reduces the heterogeneity of the concentration distribution and changes the topology of
the mixing zone [Villermaux and Duplat, 2003; Duplat and Villermaux, 2008; Le Borgne et al., 2013]. This is
illustrated in Figure 1, which shows snapshots of the reaction front for three different Péclet numbers. In the
following we study the impact of the interface organization on the upscaled reaction kinetics, as quantified
by the temporal evolution of the total mass of C,

MC(t) = ∫V
cC(𝐱, t)d𝐱. (2)

2.3. Well-Mixed Approximation
In the classical Fickian approach the support volume is assumed to be well mixed and, thus,
the evolution of (volume-) averaged concentrations ci can be described by the one-dimensional
advection-dispersion-reaction equation [Whitaker, 1999]

𝜙
𝜕ci(x, t)

𝜕t
+ q

𝜕ci(x, t)
𝜕x

− 𝜙D∗ 𝜕
2ci(x, t)
𝜕x2

= r∗i (x, t), (3)

where i = A, B, C, 𝜙 is the porosity and D∗ is the sum of the diffusion and the hydrodynamic dispersion coef-
ficients [Bear, 1972; Whitaker, 1999]. The constant flow velocity q satisfies the Darcy equation [Bear, 1972]. In
this framework, the reaction rates are given by r∗i = −kcAcB for i = A, B and r∗C = kcAcB. For the initial and
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Figure 2. Temporal evolution of the total mass MC for different Péclet num-
bers. Time has been rescaled with respect to the characteristic advection
time 𝜏a over a pore length. The obtained temporal scalings differ from the
Fickian scaling t1∕2 (represented by the dashed line). Symbols represent
pore-scale numerical simulations, and solid lines represent the analytical
model for the stretching regime, equation (9), as defined in the body of
the manuscript.

boundary conditions described above
and for quasi-instantaneous reaction,
one obtains from (3) for the total mass
of C [Gramling et al., 2002]

MC(t) = c0l0𝜙

√
4D∗t
𝜋

, (4)

where l0 is the domain width.

2.4. Incomplete Mixing
As illustrated in Figure 1, the concen-
tration fields within the pores are not
fully mixed. The simulated time evo-
lution of MC(t) is shown in Figure 2
for different Péclet numbers. It is
computed by integrating the con-
centration of C over all the SPH fluid
particles. At all times the total mass
of C grows faster than the classical
Fickian

√
t scaling (4) even though

its value is smaller since (4) uses the
hydrodynamic dispersion coefficient.
Furthermore, at late times, the scal-

ing of the total mass is found to be independent of Pe, which may appear counterintuitive as reactions are
locally directly dependent on diffusion. Theoretical and experimental investigations [Kitanidis, 1994; Kapoor
et al., 1998; Gramling et al., 2002; Battiato et al., 2009] have shown that the advection-dispersion-reaction
equation (3) is insufficient for the correct quantification of Darcy-scale mixing-limited chemical reactions.

Since the reaction is fast, the production of C is limited by the flux of A, or alternatively B, over the interface
between the two solutions [Ottino, 1989; Neufeld and Hernandez-Garcia, 2010], which can be expressed by

dMC(t)
dt

= D∫
Ξ(t)

|∇cA(𝐱, t)|dΣ ≡ DΣ(t)|∇cA(𝐱, t)|, (5)

where Σ(t) is the length of the interface Ξ(t). The average concentration gradient along the interface Ξ(t),
defined by the second equality in (5), can be estimated by |∇cA(𝐱, t)| = c0∕s(t) with s(t) the average interface
width, which is small compared to the characteristic spreading length of the front. Note that s(t) ∝

√
Dt for

a homogeneous medium which gives the known scaling of M(t) as M(t) ∝
√

Dt; see also (4). In the context
of chemical reactions in heterogeneous flows, current models for the global reaction kinetics do not account
for the competition between lamellae compression and diffusion in the dynamics of the reactive front width
s(t), which in some cases is assumed to be constant [Ottino, 1989] and in others to grow diffusively as

√
Dt

[Neufeld and Hernandez-Garcia, 2010; Jiménez and Martel, 1991].

3. Results and Discussion: Temporal Regimes of Effective Reaction Kinetics
3.1. Stretching Regime
At early times the interface between reactants is organized in complex elongated structures which form
a lamella-like topology. Lamellae can be seen as a decomposition of the front line into elementary seg-
ments [Meunier and Villermaux, 2003], which are stretched by the local flow field and, since diffusion has not
had sufficient time to merge them, they can be considered independent (see Figure 3). In this regime, the
interface width s(t) evolves through the competition of molecular diffusion, which tends to increase it, and
compression perpendicular to the local stretching direction. The average compression rate can be estimated
as the negative of the interface elongation rate 1

Σ(t)
dΣ(t)

dt
[Le Borgne et al., 2011; Villermaux, 2012; Le Borgne et

al., 2013]. Due to the assumed incompressibility, the flow conserve fluid volumes; thus, the balance equation
for the average front width is

1
s(t)

ds(t)
dt

= D
s(t)2

− 1
Σ(t)

dΣ(t)
dt

. (6)
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Figure 3. (a) The concentration field of the invading reactant A at time t = 4.2𝜏a and Pe = 7.1. At this time the system
is in the stretching regime, and the reaction front is organized in independent stretched lamellae. The inset displays a
zoom of the reactant gradient and its width s(t). (b) The reactants interface Ξ, defined as the portion of the system where
∇cA(𝐱, t) > 0.

The dynamics of the interface length Σ(t) are determined by the flow kinematics. A detailed discussion
about the origin of different temporal behaviors of Σ(t) for different type of stochastic stretching processes
is provided in Duplat et al. [2010] and for heterogeneous Darcy flows in Le Borgne et al. [2013]. For the porous
medium considered here, we defined the interface between reactants Ξ as the portion of the system where
∇cA(𝐱, t) > 0 (see Figure 3) and its length Σ as the sum over the set of points composing the line where
cA = c0∕2. The numerical estimation of the length of the interface is shown in Figure 4 for different Péclet
numbers. At early times Σ(t) is found to evolve linearly as

Σ(t) = l0
√
𝜙(1 + 𝛾t), (7)

Figure 4. The main figure displays the temporal evolution of the reac-
tants interface length Σ that has been measured for the four different
Péclet number values (symbols of different color): the linear trend
breaks down as the reactant lamellae start to coalesce by diffusion. The
inset shows the analytical solution for the reactants interface width s,
equation (8) (using the same color for the same Pe): as the lamellae are
independent and do not interact, the interface width decreases due to
compression induced by the flow stretching. At later times the diffusive
coalescence of lamellae leads to the diffusive evolution of s ∝

√
t. Note

that the time is rescaled with respect to the characteristic advection
time 𝜏a over a pore length; all the length are expressed in units of the
average pore size 𝜆.

where 𝛾 is the elongation rate and l0

√
𝜙

is the initial reactants interface length.
This observation is consistent with the
value of 𝛾 ≈ 5 obtained from the pair
separation statistics of advected fluid
particles originally distributed along the
injection line. The same scaling has been
observed within a pore-scale experiment
by de Anna et al. [2014]. Inserting (7)
into (6) and solving for s(t), the interface
width is [Villermaux, 2012]

s(t) = s0

√
3𝛽 − 2 + 2(1 + 𝛾t)3

3𝛽(1 + 𝛾t)2
, (8)

where 𝛽 = s2
0𝛾∕D and s0 = s(0) is

the initial width of the reactive front.
The temporal evolution of s(t) pre-
dicted by this model is shown in the
inset of Figure 4. Due to stretching, the
lamella width s(t) decreases until the
mixing time 𝜏m ∝ 𝛽1∕3 when compres-
sion and diffusive growth equilibrate
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Figure 5. (a) The concentration of the invading reactant A at time t = 4.2𝜏a and Pe = 0.07: the reaction front here is
made of lamellae bundles which derives from the diffusive coalescence of reactants lamellae. The inset shows the gradi-
ent of the invading reactant A and its thickness s(t). (b) The reactants interface Ξ(t). For decreasing Pe the coalescence of
adjacent lamellas reduces the number of lamellae aggregates nb , compared to Figure 3.

[Villermaux, 2012]. After this time, the width s(t) grows diffusively as s(t) ∝
√

Dt. Inserting (7) in (5) and
subsequently integrating, we obtain

MC(t) = Dc0l0
√
𝜙∫

t

0

1 + 𝛾t′

s(t′)
dt′. (9)

The mixing time 𝜏m marks the transition to the regime in which lamellae start interacting and coalescing
due to diffusion. Figure 2 shows excellent agreement between the observed MC(t) and the prediction of the
analytical model (9) for times t < 𝜏m with 𝛾 and s0 determined from the pore-scale simulations.

3.2. Coalescence Regime
At times t > 𝜏m the different elements of the interface cannot be considered independent as they interact
by diffusion. Coalescence changes the front topology through the formation of aggregate lamellae bun-
dles, as illustrated in Figure 5, and this is known to occur in a variety of flow fields [Villermaux and Duplat,
2003; Duplat and Villermaux, 2008; Le Borgne et al., 2013]. We estimate the evolution of Σ(t) in the coales-
cence regime as the average length lb(t) of the lamellae bundles times the number of bundles nb(t) at time
t. The average lamella bundle length lb(t) can be measured by the width of the reaction front. This width
on the other hand can be quantified by the longitudinal spreading length 𝜎a(t) of fluid particles, which is
defined as

𝜎2
a(t) = ⟨[𝛿x(t) − ⟨𝛿x(t)⟩]2⟩, (10)

with 𝛿x(t) = x(t) − x(0) and x(t) the longitudinal coordinate of the trajectory of a Lagrangian fluid par-
ticle (see also Figure 5). The angular brackets represent the average overall fluid particles. As illustrated in
Figures 3 and 5, nb(t) decreases as bundles coalesce to form larger aggregates. The number of bundles in
a pore is expected to be inversely proportional to the interface width s(t), which limits the available space
for separate bundles to coexist (see Figure 5). As s(t) increases, bundles keep merging and their number
decreases accordingly so that Σ(t) = nb(t)lb(t) ∝ 𝜎a(t)∕s(t). Notice that, as outlined above, for t > 𝜏m

s(t) ∝
√

Dt. Thus, we obtain from (5) for the produced mass MC(t) at times t > 𝜏m

dMC(t)
dt

∝
Dc0𝜎a(t)

s(t)2
∝

c0𝜎a(t)
t

, (11)

which reflects the lack of sensitivity of MC(t) to variations in Pe as observed in Figure 2. This phenomenon
can be explained by the fact that local diffusive growth contributes to bundle coalescence but not to the
growth of the mixing area. The net result is that the dominant effect for mixing in this regime is the advec-
tive spreading of fluid volumes. Here 𝜎a(t) scales as a power law of time, see the inset of Figure 2, so that
direct integration of (11) gives MC(t) ∝ 𝜎a(t). To provide a global picture of the reaction dynamics, we
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Figure 6. The rescaled mass of produced C, Mc∕𝜎a(𝜏m) versus the rescaled time t∕𝜏m for different Péclet number values
(symbols). The solid line shows the scaling of the advective spreading 𝜎a.

rescale time with respect to the mixing time 𝜏m and cumulative mass MC(t) with respect to 𝜎a(𝜏m) as shown
in Figure 6. For times t ≫ 𝜏m all curves scale as 𝜎a(t) as suggested by (11). The temporal scaling of the advec-
tive dispersion length 𝜎a(t) in porous media is persistently non-Fickian [de Anna et al., 2013]. Here the origin
of the non-Fickian scaling of 𝜎2

a is due to strong intermittent properties of flow velocities as reflected by
their non-Gaussian distribution and their long-range temporal correlation along streamlines [Le Borgne et
al., 2008]. This implies that the effective reaction kinetics is expected to differ from the well-mixed Fickian
behavior of equation (4) over a large range of temporal scales.

4. Conclusions

This paper shows the development of filamentary or lamellar structures in mixing-limited reactive fronts
flowing through porous media. The dynamics of these lamella-like structures, which evolve through com-
pression, diffusion, and merging, is shown to govern the temporal evolution of the global reaction rates. The
proposed predictive model relates the global kinetics to the flow kinematics (stretching rate 𝛾 and advective
spreading size dynamics 𝜎a(t)) for the two identified regimes of stretching and coalescence of the lamellae
structures. Hence, the issue of predicting upscaled reaction kinetics reduces to the quantification of purely
advective properties (𝛾 , 𝜎a), whose relation with structural disorder properties is the subject of current inves-
tigations. The developed general framework can be extended to d = 3 dimensions based on the analysis of
the stretching of the interface area between invading and displaced solution and coalescence as the inter-
face aligns with the flow velocity [Duplat and Villermaux, 2008]. These findings have direct implications for
effective reactive transport modeling in a range of applications, such as convective-mixing processes in
carbon dioxide storage, contaminant transport and reactivity in hydrological systems, or mixing-driven bio-
chemical processes in filters and living tissues. Furthermore, since the basic processes involved occur in a
wide range of heterogeneous flows, the proposed theoretical framework may serve for understanding and
quantifying reaction front kinetics beyond porous media flows.
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