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This paper is devoted to the mechanism of particle acceleration via resonant interaction with the

electromagnetic circular wave propagating along the inhomogeneous background magnetic field in

the presence of a plasma flow. We consider the system where the plasma flow velocity is large

enough to change the direction of wave propagation in the rest frame. This system mimics a

magnetic field configuration typical for inner structure of a quasi-parallel shock wave. We consider

conditions of gyroresonant interaction when the force corresponding to an inhomogeneity of the

background magnetic field is compensated by the Lorentz force of the wave-magnetic field. The

wave-amplitude is assumed to be about 10% of the background magnetic field. We show that

particles can gain energy if kvsw > x > kvsw � Xc where k is the wave number, vsw is a plasma

flow velocity, and x and Xc are the wave frequency and the particle gyrofrequency, respectively.

This mechanism of acceleration resembles the gyrosurfing mechanism, but the effect of the

electrostatic field is replaced by the effect of the magnetic field inhomogeneity. VC 2013 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4853615]

Wave-particle resonant interactions play an important role

in magnetic energy dissipation and charged particle accelera-

tion in space and astrophysical plasmas. There are two typical

plasma configurations where efficient particle acceleration

occurs. When a Lorentz force of a background magnetic field

can be compensated for by forces due to action of a wave, a

particle can be trapped in the wave effective potential. Two

classical examples of such a system are the Landau damping1

and surfatron acceleration.2–4 When the background magnetic

field is strong enough, particle motion is determined by

Larmor rotation. For such a case, particle resonant acceleration

is determined by cyclotron resonances5 and the magnetic field

inhomogeneity plays a significant role.6

In a plasma without a magnetic field, the Cherenkov reso-

nant condition kv ¼ x plays a critical role in wave-particle

interactions. For a strong magnetic field, this condition is

replaced by the sum of the cyclotron resonances kkvk
¼ x� nXc where v and k are the particle velocity and wave-

number (vk, kk are components along the background mag-

netic field), x is a wave frequency, and Xc is a cyclotron

frequency in the background magnetic field (n ¼ 0;61;62 is

the resonance number). Classical Landau resonance n¼ 0 cor-

responds to a particle motion with the same direction as k

(kkvk ¼ x > 0) and can be realized for waves with a strongly

oblique propagation relative to the background magnetic

field.6,7 For almost parallel waves, the first (or fundamental)

cyclotron resonance n¼ 1 is the most important.6,8 For this

case, particles should move in opposite directions with k to be

in the resonance kkvk ¼ x� Xc < 0 for x < Xc. Thus, parti-

cle resonant interactions with a finite size wave-packet are

bounded in time, and, as a result, the efficiency of such an

acceleration is limited.9

Here, we consider a system where the first cyclotron

resonance can be realized for particles moving with the

same direction as k. Such a condition is possible if the sys-

tem contains rapid plasma flow in a direction opposite to k.

Corresponding conditions can be found for regions of solar

wind interactions with quasi-parallel shock waves. Such

shock waves contain numerous small-scale structures char-

acterized by the increased strength of the magnetic field,

with strong wave activity within the vicinity of them.10–12

Waves propagating away from these structures often have a

phase velocity smaller than the solar wind velocity and, as

a result, these waves move in an opposite direction than

that of their wave-vectors (see scheme in Fig. 1). In such a

case, specific conditions for particle acceleration can be

realized.

To describe wave-particle resonant interactions, we

introduce a simplified model of the external magnetic field

B0 ¼ BzðxÞez þ Bxex (see scheme in Fig. 1) with BzðxÞ
¼ Bz0 ¼ const for x < 0. We also introduce the constant pa-

rameter bz ¼ Bz0=Bx and the function �ðxÞ ¼ BzðxÞ=Bz0. In

the lab frame, supposed to be associated with the background

inhomogeneous magnetic field, the plasma (solar wind)

flows with a velocity vsw ¼ vf low=�ðxÞex (i.e., vsw � B0

¼ const). We consider a circular wave propagating along the

magnetic field, but in the direction opposite to the magnetic

field gradient (i.e., in the lab frame the wave phase is

/ ¼ �
Ð

kkðsÞds� xt, where s is a coordinate along the mag-

netic field). The solar wind velocity, vsw can be taken into

account using transformation x! x� kvsw < 0. Through

the paper we consider particle motion in the lab frame with

the shifted wave frequency. Furthermore, we use XwðtÞ
¼ kvsw � x > 0 and / ¼ �ð

Ð
kkðsÞds�

Ð
XwðtÞdtÞ (XwðtÞ

depends on t due to a spatial inhomogeneity of the solar-wind

velocity and wave number). To simplify all estimates and cal-

culations, we assume the absence of the transverse component

of the wave number (k� B0 ¼ 0). Thus, we have following

relation between components of the wave number,
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k ¼ kxðxÞex þ kzez: kxðxÞ ¼ kzBx=BzðxÞ ¼ kz=�ðxÞbz. We

introduce constant parameter k ¼ kz=bz and rewrite the fol-

lowing wave phase /! �/ as / ¼ kbzzþ k
Ð

dx=�ðxÞ
�
Ð

XwðtÞdt.
The magnetic field of the circular right-hand polarized

wave (e.g., the magnetosonic wave often observed near a

shock-wave, see Ref. 17) can be written, as follows:

Bd ¼ Bdbz cos /ex þ Bdðb=�Þsin /ey � Bd�
�1 cos /ez;

where Bd is the wave amplitude and bðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

z�
2ðxÞ

p
. For

Bd, we have Bd � B0 ¼ 0, and the magnitude jBdj2 ¼ B2
dðb=�Þ

2

does not depend on the wave phase (as it should be for circular

waves), but depends on x. The electric field of the wave can be

determined from the Maxwell equations, as follows:

E=Bd ¼
v/

c
bz sin /ex �

b

�
cos /ey �

1

�
sin /ez

� �
;

where v/ ¼ ðXwðtÞ=kÞ�=b.

Equations of motion for a nonrelativistic ion with a

charge q and a mass m in the system with a magnetic field

B0 þ Bd and the electric field Ed can be written as

_vx ¼ X0�bzvy � Xd
1

�
vy cos /� vz �

v/bz�

b

� �
Xd

b

�
sin /

_vz ¼ �X0vy � Xdbzvy cos /þ vx �
v/

b

� �
Xd

b

�
sin /

_vy ¼ �X0 vxbz� � vzð Þ þ vzbz þ vx
1

�
� v/

b

�

� �
Xd cos /

_/ ¼ kðbzvz þ vx=�Þ � XwðtÞ; (1)

where X0 ¼ qBx=mc ¼ const and Xd ¼ qBd=mc ¼ const.
We introduce the parallel velocity vk ¼ ðvzbz� þ vxÞ=b, the

amplitude of the perpendicular velocity v? and the corre-

sponding phase h: v?cosh¼ ðvz� vxbz�Þ=b and v?sinh¼ vy.

With new variables, Eqs. (1) take the following form:

_vk ¼ �Xd
b

�
v?sin D/þ bz _�

b2
v?cos h

_v? ¼ �Xd
b

�
v/ � vkð Þsin D/� bz _�

b2
vk cos h

_h ¼ �X0b� Xd
b

�

vk � v/

v?
cos D/þ bz _�

b2

vk
v?

sin h

_/ ¼ ðbk=�Þðvk � v/Þ;

8>>>>>>>><
>>>>>>>>:

(2)

where D/ ¼ /� h. We assume that the background mag-

netic field is strong enough (X0b� _� , X0b� Xd) to use the

approximation _h � �X0b. This approximation is taken into

account only for analytical estimates. The resonant condition

corresponds to the existence of a stationary point of the

phase difference D/. The corresponding equation D _/ ¼ 0

can be written as follows: vk � v/ þ ð�X0=kÞ ¼ 0. Terms

with a multiplier �cos h are neglected, because h is a fast

oscillating variable. Therefore, in the vicinity of the reso-

nance D _/ � 0, Eqs. (2) can be rewritten as

dv2
k

d�
¼ � 4Xdb2v?
ðd�2=dxÞ sin D/;

dv2

dt
¼ �2Xd

b

�
v/v?sin D/;

(3)

where v2 ¼ v2
k þ v2

?, vk ¼ v/� �X0=k, and vx ¼ ðvk � v?coshÞ
� vk=b. The first equation provides the condition of reso-

nance while the second equation provides the variation of

the total energy, v2. A combination of these two equations

gives

dv2

dt
¼ v/

2b�

d�2

dx

dv2
k

d�
: (4)

The gradient d�2=dx is positive. Therefore, the growth of the

total energy is given by the inequality v/vkðdvk=d�Þ > 0,

which can be rewritten as follows:

v/vk �
vf lowð2b2 � 1Þ

�2
� xþ X0b3

k

� �
> 0: (5)

Here we use the definition of vk

vk ¼ v/ �
�X0

k
¼ �

b

vf low

�2
� xþ X0b

k

� �
: (6)

The last term of Eq. (5) �dvk=d� is always negative because

b > 1. Therefore, we have the following condition for parti-

cle acceleration v/vk < 0, which can be rewritten as an in-

equality for �:

kvf low

x
> �2 >

kvf low

x
1þ X0b

x

� ��1

; (7)

where b depends on �. For the initial variables the inequal-

ities can be written as x < kvsw and x > kvsw � Xc, where

XcðxÞ ¼ X0bðxÞ. The Doppler shift should be larger than the

wave-frequency, but smaller than the sum of the wave fre-

quency and the gyrofrequency.

The complicate expressions for _vk and _v? cannot be

used to derive a final analytical equation for the energy evo-

lution in the resonance. Therefore, we numerically integrate

system (1). For this reason, we introduce the simple function

�ðxÞ ¼ 1þ x=Lx, where Lx is the spatial scale of the mag-

netic field inhomogeneity. We assume that �ðxÞ ¼ 1 for

x < 0. We use the dimensionless parameters ‘ ¼ LxqB0=
mcvf low, j ¼ kvf lowmc=qB0. For all of the calculations, we

use bz ¼ 0:1 and Bd=B0 ¼ 0:1.

FIG. 1. Schematic view of the system.
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Numerical solutions for system (1) for various system

parameters are shown in Fig. 2. The top panels demonstrate

the growth of energy v2 with time. The energy v2 oscillates

and increases by small jumps. Each jump directly relates

to passage through the resonance D _/ ¼ 0 where we use
_h � �bX0 to plot D _/ in the figure (for numerical calcula-

tions this approximation is not used). Trajectories of par-

ticles in the velocity plane ðv?sin h; v?cos hÞ perpendicular

to the magnetic field resemble a spiral (i.e., the increase in

energy results in the unwinding of this spiral—the growth

of corresponding radius of the spiral). Particles escape from

the resonance as soon as the second inequality in Eq. (7) is

violated. Therefore, our estimates for the parametric region

of the resonance interaction are correct. Due to inequality

(7), the resonant velocity vk ¼ v/ � �X0=k should be nega-

tive. From Eq. (6), the amplitude of an initial velocity in

the lab frame can be estimated as follows:

v0x

vf low
�

vk
bvf low

� � 1

�

�2

jb
1þ x

X0b

� �
� 1

b2

 !
:

Due to bz � 1 one can use b � 1 and obtain vx0=vf low

� 0:1–0:3 for j�3–5 and ��1:5–2. Therefore, resonant

particles correspond to initial energy of �101%–110% of the

energy of plasma flow.

We also find that particles can resonantly interact sev-

eral times with the wave (see Fig. 3). A particle should have

an initially negative vk and move toward the decrease of �.

Following the first resonant interaction with the wave, the

particle gains some energy. Resonant interaction with energy

growth corresponds to the growth of vk (i.e., jvkj decreases).

Therefore, resonance can result in a change of vk sign. The

particle turns round and begin moving with vk > 0 toward

the increase of � (an increase of b). Due to the mirror force,

this particle after a certain time should turn round and begin

moving with vk < 0 again. For this case, the second resonant

interaction is possible, etc. The example shown in Fig. 3

demonstrates that the particle gains a large energy v2 >
4v2

f low due to several resonant interactions. Eventually, the

particle leaves the region with the magnetic field gradient (in

the Fig. 3 this moment is called reflection).

Now, we compare our results with previous estimates

obtained for cyclotron resonant acceleration in the absence

of plasma flow.14–16 We consider the particle acceleration in

the gyroresonance with an electromagnetic circular wave

propagating parallel to the magnetic field. For this system,

the equation for parallel velocity vk takes the form

FIG. 2. Results of the numerical integration of system (1). The top panels show particle energies as functions of time. The middle panels show D _/=X0 (with
_h ¼ �X0b) and � along the trace. The bottom panels show particle trajectories in the velocity plane ðv?cos h; v?sin hÞ. In panels with � the horizontal curves

show
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kvf low=x

p
(top) and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kvf low=x

p
ð1þ X0b=xÞ�1=2

(bottom) where b depends on �. For three first cases, the wave frequency is x=X0 ¼ 0:5, while for the

last (the right most) case x=X0 ¼ 1:5. The grey color indicates the time interval of the particle resonant acceleration. The initial velocity of particles in the

x-direction is indicated inside top panels.
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_vk � �Xdv?ðb=�Þsin D/:

The resonant condition D _/ ¼ 0 requires that the Lorentz

force of the wave Xdv?ðb=�Þsin /0 should be balanced by

the inhomogeneity of the system � _vk � ð1=2bÞdv2
k=dx. In

this case, the equation for the total energy (4) can be written,

as follows:

dv2=dt ¼ dv2
/=dt� ð2Xw=k2

z Þ _Xc:

This is the simplified form of the well-known equation for

the first order cyclotron resonance of particles with a wave in

the inhomogeneous magnetic field (e.g., Ref. 6). For a case

of an absence of plasma flow Xw ¼ �x, one can easily

obtain dv2=dt � _Xc (i.e., the gain of energy is due to particle

motion in the direction of the magnetic field increase—the

so-called betatron mechanism of acceleration). The corre-

sponding parallel velocity is vk � �ðxþ XcÞ < 0 and the

energy growth dv2=dt � ðdXc=dsÞvk is possible only in a

system with dXc=ds < 0 (for right-handed polarized waves).

In this paper, we consider the case of a sufficiently strong

plasma flow when particles can be accelerated due to

dv2=dt � � _Xc > 0 with vk < 0 and dXc=ds > 0.

An alternative possibility of compensation of the wave

Lorentz force was proposed in Ref. 13 where the background

electric field Ek was introduced. For this case, one can use

the homogeneous magnetic field b¼ 1 and write the equation

for vk as

_vk � Xdwk � Xdv?sin D/;

where wk ¼ cEk=Bd. The condition of the gyroresonance

vk ¼ _/=k þ v/ (and _vk ¼ 0) can be satisfied if wk � v?
sin D/. The corresponding equation for v? has the form

k _v? � �wk=v?. Therefore, for wk < 0 the energy of a parti-

cle increases dv2
?=dt > 0 (see Ref. 13).

In conclusion, in this work, we consider the particle

resonant interaction with circular electromagnetic waves

when the background magnetic field is non-homogeneous.

The presence of a rapid plasma flow allows one to shift the

wave-frequency, resulting in the acceleration of particles

moving with the same direction as k. The effect is similar

to that described in Ref. 13, but does not require the pres-

ence of the additional electrostatic field that was not

observed around small-scale magnetic field structures in

quasi-parallel shocks (see Ref. 17). For our mechanism, an

impact similar to this action is provided by the natural mag-

netic field inhomogeneity.
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FIG. 3. The trajectory of a particle with several resonant interactions. The first interaction is shown in the grey box.
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