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S U M M A R Y
Radon-222 flux and concentration in the soil are sensitive to changes in atmospheric pressure,
and in particular to periodic signals, such as the semi-diurnal barometric tide S2. The response
of radon flux and concentration to barometric oscillations is calculated analytically for all
harmonic degrees in the case of a horizontal layer over a half-space, representing the situation
of a soil layer over homogeneous bedrock, taking into account air and water phases and the
presence of static vertical advection. The calculations show that the presence of an interface
changes dramatically the response to barometric oscillations. Large amplitudes at the forcing
frequency (fundamental) are concentrated in the vicinity of the interface, while amplitudes
remain negligible at the same depth in a homogeneous half-space. A significant negative phase
shift in the surface radon flux is introduced when a shallow interface is present, while radon
flux is almost in phase opposition with atmospheric pressure over a homogeneous half-space.
While, in most situations, the amplitudes are small and difficult to detect, situations can be
exhibited where the amplitudes of harmonics 2 and 3 of radon concentration are larger than
100 Bq m−3, leading, for example, to possible detection of 4-hr peaks in the radon power
spectra due to barometric tide S2. Optimal position of the radon sensors appears to be a few
centimetres in the bedrock below the soil. Amplitudes of radon concentration and surface
flux are sensitive to underlying bedrock permeability, porosity, water saturation and effective
radium concentration, and depend also on the presence of advection. At large carrier gas
velocities, a more precise calculation valid for multilayered media, is presented, which can
be used in volcanic and hydrothermal areas. While the amplitudes of all harmonics for radon
concentration in the soil become negligible, the fundamental in radon surface flux reaches a
constant and, possibly, observable value dominated by the parameters of the deepest medium.
A better knowledge of the response of radon flux and concentration to barometric oscillations
is important to interpret the presence or absence of peaks in the power spectra of radon time-
series collected for environmental and geodynamical purposes. This study provides further
support to the relevance of long-term radon monitoring to constrain the transport properties
of the subsurface.

Key words: Non-linear differential equations; Gas and hydrate systems; Hydrothermal
systems; Permeability and porosity; Fracture and flow.

1 I N T RO D U C T I O N

Radon-222 is a noble gas, decay product of radium-226 in the uranium-238 decay chain, and itself radioactive with half-life of 3.8 d. It
is released from minerals and groundwater into the pore space of rocks and soils, and subsequently transported to the ground surface by
diffusive or advective processes (Tanner 1964; Nazaroff 1992). While radon-222 is important to study because it represents more than half
of the radiation dose to the general population (Porstendörfer 1994), and thus constitutes a major cause of lung cancer, second only to
smoking (Darby et al. 2004; Al-Zoughool & Krewski 2009), it is also a valuable tool to study shallow or deep subsurface processes in the
context of environmental or geodynamical problems (Tanner 1964; Gillmore et al. 2010). In fact, thanks to the availability of robust and
cost-effective sensors (Papastefanou 2002), radon-222 concentration in the soil is being studied extensively on volcanoes (Eff-Darwich et al.
2002; Neri et al. 2006; Laiolo et al. 2012) and tectonic active zones (Baykara et al. 2005; Richon et al. 2007; Steinitz & Piatibratova 2010;
Choubey et al. 2011; Kamra et al. 2013; Zafrir et al. 2013).
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In order to derive geodynamically relevant information from radon time-series, it is important, however, that other effects, such as
instrumental artefacts or meteorological forcing, are understood and modelled sufficiently well. Radon concentration in the soil is affected
primarily by precipitation (Kitto 2005; Perrier et al. 2009a), but also soil temperature (Washington & Rose 1992), wind speed (Holford
et al. 1993; Riley et al. 1996, 1999) and atmospheric pressure (Clements & Wilkening 1974; Schery & Gaeddert 1982; Robinson et al.
1997). The effect of atmospheric pressure variations was first recognized in temperature-stable underground settings (Pohl-Rüling & Pohl
1969), where it has a relatively simple signature, with radon concentration increase associated with pressure deficit, due to pumping of
radon-rich pore air into the atmosphere. This barometric pumping effect, which can be spectacular, for example, in the access zone of
underground cavities (Perrier et al. 2004), is now reasonably well understood and modelled (Viñas et al. 2007; Perrier & Richon 2010). In
the soil, the relationship between radon concentration and atmospheric pressure is more difficult to observe because of the interplay with
other effects, such as temperature (Sundal et al. 2008) or water infiltration (Perrier et al. 2009a). When pressure sensitivity is observed,
radon concentration in the soil is usually decreasing during pressure drops, but the relationship between radon and pressure can be difficult
to identify and, in addition, can be time-dependent (Schery et al. 1984; Owczarski et al. 1990; Holford et al. 1993; Fujiyoshi et al.
2006).

To study the effect of atmospheric pressure variations in the soil, one can use transient, large meteorological perturbations, such as
mid-latitude cyclones (Perrier & Richon 2010) or typhoons (Richon et al. 2003). Such transient signals are particularly important to study
when searching for transient radon signals associated with earthquakes (Richon et al. 2003; Crockett et al. 2006) or volcanic eruptions
(Cigolini et al. 2009). Another tool is provided by the barometric tides, such as the diurnal variation S1, and, almost systematically larger
than S1, the semi-diurnal oscillation S2. One method to identify atmospheric pressure sensitivity of radon signals, therefore, is to examine
the presence of S2 peak in the power spectra of time-series (Barbosa et al. 2007, 2010; Steinitz et al. 2007; Richon et al. 2009; Crockett
et al. 2010; Steinitz & Piatibratova 2010; Zafrir et al. 2013). The response to barometric tide actually provides a relevant in situ method to
characterize the transport properties of the soil (Massmann & Farrier 1992; Pinault & Baubron 1996; Neeper 2002) and to monitor these
properties as a function of time (Richon et al. 2011). Radon response in this case also offers a powerful proxy for contaminant transport in the
shallow subsurface (Nilson et al. 1991; Auer et al. 1996). Recent theoretical developments, thus, focused on contaminant transport (Neeper
& Stauffer 2005). Detailed calculations of the effect of barometric oscillations have now also been presented in the case of CO2 (Massman
2006), which paved the way to develop similar interpretation tools for radon.

In this paper, we present an analytical calculation of the response of radon flux and concentration to barometric oscillations for all
harmonic degrees in the case of a horizontal layer over a half-space, representing the simplified situation of a soil layer over homogeneous
bedrock, taking into account air and water phases and the presence of static vertical pore gas advection. Selected results of these calculations
are presented together with sensitivity studies, as well as the particular case of advection-dominated transport, a limiting case useful for
volcanic and degassing hydrothermal areas.

2 C A L C U L AT I O N O F T H E H A R M O N I C R E S P O N S E I N T H E P R E S E N C E
O F S L I G H T A DV E C T I O N

2.1 Assumptions and model parameters

Consider a homogeneous porous medium indexed 1 above a homogeneous half-space indexed 2, with vertical axis z oriented upwards with
ground surface at z = 0 and the horizontal interface between the two media located at z = z1 < 0. In the following, medium 1 is sometimes
referred to simply as the ‘soil’ layer, and medium 2 as the ‘bedrock’. This idealized situation is actually more general, and might also apply
to other situations, for example, one layer of permeable soil over soaked sediments, or one homogeneous unsaturated sand layer over a thick
soaked sandy layer, or alternatively, one layer of poorly permeable clayey soil over a thick permeable sand deposit.

Each medium j is characterized by permeability kj, porosity εj, volumetric water saturation Swj and mineral matrix density ρ j. The radon
source term in medium j is the effective radium concentration ECRaj (Stoulos et al. 2003), product of the radium-226 activity concentration
CRa and the emanation factor E (Tanner 1964; Sakoda et al. 2011). In the outside atmosphere (z > 0), radon concentration is assumed to
remain homogeneous and constant with time, with concentration ce. This is valid for timescales and frequency scales allowing a well-mixed
boundary layer.

In addition, we allow the possibility of a vertical constant gas flow, characterized by a specific (volumetric) flow rate V0 per unit area
(Darcy velocity). This situation occurs, for example, in volcanic and hydrothermal areas (Viveiros et al. 2008, 2010; Perrier et al. 2009b;
Laiolo et al. 2012; Kämpf et al. 2013), and can possibly occur in the case of leakage from a natural or artificial CO2 reservoir (Lewicki et al.
2007).

Let us now consider a stationary oscillation of surface atmospheric pressure with frequency f and amplitude p0. Excess surface pressure
ps accordingly is written ps(t) = p0eiωt, where t is time and ω = 2π f. Our goal is to compute the response for radon concentration everywhere
in the subsurface c(z,t) and the resulting radon flux �s(t) at the surface.

In response to the surface forcing, excess pressure in pore gas p(z, t) is assumed to obey a diffusion equation (Nilson et al. 1991; Holford
et al. 1993):

∂p

∂t
= αp

∂2 p

∂z2
, (1)
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where αj is the pneumatic diffusivity in medium j, given by:

α j = kg
j P0

ε
g
j ηg

. (2)

In eq. (2), P0 is the average atmospheric pressure (1010 hPa when not stated otherwise), kg
j the gas phase permeability in medium j,

ε
g
j the pore gas porosity, equal to εj(1 − Swj) and ηg the dynamic viscosity of air (1.8 × 10−5 Pa s). The gas phase permeability is written

kg
j = k j kr (Sw j ), taking for the relative air permeability kr (Sw j ) the simplified expression kr(Sw) = (1 − Seff)2/(1 − Seff

2) with Seff = (Sw −
Sw

0)/(1 − Sw
0) and Sw

0 = 0.01. In this work, all pressure variations are assumed to be small compared with P0.
In each medium, the spatial and temporal variations of radon concentration in pore air c(z,t) are given by the following equation (Rogers

& Nielson 1991b; Nazaroff 1992; Holford et al. 1993; Lehmann et al. 2000; Ho 2008):

∂c j

∂t
= D j

∂2c

∂z2
− W j

∂c j

∂z
+ λ

(
ĉ j − c j

)
, (3)

where Dj is the effective radon diffusion coefficient, Wj the effective advection parameter, λ the radon-222 decay constant (2.1 × 10−6 s−1)
and ĉ j the source term, equal to the radon concentration at radioactive equilibrium in the absence of transport. Neglecting diffusion effects
in water, motion of water and adsorption, we have (Nazaroff 1992; Lehmann et al. 2000):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

D j = ε
g
j Dg

j

ε
g
j + εw

j κw

W j = Fj

ε
g
j + εw

j κw

ĉ j = ECRa j (Sw j )ρ j (1 − Sw j )

ε
g
j + εw

j κw

, (4)

where Fj(z,t) is the specific gas flow rate, κw(T) = 0.104 + 0.416e−0.0491T (Girault & Perrier 2012a) the partition coefficient of radon
between water and air, function of the mean temperature T, expressed in ◦C, εw

j the water-filled porosity, equal to εjSwj and Dg
j the

diffusion coefficient of radon in the considered porous medium. In this paper, we use the empirical relation (Rogers & Nielson 1991a)
Dg(ε, Sw) = D0εe−6εSw−6S14ε

w , where D0 is the diffusion coefficient of radon in air (1.2 × 10−5 m2 s−1). Dispersion and anisotropy effects
(Massman 2006) are not considered here. In the following, we also define W j0 = V0/(εg

j + εw
j κw). To take into account the slight variation of

ECRa with saturation Sw (Sakoda et al. 2011), the set value of ECRa is multiplied by the empirical function 32.89e−2.120Sw − 32.02e−2.225Sw for
soil and 31.55e−1.635Sw − 30.83e−1.733Sw for bedrock (Girault & Perrier 2012b).

The specific flow rate Fj(z, t) is expressed as:

Fj = V0 − kg
j

ηg

∂p j

∂z
, (5)

and the radon flux �j(z, t) as (Nazaroff 1992):

� j = Fj c j − ε
g
j Dg

j

∂c j

∂z
. (6)

2.2 Pore airflow response to barometric oscillations

In the case of our two-medium configuration, the solution for pressure variations in each medium reads (Nilson et al. 1991; Perrier & Richon
2010):

p j (z, t) = p0eiωt
(

A j e
γ j (1+i)z + Bj e

−γ j (1+i)z
)
, (7)

where Aj and Bj are constants and γ j (inverse of the pneumatic attenuation length) is:

γ j =
√

ω

2α j
. (8)

A finite solution for z = −∞ imposes B2 = 0 while the boundary condition p1(z = 0,t) = ps(t) imposes A1 + B1 = 1. Continuity of
pressure and conservation of the flow at z = z1 then gives two additional conditions:{

A1a1 + B1b1 = A2a2

A1a1 − B1b1 = rA2a2

, (9)

where

a j = eγ j (1+i)z1 , b j = e−γ j (1+i)z1 = a−1
j , (10)
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and

r = kg
2 γ2

kg
1 γ1

= kg
2

kg
1

√
α1

α2
=

√
kg

2 ε
g
2

kg
1 ε

g
1

. (11)

The solution for the constants is then given by:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

A1 = b1(1 + r )

a1(1 − r ) + b1(1 + r )

B1 = a1(1 − r )

a1(1 − r ) + b1(1 + r )

A2 = 2

a2 (a1(1 − r ) + b1(1 + r ))

. (12)

Using eq. (5), the solution for the specific flow rate is:

Fj = V0 − kg
j

η

∂p j

∂z
= V0 − kg

j

η
γ j (1 + i)p0eiωt

(
A j e

γ j (1+i)z − Bj e
−γ j (1+i)z

)
, (13)

which we write, for later convenience:

Fj = V0 − s jε
g
j e

iωt (1 + i)
(

A j e
γ j (1+i)z − Bj e

−γ j (1+i)z
)
, (14)

defining the frequency dependent parameter:

s j = kg
j γ j

ηε
g
j

p0. (15)

2.3 Radon flux and concentration response to barometric oscillations

2.3.1 General harmonic expansion

To find a solution of the non-linear differential equation eq. (3), we follow the linearization method used by Massman (2006) and we write
the solution as a harmonic expansion:

c j (z, t) = c j0(z) +
∞∑

n=1

c jn(z)einωt enγ j (1+i)z . (16)

The expansion eq. (16) introduces the functions c jn(z), which are the harmonic n terms of the radon concentration in layer j. In this
expansion, the term n = 0 is the static solution, n = 1 the response at the forcing frequency (fundamental frequency) and the terms n ≥ 2
correspond to the higher harmonics resulting from the non-linear coupling between the radon evolution equation and the gas flow. In the limit
of large atmospheric mixing compared with the characteristic transport times of radon, we have c1n(z = 0) = 0 for n ≥ 1.

Using eq. (16), we can write the harmonic expansion of the derivatives:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂c j

∂t
=

∞∑
n=1

c jninω einωt enγ j (1+i)z

∂c j

∂z
= dc j0

dz
+

∞∑
n=1

(
dc jn

dz
+ nγ j (1 + i)c jn

)
einωt enγ j (1+i)z

∂2c j

∂z2
= d2c j0

dz2
+

∞∑
n=1

(
d2c jn

dz2
+ 2nγ j (1 + i)

dc jn

dz
+ 2in2γ 2

j c jn

)
einωt enγ j (1+i)z

, (17)

and of the surface radon flux �s(t):

�s(t) = �1(0, t) = F1ce − ε
g
1 Dg

1

∂c1

∂z
=

∞∑
n=0

�sneniωt , (18)

with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�s0 = V0ce − ε
g
1 Dg

1

dc10

dz

∣∣∣∣
z=0

�s1 = −s1ε
g
1 ce(1 + i) (A1 − B1) − ε

g
1 Dg

1

dc11

dz

∣∣∣∣
z=0

�sn≥2 = −ε
g
1 Dg

1

dc1n

dz

∣∣∣∣
z=0

. (19)
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Injecting the expression of the derivatives eq. (17) into eq. (3), we obtain:

∞∑
n=1

c jn inω einωt enγ j (1+i)z = λĉ j − λ

(
c j0 +

∞∑
n=1

c jneinωt enγ j (1+i)z

)
− (

W j0 − s j (1 + i)eiωt
(

A j e
γ j (1+i)z − Bj e

−γ j (1+i)z
))

×
(

dc j0

dz
+

∞∑
n=1

(
dc jn

dz
+ nγ j (1 + i)c jn

)
einωt enγ j (1+i)z

)

+ D j

(
d2c j0

dz2
+

∞∑
n=1

(
d2c jn

dz2
+ 2nγ j (1 + i)

dc jn

dz
+ 2in2γ 2

j c jn

)
einωt enγ j (1+i)z

)
(20)

The solutions for the harmonic functions cjn(z) can now be found from eq. (20) by identifying the harmonic terms in sequence (Massman
2006).

2.3.2 Static solution for radon concentration and flux

First, identifying the static terms with n = 0, we obtain the following equation for cj0(z):

D j
d2c j0

dz2
− W j0

dc j0

dz
− λc j0 = −λĉ j . (21)

This equation has a particular solution c j0 = ĉ j and the left-hand side has general solutions of the form c j0(z) = eβ j0z with:

D jβ
2
j0 − W j0β j0 − λ = 0, (22)

thus:

β±
j0 =

W j0 ±
√

W 2
j0 + 4λD j

2D j
. (23)

The general static solution in each medium j is then:

c j0(z) = ĉ j + Bj0eβ+
j0z + B̃ j0eβ−

j0z
, (24)

where Bj0 and B̃ j0 are constants. Since β−
j0 < 0, a finite cj0 solution for z = −∞ imposes B̃20 = 0. In addition, we have the boundary

condition c10(z = 0) = ce and the continuity of radon concentration and conservation of radon flux at z = z1, which gives two additional
conditions:⎧⎨
⎩

c10(z1) = c20(z1)

�10(z1) = �20(z1)
. (25)

Using eq. (6) and because of the continuity of Fj and cj at the interface, the second equation of eq. (25) gives:

ε
g
1 Dg

1

dc10

dz

∣∣∣∣
z=z1

= ε
g
2 Dg

2

dc20

dz

∣∣∣∣
z=z1

. (26)

The explicit solutions for the three constants B20, B10 and B̃10 are given in Appendix A. Such multilayer calculations of the static radon
concentration versus depth and of the static surface flux have been considered previously (Holford et al. 1993; Ho 2008; Antonopoulos-Domis
et al. 2009; Girault & Perrier 2012a).

2.3.3 Fundamental and higher harmonics solution for radon concentration and flux

To obtain the general harmonic term n ≥ 1, the harmonic terms of order n are identified in eq. (20), leading to:

c jninω = −λc jn − W j0

(
dc jn

dz
+ nγ j (1 + i)c jn

)
+ s j (1 + i)

(
A j − Bj e

−2γ j (1+i)z
) (

dc j(n−1)

dz
+ (n − 1)γ j (1 + i)c j(n−1)

)

+ D j

(
d2c jn

dz2
+ 2nγ j (1 + i)

dc jn

dz
+ 2in2γ 2

j c jn

)
, (27)

which can be rearranged into the following linear differential equation of the second order:

D j
d2c jn

dz2
− X jn

dc jn

dz
− Y jnc jn = −s j (1 + i)

(
A j − Bj e

−2γ j (1+i)z
) (

dc j(n−1)

dz
+ (n − 1)γ j (1 + i)c j(n−1)

)
, (28)
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with⎧⎨
⎩

X jn = W j0 − 2D j nγ j (1 + i)

Y jn = λ + niω + W j0nγ j (1 + i) − 2D j in2γ 2
j .

(29)

The left-hand side of eq. (28) has general solutions of the form c jn(z) = eβ jn z with:

D jβ
2
jn − X jnβ jn − Y jn = 0, (30)

which, using eq. (29), gives:

β±
jn = W j0

2D j
− nγ j (1 + i) ±

√
W 2

j0

4D2
j

+ λ + niω

D j
. (31)

This expression is also valid for n = 0. Let us now prove that the general harmonic solution with n ≥ 1 in each medium j can be expressed
as a sum of Mn exponential terms:

c jn(z) =
Mn−1∑
k=0

Cn
jkeηn

jk z
, (32)

where Cn
jk and ηn

jk are constants.
The form of eq. (32) and the expression of the constants can be found iteratively by imposing eq. (28). Indeed, let us assume that eq.

(32) is valid at order n − 1 and that we know Mn−1 and the constants Cn−1
jk and ηn−1

jk with 0 ≤ k ≤ Mn−1 − 1. The right-hand side of eq. (28)
becomes:

− s j (1 + i)
(

A j − Bj e
−2γ j (1+i)z

) Mn−1−1∑
k=0

Cn−1
jk

(
ηn−1

jk + (n − 1)γ j (1 + i)
)
eηn−1

jk z
, (33)

hence a sum of 2Mn−1 exponential terms.
A particular solution of eq. (28) can then be exhibited in the form:

2Mn−1−1∑
k=0

Cn
jkeηn

jk z
, (34)

with, for 0 ≤ k ≤ Mn−1 − 1, the following parameters:

ηn
jk = ηn−1

jk , (35)

Cn
jk = −s j (1 + i)A j

ηn−1
jk + (n − 1)γ j (1 + i)

D jη
n
jk

2 − X jnη
n
jk − Y jn

Cn−1
jk (36)

and, for Mn−1 ≤ k ≤ 2Mn−1 − 1:

ηn
jk = ηn−1

jk − 2γ j (1 + i), (37)

Cn
jk = s j (1 + i)Bj

ηn−1
jk + (n − 1)γ j (1 + i)

D jη
n
jk

2 − X jnη
n
jk − Y jn

Cn−1
jk . (38)

The general solution of eq. (28), thus, is the sum of the general solution of the left-hand side of eq. (28) and the particular solution given
by eq. (34):

c jn(z) =
2Mn−1−1∑

k=0

Cn
jkeηn

jk z + Bjneβ+
jn z + B̃ jneβ−

jn z
, (39)

where Bj0 and B̃ j0 are constants. This expression is of the form given by eq. (32) with:

Mn = 2Mn−1 + 2, (40)

ηn
j(Mn−2) = β+

jn, (41)

Cn
j(Mn−2) = Bjn, (42)

ηn
j(Mn−1) = β−

jn (43)
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and

Cn
j(Mn−1) = B̃ jn . (44)

Since β−
jn < 0, a finite cjn solution for z = −∞ imposes B̃2n = 0. The three constants B2n , B1n and B̃1n are found, in terms of known

quantities, by imposing the continuity of cjn and the conservation of radon flux at z = z1. The necessary manipulation of the continuity
conditions and the explicit solutions for B2n , B1n and B̃1n are given in Appendix A. Since M0 = 2, according to eq. (40), for n = 1, the
solution is a sum of 6 exponential terms, for n = 2, a sum of 14 terms, for n = 3, a sum of 30 terms and for n = 4, a sum of 62 terms.

3 R E S U LT S A N D S E N S I T I V I T Y S T U D I E S I N T H E C A S E O F S L I G H T A DV E C T I O N

In practice, some frequencies have a particular importance. The example, shown in Fig. 1, of a Fourier amplitude spectrum of the atmospheric
pressure recorded in Paris (France), shows a dominating barometric tide S2 (12 hr), with a mean harmonic amplitude of 42 Pa (twice the
amplitude in the power spectrum). Furthermore, the diurnal peak S1 is significant, with a mean amplitude 32 Pa. Peaks at 8 and 6 hr are also
clear, with harmonic amplitudes of 13 and 6 Pa, respectively. A peak at 4 hr is barely visible, opening the possibility that a significant peak
at 4 hr in a radon power spectrum could only be a harmonic 3 response from the soil to the S2 oscillation. The barometric tide S2 is more
pronounced at lower latitudes (Simpson 1919; Lindzen & Chapman 1969). In the following, except when stated otherwise, we consider a
S2 barometric oscillation with amplitude 100 Pa. This value is consistent with amplitude values considered by other workers (Holford et al.
1993).

We first examine some general aspects of the flow response to barometric oscillation in our soil + bedrock model, and then we
turn to the radon response. Different situations are considered, with the numerical values of parameters given in Table 1. Case 1 cor-
responds to the commonly encountered situation of a permeable soil (k1 = 10−12 m2 = 1 D) over a moderately permeable bedrock
(k2 = 2 × 10−13 m2 = 200 mD), with typical effective radium content of 4 Bq kg−1 for the bedrock and 10 Bq kg−1 for the soil (Girault &
Perrier 2011, 2012b; Girault et al. 2011). Case 2 describes the same soil, but over a bedrock as permeable as the soil. Case 3 corresponds to
a homogeneous half-space having the parameters of the soil of case 1. Case 1B is an alternative of case 1 with the bedrock having low ECRa

and case 2B is an alternative of case 2 with stronger static advection. Cases 4, 5 and 5B correspond to highly permeable soils and bedrocks,
where very large permeability values are considered (>10−11 m2, cases 4, 5 and 5B in Table 1), corresponding, for example, to a gravel layer
over a sandy layer. Such situations are less likely to occur often in practice, but lead to spectacular effects.

3.1 Pore airflow

Pore airflow is sensitive to soil and bedrock permeability (Nilson et al. 1991; Holford et al. 1993). In the case of a moderately permeable
bedrock (k2 = 2 × 10−13 m2 or 200 mD), the flow amplitude at the ground surface (Fig. 2a) is of the order of 0.04 cm d−1 at low soil
permeability (k1 = 10−16 m2 or 0.1 mD), increasing with soil permeability to a value of about 0.6 cm d−1, independent of permeability, for

Figure 1. Fast Fourier Transform (FFT) amplitude spectrum of atmospheric pressure, recorded in Paris (France) from 1997 to 2005 with a sampling time of
1 hr (data from Météo-France), versus frequency expressed in cycles per day (cpd).
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Table 1. Parameters and main results for the harmonic amplitudes n ≤ 4 of radon flux and radon concentration at 30 and 65 cm depth, for various cases,
and for a S2 surface barometric oscillation of 100 Pa amplitude. Bedrock/soil interface is located at 60 cm depth. Soil temperature is considered to be 10 ◦C,
corresponding to a radon water to air partition coefficient of 0.35. Calculations correspond to the advective-diffusive model described in Section 2.

Quantities Case 1 Case 1B Case 2 Case 2B Case 3 Case 4 Case 5 Case 5B
Permeable with low Permeable with Identical Soil and Soil with with low
soil with radon soil with slight permeable bedrock with very large radon

moderately source in permeable advection soil and large permeability source in
permeable bedrock bedrock bedrock permeability bedrock
bedrock

Soil properties:
Permeability k1 (m2) 10−12 10−12 10−12 10−11 10−10

Porosity ε1 (per cent) 25 25 25 40 35
Saturation Sw1 (per cent) 10 10 10 10 10
ECRa1 (Bq kg−1) 10 10 10 10 10

Bedrock properties:
Permeability k2 (m2) 2 × 10−13 10−12 10−12 10−11 10−11

Porosity ε2 (per cent) 10 10 25 40 10
Saturation Sw2 (per cent) 50 50 10 50 50
ECRa2 (Bq kg−1) 4 0.2 4 10 0.2 4 0.2

Static flow (m s−1) 10−8 10−8 2 × 10−7 10−8 10−8 10−8 10−8

Calculated soil parameters:
Relative permeability 0.9 0.9 0.9 0.9 0.9
Pneumatic diffusivity α1 (m2 s−1) 0.022 0.022 0.022 0.14 1.6
Radon diffusivity D1 (m2 s−1) 2.5 × 10−6 2.5 × 10−6 2.5 × 10−6 3.6 × 10−6 3.3 × 10−6

Calculated bedrock parameters:
Relative permeability 0.36 0.36 0.9 0.36 0.36
Pneumatic diffusivity α2 (m2 s−1) 8 × 10−3 0.04 0.022 0.1 0.4
Radon diffusivity D2 (m2 s−1) 6.7 × 10−8 6.8 × 10−8 2.5 × 10−6 9.4 × 10−7 6.7 × 10−8

Static radon flux (10−3 Bq m−2 s−1) 26 22 26 47 43 18 24 20
Flux harmonic amplitudes:
n = 1 0.26 0.29 0.50 0.39 3.6 1.4 0.22 0.93
n = 2 3.5 × 10−3 1.6 × 10−3 0.016 0.055 0.13 0.045 0.30 0.016
n = 3 9 × 10−5 1.4 × 10−6 9.6 × 10−4 4.1 × 10−3 2.2 × 10−3 7.7 × 10−4 0.06 6.6 × 10−4

n = 4 1.8 × 10−6 6.6 × 10−8 4.2 × 10−5 3 × 10−4 10−5 8 × 10−6 6.5 × 10−3 6.6 × 10−5

Concentration at 30 cm depth
Static (Bq m−3) 10 400 8600 10 400 20.4 × 103 19 × 103 2900 5200 4200
Harmonic amplitudes:
n = 1 55 36 125 554 682 82 316 72
n = 2 2.7 0.02 13 42 7.3 0.59 115 1.8
n = 3 0.08 2.7 × 10−3 0.88 2.7 0.27 0.05 26 0.25
n = 4 1.3 × 10−3 4.8 × 10−5 0.03 0.27 5.6 × 10−3 10−3 2.4 0.024
Concentration at 65 cm depth
Static (Bq m−3) 51 × 103 10 100 51 × 103 127 × 103 34.8 × 103 3500 45 × 103 6000
Harmonic amplitudes:
n = 1 4530 165 10 100 8700 470 53 34 000 350
n = 2 156 6.4 775 2100 4.9 6.2 8600 75
n = 3 22 0.86 242 124 0.11 0.18 8540 79
n = 4 1.7 0.065 41 3.2 × 10−3 0.02 4600 42

Phase peak surface flow 0.343 0.344 0.360 0.360 0.375 0.371 0.367 0.367

Phase peak radon flux 0.420 0.435 0.440 0.482 0.485 0.452 0.600 0.453
(harmonic n = 1)

soil permeability larger than 10−13 m2 (100 mD). Amplitude is decreasing slowly with depth, with a stronger attenuation with depth at low
soil permeability.

The effect of bedrock permeability on the specific flow is larger than the effect of soil permeability (Fig. 2b). For an almost impermeable
bedrock (k2/k1 < 10−4), specific flow at the ground surface is constant at 0.18 cm d−1, basically imposed by the soil layer, with negligible
motion in the bedrock. When the bedrock permeability becomes significant compared with the soil permeability (k2/k1 > 0.1), the amplitude
of the flow increases proportionally to k2, and flow amplitude is hardly attenuated at typical soil depth values, which are also typical instrument
positions. Thus, in a first approximation, it is the bedrock permeability that controls the amplitude of the flow, and, consequently the related
advective transport of radon. Water content significantly affects airflow (Fig. S1) because of the same reason. Signatures of S2 advection in a
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Radon response to barometric oscillations 953

Figure 2. Harmonic 1 specific flow versus soil permeability (a) and versus the ratio of bedrock permeability to soil permeability (b), at the ground surface and
at two depth positions (30 and 65 cm). Fixed parameters correspond to case 1 in Table 1. Soil thickness is 60 cm. Surface pressure oscillation is a S2 wave with
100 Pa amplitude.

Figure 3. Static and harmonic amplitudes of specific flow (top plot) and radon concentration (bottom plot) versus position (depth) in the medium. Fundamental
term is indicated by f and harmonic n by nf. The parameters of the bedrock and soil layer, indicated at the top, correspond to case 1 in Table 1. Static advective
Darcy velocity is V0 = 10−8 m s−1.

soil indicate sufficiently large soil permeability and the presence of sufficiently thick permeable bedrock. This statement needs to be revised
in the presence of near-surface water table (Nilson et al. 1991; Holford et al. 1993; Robinson et al. 1997). Nevertheless, in the following and
when analysing radon harmonics, we can rely on this guiding principle.

3.2 Harmonic amplitude of radon concentration versus position

The effect of barometric pumping on radon concentration varies strongly with depth (Figs 3–7). In case 1 (Fig. 3), the attenuation of the
pressure wave is moderate in the bedrock and the amplitude of the first harmonic of the flow, of the order of 0.4–0.6 cm d−1, dominates
over the static Darcy velocity, negligible in this configuration. Radon concentration is large at depth in the bulk of the bedrock, of the order
of 150 × 103 Bq m−3, with a rapid decrease to 15 × 103 Bq m−3 at the interface with the soil. The amplitude of the first harmonic of the
concentration shows a notable spatial variation: increasing slowly when penetrating into the soil layer to a maximum value of 282 Bq m−3,
at the interface, and showing a rapid increase in the bedrock to a large maximum value of about 4500 Bq m−3, 5 cm below the interface,
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Figure 4. Static and harmonic amplitudes of specific flow (top plot) and radon concentration (bottom plot) versus position (depth) in the medium. Fundamental
term is indicated by f and harmonic n by nf. The parameters of the bedrock and soil layer, indicated at the top, are identical and correspond to case 3
(homogeneous half-space) in Table 1. Static advective Darcy velocity is V0 = 10−8 m s−1.

Figure 5. Static and harmonic amplitudes of specific flow (top plot) and radon concentration (bottom plot) versus position (depth) in the medium. Fundamental
term is indicated by f and harmonic n by nf. The parameters of the bedrock and soil layer, indicated at the top, correspond to case 2 (permeable bedrock) in
Table 1. Static advective Darcy velocity is V0 = 10−8 m s−1.

followed by an exponential attenuation below this maximum. The second harmonic, with a maximum of 246 Bq m−3 in the bedrock, 2 cm
below the soil interface, should also be visible in an amplitude spectrum, while the third harmonic, with a maximum of 22 Bq m−3, 5 cm
below the soil in the bedrock, is not insignificant. Our calculation, thus, shows that, in a bedrock + soil configuration, fundamental and higher
harmonic amplitudes of radon concentration are largest just below the interface, with rapid reductions around the maximum. Exact depth of
the instruments then becomes a critical issue to be aware of.

The situation is radically different in a homogeneous half-space (case 3, Fig. 4). Only the amplitude of the fundamental is significant
and it is largest in the vicinity of the surface, with a maximum of 682 Bq m−3 at 30 cm depth, but rather constant between 50 and 15 cm
depth. The enhancement of the harmonic response in case 1, compared with the homogeneous half-space, is therefore essentially due to the
strong gradient of the static radon concentration in the vicinity of the interface. Thus, large amplitude of the radon concentration results not
only from the presence of penetrating flow, due to a permeable basement, but, also, and mainly, from the presence of conditions creating large
gradients of static radon concentration.
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Figure 6. Static and harmonic amplitudes of specific flow (top plot) and radon concentration (bottom plot) versus position (depth) in the medium. Fundamental
term is indicated by f and harmonic n by nf. The parameters of the bedrock and soil layer, indicated at the top, correspond to case 2B (permeable bedrock with
slight advection) in Table 1. Static advective Darcy velocity is V0 = 2 × 10−7 m s−1.

Figure 7. Static and harmonic amplitudes of specific flow (top plot) and radon concentration (bottom plot) versus position (depth) in the medium. Fundamental
term is indicated by f. The parameters of the bedrock and soil layer, indicated at the top, correspond to case 4 (very permeable bedrock and soil, negligible
radon production in bedrock) in Table 1. Static advective Darcy velocity is V0 = 10−8 m s−1.

Larger bedrock permeability, in the presence of similar static gradients as case 1, results in larger harmonic amplitude (case 2, Fig. 5).
In this case, the maximum fundamental response is 10 × 103 Bq m−3 and occurs, again, in the bedrock, 5 cm below the soil interface, while
the predicted amplitudes of higher harmonics n = 2, 3 and 4 are larger than 40 Bq m−3 (Table 1).

In the presence of slight advection (V0 = 10−7 m s−1, case 2B in Table 1), radon concentration distributions are squeezed from below
against the bedrock/soil interface (Fig. 6). The maximum fundamental response now becomes 18 × 103 Bq m−3, 3 cm below the interface,
and the first harmonic to about 2170 Bq m−3, occurring 5 cm below the interface. The response in the soil is also significantly enhanced, with
fundamental amplitude larger than 200 Bq m−3 from 60 to 18 cm depth.

When radon production in the bedrock is small (case 4, Fig. 7), the static radon concentration near-surface and radon flux at the surface
remain similar (22 × 10−3 Bq m−2 s−1 compared with 26 × 10−3 Bq m−2 s−1 for the flux, see Table 1), but the spatial variation of the
harmonic response is completely different, with all harmonics becoming negligible except the fundamental. Now, the fundamental shows
two maxima: one in the bedrock, with peak amplitude 165 Bq m−3, 5 cm below the interface, and one in the soil, with peak amplitude
41 Bq m−3, 20 cm below surface. While the static distribution in the soil is similar in cases 1 and 4, the response to the S2 oscillation is
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Figure 8. Temporal variation in one period of atmospheric pressure (a), surface specific flow (b) and surface radon flux (c). Full line corresponds to case 1
in Table 1 and the dashed line to uniform half-space (case 3 in Table 1). To allow comparison with case 1, amplitudes of specific flow and radon flux for the
uniform half-space have been divided by 10.

completely different. Thus, measuring the S2 response, even in the shallow soil region, potentially provides a probe of both shallow and
deeper radon sources.

When larger permeability values are considered (>10−11 m2, cases 4, 5 and 5B in Table 1), the harmonic response for the S2 oscillation
can reach significant values for concentrations for all orders n ≤ 4 (Table 1), but only when a significant radon source is present in the bedrock.
By contrast, response for the surface radon flux remains small, except for the fundamental in case 4, which is then about 10 per cent of the
static amplitude, similar to the case of a homogeneous half-space (case 3).

Another possibility to obtain large barometric response is the presence of anomalously large effective radium concentrations. Values
of ECRa larger than 100 Bq kg−1 for the soil are rare, but nevertheless can occur in natural conditions (Nguyen et al. 2005; Sakoda et al.
2010; Girault & Perrier 2012b), and also, for example, in the case of former industrial sites with layers of uranium mill tailings (White &
Rood 2001; Ferry et al. 2002; Gutiérrez et al. 2004). When, in the conditions of case 1, we take 100 Bq kg−1 for the soil layer, the static flux
becomes 228 × 10−3 Bq m−2 s−1, and the amplitude of the first harmonic 357 Bq m−3 at 30 cm depth and 838 Bq m−3 at 65 cm depth. More
spectacular enhancements are observed when the value of 100 Bq kg−1 is taken for the bedrock. Then, the amplitude of the first harmonic
becomes 1340 Bq m−3 at 30 cm depth and 120 × 103 Bq m−3 at 65 cm depth, for a static flux of 114 × 10−3 Bq m−2 s−1. This illustrates
again the sensitivity of the barometric response to conditions at depth, while the static flux is more sensitive to the conditions in the soil. Such
high values of ECRa are not necessarily rare for rocks, even in the absence of uranium ore (Stranden et al. 1984; Sakoda et al. 2008; Lee et al.
2010; Girault & Perrier 2012b).

3.3 Phase of the first harmonic of radon flux and concentration

Significant information is also contained in the phase (Fig. 8). In a homogeneous half-space (case 3, dashed lines), the surface-specific flow
response lags behind pressure by 3/8 of a period, as it is well known for heat flux (Carslaw & Jaeger 1946). Radon flux at the surface, by
contrast, lags behind pressure by about half a period.

The relative phases are different in the case of a bedrock/soil interface (case 1, full lines in Fig. 8). Specific flow lags behind pressure
by about 0.343 period, instead of 3/8, and surface radon flux by 0.42 period. While the phase shift in the presence of shallow heterogeneity is
not tremendous, it might be sufficient to be observable. Recent experimental observations with CO2 flux in the Azores archipelago (Rinaldi
et al. 2012), while complicated by other effects, suggest lag times of the order of 6 hr, similar to the predictions of our model. Such promising
observations suggest that precise experimental data soon will be available to test the various analytical or numerical models. Techniques
allowing the observation of phases in small oscillatory signals (Groves-Kirkby et al. 2006) then will be of great help.

3.4 Response attenuation versus harmonic order

The relative amplitudes of the fundamental and of the higher harmonics are meaningful. Let us first consider the first harmonics (n ≤ 4) for
various pressure oscillations in case 1 (Fig. 9). We consider the main peaks observed in a typical atmospheric pressure time-series (Fig. 1),
and we compare the various amplitudes of response versus frequency. For surface radon flux, the main response is the fundamental of the S2
oscillation, with amplitude of about 0.26 × 10−3 Bq m−2 s−1, which, however, may not be easy to detect experimentally given the difficulties
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Figure 9. Harmonic amplitudes versus frequency for radon surface flux (a) and radon concentration at two depth values (b) for a 24 hr barometric oscillation
with 30 Pa amplitude (diamonds), a 12 hr barometric oscillation with 100 Pa amplitude (triangles), a 8 hr barometric oscillation with 16 Pa amplitude (squares)
and a 6 hr barometric oscillation with 6 Pa amplitude (knots). The parameters of the bedrock and soil layer, indicated at the top, correspond to case 1 (moderately
permeable bedrock below permeable soil, common radon production in bedrock) in Table 1.

Figure 10. Harmonic amplitudes versus frequency for radon surface flux (a) and radon concentration at a depth of 65 cm (b) for a 12 hr barometric oscillation
with 100 Pa amplitude for the various cases considered in Table 1.

in measuring radon flux (Girault et al. 2009). The second harmonic of the S3 response is of the same order of magnitude as the third harmonic
of the S2 response, both being, however, extremely small.

Larger and more surprising effects are noted when looking at the harmonic responses of concentration (Fig. 9b). At the critical depth
of 65 cm, not only the fundamental responses at 24, 12, 8 and 6 hr should be easily detectable, with amplitudes larger than 50 Bq m−3, but
some higher harmonics as well. The decrease of amplitude with increasing order is less pronounced for S2 than for S1. Higher frequencies,
thus, tend to enhance non-linear couplings and the generation of higher harmonics. Remarkably, the third harmonic of the S2 oscillation, with
amplitude of 162 Bq m−3 at 65 cm depth, should be detectable and, furthermore, dominates the second harmonic of the S3 oscillation. Thus,
the 4 hr peak, in this case, is predicted to be almost purely the third harmonic of the S2 wave.

The fundamental and the higher harmonics are sensitive to the bedrock parameters and the presence of advection, even slight (Fig. 10).
The amplitudes vary by almost two orders of magnitude, both for the surface flux and the concentration at the critical depth of 65 cm
(Fig. 10b). Cases providing large amplitudes in the surface flux (cases 3 and 4, corresponding to permeable and very permeable bedrock) are
not cases yielding the largest amplitudes in the concentration, which are cases 2, 2B and 1. Thus, while obtaining time-series of radon flux
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Figure 11. Peak to peak amplitude of the radon concentration response at 30 cm depth, including harmonics n up to degree 5, for the various cases considered
in Table 1 with negligible advection (V0 = 10−8 m s−1, full line), and with slight advection (V0 = 10−7 m s−1, dashed line). The label numbers at the top and
the side refer to the cases.

is difficult, comparing the peaks in flux and concentration spectra would provide critical constraints on the parameters of the shallow versus
deeper subsurface.

Case 5 provides an example where the largest response in the flux is in the second harmonic (see Table 1), with significant third- and
fourth-order response in the concentration. This case illustrates in a spectacular manner the non-linear nature of the advection-diffusion
problem and that, in some cases, a first-order calculation can be incorrect. The non-linearity of the response is further displayed in Fig. 11,
which shows the amplitude of the concentration response versus the amplitude of the barometric oscillation, with or without advection. While
some conditions lead to an almost linear response (cases 1, 3 and 4), a pronounced non-linear response appears for cases 2 and 5. The presence
of slight advection in case 2 restores a linear trend. Non-linearity, thus, is not necessarily associated with a large response.

3.5 Sensitivity of radon flux and concentration harmonic responses to model parameters

The static and harmonic responses to the S2 oscillation for the surface radon flux and radon concentration at a typical depth are modified by
advection in different manners. In Fig. 12, the effect of the static advection is studied for case 4, for which the accessible range of V0 values
is larger. Indeed, instabilities tend to appear in the calculations when V0 is larger than 10−6 m s−1. While the static radon flux at the surface is
increasing with increasing advection (Fig. 12a), the harmonic amplitudes are not changed by more than a factor of 2–4. Thus, the harmonic
amplitudes are more sensitive to the presence of bedrock radon sources (case 1 versus case 1B) than to the presence of advection. For large
values of V0, the amplitudes converge to the amplitudes obtained in a purely advective calculation (see below).

Not only the bedrock radon source term bears a crucial importance on the harmonic amplitudes, but also the properties of bedrock
and soil, for example, water saturation of bedrock (Fig. 13). Water saturation affects both the pneumatic diffusivity (eq. 2) and the radon
diffusion coefficient (see Section 2.1). The effect of water saturation on the source term (eq. 4) plays only a secondary role. Thus, two main
effects compete in Fig. 13. At low bedrock water saturation, the harmonic amplitudes are enhanced by about a factor of 10, compared with
the minimum, because radon diffusion coefficient is larger. At large bedrock water saturation, the amplitudes increase because the flow gets
more confined near the soil interface, where static concentration gradients are important.

The effect of other parameters depends on the conditions (Figs S2–S6). In all cases, while subsurface parameters can have important
effects on the static and harmonic responses, static and harmonic parameters of flux and concentration tend to react in different ways. When
advection is not significant, bedrock porosity, for example, has a notable effect on the harmonic 1 response only (Fig. 14). Larger bedrock
porosity indeed produces larger flux response, a situation opposite to the situation for radon concentration at depth discussed previously. The
effect is significant only when the bedrock is sufficiently permeable (case 2, permeable bedrock), but not otherwise (case 1). However, the
effect of bedrock porosity is only negligible for the radon flux in the absence of advection. Indeed, the presence of a slight advection tends to
stretch the distributions. Thus, the experimental measurement of these quantities could lead to decipherable information on the structure of
the deeper subsurface using very shallow measurements.
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Figure 12. Static and harmonic amplitudes of surface radon flux (a) and radon concentration at 45 cm depth (b) versus static specific flow. The full lines
correspond to the advective-diffusive model (Section 3) and the dashed lines to the purely advective model (Section 4). Conditions refer to case 4 in Table 1
and a S2 oscillation with 100 Pa amplitude.

Figure 13. Static and harmonic amplitudes of surface radon flux (a) and radon concentration at 45 cm depth (b) versus bedrock water saturation. Conditions
refer to case 2 in Table 1 and a S2 oscillation with 100 Pa amplitude.

4 H A R M O N I C R E S P O N S E I N T H E P R E S E N C E O F S T RO N G A DV E C T I O N

The case of large V0 values is relevant for degassing hydrothermal systems and active volcanoes, and deserves a dedicated treatment. The
above calculations, indeed, are not adequate because of numerical instabilities appearing for values of V0 larger than 10−6 or 10−4 m s−1,
depending on the considered case. More appropriate analytical expressions can be derived when diffusion effects can be neglected.

Let us consider N porous media separated by N – 1 horizontal interfaces zj, with 0 ≤ j ≤ N − 2. Medium j corresponds to
zj < z < zj−1 for 1 ≤ j ≤ N − 2. Medium 0 corresponds to z0 < z < 0 and medium N − 1 to z < zN−2. While, in principle, we can
solve the flow problem for N layers without difficulties (Perrier & Richon 2010, Appendix A), in this paper, we consider the case where
permeability and air-filled porosity for layer j ≥ 2 are the same as layer j = 1, so that we can continue to use the solution given in Section 2.
In the applications considered below, we mainly consider additional layers for the radon source term, without further complications for the
propagation of the pressure wave. In the following, quantities referring to the purely advective limit case are distinguished from the previous
advective-diffusive case by adding a bar above the symbols. The details of the calculation are given in Appendix B. We assume here that
spatial and temporal pressure variations remain sufficiently small, so that the linear eq. (1) remains valid.
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Figure 14. Fundamental (harmonic n = 1) response of surface radon flux versus static radon flux with changing bedrock porosity. Cases 1 and 2 from Table 1
are considered with negligible (10−8 m s−1 ∼= 0.09 cm d−1) or slight (10−7 m s−1 ∼= 0.86 cm d−1) static advection.

The purely advective case, with N = 2, and the high V0 limit of the advective-diffusive case described in Section 2, overlap when they
have a common domain of validity, around V0 = 10−5 m s−1 (Fig. 12). In the limit of high advection, the harmonic amplitudes of radon
concentration fall with increasing V0, and reach negligible values when V0 is of the order of 10−4 m s−1, corresponding to static radon flux
larger than about 500 × 10−3 Bq m−2 s−1. The harmonics of the surface flux also decrease rapidly, except the fundamental, which appears to
be constant versus V0 in Fig. 12(a). Indeed, at large V0, the fundamental response of radon flux has a constant limit given by:

�s1|V0→∞ = −s1ε
g
1 (1 + i) (A1 − B1) ĉ2. (45)

This result, nevertheless, has to be taken with proper caution, because eq. (1) assumes a linear behaviour of the pressure field, a hypothesis
that might need to be questioned in particular cases with large advection velocities.

In the following, we consider the situation N = 3. This allows us to evaluate the effect of a deep basement, in which the oscillation of
the flow is assumed to be zero, on the surface radon flux and shallow radon concentration. We consider that the basement is at 500 m and we
compare two situations (Table 2). In case A1, we have ECRa3 = 0.2 Bq kg−1, and the radon sources, consequently, are confined to the shallow
bedrock and the soil. In case A2, by contrast, we have ECRa3 = 10 Bq kg−1, illustrating a situation with significant radon sources at depth.
Results for the static and harmonic n = 1 components are given in Table 2.

The fundamental component of the specific flow and the static and fundamental harmonic of radon concentration are shown versus
position in the medium in Fig. 15 for case A1 (shallow radon sources). In this case, static radon concentration is imposed by the term
ĉ2 in the case of moderate advection (V0 = 10−5 m s−1), giving a concentration of 70 × 103 Bq m−3 in the shallow bedrock and the soil
(Fig. 15b). This value is reduced by about a factor of 2 when advection is larger (V0 = 10−4 m s−1), producing a static surface radon flux of
3.9 Bq m−2 s−1, instead of 0.7 Bq m−2 s−1 for V0 = 10−5 m s−1. While the bedrock/soil interface does not play any role in the static radon concen-
tration, indicating that radon production in the soil is negligible in the high-advection limit, the fundamental harmonic of radon concentration
is enhanced in the vicinity of the interface, especially for moderate advection, and reaches values of the order of 5 Bq m−3, maybe detectable
in favourable circumstances. In the case of high advection (Fig. 15b, dashed line), the amplitude is strongly reduced to values smaller than
0.5 Bq m−3, below likely detection. The fundamental amplitude of the flux (Table 2) amounts to 9.2 × 10−3 Bq m−2 s−1 for V0 = 10−5 m s−1.
This value is significant, but it is about 1.3 per cent of the static flux, and, hence, probably impossible to detect. This amplitude is even smaller
when larger static flow values are considered (Table 2).

The picture is qualitatively different in the case of deep radon sources (case A2, Fig. 16). In this case, static radon concentration is
increased when larger static advective flows are considered (Fig. 16c). The fundamental amplitude of radon concentration (Fig. 16b), by
contrast, is decreasing when static advective flow is increased (dashed line), but the effect is less pronounced than in the case A1 (Fig. 15b)
and the amplitude remains larger than 2 Bq m−3. Thus, a fundamental S2 response in radon concentration in the shallow soil, in presence of
large static advection, would be an indication for the presence of deep radon sources, because this situation cannot occur in the presence of
shallow radon sources only (case A1). This calculation, thus, suggests that searching for small S2 response in radon concentration time-series
is meaningful, even in the case of large advection. As for the fundamental harmonic in the surface radon flux (Table 2), while its value is
significant (larger than about 10 × 10−3 Bq m−2 s−1) and increasing with V0, it is a negligible fraction (below 1 per cent or even smaller than
10−3) of the static flux.
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Table 2. Parameters and main results for the harmonic amplitudes n ≤ 4 of radon flux and radon concentration at 30 and 65 cm
depth, for various cases, and for a S2 surface barometric oscillation of 100 Pa amplitude. Deep bedrock is located below a depth of
500 m. Bedrock/soil interface is located at 60 cm depth. Soil temperature is considered to be 10 ◦C, corresponding to a radon water
to air partition coefficient of 0.35. Calculations correspond to the purely advective model described in Section 4.

Quantities Case A1 Case A2
Shallow radon source Deep radon source

Soil properties:
Permeability k1 (m2) 10−12 10−12

Porosity ε1 (per cent) 25 25
Saturation Sw1 (per cent) 10 10
ECRa1 (Bq kg−1) 10 10

Shallow bedrock properties:
Permeability k2 (m2) 10−12 10−12

Porosity ε2 (per cent) 10 10
Saturation Sw2 (per cent) 50 50
ECRa2 (Bq kg−1) 2 2

Deep bedrock properties:
Porosity ε3 (per cent) 10 10
Saturation Sw3 (per cent) 50 50
ECRa3 (Bq kg−1) 0.2 10

Static flow (m s−1) 10−5 10−4 10−3 10−5 10−4 10−3

Static radon flux (10−3 Bq m−2 s−1) 697 3900 11 400 700 21 000 340 000
Flux harmonic amplitude n = 1 (10−3 Bq m−2 s−1) 9.2 5.2 1.5 9.3 28 45

Figure 15. Harmonic 1 of specific flow rate (a), radon concentration (b), static radon concentration (c) and spatial structure of ECRa (d) versus position in the
medium, for the case of shallow radon sources (case A1 in Table 2). Deep rock basement is located at 500 m depth below surface and bedrock/soil interface at
60 cm depth. Full lines of radon concentration correspond to a static advection of 10−5 m s−1 (0.9 m d−1) and dashed lines to 10−4 m s−1 (8.6 m d−1).

The two cases A1 and A2 are compared in Fig. 17, which shows the fundamental harmonic of the radon flux versus static radon flux,
with changing bedrock porosity. Reduction of bedrock porosity leads to strong enhancement of both static and fundamental harmonic of
radon flux, a situation qualitatively different from the situation dominated by diffusion, with low advection (Fig. 14). In the case of shallow
radon sources (case A1), the harmonic 1 amplitudes remain smaller than 20 × 10−3 Bq m−2 s−1, even in the presence of large advection. In
the case of deep radon sources (case A2), harmonic 1 amplitudes larger than 70 × 10−3 Bq m−2 s−1 are possible when the bedrock porosity
is small. In all cases, static radon flux and its harmonic 1 both remain small when the bedrock porosity is larger than 25 per cent, a situation
which is not very common in practice, but nevertheless possible.
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Figure 16. Harmonic 1 of specific flow rate (a), radon concentration (b), static radon concentration (c) and spatial structure of ECRa (d) versus position in the
medium, for a case with deep radon sources (case A2 in Table 2). Deep rock basement is located at 500 m depth below surface and bedrock/soil interface at
60 cm depth. Full lines of radon concentration correspond to a static advection of 10−5 m s−1 (0.9 m d−1) and dashed lines to 10−4 m s−1 (8.6 m d−1).

Figure 17. Fundamental (harmonic n = 1) response of surface radon flux versus static radon flux with changing bedrock porosity. Cases A1 and A2 from
Table 2 are considered with significant (10−5 m s−1 ∼= 0.9 m d−1) or large (10−4 m s−1 ∼= 8.6 m d−1) static advection.

5 D I S C U S S I O N A N D E X A M P L E S O F A P P L I C AT I O N S

The analytic calculations presented in this paper are useful to understand the meaning of the presence or absence of peaks in the amplitude
spectrum of experimental radon time-series, as well as their temporal variations. The situation considered here of a homogeneous soil layer
over homogeneous bedrock, while an oversimplification of the natural context, is probably sufficient at the current stage. The results obtained
in selected situations (Tables 1 and 2) provide important guidelines to install the instruments in relevant locations. One of the main results is
that the harmonic responses, while not necessarily large in the soil layer, are strongly enhanced in the bedrock, just below the soil interface.
This barometric sensitive zone, with a thickness of a few centimetres, is specific to radon-222 and is also extremely sensitive to the transport
properties of the media, beyond simply the radon source term ECRa. While more difficult to observe, harmonic response is also present in the
radon surface flux, with signatures, which are usually complementary to the signatures observed in radon concentration.

Interpretations proposed so far have concentrated mostly on the S1 and S2 harmonic responses (Pinault & Baubron 1996; Richon et al.
2009; Crockett et al. 2010). When no S2 peak was observed in radon concentration time-series, for example, in Alpine grassland (Perrier
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Figure 18. Amplitude spectra of radon concentration, temperature and atmospheric pressure recorded in 2005, with a sampling time of 1 hr, at a depth of
30 cm in the soil at the Syabru-Bensi hydrothermal system in Central Nepal (Perrier et al. 2009b).

et al. 2009a), it has been tempting to conclude that both soil and shallow bedrock were impermeable. In this case, this conclusion was actually
confirmed by independent measurements and direct observation, but, by itself, an observation using radon alone was not sufficient. For
example, we have exhibited configurations with high permeability giving a small S2 response in the shallow radon concentration (Table 1),
including the simple situation of the homogeneous half-space (case 3, Fig. 4).

When a S2 response appears in the radon time-series, interpretation also needs to remain cautious. Let us consider, for example, a
time-series of radon concentration obtained at 30 cm depth in the soil near the Syabru-Bensi hot springs in Central Nepal (Perrier et al. 2009b;
Crockett et al. 2010; Richon et al. 2011). An amplitude spectrum is shown in Fig. 18, together with the amplitude spectra of temperature
and atmospheric pressure recorded at the same location with the same sensor (a BMC2 probe from Algade, France). At the latitude of Nepal
(28◦N), the barometric tide S2 is conspicuous (1.2 hPa), but the S1 amplitude is also large (1 hPa). In the radon amplitude spectrum, the
dominating response is a diurnal wave, with amplitude about 800 Bq m−3, with a significant S2 peak with amplitude 400 Bq m−3. Both the
S1 and S2 responses of radon concentration show contrasted seasonal variations (Richon et al. 2011), with the S1 response being large during
the wet summer season and the S2 response being large during the dry winter season.

Our calculations can shed some lights on these observations, taking in this case P0 = 860 hPa. First, we do not expect a large difference
of response at 24 hr and at 12 hr, thus the fact that the S1 and S2 peaks in the radon spectrum are different, while the amplitudes of the
barometric oscillations are similar, indicates that most of the S1 radon response must be due to a different effect, and, most likely, a soil
temperature effect. Since the S2 peaks show up during the dry season while the S1 variation is small, the S2 peak must be due to atmospheric
pressure only, with little contamination from higher harmonics of temperature variations. This is also suggested by the fact that no significant
S3 peak is observed in the radon signal. The fact that no higher harmonics of S2 is observed at 4 or 6 cpd in the amplitude spectrum of radon
concentration is reasonable. We have shown (Fig. 10) that the higher harmonics are attenuated rapidly with increasing order, except in unusual
circumstances (case 5), which seem to be excluded on this particular site. The observed S2 amplitude (400 Bq m−3) is rather significant,
while not exceptional, among our studied cases (Table 1). This suggests that an interface with contrasted values of ECRa must be present in
the near-vicinity of the probe to sustain such a large S2 amplitude. No S2 response is observed when the radon probes are installed at 1 m
depth (Richon et al. 2011), suggesting that a possible heterogeneity must be located between 1 m and 30 cm depth, a hypothesis that can be
checked on site.

6 C O N C LU S I O N A N D P E R S P E C T I V E S

In this paper, we present a complete analytical calculation of the harmonic response of radon flux and concentration to a surface oscillation
of atmospheric pressure, in the case of a bedrock covered by a soil layer. The response is dramatically affected by the presence of an interface
and interpretations using simplified models based on a homogeneous half-space can be misleading. In general, the conditions leading to large
harmonic response are non-trivial and the large response is often localized in the immediate vicinity of the interface, and therefore easy to
miss in a blind experiment. Another result, important in practice for hydrothermal systems, is the fact that, when advection is large, then
harmonic response is damped at all orders in radon concentration, except, possibly, the fundamental harmonic of the surface radon flux. In
addition to grasping the physical complexity of the response, our analytical calculations, also, can be useful when testing numerical models
(Ferry et al. 2002; Rinaldi et al. 2012).
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Further refinements could be considered, and some are listed in the following with increasing importance. Other parametrizations of the
radon diffusion coefficient (Meslin et al. 2010) could be tested, as well as other more elaborated expressions for the relative permeability (Van
Genuchten 1980; Ferry et al. 2002). Furthermore, the effects of anisotropy and dispersion (Auer et al. 1996; Massman 2006) might need to
be considered. Nevertheless, such developments are meaningful only after detailed comparisons with experimental data are available. At this
time, indeed, the harmonic response of radon to barometric oscillation in the shallow soil, while mentioned in some studies (Richon et al.
2009, 2011), has not been studied in sufficient details since the initial pioneering studies (Pinault & Baubron 1996). One important question
that will need to be addressed with experimental data is whether the boundary conditions are valid in the immediate vicinity of the surface,
or need to be modified as suggested by some authors (Antonopoulos-Domis et al. 2009).

Beyond single harmonic oscillations, such as the S2 wave, the first and higher orders transfer functions between atmospheric pressure
and radon concentration might also be studied versus frequency, so that radon flux and concentration time-series can be calculated. This
problem is fundamentally different from the precise calculation of the effect of a given oscillation, as we have developed in this study, but
is of tremendous interest, especially for the estimation of the net flux excess (enhancement factor) induced in average by the presence of
barometric pumping. One important hypothesis in our calculation is the assumption of a steady state. Whether a steady state really can exist
in the soil, always exposed to numerous external factors, is an open problem, which probably cannot be ignored in the future when studying
barometric pumping of any component, including radon.

At some sites, such as active volcanoes (Zimmer & Erzinger 2003; Cigolini et al. 2009), the approach developed in this paper might
be largely insufficient, as temperature effects are considered to play an important role in shaping the response to pressure variations. Before
dedicated models are developed, nevertheless, it is necessary to investigate whether the observed response of radon is anomalous and
incompatible with the predictions of a simple soil over bedrock configuration. Our results indicate, indeed, that the response can show
surprising features in particular regions of the parameter space.

While currently available time-series might be revisited in light of our theoretical results, dedicated experiments need to be considered
so that large responses to barometric oscillations can be observed and analysed. To search for large S2 in order to estimate permeability, it is
necessary, first, to study carefully the static radon distribution, so that the sensors can be installed at the locations of the largest gradients. For
the moment, few studies address the static spatial distribution of radon in the vicinity of the probes installed for long-term measurements. It
would be helpful to choose a site with a permeable soil over permeable bedrock, close to the conditions covered by the calculations. Once
the static radon distribution is established, ideally to a depth of at least 2 m, it would be useful to install sensors, including in the top part of
the bedrock below the soil/bedrock interface, which is possible using probes installed in vertical pipes (Richon et al. 2011). When possible,
measurements of radon concentration in the soil should be complemented by continuous measurements of radon flux at the surface (Ferry
et al. 2001). When continuous radon flux measurements are not available, continuous measurements of CO2 flux (Viveiros et al. 2008; Rinaldi
et al. 2012) can provide complementary information. Ideally, it would be better to have time-series of both surface radon and CO2 fluxes.
Given the fact that seasonal effects are important and that, in particular, temperature effects complicate the interpretation, time-series of at
least 2 yr duration would be necessary for a meaningful study.

More generally, experiments designed for other purposes, such as the monitoring of volcanoes or active faults, should be implemented in
such a way that the basic physics and transport effects in the shallow layers, which still remain insufficiently well understood, could be studied
in a comprehensive manner. While detailed studies might not be possible in all circumstances, the search for anomalous signals associated
with geodynamical effects would benefit greatly if such detailed investigations could be carried out at least at selected locations. Actually,
not only the harmonic response to barometric oscillations need to be studied, but the whole transfer function between radon parameters and
atmospheric pressure, for frequencies between 10−7 and 10−3 Hz, would be of interest, with possible applications to transient signals analysis
(Ferry et al. 2002). Barometric oscillations are also important to study in relation to Earth tide waves, such as M2 and O1 oscillations, for
example, evidenced in radon concentration in a glacier cavity (Richon et al. 2012). This comparison provides an assessment of the sensitivity
of a given site to crustal hydromechanical influences versus meteorological influences. Such a global assessment of forcing parameters is
already undertaken by comparing S2 response to S1 response in the case of CO2 flux monitoring of volcanic areas (Rinaldi et al. 2012).
Recently, long-term radon monitoring in tectonically active areas has given clear indications of barometric oscillations (Kamra et al. 2013;
Zafrir et al. 2013). Oscillations due to ambient temperature or possibly novel physical effects have also been documented in radon signals
(Steinitz et al. 2011) or other observations (Sturrock et al. 2012). In radon time-series, the response to the barometric tide S2 appears certainly
as one important ingredient in the still poorly known physics of transport in our environment.
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López, R., 2004. Radon emanation measurements using silicon photodi-
ode detectors, Appl. Radiat. Isot., 60, 583–587.

Ho, C.K., 2008. Analytical risk-based model of gaseous and liquid-phase
radon transport in landfills with radium sources, Environ. Modelling
Softw., 23, 1163–1170.

Holford, D.J., Schery, S.D., Wilson, J.L. & Phillips, F.M., 1993. Modeling
radon transport in dry, cracked soil, J. geophys. Res., 98, 567–580.
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A P P E N D I X A : E X P L I C I T S O LU T I O N F O R C O N S TA N T S O F T H E H A R M O N I C
E X PA N S I O N I N T H E A DV E C T I V E - D I F F U S I V E C A S E

A1 Solution for n = 0

The three constants B20, B10 and B̃10 satisfy the following equations (see Section 2.3.2):⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

c10(0) = ce

c10(z1) = c20(z1)

ε
g
1 Dg

1

dc10

dz

∣∣∣∣
z=z1

= ε
g
2 Dg

2

dc20

dz

∣∣∣∣
z=z1

, (A1)

which, using eq. (24), can be rewritten:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ĉ1 + B10 + B̃10 = ce

ĉ1 + B10b10 + B̃10b̃10 = ĉ2 + B20b20

B10b10β
+
10 + B̃10b̃10β

−
10 = RB20b20β

+
20

, (A2)

with

b j0 = eβ+
j0z1 , b̃ j0 = eβ−

j0z1 and R = ε
g
2 Dg

2

ε
g
1 Dg

1

. (A3)

Straightforward manipulation of eq. (A2) then leads to:

B10 =
(ce − ĉ1)

(
Rβ+

20 − β−
10

) + (ĉ1 − ĉ2)
Rβ+

20

b̃10

Rβ+
20 − β−

10 + b10

b̃10

(
β+

10 − Rβ+
20

) , (A4)

B̃10 =
(ce − ĉ1)

(
β+

10 − Rβ+
20

) − (ĉ1 − ĉ2)
Rβ+

20

b10

b̃10

b10

(
Rβ+

20 − β−
10

) + β+
10 − Rβ+

20

(A5)

and

B20 =
(ce − ĉ1)

(
β+

10 − β−
10

) + (ĉ2 − ĉ1)

(
β−

10

b10
− β+

10

b̃10

)
b20

b10

(
Rβ+

20 − β−
10

) + b20

b̃10

(
β+

10 − Rβ+
20

) . (A6)

A2 Solution for n ≥ 1

To determine the constants B2n , B1n and B̃1n , n ≥ 1, we first have the condition cjn(z = 0) = 0, which, using eq. (39), reads:

Mn−3∑
k=0

Cn
1k + B1n + B̃1n = 0. (A7)

At z = z1, the separate continuity of each harmonic term n of the concentration, using eq. (16), gives:

c1n(z1)enγ1(1+i)z1 = c2n(z1)enγ2(1+i)z1 , (A8)

which reads:
Mn−3∑
k=0

Cn
1keηn

1k z1 + B1nb1n + B̃1nb̃1n = χn

(
Mn−3∑
k=0

Cn
2keηn

2k z1 + B2nb2n

)
, (A9)

with

b jn = eβ+
jn z1 , b̃ jn = eβ−

jn z1 (A10)

and

χn = en(γ2−γ1)(1+i)z1 . (A11)
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968 F. Perrier and F. Girault

For the radon flux, the flow and the concentration being continuous in eq. (6), the continuity of each harmonic term n of the flux containing
the first derivative of the concentration gives:

ε
g
1 Dg

1

(
dc1n

dz

∣∣∣∣
z=z1

+ c1n(z1)nγ1(1 + i)

)
enγ1(1+i)z1 = ε

g
2 Dg

2

(
dc2n

dz

∣∣∣∣
z=z1

+ c2n(z1)nγ2(1 + i)

)
enγ2(1+i)z1 , (A12)

which reads:

Mn−3∑
k=0

Cn
1k

(
ηn

1k + nγ1(1 + i)
)

eηn
1k z1 + B1n

(
β+

1n + nγ1(1 + i)
)

b1n + B̃1n

(
β−

1n + nγ1(1 + i)
)

b̃1n

= Rχn

(
Mn−3∑
k=0

Cn
2k

(
ηn

2k + nγ2(1 + i)
)

eηn
2k z1 + B2n

(
β+

2n + nγ2(1 + i)
)

b2n

)
. (A13)

Let us define the following sums of previously known quantities:

�n
0 =

Mn−3∑
k=0

Cn
1k, (A14)

�n
1 =

Mn−3∑
k=0

Cn
1keηn

1k z1 , (A15)

�n
2 = χn

Mn−3∑
k=0

Cn
2keηn

2k z1 , (A16)

�̃n
1 =

Mn−3∑
k=0

Cn
1k

(
ηn

1k + nγ1(1 + i)
)

eηn
1k z1 , (A17)

�̃n
2 = χn

Mn−3∑
k=0

Cn
2k

(
ηn

2k + nγ2(1 + i)
)

eηn
2k z1 (A18)

and

ν±
jn = β±

jn + nγ j (1 + i). (A19)

Then, continuity eqs (A7), (A9) and (A13) lead to the following system of equations:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

B1n + B̃1n = −�n
0

B1nb1n + B̃1nb̃1n = �n
2 − �n

1 + B2nb2nχn

B1nb1nν
+
1n + B̃1nb̃1nν

−
1n = R�̃n

2 − �̃n
1 + RB2nb2nχnν

+
2n

. (A20)

Straightforward manipulation of eq. (A20) then leads to the following explicit solutions for the remaining constants at order n:

B1n =
−�n

0

(
Rν+

2n − ν−
1n

) − (
�n

2 − �n
1

) Rν+
2n

b̃1n

+ (
R�̃n

2 − �̃n
1

) 1

b̃1n

Rν+
2n − ν−

1n + b1n

b̃1n

(
ν+

1n − Rν+
2n

) , (A21)

B̃1n =
−�n

0

(
ν+

1n − Rν+
2n

) + (
�n

2 − �n
1

) Rν+
2n

b1n
− (

R�̃n
2 − �̃n

1

) 1

b1n

b̃1n

b1n

(
Rν+

2n − ν−
1n

) + ν+
1n − Rν+

2n

(A22)

and

B2n =
−�n

0

(
ν+

1n − ν−
1n

) + (
�n

2 − �n
1

) (
ν−

1n

b1n
− ν+

1n

b̃1n

)
− (

R�̃n
2 − �̃n

1

) (
1

b1n
− 1

b̃1n

)
b2nχn

b1n

(
Rν+

2n − ν−
1n

) + b2nχn

b̃1n

(
ν+

1n − Rν+
2n

) . (A23)
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A P P E N D I X B : A NA LY T I C A L T R E AT M E N T I N T H E P U R E LY A DV E C T I V E C A S E

When the diffusion term is neglected, eqs (21) and (28) become:

−W j0
dc̄ j0

dz
− λc̄ j0 = −λĉ j , (B1)

and

− X̄ jn
dc̄ jn

dz
− Ȳ jn c̄ jn = −s j (1 + i)

(
A j − Bj e

−2γ j (1+i)z
) (

dc̄ j(n−1)

dz
+ (n − 1)γ j (1 + i)c̄ j(n−1)

)
, (B2)

for n ≥ 1, with:⎧⎨
⎩

X̄ jn = W j0

Ȳ jn = λ + niω + W j0nγ j (1 + i)
, (B3)

for n ≥ 0.
The general solution of the left-hand side of the differential equation in eq. (B2) is of the form c̄ jn(z) = e−β̄ jn z with:

β̄ jn = Ȳ jn

X̄ jn

= λ + niω

W j0
+ nγ j (1 + i). (B4)

Let us first consider the static solution (n = 0). The solution for medium j can be written:

c̄ j0(z) = ĉ j + C̄0
j0e−β̄ j0z . (B5)

Since the real part of β̄ j0 is positive, a finite solution for z = −∞ requires C̄0
(N−1)0 = 0. The constants for the other layers can be found by

iteration. Indeed, continuity of the concentration at each interface for 0 ≤ j ≤ N − 2 imposes:

c̄( j+1)0(z j ) = c̄ j0(z j ), (B6)

which, using eq. (B5), leads to the following iterative relation:

C̄0
j0 = eβ̄ j0z j

(
ĉ j+1 − ĉ j + C̄0

( j+1)0e−β̄( j+1)0z j

)
. (B7)

For the n harmonics, n ≥ 1, following the method developed previously, we write the solution c̄ jn(z) as a sum of M̄n exponential terms:

c̄ jn(z) =
M̄n−1∑
k=0

C̄n
jkeη̄n

jk z
, (B8)

and we know already M̄0 = 1 and η̄0
j0 = −β̄ j0. Now, we can express iteratively the constants for harmonic n as a function of constants for

harmonic n − 1, which provides a complete solution.
The right-hand side of eq. (B2) becomes:

− s j (1 + i)
(

A j − Bj e
−2γ j (1+i)z

) M̄n−1−1∑
k=0

C̄n−1
jk

(
η̄n−1

jk + (n − 1)γ j (1 + i)
)
eη̄n−1

jk z
, (B9)

hence a sum of 2M̄n−1 exponential terms.
A particular solution of eq. (B2) can be exhibited in the form:

2M̄n−1−1∑
k=0

C̄n
jkeη̄n

jk z
, (B10)

with, for 0 ≤ k ≤ M̄n−1−1, the following parameters:

η̄n
jk = η̄n−1

jk , (B11)

C̄n
jk = −s j (1 + i)A j

η̄n−1
jk + (n − 1)γ j (1 + i)

−X̄ jn η̄
n
jk − Ȳ jn

C̄n−1
jk (B12)

and, for M̄n−1 ≤ k ≤ 2M̄n−1−1:

η̄n
jk = η̄n−1

jk − 2γ j (1 + i), (B13)

C̄n
jk = s j (1 + i)Bj

η̄n−1
jk + (n − 1)γ j (1 + i)

−X̄ jn η̄
n
jk − Ȳ jn

C̄n−1
jk . (B14)
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The general solution of eq. (B2) then is the sum of the general solution of the left-hand side of eq. (B2), namely e−β̄ jn z , as given above, and
the particular solution given by eq. (B10):

c̄ jn(z) =
2M̄n−1−1∑

k=0

C̄n
jkeη̄n

jk z + C̄n
j(M̄n−1)e

−β̄ jn z, (B15)

which is of the form given by eq. (B8) with:

M̄n = 2M̄n−1 + 1, (B16)

η̄n
j(M̄n−1) = −β̄ jn . (B17)

According to eq. (B16), for n = 1, the solution is a sum of 3 exponential terms, for n = 2, a sum of 7 terms, for n = 3, a sum of 15 terms,
and for n = 4, a sum of 31 terms. The expression of the constants C̄n

j(M̄n−1)
can be found by imposing the boundary condition that for layer

N − 1 the harmonic term n for n ≥ 1 is 0:

c̄(N−1)n(z ≤ zN−2) = 0. (B18)

Continuity of the harmonic n of concentration at each interface then reads for 0 ≤ j ≤ N − 2:

c̄ jn(z j )e
nγ j (1+i)z j = c̄( j+1)n(z j )e

nγ j+1(1+i)z j , (B19)

which, using eq. (B8), gives the following iterative expression:

C̄n
j(M̄n−1) = eβ̄ jn z j

⎛
⎝c̄( j+1)n(z j )e

n(γ j+1−γ j )(1+i)z j −
M̄n−2∑
k=0

C̄n
jkeη̄n

jk z j

⎞
⎠ . (B20)

In this case, the concentration at the surface is no longer constrained by the surface boundary conditions, but is imposed by the system.
This is mathematically expressed by the fact that the constants are now sufficiently well constrained without an additional condition at the
surface. Furthermore, physically, in the case of strong advection, it is not possible to maintain a static concentration equal to ce and to have
zero harmonic terms with n ≥ 1. The harmonic n of the concentration at surface can then be calculated as:

c̄sn = c̄1n(0) = ĉ1δn0 +
M̄n−1∑
k=0

C̄n
1k, (B21)

with δij = 0 when i 	= j and δij = 1 when i = j, and the harmonic n of the flux at the surface �sn is:⎧⎨
⎩

�s0 = V0c̄s0

�sn≥1 = V0c̄sn − s1ε
g
1 (1 + i) (A1 − B1) c̄s(n−1)

. (B22)

A P P E N D I X C : S U M M A RY O F P H Y S I C A L Q UA N T I T I E S

Quantity Symbol Unit (value)

Radon-222 decay constant λ s−1 (2.1 × 10−6)
Radon-222 diffusion coefficient in air D0 m2 s−1 (1.2 × 10−5)
Radon-222 water to air concentration ratio κw

Soil temperature T ◦C
Frequency f Hz
Pulsation (angular velocity) ω rad s−1

Mean absolute atmospheric pressure P0 Pa
Surface atmospheric pressure excess ps(t) Pa
Harmonic amplitude of atmospheric pressure p0 Pa
Dynamic viscosity of gas ηg Pa s (1.8 × 10−5)
Bottom of layer j zj m
Depth z m
Mineral matrix density of layer j ρj kg m−3

Porosity of layer j εj

Permeability of layer j kj m2

Permeability for water phase in layer j kw
j m2

Permeability for gaseous phase in layer j kg
j m2

Volumetric water saturation in layer j Swj

Water-phase porosity in layer j εw
j
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Quantity Symbol Unit (value)

Gaseous-phase porosity in layer j ε
g
j

Effective radium concentration in layer j ECRaj Bq kg−1

Pressure variation at time t and depth z in layer j pj(z, t) Pa
Specific vertical advective flow rate V0 m s−1

Gaseous-specific flow rate in layer j Fj(z, t)
Radon concentration in layer j cj(z, t) Bq m−3

Radon concentration in the open atmosphere ce Bq m−3

Radon flux at the surface �s(t) Bq m−2 s−1

Radon flux at position z in layer j �j(z, t) Bq m−2 s−1

Pneumatic diffusivity in layer j αj m2 s−1

Inverse of pneumatic attenuation length in layer j γ j m−1

Diffusion coefficient of radon in layer j Dg
j m2 s−1

Equilibrium radon concentration in layer j in the absence of air flow ĉ j Bq m−3

Term n in the harmonic expansion of cj(z, t) c jn(z) Bq m−3

Number of terms in the development of c jn(z) Mn

Radon concentration in layer j in the purely diffusive case c̄ j (z, t) Bq m−3

Term n in the harmonic expansion of c̄ j (z, t) c̄ jn(z) Bq m−3

Number of terms in the development of c̄ jn(z) M̄n

S U P P O RT I N G I N F O R M AT I O N

Additional Supporting Information may be found in the online version of this article:

Figure S1. Harmonic 1 specific flow versus soil water saturation (a) and versus bedrock water saturation (b), at the ground surface and at
two depth positions (30 and 65 cm). Fixed parameters correspond to case 1 in Table 1. Surface pressure oscillation is a S2 wave with 100 Pa
amplitude.
Figure S2. Static and harmonic amplitudes of surface radon flux (a) and radon concentration at 45 cm depth (b) versus soil water saturation.
Fixed conditions refer to case 1 in Table 1 and a S2 oscillation with 100 Pa amplitude.
Figure S3. Static and harmonic amplitudes of surface radon flux (a) and radon concentration at 45 cm depth (b) versus soil permeability.
Fixed conditions refer to case 2 in Table 1 and a S2 oscillation with 100 Pa amplitude.
Figure S4. Static and harmonic amplitudes of surface radon flux (a) and radon concentration at 45 cm depth (b) versus ratio bedrock
permeability to soil permeability. Fixed conditions refer to case 1 in Table 1 and a S2 oscillation with 100 Pa amplitude.
Figure S5. Static and harmonic amplitudes of surface radon flux (a) and radon concentration at 65 cm depth (b) versus soil porosity. Fixed
conditions refer to case 2 in Table 1 and a S2 oscillation with 100 Pa amplitude.
Figure S6. Static and harmonic amplitudes of surface radon flux (a) and radon concentration at 65 cm depth (b) versus bedrock poros-
ity. Fixed conditions refer to case 2 in Table 1 and a S2 oscillation with 100 Pa amplitude. (http://gji.oxfordjournals.org/lookup/suppl/
doi:10.1093/gji/ggt280/-/DC1)

Please note: Oxford University Press are not responsible for the content or functionality of any supporting materials supplied by the authors.
Any queries (other than missing material) should be directed to the corresponding author for the article.
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