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In the present paper, we investigate the trapping of relativistic electrons by intense whistler-mode
waves or electromagnetic ion cyclotron waves in the Earth’s radiation belts. We consider the
non-resonant impact of additional, lower amplitude magnetic field fluctuations on the stability of
electron trapping. We show that such additional non-resonant fluctuations can break the adiabatic
invariant corresponding to trapped electron oscillations in the effective wave potential. This
destruction results in a diffusive escape of electrons from the trapped regime of motion and thus
can lead to a significant reduction of the efficiency of electron acceleration. We demonstrate that
when energetic electrons are trapped by intense parallel or very oblique whistler-mode waves,
non-resonant magnetic field fluctuations in the whistler-mode frequency range with moderate
amplitudes around 3 — 15 pT (much less intense than the primary waves) can totally disrupt the
trapped motion. However, the trapping of relativistic electrons by electromagnetic ion cyclotron
waves is noticeably more stable. We also discuss how the proposed approach can be used to
estimate the effects of wave amplitude modulations on the motion of trapped particles. © 2015

@CrossMark

AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4927774]

I. INTRODUCTION

Relativistic electron trapping (and/or phase bunching)
by strong electromagnetic whistler or ion cyclotron (EMIC)
waves is believed to play an important role in the formation
of small populations of high-energy particles in the Earth’s
radiation belts™!'®!82%5% a5 well as in bursty precipitations of
electrons into the atmosphere.32’49’59’78 Moreover, nonlinear
wave-particle interactions are responsible for rapid
wave growth?>>-36470 and amplitude modulation of the

Basic theoretical approaches allowing the description of
particle trapping by intense waves in the inhomogeneous
plasma of the magnetosphere were first laid down in Refs.
28, 29, 50, and 51 (see also reviews of Refs. 6, 57, and 62).
Next, modern spacecraft observations provided comprehen-
sive statistical informations about the occurrence rate and
other parameters of intense whistler and EMIC waves in the
radiations belts,'*3%37%377 stimulating further investigations
of nonlinear wave-particle interactions,'?!4-3%-3871.72

However, the important problem of the stability of the
particles’ trapped motion has often been left aside in previ-
ous works—except for a few studies devoted to the effects of
wave amplitude modulations’>’? or the simultaneous inter-
actions of particles with several waves.”*>>% The latter
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studies consider the presence of overlapping resonances
from two (or more) waves in the system (see Refs. 65 and
87). One most remarkable case of this kind is the situation
where sideband waves are present very close to the main
wave.2+>? Then, one deals with simultaneous resonant inter-
action with several waves, where particle trapping into one
wave is destroyed by electromagnetic field perturbations
induced by the other waves.

Besides this resonant destruction of trapping due to
sidebands, however, one can also consider a mechanism of
non-resonant destruction.'” When trapped particles are trans-
ported by intense waves over quite long time intervals, they
can be affected by various small-amplitude non-resonant
fluctuations of the background electromagnetic field. Such
additional fluctuations, while being generally too weak
and too far from resonance to significantly perturb particle
trajectories, may be used to control the fine regime of wave-
particle resonant interaction and, thus, can eventually result
in particle detrapping.®? The cumulative effect of such elec-
tromagnetic field fluctuations can be estimated following an
approach developed in Refs. 10 and 11. Below, we apply this
kind of approach to a rather general system of trapped parti-
cle motion. The obtained results are used to estimate the sta-
bility of particle trapping by intense whistler-mode waves
and EMIC waves in the Earth’s radiation belts.

Of course, the considered non-resonant (diffusive) scat-
tering of trapped particles is not as effective as a resonant
perturbation: If trapped particles are influenced by a pertur-
bation at the trapping frequency (in case of sideband

© 2015 AIP Publishing LLC
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instability**>?), then a resonance occurs and detrapping
should be much more rapid than for a diffusive detrapping.
Thus, the scenario examined in this paper actually corre-
sponds to systems composed of one intense (chorus or
EMIC) wave propagating in the midst of low amplitude
non-resonant magnetic fluctuations separated in frequency
from the main wave by a shift much larger than the trapping
frequency. In such a scenario, sidebands as well as other
waves susceptible of resonance overlap with the main wave
are assumed to have negligible amplitudes (typically <0.1 of
the main wave amplitude).

Il. GENERAL EQUATIONS

In the strong magnetic field of the Earth’s dipole B(r),
the dynamics of charged particles (with velocity v, rest mass
m, and charge e) follows a hierarchy of three different quasi-
periodic motions:®° the fastest motion is the gyrorotation at
the local gyrofrequency Q./y (where Q. = eB(r)/mc and

y=1/4/1—v2/c? is the relativistic factor), the next one
consists in bounce oscillations along field lines, and the
slowest motion is an azimuthal rotation around the Earth.
The resonant interaction of particles with whistler-mode and
EMIC waves can significantly perturb the first two types of
motions, while the timescale of resonant interaction is
small enough to consider that the particle position in the azi-
muthal direction remains unchanged. Thus, we deal with a
two-dimensional system describing particle motion along a
geomagnetic field line (the corresponding coordinate is ry)
and across the field line (the corresponding coordinate is 7 ).
Gyro-averaging transforms the coordinate ; (and its conju-
gated momentum) to the first adiabatic invariant (i.e., the
magnetic moment). Therefore, this system includes both
particle bounce oscillations with a velocity ~7 | and the
eventual resonant interaction with waves. The wave phase is
¢ = const + ka (I‘H)d)”” — fa)(t)dt + ©, where ky is the
component of the wave vector parallel to the background
magnetic field direction, w(¢) is the wave frequency, and ®
is the gyrophase with 0 = Q. /7 (see, e.g., Ref. 60). The
characteristic inhomogeneity scalelength along field lines is
determined by the parameter Ry = RgL, with Rg the Earth’s
radius and L the so-called L-shell (we consider mainly the
outer radiation belt with L ~ 5). A rough estimate of the
bounce frequency of relativistic electrons yields ~c/R. The

timescale of ¢ variations is about Q. ((i) ~ ki —o

+Q./7). Thus, the wave phase varies with time much faster
than particles move along field lines: Q.Ro/c > 1 (a similar

relation can be obtained for the first term of q.’)
L= kRy > 1).

The clear separation of the different timescales of parti-
cle motion determines the approach used to describe wave-
particle resonant interactions. The Hamiltonian equations of
charged particle dynamics are expanded around the reso-
nance d) =0, and one can consider particle motion in the
(¢, P) plane, where P is the momentum conjugate to ¢, for a
frozen value of ry. For trapped particles, the system can be
averaged over this periodic motion.**%*7 Such an averaged
system describes the evolution of particle energy and
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magnetic moment along the resonant trajectory r|(¢), where
7| = vg is a solution of the equation ¢ = 0

" o(t) — nQC(rH) .
! ki) W

The time ¢ along a trajectory can be recalculated from the
coordinate | with the equation

ul

t= Jdrﬁ/vR(rh). )

In Eq. (1), n=0 corresponds to Landau resonance, while
n=1 corresponds to first cyclotron resonance. The combina-
tion of Egs. (1) and (2) gives the implicit solution 7 = #(r))
(although this solution often cannot be found analytically in
realistic systems).

To investigate the possible destruction of the trapped
motion, we should consider particle dynamics in the (¢, P)
plane.'®"" For monochromatic waves, this dynamics is

described by the following Hamiltonian equations:>’~°

P = Q2 (si A
{ . tr (Sm o+ ) 3)
¢ = gP,

where g(s), A(s), and Qf,.(s) are functions of the coordinate
along the resonance trajectory s = r|/Ro (and s = vg(s)/Ro).
The so-called trapping frequency Q. can be written as (for
relativistic particles)

Q, = \/keB,,/mw(s), 4)

where B,, is the wave magnetic field amplitude and w(s) is a
dimensionless function of the order of 1. For very low energy
particles with velocity ~vy < ¢, there is an additional multi-
plicative factor /vo/c in Eq. (4).

Equation (3) corresponds to the Hamiltonian

H= % gP? + Q% (cos p — Ad). (5)
As ¢ varies much faster than s, one can consider Eq. (5)
as the Hamiltonian of a mathematical pendulum with torque
and slowly varying parameters. In the case a < 1, the phase
portrait of the Hamiltonian (5) contains closed trajectories
(see Fig. 1(a)). Particles moving along these trajectories
oscillate around P =0 (i.e., around ¢ = 0). Thus, for such
particles, the resonance condition remains satisfied—such
particles are trapped by the wave. The periodicity of trapped
particle motion in the (¢, P) plane allows to introduce the
action | = (271)71 § Pd¢ (see Ref. 35). To briefly explain the
meaning of the trapping frequency Q,,, one can consider a
particle trajectory oscillating around the bottom of the poten-
tial well in the (¢, P) plane (see Fig. 1(b)). The coordinate
¢, at the bottom corresponds to the extremum of the poten-
tial energy U = Q2 (cos¢ — A¢), yielding sin ¢y = —A.
Expanding the Hamiltonian (5) around ¢, gives

1 1
H= ing + 59,2,.(4) — o)’ + const. (6)



082901-3 Artemyev et al.

[(a)

1 (b)

FIG. 1. (a) Phase portrait of the Hamiltonian (5) with a < 1; (b) effective
potential U = Q2 (cos ¢ — a¢h) of Hamiltonian (5) with a < 1; and (c) pro-
files of model functions a(s), w? (s), and g(s).

Equation (6) shows that gQ, is the frequency of particle
oscillations in the (¢ — ¢, P) plane. The factor g=1 for
nonrelativistic systems (for which the frequency Q, was ini-
tially introduced®®%°"), while for relativistic systems the
factor g is responsible for a modification of the trapping fre-
quency. Although gQ, represents the frequency of trapped
particle oscillations only in the vicinity of the bottom of the
potential well, this term can be used to estimate the
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frequency of oscillations of trapped particles over almost the
entire region filled by closed trajectories (except near its
boundary), because the actual frequency of trapped particle
oscillations depends very weakly on I—i.e., on the position
of a particle within this region (see, e.g., Refs. 4 and 80). It
allows us to use hereafter 27/(gQ,,) as an estimate of the
period of trapped particle oscillations. This period is small as
compared with the typical timescale of s variations, because
Qi, ~ kes and ke > s.

In a system with constant s, the particle trajectory in the
(¢, P) plane does not evolve and, thus, the area surrounded
by this particle trajectory is exactly conserved. In the more
realistic case of a slow enough variation of s (when the time
scale of the s variations is much larger than the period
~27/Q,), the action I becomes an adiabatic invariant of the
system,g’35 i.e., the area 2n/ is still conserved to a high
degree of accuracy even if the effective potential U varies
with s (with time). Thus, / can be used to characterize the
trapped particle motion.

Generally, in the saturated stage of wave instability away
from the equator, the function a(s) = Q. A(s) does not
depend anymore on wave amplitude, being mostly determined
by the gradients of the system. For each particular system,
a(s) can be found using the expansion of the initial equations
of motion around the resonance qS = 0. In the particular case
of the gyroresonant (i.e., first cyclotron resonance) interaction
of relativistic electrons with whistler-mode waves, the expres-
sion for a contains three terms:***"3* 9w /ot
~(kc? Q. )0Q./Ds, and ~vrOQ,/Ds. In case of a significant
gradient in k| (s), one would get an additional (fourth) term
~v,238kH/8s (see, e.g., Refs. 9 and 62). For EMIC waves, the
function a can be found in Refs. 5 and 59. It is also worth not-
ing that the function a ~ Qﬁ, during strong wave-particle
interaction such as trapping and nonlinear scattering,”® corre-
sponding to a normalized wave amplitude of the same order
of magnitude as the gradients of the system parameters:
B,,/B ~ vg/(Q.Rp).

Since we aim at investigating the potential disruption of
trapped particle motion by additional magnetic fluctuations
in the most general case, we consider below a very generic
system corresponding to electron trapping by an intense
wave. Such a standard wave-particle system can easily be
used for various applications. Although the considered sys-
tem does not correspond to any particular wave mode, we do
use model profiles g(s), a(s), and w?(s) similar to realistic
profiles discussed in Refs. 3, 9, and 62. Namely, we take
g(s) = 1/+/1 + s* (for nonrelativistic systems there is a mul-
tiplication factor (vg/c)® before s7), a(s) = s*(1 —s*)"",
w? = 5% /(s3 + s%), where so = 0.15 is a typical scale length
of increase of wave intensity in the Earth’s radiation belts
around L ~ 5 (see Refs. 1, 9, and 44). The fact that a =0 at
the equatorial plane s =0 means that we do not take into
account the term ~0w/0t (only this term has a finite value at
s =0 because the magnetic field gradient 9Q./Js and wave
number gradient 9k /s both vanish at s =0 due to the sym-
metry of the geomagnetic field model and wave propagation,
see details in Refs. 20, 21, 54, and 56). The profiles of coeffi-
cients a(s), w?(s), and g(s) are presented in Fig. 1(c).
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Let us first examine the trapped motion of particles in
the presence of an intense wave and demonstrate the conser-
vation of /. We introduce the dimensionless wave amplitude
¢ = kRoB,, /By and renormalize time as t— fw, with
0, = v/Qc0c/Ro. In this case, the Hamiltonian (5) takes the
form

1
H= Eng +ew? cos ¢ — ag. 7

Trapped trajectories exist in the region where ew?(s) > a(s).
Consider the solution of Hamiltonians equations ¢
= OH/OP, P = —OH /O¢ for a particle trajectory initially
trapped at s =so. We slowly vary s > s and study the parti-
cle motion in the (¢, P) plane. Figure 2 shows the particle

trajectory and the action /:

[
] = Lfl;pdqa — l\/éj VH —ew?cos  +apddp, (8)
2n 8

T

1

0—t---

FIG. 2. A test particle trajectory in the (¢, P) plane and the corresponding /
profile (shown only for s values corresponding to the trapped motion). The
middle panel shows two fragments of the trajectory in the (¢, P) plane (at
the beginning and just before the escape from resonance).

Phys. Plasmas 22, 082901 (2015)

where ¢, , are shown in Fig. 1(b). The variations of parame-
ters g, w, and a result in the observed evolution of the parti-
cle trajectory in the (¢,P) plane, but the action [ is
conserved. There are only very small amplitude ~y~'/2
(x = kRo > 1) oscillations of I, corresponding to the fact
that integral (8) is calculated for a frozen s, while there are
actually small variations of s within one period of trapped
particle oscillations in the (¢, P) plane.

Let us consider a whole cycle of charged particle
motion, including particle trapping and escape from reso-
nance. To this aim, we start the numerical integration at
s =0, choose a large enough ¢, and select a trajectory which
is trapped (see Fig. 3). The conservation of / for trapped par-
ticles means that we can use it to determine the moments of
time when a particle enters and escapes from the resonance.
At the start of trapping, the value of 27/ is equal to the area
surrounded by the boundary of the region filled by closed
trajectories in the (¢, P) plane. This boundary is called the
separatrix, and the corresponding area S is defined as (see,
e.g., Refs. 8, 12, 27, and 48)

¢,
s=2,/2 J O (cos b —cos ) — g, + ddd, ()
g a
¢_

where ¢_ = ¢_(s) is a solution of the equation
ew?(s) sin ¢ = —a(s) different from ¢, (both ¢, and ¢_ are
shown in Figs. 1(a) and 1(b)). The area S(s) varies with s,
while 7 is conserved. Thus, the trapped particles escape from
the resonance when S becomes equal to 2n/ while dS/ds < 0
(i.e., when the area surrounded by the separatrix becomes
smaller than the area surrounded by the trapped particle tra-
jectory so that the particle escapes into the region with open
trajectories). An example of particle escape from the reso-
nance is shown in Fig. 3: it occurs exactly when S becomes
equal to 27/ (or to the value of S at the start of trapping).

Figures 2 and 3 demonstrate that the trapped motion is
the result of the conservation of the adiabatic invariant / in
the main wave-particle system. However, if an additional
(external) force inducing variations of / were to be present
too, then 27/ could become equal to S, leading to a corre-
sponding escape of the particle from resonance. In Section
III, we consider the effects of such an external force and
demonstrate that it may eventually lead to the destruction of
the adiabatic invariant /.

lll. MAGNETIC FIELD FLUCTUATIONS

In this section, we consider the effect of additional mag-
netic field fluctuations on trapped particle motion. For the
sake of generality, these fluctuations are assumed to be
mostly non-resonant, i.e., their frequency, although being of
the same order as the main wave frequency, is assumed to
differ sufficiently from it to allow neglecting resonant inter-
actions between particles trapped by the main wave and
these fluctuations (in contrast to cases considered in Refs. 52
and 65). Moreover, we consider here fluctuations parallel to
the geomagnetic field line (transverse fluctuations will be
briefly addressed in Section V; see also Ref. 17). It may
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FIG. 3. A test particle trajectory in the (¢, P) plane. The middle panel shows two fragments of the trajectory in the (¢, P) plane: just after trapping (dashed
curve) and just before the escape (solid curve). / and S profiles are shown in the right panel.

correspond to whistler-mode fluctuations with wave-normal
angle 0 ~ 30° — 60° (their parallel magnetic component
being then of the same order as their perpendicular compo-
nents). Such fluctuations can be included into the term ~a in
Hamiltonian (5). There are two terms corresponding to mag-
netic field fluctuations: The first term comes from the
dependence of a on B, and the second term comes from the
dependence of @ on the derivative 0B/Js. As we assume
that magnetic field fluctuations are fast and small-scale, the
second term dominates. Thus, we can write a = ap
+(aog/0B/0s)00B/0s, where a, depends only on the non-
fluctuating background magnetic field B, while 0B(s,?)
denotes magnetic field fluctuations.

In this paper, we consider hereafter a very simplified
model of coherent quasi-stationary magnetic field fluctua-
tions with a typical spatial scale ¢/R. For particles moving at
the velocity vg in the resonance with the main (intense)
wave, such fluctuations appear as spatio-temporal fluctua-
tions with a timescale © ~ ¢Ry/vg. Thus, one can write
00B/0s ~ 0B/¢. This prototypal model of fluctuations can
be considered as a very rough representation of a noise-like
distribution of quasi-standing fluctuations composed of a
mixture of counter-propagating waves with a typical overall
scale length /Ry ~ A—the wide spectrum of 4 values usually
associated with incoherent fluctuations is ignored for the
sake of both simplicity and generality. The above generic
model of fluctuations can also be adopted to describe coher-
ent fluctuations corresponding to additional low-amplitude
whistler-mode waves with frequency w; and wavenumber
ks In the latter case, one can simply replace |vg| by |ves|
= |vg — wg/k¢| giving the relative velocity of such fluctua-
tions in the frame of moving electrons. We discuss these dif-
ferent applications further below.

As we do not specify the type of function a, we can
assume that (ao/0B/Js)00B/0s =~ a;(0B/By)Ro/tvro while
all numerical factors (of order unity) and the dependence on
s are included into the a;(s) function (vgo is the equatorial
resonant velocity, and B the equatorial geomagnetic field
amplitude). In this case, the Hamiltonian (5) takes the form

1
H= Eng + w? (8W2 cos ¢ — a0¢) — w?,a10b¢p,  (10)

where @, = \/Qc0¢/Ro, ®w = \/Qcoc/vgot, and  0b

= 0B/By. To keep a general approach, we do not specify the
type of fluctuations 6B but simply introduce two parameters
characterizing these fluctuations: their timescale t and var-
iance Var(oB) = ¢ (the corresponding spectral power of
fluctuations is o7 in pT%/Hz). Magnetic field fluctuations are
assumed to be high-frequency, such that 1€, < 1, and both
fast variables (¢, P) and slow variable s change only weakly
over one time step (time interval ~7) of fluctuations.

Following the scheme proposed in Ref. 10, we calculate
the jump of the adiabatic invariant of trapped particles Al
over one time step (~7) of fluctuations. According to the def-
inition Q,.¢ = OH /I (see Ref. 35), we have

1
Qg

Al w?,a,6bAQ, (11)

1

Qg
where all functions on the right-hand side of Eq. (11) are
evaluated at the same moment within one time step of fluctu-
ations, while A¢ is the change of ¢ between the beginning
and end of this step. This change A¢ can be obtained after
integration of the Hamiltonian equation ¢ = OH JOP = gP
over a small time step t: A¢ = gPt, while both g and P are
evaluated at the same moment within one step. Thus, Eq. (11)
can be rewritten as

1
Al = — — w?,a,0bPx.

Qpr (12

On the right-hand side of Eq. (12), db changes much faster
than P, and both functions 0b and P are changing faster than
functions g(s), Q,(s), ai(s). Thus, we can consider a time
interval including many steps ~, but short enough to keep s
unchanged. We can choose this interval equal to 27/gQ,,
corresponding to one period of particle oscillations in the
(¢, P) plane. Over this time interval, the variance of Al is

5 2
Var(Al) = (%) Var(6bP).

1

(13)

We assume that fluctuations 0b and variations of P are statisti-
cally independent and, thus, Var(6bP) = (¢/B3)Var(P). The
term Var(P) can be considered as a sum of M > 1 values of
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P? calculated within consecutive time steps T (i.e., between
successive changes of db)

1 ¢ .2t
Var(P) = =) PP =&
ar(P) M; ;

iT

Q, Q,
zg’+ﬁm=—L#w¢=Qﬂ,
2n 2

(14
where we took into account the smallness of the time step t.
Substituting Eq. (14) into Eq. (13), we obtain

4 2

_ w**al 2
Var (AI) = Q,,B% Iot”.

15)

The evolution of / can be viewed as a random walk and
described by the diffusion equation for the distribution ¥ ()
of trapped particles as a function of /

oY 0 (D 8‘[’)
o o \""or)
In Eq. (16), we introduced the diffusion coefficient
Dy = Var(Al)/v. Performing a change of coordinate from ¢

to s (via §=uvg/Rg) in Eq. (16) and introducing
ur = Ug/Vgo, wWith vgy the resonant velocity at the equator,

(16)

we get
oY o0 ([ oY
i [ g 17
Oh 0l ( ol )’ 1n
where
_ w},Ry ﬂjw(s)a%(s’)ds’ (18)
~ Quuro B2 ) wisug(s')

The boundary of the region filled by trapped trajectories is
determined by the value of the area S surrounded by the sepa-
ratrix (see Eq. (9)). Again omitting all numerical factors of
order unity, we get S &~ €, (we assume that ew? > a and,
thus, in dimensional form S ~ w,+/ew ~ €,). Renormalizing
i =27l /S, we can rewrite Eq. (17) in dimensionless form
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where

N

o an‘*‘*Roﬂj a2(s')ds'

w(s')ug(s')

w0 2
wzevry Bj

21 6 o [ c\?
= — ) kRoF = KoF . 20
wt BBy Qo (UR0> oF1(s) = KoF1(s).  (20)

Equation (19) describes the temporal evolution of the
distribution W (i) of trapped particles. Thus, for a given ini-
tial distribution, one can easily calculate the number of par-
ticles remaining trapped for a given value of K. Solutions of
Eq. (19) are shown in Fig. 4 for three types of initial distribu-
tions: (a) A uniformly filled region of trapped particles, (b)
trapped particles present only at the bottom of the potential
well, and (c) only recently trapped particles with i ~ 1 are
present. The right panel of Fig. 4 shows that in all three
cases, the number of trapped particles diminishes as K
increases, ultimately decreasing to 50%—-20% already for
K =0.2. Consequently, to estimate the amount of detrapped
(escaped) particles in realistic systems, one simply needs to
evaluate K = KoF(s), where Fi(s) is of order unity. As
trapped motion corresponds to s € [0, 1], the dependence of
K on s can be further neglected, considering it merely as a
multiplicative factor ~1. In the end, the occurrence of a
significant detrapping of electrons is simply equivalent to the
condition Ky = 0.2, where K, is a function of the wave
amplitude, the intensity of magnetic field fluctuations, and
other wave parameters. Solving this equation Ky = 0.2 for
different realistic systems, we can deduce the intensity of
magnetic field fluctuations required to detrap a significant
population of particles.

A. Turning acceleration by whistler waves

In this subsection, we consider particle trapping in the
first cyclotron resonance with parallel propagating whistler-
mode waves (one of the most classical examples of electron
acceleration in the radiation belts, see, e.g., Refs. 15, 28, 29,
50, and 51 and reviews Refs. 62 and 76). In this regime of
particle acceleration, the resonant velocity vg is

oY 0 [ .0¥Y
R I el 19 vg = (0y — Q) /ky. 21
=2 (%), 19 e = (0r - Q)b @
(a) (b) (©)
19 K=0.0 10*; K=0.0 10
0.01 K=0.0
14
3 01
0.01—; N
E 20 -1
T ‘ T .0.001_ . | . , , ) S S
0.4 0.8 12 0 04 08 45 0 0050101502

FIG. 4. Three examples of evolution of distributions of trapped particles W(i). All particles with i > 1 are assumed to escape from the system within a very
short time interval. The right panel shows the evolution of the number of trapped particles for these three examples.
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For particles with energy y < Q./w (i.e., for energies lower
than ~1 MeV), vy is negative and trapped particles propa-
gate in the direction opposite to the wave. However, if in
the course of trapped particle acceleration, the energy
increases enough to get y > Q./w, then the trapped par-
ticle’s direction of propagation is reversed (the so-called
turning acceleration, see Refs. 25, 54, and 69). The total du-
ration of trapped motion is rather long, leaving some room
for the occurrence of a diffusive destruction of the trapping
process.

As a first step, one can simply take y ~ 1 and thus
[vro| = Qeo(1 — w/Q) /k to estimate the disturbance to the
trapping process of 50 — 150 keV electrons induced by addi-
tional magnetic field fluctuations. Equation (20) can then be
rewritten as

2n 0'1\73 QC()R() ((U/QL-())4

(22)

0= 5
wtByBy ¢ (1 —0/Q)
where N = kc/w is the wave refractive index
r2c2 wze Q,
N =K O Qo (23)

0 Q2 (1-w/Q)

where w,, is the plasma frequency. Evaluating N at the equa-
torial plane, we rewrite Eq. (22) as

3 o ok (/00"
o wtB,,ByQ c (1 - OJ/Q(rO)7/2 '

(24)

0 3
0
We use the empirical plasmatrough density model from
Ref. 61 to estimate the ratio w), /Q ~ L as a function of
L-shell. In the Earth’s magnetosphere, the ratio RoQ./c is
about ~1.1 x 10°L~2 for By ~ 3.06 x 10*nT/L>. Thus, Eq.
(24) finally takes the form

o2n (o/pT2\ (L) (0/Qu)?
~ 3 c
wt \ By /n (1 —w/Q)
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We consider quasi-stationary magnetic field fluctuations
with an effective frequency 27m/t comparable to the fre-
quency o of intense whistler-mode chorus waves responsible
for particle trapping. Thus, one has 27/wt ~ 1. This generic
model of fluctuations can be regarded as a very rough repre-
sentation of a peaked noise spectrum. We plot in Fig. 5 (left
panel) the power of magnetic fluctuations ¢ required to reach
two values of K, for L =35 and various values of @/Q. and
wave amplitude B,,. For a smaller wave frequency, stronger
magnetic field fluctuations are necessary to significantly
detrap the population of particles (i.e., to get Ky = 0.2). A re-
alistic'** average level of fluctuations ¢'/? ~ 6 — 20 pT can
markedly disrupt the trapping process even for rather high
amplitudes B,, ~ 0.3 — 1 nT of the main wave. For higher
frequency waves (e.g., upper-band chorus waves with
®/Qq > 0.5), relatively weak fluctuations with /2 <10
pT are sufficient to totally destroy the trapped motion (since
K, reaches one). Finally, for higher energy (~0.3 — 1 MeV)
electrons, the y factors must be retained, leading to an overall
increase of K by a factor ~y(Q — ®)/|Qc0 — yo| > 1. In
the alternative case of really coherent whistler-mode fluctua-
tions with ks ~ k, |vgo| should be replaced by |vesr| = |vro
— wy/ke|. It corresponds to an extra multiplicative factor
~|1 =y /Q|, yielding ultimately similar K, values as in
Fig. 5 (left panel).

To demonstrate the effect of / invariant destruction, we
have numerically integrated the Hamiltonian equations for
Hamiltonian (10). With time normalized by ., this
Hamiltonian takes the form

1 -
H= Eng + ew? cos ¢ — ap — a,0b ¢, (26)

where b is given by the equation
1m0/ \" (e) rw, @)
60 ot \1—w/Qy 5 pT?" 7’

where f(f) is a random function with a time-step of variation
equal to T and an amplitude equal to one. We assume that f

Sb ~

i 0/Q,,=0.35, K0=0.25 E 0/0,,=0.35, Ko=0-25 i Bw=1 nT i
b 0/Q,=0.7, K;=0.2 RS 0/Q=0.7, K;=0.2 ! ! K =0.2!
E 0/Q,,=0.35, K,=1.0, E 0/Q,=0.35, K,=1 .oi E KO—1 Oi
: 0/0,=0.7, K=1.0 ! ! 0/Q,=0.7, Ki=1.0 | T ReT LU
100 p==—==== """ """"" : (O —— — —— I"I':'-‘,"' — 100 :Hi: :
o - = mE i
ET—4 I ! -
| | 7~ Y
— 10 = ===c-: | I I | = |5_ Y
NQ- i { T == n =T (\?— /// ] ’¢4 . 10 ’I
‘—b 1 il 1 LI4F ‘_b ’ ”4¢ b RN i 7
/‘,/"‘
0.1 1L/
0.1 1 10 10 100 0.001 0.01 0.1 1
B, nT E, mV/m 1-0/Q,

FIG. 5. Left and central panels: fluctuation amplitude /o that corresponds to two values of K, as a function of main parallel (left panel) and oblique (central
panel) wave amplitude for two typical whistler-mode chorus wave frequencies /Q. Right panel shows amplitude /o of magnetic field fluctuations corre-
sponding to high frequency hiss-like waves with 2r/7t = 200Q.4 as a function of EMIC wave frequency o for different values of K.
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has a uniform distribution within the interval [—1,1]. For
L~5 0/Qp~05 and 1t~21/w0 we have ob
~ +/a/pT*f(t)/60. Figure 6 shows several examples of par-
ticle trajectories for a;(s) = 1/(1 — s®) and different values
of ¢. Initially, all particles are located close to the bottom of
the potential well (/, the initial value of /, is significantly
smaller than S/27). In the absence of additional fluctuations
(0 =0), the adiabatic invariant / is conserved and the particle
escapes from the resonance when S = 2n/j. In a system with
magnetic field fluctuations (o # 0), however, the conserva-
tion of / is broken and the invariant may increase or decrease
with time (the profile /(s) depends on realizations of the ran-
dom function f along the trace). However, decreasing I does
not change the type of motion (a particle remains trapped),
but increasing / may cause detrapping. For that purpose, in
Fig. 6, we chose trajectories with increasing /. A stronger
fluctuation level corresponds to a larger rate of I variation
and, as a result, to earlier particle escape from resonance

i oi2=g
6"2=10 pT'!
"2=30 pT
c"?=60 pT |

2.8

|, S/2xn
|

FIG. 6. The top panel shows the profile of the area S surrounded by the sepa-
ratrix and several profiles of adiabatic invariants / calculated for different
values of ¢. The bottom panel shows fragments of particle trajectories in the
(¢, P) plane (the last period before escaping from resonance). The dashed
curve in the bottom panel shows a fragment of particle trajectory at the ini-
tial time (it is the same for all trajectories).
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when I = S/2n. The bottom panel of Fig. 6 shows the effec-
tive increase of the area surrounded by the particle trajectory
in the (¢, P) plane.

B. Landau resonance with oblique whistler waves

Recent spacecraft observations have revealed the exis-
tence of a substantial population of very intense oblique
whistler-mode waves in the radiation belts.>'®!*%% These
waves propagate with a large angle 0 > 0, between their
k-vector and the background magnetic field (where cos 0, =
2w/Qo and 0, is the so-called Gendrin angle®®). Propagating
in an almost electrostatic mode and having a large parallel
electric field,? such oblique waves are able to trap energetic
(~10 — 100 keV) electrons via the Landau resonance.”> The
corresponding frequency of trapped motion €, is determined
by the electric field amplitude E,: Q, ~ \/keE,,/mw(s).
The corresponding resonant velocity is wgo = w/k|
= w/(kcos 0). Accordingly, we consider 0 = 0, and rewrite
Eq. (20) for K

2n 4o o* QR
0= P (28)
wt E,By Q, ¢
The refractive index N for the Gendrin mode is

N = kc/w = wp. /. Thus, substituting the numerical factors
listed below Eq. (24) into Eq. (28), we readily obtain

2n o/pT? (L>4 w

~ T 0P () @ 29
wtE,/27mV/m\5/ Qg 29

Ko

Typical amplitudes of intense oblique chorus wave are
within the range E,, € [10,200] mV/m (see, e.g., Refs. 2, 18,
and 74). For 1 ~ 21/ and given values of K, we plot in
Fig. 5 (central panel) the corresponding fluctuation ampli-
tude ¢'/? as a function of main wave amplitude E,. At
L ~5, where a substantial population of oblique chorus
waves has been observed,! a moderate level of additional
magnetic field fluctuations /o € [1,10] pT appears to be
sufficient to significantly destroy the trapped particle motion
(at larger L-shells, the required level of ¢ is even smaller). If
one considers coherent magnetic fluctuations corresponding
to parallel whistler-mode waves with w; ~ w and kf ~ &,
|vro| must be replaced by |v,rr| = |vgo — w/k| in K. It yields
an additional multiplicative factor ~1/(1 —cosf,) > 1 in
Ky and therefore a slightly stronger effect.

C. Cyclotron resonance with EMIC waves

Strong EMIC waves are observed by spacecrafts mainly
during geomagnetically disturbed conditions and inside
regions of enhanced plasma density on the duskside.**!
These waves play an important role in the scattering of rela-
tivistic and especially ultra-relativistic electrons and can
ultimately precipitate them into the atmosphere.*-%6873
Moreover, the very high intensity of EMIC waves leads to
nonlinear wave-particle interactions, including the trapping
of relativistic electrons.”*®%*° Let us consider here the
hydrogen band of EMIC waves.***® The dispersion relation
of such parallel EMIC waves is
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2
ck w
N=—= | (30)
@ QL‘H(Q(‘H - CU)

where the hydrogen plasma frequency is @,y = n'/2@),, and
the proton gyrofrequency is Q. = 7, with n = m,/my
the electron to proton mass ratio. Since one has @ < Q,
the corresponding electron velocity at cyclotron resonance is
simply vgo &~ Q.0/(yk) (e.g., see Ref. 68), while y can reach
10 — 15 and must therefore be retained. Using Eq. (30), we
rewrite Eq. (20) as

_ 2moyip? @, (0/Qu)t QeoRo
ot BB Q4 (1-0/Qu)? ¢

0 31D

We substitute numerical estimates listed below Eq. (24) into
Eq. (31)

Ko 27‘5 ,))2 (wpe/Qc())3 O’/IIT2 L
"~ wr  8.10° B,/nT\5

(/Qun)*
(1 - 0/Qu)?

(32)

We consider 5 MeV electrons (a typical energy for resonant
interaction with EMIC waves, see Refs. 58 and 59),
Wpe/ Q0 ~ 15 (EMIC waves are generally observed in the
regions with enhanced plasma density”>), wave amplitude is
about 1 nT (see statistics in Ref. 43), and L =5. In the pres-
ence of additional magnetic field fluctuations in the same fre-
quency range as EMIC waves (i.e., with t ~ 27/®), electron
trapping by EMIC waves is considerably more stable than
trapping by whistler-mode waves: the amplitude /o of the
additional fluctuations must reach the same level as the
EMIC wave amplitude B, even to merely get Ky = 0.2.
Actually, the effect of such extremely low frequency mag-
netic field fluctuations becomes important only for EMIC
waves with w/Q.y > 0.9 while general spacecraft statistics
show that the typical frequency of EMIC waves in the
magnetosphere is rather w/Q.y ~ 0.5 (see, e.g., Ref. 43).
However, EMIC waves are frequently observed in high
density regions of the magnetosphere (like plasmaspheric
plumes or just inside the plasmapause) in conjunction with
whistler-mode hiss waves. The latter waves have much
higher frequencies than EMIC waves, typically correspond-
ing to 27/t ~ 200Q,;. Magnetic field fluctuations from such
considerably higher frequency waves are expected to perturb
trapping by EMIC waves much more efficiently than fluctua-
tions in the same frequency range. As a result, strong hiss-
like waves with amplitudes reaching locally ~15% of EMIC
wave amplitudes could significantly reduce the efficiency of
trapping by intense EMIC waves (see Fig. 5 (right panel)).
Recent Van Allen Probe measurements have shown that hiss
amplitudes often reach >10% of EMIC wave amplitudes
during moderately disturbed geomagnetic conditions,>”
while intense hiss waves reaching ~0.2 nT have been
observed at high L on the duskside.*>”® However, such
strong hiss-like waves (or higher-frequency chorus) would
be required to occur on the same magnetic field lines as the
considered EMIC waves, which may not be always the case
(e.g., see Ref. 86). Besides, it is worth noting that for trap-
ping by EMIC waves, the corresponding vgo is much larger
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than the phase velocity of parallel hiss waves, so that v,z ~
Ugo in this case.

IV. SPACECRAFT OBSERVATIONS

To derive equations describing the effects of magnetic
field fluctuations on trapped particle motion, we assume that
the timescale of these fluctuations is comparable with the pe-
riod of the main wave trapping the electrons. To illustrate
the presence of such fluctuations in real systems, we show
two examples of observations of intense whistler-mode
waves (highly oblique and parallel) in the radiation belts by
one of the two Van Allen Probes*' spacecrafts (see Fig. 7).
The top row of panels shows one example of oblique
whistler-mode waves (strong parallel electric field and weak
magnetic field). In this spectrum, the central peak at ~1.5
kHz is surrounded by fluctuations (for instance at ~1.8 kHz
or ~3 kHz) with a magnetic field power two-three orders of
magnitude smaller than the main wave intensity. Magnetic
field data show that the wave amplitude reaches ~30 pT,
while the amplitude of fluctuations is about ~1 — 2.5 pT.
Figure 5 (central panel) shows that such fluctuations can sig-
nificantly influence the dynamics of trapped particles. In the
case of the intense weakly oblique whistler wave at ~2.4
kHz shown in bottom panels of Fig. 7, the intensity of nearby
magnetic field fluctuations is also significant. The main wave
amplitude is about ~250 pT, while surrounding fluctuations
(at ~1.7 kHz or ~3.9 kHz) have amplitudes ~2 — 8 pT. The
latter level of fluctuations is high enough to result in particle
escape from the resonance (see Fig. 5 (left panel)).
Therefore, we can conclude that the effects discussed in our
paper can actually occur under realistic conditions in the
Earth’s radiation belts.

V. ALTERNATIVE MECHANISMS OF DESTRUCTION
OF TRAPPING MOTION

In the present study, the destruction of trapped particle
motion is due to external, non-resonant magnetic field fluctu-
ations, included as externally driven variations of the main
system parameters. However, there are two other important
sources of similar variations.

A. Modulation of wave amplitude

Intense whistler waves are usually propagating in the
form of relatively long wave packets often exhibiting a fine
subpacket structure corresponding to fast modulations of the
wave amplitude.>>"7>77% For resonant whistler-mode waves
with 6 = 0°, these modulations concern the wave magnetic
field component transverse to the geomagnetic field line,
while, in the case of very oblique quasi-electrostatic whis-
tlers, they concern the wave electric field parallel component.
Such fast modulations can effectively reduce the timespan of
charged particle trapped motion’*”* and may be considered
as fluctuations of the parameter ¢. In this case, the second
term in the Hamiltonian (7) can be divided into nonperturbed
(ew? cos ¢) and perturbed (5ew? cos ¢) parts. The correspond-
ing change of invariant / over one time step (~7 < 21/Q,,)
can be written (in analogy with Eq. (11)) as
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FIG. 7. The data are captured on November 1, 2012 by one Van Allen Probes spacecraft.*! Electric and magnetic field waveforms were produced by the
EFW®’ and EMFISIS** detectors. The top panels show a very oblique wave with 6 ~ 70°. The bottom panels present waves with 0 < 10°. Left panels show
the parallel (relative to the background magnetic field) electric field component. Middle panels present one of the transverse components of wave magnetic
field. Spectra for the intervals indicated by colors are displayed in the right panels.

1 1 oe

Al = AH = - Q. —sin ¢pA¢. (33)
Qg 8 €

For Var(AI), we obtain (see Egs. (12)—(15))
Var(Al) ~ Q) I1%a,/2, (34)

where g, = Var(d¢/¢) and Var(sin ¢) = 1/2. Thus, the cor-
responding parameter Ky is

2
Q7 TR TEC
~—T g, =—Q10,. (35)
URo VRO

Ko

Equation (35) shows that the trapped particle motion is more
unstable for high wave amplitude and a larger timescale of
fluctuations 7. Thus, for charged particle trapping by very
intense waves, the effect of strong modulations of the main
wave amplitude can be more dangerous than the essentially
diffusive effects of additional non-resonant magnetic field
fluctuations studied in Section III.

B. Externally driven pitch-angle diffusion

The term a in the Hamiltonian (5) depends on the mag-
netic moment u of trapped particles. In the case of Landau
resonance, i is conserved, while particle trapping into cyclo-
tron resonance results in a variation of p with s (for details,
see Ref. 62). Thus, externally driven fluctuations of y should
result in high-frequency variations of the term a, with a final
effect similar to the effect of magnetic field fluctuations.
Thus, the term a ~ p can be separated into two parts: undis-
turbed ag and fluctuating a; = ap(du/u). In this case, the
main equations coincide with equations derived for fluctua-
tions of the magnetic field, while the dimensionless variable
K from Eq. (20) takes the form

(36)

_ 2nwiRot w(s)j a(s')ds'

K= ;
Q2ogo " ad(s) ) wls)ug(s')

with ¢, = Var(du/u) and t the timescale of u variations,
giving
2n ¢

K() = __QC()TO'N. (37)
& VRO

Equation (37) provides an estimate of the role of external
pitch-angle (or magnetic moment) diffusion. However, the
quasi-linear pitch-angle diffusion induced by a wide spec-
trum of low amplitude whistler-mode waves seems to be
insufficiently strong (even for highly oblique waves**) to
produce a measurable change in the pitch-angle of particles
within one bounce period of energetic electrons between
their mirror points.45’66 Nevertheless, small-scale intense
electrostatic structures recently observed in the radiation
belts*** could bring forth a much more efficient pitch-angle
scattering. Being generated in the form of wide packets with
wide frequency ranges, these structures could interact with
<20keV electrons?’ and the corresponding pitch-angle dif-
fusion could result in a destruction of trapped motion.
Moreover, disturbances to the current of thermal electrons
caused by such electrostatic structures often generate
magnetic field perturbations,®® which could serve as a source
for some of the magnetic field fluctuations considered in
Section III.

VI. CONCLUSIONS

In this paper, we have proposed an approach allowing to
estimate the effect of additional non-resonant magnetic field
fluctuations on the motion of relativistic electrons trapped by
intense waves. Such an approach is principally based on the
consideration of trapped electron oscillations in the phase
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plane where a corresponding adiabatic invariant can be intro-
duced. Magnetic field fluctuations can break the conservation
of this invariant and ultimately result in electron detrapping.
This general approach has been used here to estimate the sta-
bility of trapped motion in three systems describing electron
acceleration in the Earth’s radiation belts.

We show that the first and second systems describe elec-
tron trapping into the first cyclotron and Landau resonances
by intense parallel and oblique whistler-mode waves. For typ-
ical wave amplitudes (~0.1 —1 nT or ~10 — 100 mV/m),
additional magnetic field fluctuations with an intensity ~1 —
100 pT? can significantly disrupt the trapped motion. The
fluctuation intensity necessary for significant perturbations of
the trapped motion varies with L-shell as ~L™*, and it is
larger for a smaller frequency w/Q, of the main wave.

The third system concerns electron trapping into the first
cyclotron resonance by intense EMIC waves. For typical
wave amplitudes ~1 nT, significant perturbations of the
trapped motion can be obtained only for much higher fre-
quency magnetic field fluctuations at a high intensity
~10000 pT2. Thus, trapped motion appears more stable than
in the two previous cases. It can be perturbed only for high-
frequency EMIC waves with w/Q.y > 0.5.
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