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We adopt the Dirac-Detweiler-Whiting radiative and regular effective field in curved spacetime.
Thereby, we derive straightforwardly the first order perturbative correction to the geodesic of the
background in a covariant form, for the extreme mass ratio two-body problem. The correction
contains the self-force contribution and a background metric dependent term.
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I. THE TWO-BODY PROBLEM AND THE PERTURBATION METHOD

For the two-body problem in general relativity, it is widely known that there aren’t exact solutions. For studying a
real case, we would need to consider two masses embedded in a single field (metric), but there isn’t any available tool
to perform such a desirable computation. At the easy end of the difficulty scale, analytic solutions are available when
the mass of the smaller body - if a smaller body can be identified - is neglected. In this case, general relativity dictates
the physics via the geodesic equation. Between the real and the oversimplified ends, several approaches lie. One of
these approaches, Numerical Relativity (NR), although having scored impressive results, is still partially limited by
technical difficulties (initial conditions, mass ratio of the two bodies, duration of the orbital evolution, computing
power requirements, etc.). Further, it is not best suited to physical understanding.

Leaving behind us the partially fledged NR, we are forced to enter into the world of approximation techniques dealing
with the simplified (linearised) version of the Einstein equation. The approximation methods examine different features
of the two-body problem at the price of narrowing down their applicability to this or that domain. For instance, in
strong field and high velocity regime, post-Newtonian (pN) methods cease to be highly reliable. Based on the pN
framework, an improvement is offered by the Effective One Body (EOB) approach. EOB reduces the matter at
hand to a single body moving in an effective potential. To which extent the EOB improvement goes, it is subject
of exploration. Anyway, the EOB is not a self-standing approach, as it is calibrated through the parameters coming
from NR, pN and lately perturbation methods. With the latter, a hard, but now manageable, challenge considers
both masses for any field and velocity, if one of the two masses is much smaller - but still existing - than the other,
and it shrinks to a point. This third approach will be pursued herein.

In this scenario, the small body reacts to its own field-mass and to the radiation emitted. Back-reaction to the
own field-mass for the small body is to be interpreted solely as induced by the presence of another body. In other
words, a single body - infinitely - far away from any other gravitating body or external influence of any sort, will not
experience any interaction with its own field and mass. Self-force is the back-action of a body to its mass, motion
and radiation via the intermediate role of an external field.

For the smaller mass, the shrinkage to a point is not painless. The concept of gravitating point-mass is foreign to
full general relativity, as its expression through a distributional stress-energy tensor on the world-line leads to inherent
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contradictions. In linearised relativity, a gravitating point-particle is acceptable, but divergences will be associated to
the particle. After all, the difficulties arising from the infinitesimal size are to be traded against the simplifications
obtained by neglecting the internal structure.

The problem of motion for point particles has been tackled by concurring approaches all yielding the same result.
The solution for a massive point-particle moving in a strong field and for any velocity was indeed derived in 1997 by
Mino, Sasaki and Tanaka ﬂﬁ], Quinn and Wald |2, in the de Donder [3] (harmonic) gauge[1§], around an expansion
of the mass ratio, m/M, m being the small mass and M the large one. The main result has been the identification of
the regular and singular perturbation components and their playing and not-playing role to motion, respectively. The
resulting equation has been baptised MiSaTaQuWa from the first two initials of its discoverers. A practical recipe,
based on spherical harmonics and dealing with the divergences coming from the infinitesimal size of the particle, was
later conceived by Barack and Ori [4].

The MiSaTaQuWa approach may be intuitively viewed. The particle crosses the curved spacetime and thus generates
gravitational waves. These waves are partly radiated to infinity (the instantaneous or direct part) and partly scattered
back by the black hole potential (the tail part), thus forming tails which impinge on the particle and give origin to
the self-force. Alternatively, the same phenomenon is described by an interaction particle-black hole generating a field
which behaves as outgoing radiation in the wave-zone and thereby extracts energy from the particle. In the near-zone,
the field acts on the particle and determines he self-force which impedes the particle to move on the geodesic of the
background metric. From these works, it emerges the splitting between the instantaneous and tail components of the
perturbations, the latter acting on the motion. Unfortunately the tail component can’t be computed directly, but as a
difference between the total and the instantaneous components. Detweiler and Whiting ﬂa] have shown an alternative
approach, not any longer based on the computation of tails, but stemmed from a geodesic vision of the motion. We
shall make use of the DeWh approach to identify the radiative part of the perturbations.

A comprehensive introduction to mass and motion in general relativity has appeared ﬂa] This paper echoes the same
intendment, focusing on the self-force for point particles in a gravitational field and on how the geodesic deviation
arises in perturbed spacetime. The question we pose is: what is the difference between the motion of a particle in an
unperturbed background metric and the same particle being affected by its own field-mass and the radiation emitted?
We provide two answers to the question: one in the main body of the paper, the other in the appendix.

The topic attracts growing interest beyond the Capra Meeting communityﬂﬁ], since impacting on the successful
accomplishment of an SLI (Space Laser Interferometry) mission like LISA[2(] for the detection of gravitational waves
emitted by EMRI (Extreme Mass Ratio Inspiral) sources. We use the signature convention (- + + +).

II. THE RADIATIVE PART OF THE PERTURBATIONS

On the footsteps of Dirac’s work ﬂﬂ], Detweiler and Whiting ﬂa, ], @] have proposed a novel approach to the self-force.
The singular term (from the perturbation field) Sing, that is the mean of the advanced and retarded terms, is time-
reversal invariant, id est incoming and outgoing energy are equal. It is known that in flat spacetime, the radiative term
is obtained by subtracting the singular from the retarded term. The latter is singular, non time-reversal invariant,
and shows that the system is losing energy by radiating outward. The subtraction cancels out the singularity at the
particle, without any other consequence. Indeed, the singularity is isotropic and it does not exert any force on the
particle. It remains only the radiative term to act upon the particle given by

1 1
Rad = Ret — Sing = Ret — 3 [Ret + Adv] = 5 [Ret — Adv]

In curved spacetime, Figs. [H4] at a given point x the retarded term depends upon the particle’s history before the
retarded time 7yot; the advanced term depends upon the particle’s history after the advanced time 7,qy. The singular
term depends then upon the particle’s history during the interval 7ot < 7 < Taqv. The straight transposition of the
subtraction Ret — Sing to curved space determines still a singularity-free quantity, but the latter depends upon the
contributions from inside of the light cone, past and future. The dependence on the future is patently non-causal.
The circumvention of this riddle passes through the inclusion of an additional, purposely built, function H

1 1
Rad = Ret — Sing = Ret — §[Ret+Adv—H] = §[Ret—Adv—|—H] ,

where the ad hoc function H is defined to agree with the advanced term when the particle position is in the future of
the evaluation point, thereby cancelling the Sing term (the Ret term is zero, for 7 > Taqy). Finally, we have



2(Tret) /

[y
Ly

Retarded Advanced

FIG. 1: Retarded and advanced terms (dotted line).

FIG. 3: Singular term (dotted line). FIG. 4: Radiative term (dotted line).

Rad T>Tadv — 0 .

Instead, H is defined to agree with the retarded term when the particle position is in the past of the evaluation
point, also cancelling the Sing term (the Adv term is zero, for 7 < Tyt). Finally, we have

Rad T<Tret — Ret .

Further, H differs from zero at the intermediate values of the world-line outside the light-cone, between 7t and
Tadv- Thus, the radiative component includes the state of motion at all times prior to the advanced time, and it is not
a representation of the physical field but rather of an effective field. Nevertheless, H goes to zero when the evaluation
point coincides with the particle position. Figures (IH]) show the various terms (7 is the proper time, = the evaluation
point, and z the particle position).

The perturbation h,, is the difference between the full metric of the perturbed spacetime, and the background.
The DeWh approach ephasises that the motion is a geodesic of the metric g, + hf}u where hf}u is the radiative part
of the perturbation h,,, and it implies two notable features: the regularity of the radiative field and the avoidance
of any non-causal behaviour. The quantitative definition of hf}v necessitates a brief reminder ﬂg] The trace-reversed
potential is given by

1
Vo = Iy — 3 (gpahpo)g;w ) (1)
and satisfies the wave equation with the harmonic gauge condition

Oy# + 2R} V4P = —167T" =0, (2)

3

where [ = ¢g*# Vo Vg, the wave operator for the background spacetime, and 7" is the energy-momentum tensor of
the point mass given by a Dirac distribution supported on the particle trajectory p. The retarded solution is

~Hv :4m/Gr;E,“”u”u‘7 dr (3)
P

where Grf)ta“” is the retarded Green function associated with Eq. (]). Inversion of Eq. () provides the perturbation

hap. Herein, '72?," and vff,’f satisfy Eq. (@), while 751, is a free gravitational field that satisfies the homogeneous wave

equation associated to Eq. (2)). Finally,

hf}u;/\ = —4m (“(MRV)p/\a + Rupwuh)up“g + thffuﬂ ) (4)



where the tail term is given by

al T7 1 re !’ !’
hfﬂjl = 4m/ <fo,f#/l,/ - ng,G pt#,f,> (2(7'), Z(T'))u“ u” dr’ . (5)

Equation [ displays the current position z(7) of the particle, at which the unprimed tensors are evaluated, as well
as all prior positions z(7’), at which primed tensors are evaluated. The integral is cut short at 7~ to avoid the singular

behaviour of the retarded Green’s function at coincidence. Finally, u# = dz*/dr’.

III. THE EQUATIONS OF MOTION IN THE TWO METRICS AND THEIR DIFFERENCE

A particle, of 2% coordinates, is moving in the background metric g,,. Its geodesic is given by

D%z du® o y
d—TQZd—T‘FFMUu“u =0 y (6)

where 7, I, , u® = dz* /dt are the proper time, Christoffel symbol and four-velocity in the background metric g,
respectively. Let us now consider the same particle moving in a perturbed metric. We define 2% as the coordinates of
the particle in the full metric §,, = g + hﬁu- Obviously, the gauge freedom allows to choose a comoving coordinate

frame where no acceleration occurs. The geodesic is then given by

D23 du® .,
d—)@:K‘FF#UU“u =0 y (7)

where A, f‘ij, 4% = dz®/d\ are the proper time, Christoffel symbol and four-velocity in the full metric, respectively.

We wish to compute the difference in motion between the two geodesics. To this end, we first map the geodesic in
the full spacetime, Eq. (@), onto the background spacetime. The mapping will produce an equation which is not any
longer geodesic. Furthermore, the projection is not uniquely defined, being dependent on the gauge in which hﬁu is

represented. For a discussion on mapping see HE]

A. DMapping on the background spacetime

Conversely to the labelling of the coordinates of the particle in the geodesics, Egs. (@), the two spacetimes -
background and full - are mapped by two equal coordinate systems in the limit A — 0. Thus

dr? = —gudatda” (8)
and
AN’ = —gudatde” = — (guu + hyy,,) dada” . (9)
Using the relations
d drd & dr\* @ = d®r d
- = v === 55+t 555 (10)
d\  dxdr d\? d\) dr?2  d\?dr
Eq. (@) becomes
d*2  d*rdzv ., dEtdzY
— t -5+ ———=0; 11
dr? +d/\2 d7'+ modr dr ' (11)

dividing by (d7/d\), we get



d?ze dzt dzv dzH dzv dz«
C2 fpo &0 Ape 02 cl2 12
dr? Modr dr modr dr dr '’ (12)

where K = (d?7/d)\?)(d)\/dr)?, and AT, = f‘fj,j —I'f,. From the latter, we get

dzvdzv |1 dzt dz
Al — — = | =g%° Acrv Avcr _Avcr —-re — ;=
g ar |27 (Guo,w + Gvou — Guv,o) W] -
1 1 dzt dz
aB _oppR ao R R _
_5 g phﬂp (guo',u + Jvo,u — gMU,G') + 59 (2hy,a',u - h;,w,a') dr dr - (13)
(1 oo /o R R R | A2 dZY
159" Qi = iio = 2%%)} ar dr
Using the definition of the covariant derivative
R R _ o1R R R R R R _ 9;R R R
2N = Mo = 2N, — 200 Ry =200 By — by o + T8 Ry, + D0 b = 200, — Ry, o — 210 R, (14)
Eq. (I3I12) become respectively
dzt dzv 1 dz* dz”
AT —— = = g2 (2pB  — BB )| — 15
W dr dr 29 ( il “”’U) dr dr’ (15)
D23 1 dzt dzv dz*
== =g (2n®  —nR ) — - K— 16
dr2 29 ( paosv “”’U) dr dr dr (16)

The velocity and acceleration vector are orthogonal to each other. We now project Eq. (@) orthogonally to dz®/dr
and obtain

A N A Y SR )(mﬁdéﬁ)@ﬁ_

dr2 dr? medr dr 59 naosv [t B dr dr ) dr dr
1 dz* dz dzP dzv
_ 2 Bof sa Y G28 R _ 3R de g 17
29 (65 * dr dT) (Mg = i) dr dr (a7

1 dz® dz° dz* dzv
- ao e T 2hR o hR ) e
2 (g + dr dr > ( nav ‘W’U) dr dr

Equation () couples the particle full coordinates with the background proper time.

B. Difference between the motions of a test-particle and of a particle affected by its own mass and radiation

The framework entails that the motion and the self-force are computed up to first order in hA. Assuming Z¢ =
2% + Az%, the left-hand side of Eq. () can be rewritten as

d? (2% 4+ Az9) d(zF 4+ AzM) d(z¥ + AzY)

e (24 4+ Az® 1
dr? + D (2% + A27) dr dr (18)
The Christoffel symbol may be expanded as
[e% «@ a\ _ T« [e% [e% 2
Fw(z + A% = FW(Z )+ o Az + O(h*) . (19)

We then obtain up to first order



d?z> o d2tdz” d>Aze o dAzZMdz” o dztdz” Asl
dr2 Wodr dr dr? wedr o dr wee dr dr B
1 dz® dzP dzP dz"
— =g+ == ) ent, —pR 20
2(9 +dT dT>( By ”V’B)dT dr ’ (20)

where the first two terms on the left-hand side correspond to the geodesic of Eq. (@). Thus (dz*/dr = u*)

d> Az dAz* 1
= —Fﬁy7pu“Az’)u” — 2Fzy7u” — g(gaﬁ + uo‘uﬁ)(2h56;y - hﬁwﬁ)u”u” , (21)
The next step consists in transforming Eq. (ZI)) into a covariant form. Introducing the covariant derivatives, it
holds that

DAz D [ DAz d [dAz“ dAz°
o ) e u Az ) + T (L2241 wiaz ) ur =
dr? dT< dr > dT(dT Tt Z)+ Up<d7' Tt z)u
d*Az® dAzH
—dTQZ + Ty, ul Azu? 42T, d: u’ + Ty, ['7 u’ Azlu” + O(h?) ; (22)

we then make use of Eq. (2I) and arrive to the covariant correction at the first order of the background geodesic

D2A2a « « o o « o v 1 « e} R R v
—2 = ( v — Ui+ o, Thg— Tgg Fuu) ut APy — §(g Bt u'@)(QhW;U — hy.p)utu” . (23)
Having recognised the Riemann tensor, we have
D2Aza « 174 1 @ (e} v
— = —R,p, "l AP — 5(9 Ftu uﬁ)(th%;u - hf}wﬂ)u“u . (24)
e Riemann tensors in . 1sappear when 18 replaced 1n . ; we ina et
The Ri in Eq. (@) disappear when h* is replaced in Eq. (@4) [d]; we finally g
D2Az™ 1 . .
T; = —Rugyau“Azﬁu” —E(go‘ﬂ + u"u%@hfélﬂ, — hfﬂ}}ﬁ)u“u” . (25)

Background metric geodesic deviation Sel f—acceleration

Stemmed from geodesic principles, a geodesic deviation equation is thus obtained by subtracting the background
from the perturbed motion, Eq. (25). This equation has appeared first in , ], with a different derivation.
The first right-hand side term depends on the background metric, while the second right-hand term depends upon
the perturbations and it is the non-trivial self-acceleration term. The latter, multiplied by m, provides the known
MiSaTaQuWa equation [1, [2].

The interpretation of Eq.(28) leads to consider the self-acceleration term causing a displacement in the trajectory
represented by the geodesic deviation in the background metric.

IV. DISCUSSION AND CONCLUSIONS

The evolution of an orbit is object of growing interest in the frame of an SLI mission, since the self-force affects the
waveforms of EMRIs through dephasing, and thus it is to be taken into account for a successful detection. Equation
is the exact expression of a perturbative approach, but for the evolution of an orbit, a self-consistent approach
, @] is preferable. This approach prescribes that the self-acceleration term be continuously applied all along the
background trajectory and thereby correcting it, neglecting the geodesic deviation term. At each successive instant,
the geodesic is corrected by the self-acceleration, and a new obsculating geodesic is determined. (Quasi-)circular
orbits and inspirals, have been evolved self-consistently for the scalar and gravitational cases Nﬁ—lﬁ], as the radial
gravitational infall [16].
Herein, we have proposed a simple derivation of the first order perturbative correction to the geodesic of the
background in a covariant form. We have found this approach instructive when dwelling on the significance of the
motion of a particle in a curved background.



Appendix: an alternative way

Herein, we trace a different path also leading to Eq. (25). One of the differences is the avoidance of the projection
adopted to get to Eq. (7). First, we write the relation between the proper times. From Eqs. ([B0), we have

AN = dr* — b, datdz” (26)
dX Lr wo dr L r uo
E — 1 — ghuyu#u a = 1 + §huyu#u 5 (27)

d?r dr d drt 1 R
- _ W, v, o
DE~ andran e (28)

having neglected h? a*u", being the acceleration of order h. Second, we determine the geodesic in the full metric in
terms of the background affine parameter. We consider

o 1. N N N N
Lh aka” = 590@ (Guow + Gvop — Guu,o) V0" =

a 1 af opp R 1 ao R R LAY
|:1—‘#y - 59 Bg Phﬁp (gua,u + Jvou — g,w,a) + 59 (2]7,#671, — h,tw,cr) arOY =

no,v nv,o pv'lop

(o7 1 oo ~ AV
[rw+§g (2h, , — Y, , — 207 W% )} arta” . (29)

Equation ([I3) differs from Eq. 23)), the former referring to dz#/dr, the latter to dz*/d\. Using Eq. (), we get

nosv nvio

. 1
reata” = [rgu + Ega“ (2h},., — hiy )] ata” . (30)

Now, using Eq. (), we rewrite Eq. (@) in terms of the background spacetime parameters

d2ze . dzids” (dT)2d22a dPrdze (dT)zdé“dé”

oz Tleovay =\ o) ar ar (31)

arr Taar o

We divide Eq. &1 by (d7/d\)?; using Eqs. (27I28), and truncating at first order, we have that the middle term
on the right-hand side transforms into

d2rdz® (dA\\® 1 g dz~
207 (7)) = oV ® 22
N2 dr (df) PRI (32)
Finally, we have the geodesic in the full metric in terms of the background affine parameter
d?ze 1 dz* ., diZtdz

—hl utut e —— + T, ———— =0 . 33
dr? Q“V’Uuuud7+“yd7 dr (33)

Third, in Eq. (3)), we explicit the coordinate where the Christoffel symbol refers to, and get

d?z> 1 dze - dzt dzv
_hR uPutu’ o (3o) 22
R R




d2za d2Aza 1 R v, o, arel « « v o o dAz"
e + o + ihw;gu“u uu® + T, (2% + Az%)ubu” + 217, (2% )u o (34)
Now, we approximate the Christoffel symbol in the full metric (f‘fju pAz” is of order h?)
o « a\ . o « « 2
0, (2% + Az%) = T, (2%) + Ty, JAz2 + O(h7) , (35)
and get, using Eqs. (GI30)
d2Aza (0% 1 1% (0% 1% « dAZH v 1 v, o, «
= + g8 (hffﬁ;l, - §h51,;5) ulu” + T, ufu” Azl + 21, U + ihﬁy;gu“u uu® =0 . (36)

We then step into Eq. 1)), and from then on, we recover the steps already described.
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