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The Regge-Wheeler-Zerilli (RWZ) wave-equation describes Schwarzschild-Droste black hole per-
turbations. The source term contains a Dirac distribution and its derivative. We have previously
designed a method of integration in time domain. It consists of a finite difference scheme where
analytic expressions, dealing with the wave-function discontinuity through the jump conditions, re-
place the direct integration of the source and the potential. Herein, we successfully apply the same
method to the geodesic generic orbits of EMRI (Extreme Mass Ratio Inspiral) sources, at second or-
der. An EMRI is a Compact Star (CS) captured by a Super Massive Black Hole (SMBH). These are
considered the best probes for testing gravitation in strong regime. The gravitational wave-forms,
the radiated energy and angular momentum at infinity are computed and extensively compared with
other methods, for different orbits (circular, elliptic, parabolic, including zoom-whirl).

PACS numbers: 02.60.Cb, 02.60.Lj, 02.70.Bf, 04.25.Nx, 04.30.-w, 04.70Bw, 95.30.Sf
Keywords: Modelling of wave equation, General relativity, Equations of motion, Two-body problem, Gravi-
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I. INTRODUCTION AND MOTIVATIONS

It is a current assumption that most galaxies harbour at their centre a supermassive black hole (SMBH), on which
stars and compact objects in the neighbourhood inspiral and finally plunge. The process of the capture by a SMBH
of a compact star (CS), ideally a stellar-size black hole, is labelled EMRI (Extreme Mass Ratio Inspiral). It features
as one of the most scientifically rewarding sources of gravitational waves for space laser interferometry (SLI), when
considering the richness of investigations and tests in gravitation, black hole physics and the astrophysics of galactic
centres. An introduction to EMRIs in the context of general relativity is to be found in @]

EMRIs generate complex wave-forms (WFs) which demand an analysis in a multiple parameter space. Further, the
WFs are dominated by the back-action effects which easily accumulate during the long approach of the CS towards
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the SMBH. These sources are studied by means of the perturbative approach, that assumes that the CS is represented
by a point mass perturbing the background spacetime curvature and by that generating gravitational radiation.

In this work, we deal with Schwarzschild-Droste (SD) black holes [2-4], after the names of the discoverers of the first
solution of the Einstein field equations ﬂﬂ] Much research has been devoted to the study of SD black hole perturbations
following the seminal work of Regge and Wheeler ﬂa] In the gauge named after them (RW), they showed that the
evolution of the odd parity vacuum perturbations can be reduced to a wave-equation. This formalism was then
complemented by the works of Zerilli for the even and odd parities with a source term ﬂ—@], thereby providing the
theoretical framework for treating an SD SMBH of mass M perturbed by a CS of mass mg < M. The wave-equations,
one for each parity, are named RWZ, henceforth. Moncrief showed the gauge invariance of the wave-function [10].
Among the early contributions, we recall Peters [11], Stachel [12], Vishveshwara [13], Edelstein and Vishveshwara [14].

For the radial fall case, the WFs in frequency domain were produced first by Zerilliﬁg], followed by Davis et al.
ﬂﬁ] and several others, see the references in ﬂﬁ], in time domain by Lousto and Price |17], Martel and Poisson ﬂﬁ],
and by the authors HE] For circular and generic orbits, the first WFs in the time domain were produced by Martel
[20]. They were later followed by Sopuerta and Laguna [21], Field et al. [22], Barack and Lousto ] in the harmonic
(H) gauge [55]. Other contributions include the one by Poisson [24] in the frequency domain; Hopper and Evans in
frequency and time domains, and RW and H gauges m, @] Nagar, Damour and Tartaglia et al. ﬂﬂ] match the
effective one body (EOB) computations to the perturbation framework.

The wave-function of the RWZ equation is discontinuous as it belongs to the C~! continuity class @] We construct
our algorithm on the jump conditions that the wave-function and its derivatives have to satisfy. The discontinuities
have been discussed in the literature, but the jump conditions were previously used quite differently. In m], Haas
replaces a C? scalar field with a polynomial, whose coefficients are determined by the jump conditions. Haas uses
this technique for integration of the potential term of the wave-equation, turned into (u,v) coordinates, and relies
on the traditional splitting into four areas for each of the cells crossed by the particle h] Similar use of the jump
conditions is adopted by Barack and Sago for the gravitational case in the H gauge HE] They use a predictor-corrector
scheme that defines the coefficients of the polynomial interpolation quantity V1. Sopuerta and Laguna ensure that
the particle always lies at the interface between domain intervals, each remaining homogeneous (Particle-without-
Particle), limiting the jump conditions to act as boundary conditions ﬂﬂ] Canizares and collaborators impose the
jump conditions via characteristic fields out of their pseudo-spectral numerical method @, |&_1|] Field, Hesthaven
and Lau follow a similar track in the context of the Galerkin method @], or like Hopper and Evans use the jump
conditions for checking the correctness of the transformation from frequency to time domain (extended homogeneous
solution) [23, 26].

We have shown how our method differs in ﬂﬁ] the jump conditions are not limited to an auxiliary role, but they
are pivotal ingredients in our integration scheme. We tested our approach with geodesic radial fall at first HE], and
fourth order ﬂ%]

We choose to develop a method in the time domain, because we discern it to be more suited to the computation of
the back-action. It is also easily transferable to different physical problems that require anyway solving an hyperbolic
equation with a singular source term. The proposed method does not require the use of approximations of § distribu-
tions. Thus we will treat the particle as a true point particle. Notwithstanding the discontinuous behaviour of the
metric perturbations and of the wave-function, it is possible to revert this weakness - the lack of smoothness - into
a building feature of a new integration method. In our algorithm, largely analytical, the jump conditions implicitly
provide the information on the source and the potential. However, for cells not crossed by the particle, we retain the
classic approach for integrating the homogeneous wave-equations ﬂﬂ]

For testing our method, we consider the CS moving on the geodesic of the background field, and being unaffected
by its own mass and the emitted radiation. Herein, we show that a second order algorithm suffices to acquire both
well-behaved WF's infinity, and accurate levels of radiated energy and angular momentum. The WFs, the radiated
energy and angular momentum at infinity are extensively compared to previous results, for different orbits (circular,
elliptic, parabolic, including zoom-whirl).

The rest of the paper is structured as follows. In Sect. II, after a brief reminder of the formalism on perturbations
for an SD black hole, we present our own integration method that we have developed to solve the RWZ equation
throughout the paper. In Sec. III, the WFs, radiated energy and angular momentum values are displayed and
compared with the results from other groups. The appendixes display the multipolar expansion and linearised field
equations (A); properties of the distributions (B), the explicit form of the jump conditions (C).

Geometric units (G = ¢ = 1) are used, unless stated otherwise. The metric signature is (—, +, +, +).



II. THE INDIRECT METHOD

A. Introduction to the RWZ formalism

At lowest order, the perturbation analysis provides the framework for evaluating the effects - namely the emitted
radiation - of a particle of mass mo moving in a given background spacetime g, determined by the large mass M
and solution of the vacuum Einstein equations Gaglg] = 0. The particle perturbs the geometry through the tensor
field hapg. The quantities involved are such that e = mo/M = mo/R < 1 where R is the characteristic length scale
of the background geometry. The amplitude of the fluctuations is small and considered of the order of the mass ratio
hap ~ O(€). In the total metric Jop = Yap + hap, the particle, described by a stress-energy tensor Ty [g+ h;~] moves
on the world line «, such that

Gaglg + h] = 8nTaplg + h; 7] - (1)

The particle motion is constrained by the Ricci Curbastro - Bianchi identity ﬂﬁ, @] M], for which the first
antisymmetric covariant derivative of the Riemann tensor vanishes. It implies % G [g] = 0 and thus the conservation
of the local stress-energy tensor VgT*?[g] = 0 where V,, is the covariant derivative in the total metric. Since
uﬂ%ua = 0, the world line is a geodesic of the g, 4 metric.

In absence of an exact solution, we approximate g,4 and 7. In this limit, we expand the Einstein tensor Gags [g+h]

around the vacuum solution for hng ~ O(¢)
Gaplg + h] = Gaslg] + GUAlg, h] + GDlg, h) + ... (2)

where Ggg [9as, hap] ~ O(e™). For the term of order 0, hqp is zero and gng is the vacuum SD solution. The first
order term is linear in h,g, while higher orders are not. Thus, at first perturbation order, Thz(g;y] ~ O(e) and hqg
is governed by the perturbed Einstein equations

G{Jlg, B = 87Taplg: 7] + O(e?) | 3)

where T,5[g;7] is the stress-energy of the moving particle in the background metric

Taplg;y] = mO/(—g)_l/zuau/a5(4) (x —ap (7)) dT . (4)

The particle is located on the world line v through the coordinates xj (1); u® is the four-velocity and 7 the proper

time associated to the background metric gag; 6™ (z — xp(7)) = 6(2° — 29)d(a' — x1)d(a? — 22)5(2® — 23) is the
four-dimensional Dirac distribution, and g the determinant of the metric go3. The linear operator of the Einstein

perturbed tensor is

1 1
G Dlg,h) =~ 5V Vahap + VoV hay + VoVl = Ryassh® — 5V Valt .
1 1 1
Rohsy + Righay = 5008 (VOV7hsy — VIV h) — 5hasR + Egagh,y(;Rw,
where R%._; is the Riemann tensor, Rag = RY . and R = R the Ricci Curbastro ﬂﬁ], respectively tensor and

ayf
scalar computed in the background metric gog. Similarly, for the covariant derivative V, expressed in metric gag.

The term () is simplified to the extent that g.s is a solution of the vacuum (R,s = 0)

1 1 1
G lg,h) = ~5V Vshas + VsV hay + VaVhy = Ryassh™ = 5V5Vah = 5905 (V'V hsy = VIVh) . (6)

Equation (@) may be further simplified by a gauge transformation; adopting the H gauge for which Vﬂﬁaﬁ =0, Eq.
@) becomes

R Yt 2R7“55E”5 = —1676T*" + O(e?) , (7)



where hap = hag —1/2 gap h is the perturbed trace-reversed field relative to the background metric g,5. For the Ricci
Curbastro - Bianchi identity satisfied at first order GSB), that is from Detweiler M]

veGg.n =0, 8)

the stress-energy tensor 7,5 must be conserved in the background metric

VTaplgin] ~ O(?) 9)

and ~ must be approximately a geodesic of the background spacetime. Thus the equation of motion remains

uVou® ~ O(e) . (10)

For the perturbative analysis at second order, the tensor T, is to be conserved not in the background metric but
in the first order perturbed metric. So for solving the field equations at second order, the stress-energy tensor must
depend on the first order perturbed metric: the source of n-th order equation implies a T,g at (n — 1)-th order.

Due to the spherical symmetry of the SD field, it is possible to split the perturbations in two different parity families,
even and odd, ﬂa, @] In a suitable spherical tensorial harmonics basis and in SD coordinates ® = {¢,, 6, ¢}, the even
and odd perturbations are expressed by the following matrices

ngmyém Hfmyfm h((Je)Zm Y:gm hée)emy')ém
sym f*lHémyfm hge)fmy'ém hge)émy'fbm
hgém = sym sym r? [Kémygm + Gémxg’g} r2Gtm (Yﬁ’gg — cot HYé’”) , (11)
Ylm
sym sym sym r?sin?@ | K™ 4+ Gfm (’—‘é‘% + cot 9Y§m>
sin '
0 0 —h§™ sec OYéJ” h&™ sin OYf;m
sym 0 —h!{™ sec oY " h{™ sin Y 4
ofbm __ ’ 1 5
hag™ = sym sym h5™ sec 6 (Ygig — cot HY)f;,m) ihém (sec HY)f;fg + cos 6 cot 9Y7§m — sin 0}/7%"‘) ) (12)
sym sym sym —hfm (sin OYf;Cg — cos Hbem)

where f = (1 —2M/r?), Hy, Hy, Ho, hge), hge), K, G and hg, hy, hy are functions of (¢,7), and Y (0, ¢) represent
scalar spherical harmonics. The RW gauge poses hée) = hge) = G =0 and hp = h;y = 0. The odd and even
parity wave-functions are built through a combination of the perturbation functions (three odd and seven even parity
perturbations). Incidentally, we deal in this paper only with modes ¢ > 2 which are radiative. In general relativity,
there is no contribution to gravitational radiation by monopole and dipole components.

Different algebraic combinations have been used by different authors over time: Zerilli E], Moncrief m], Cunning-
ham, Price and Moncrief (CPM) @], Nagar and Rezzolla ﬂﬁ] We choose to work with the convention of Lousto and
Price ﬂﬂ], equivalent to the CPM convention, up to a normalisation factor. Thus, in the RW gauge

m r ‘m Tf ‘m 8Kém Tf 2 aGém m
by = | gtmo T (gem _oh 1
Ve () = ST +)\r+3M< > T )| T g T Tor o (13)
om _r [ o @ (hg™\  On"
wren =5 o (M) - 5 (14)

where A = (¢ —1)(¢ +2)/2. Casting the energy-momentum tensor in spherical harmonics, App. (A), we get the RWZ
wave-equation



—O 4 02 — Vi ()] Wl (tr) = S (L) | (15)
where r* = 7 + 2M In(r/2M — 1) is the tortoise coordinate. The two potentials V*(r) and V,/(r) are given by

A2(A+ 1)73 4+ 3X2M7r2 + 9AM?r + 9M3

Vi) =21 0w + 3M)? ’ (16)
()_2f<A+1—i—];4>. (17)

The source term (3] involves a Dirac delta ¢ and its distributional spatial derivative 6’ := dé/dr. Tt is weighted
by two functions of time F f;” and gf;@ for even and odd modes

SEI (1) = G () (r = rp (1)) + FLis()d" (r = rp(t)) ; (18)
for the even modes
8mm, 72 — f(rp)?
Emt _ oo t P P Yfm* 1
FUnt) = 3 g frg) Rk (19)
8Tm rprpf(rp) d rpf(rp) o ¢ rpf(ry) [ ¢ . o
m _ 0t p'pJ\"'p) Y tmx TP/ \Up tmx _ 'pJ\'p 2 2 2 Imx
9" O =33 B, v et s ox \Op sinOpdy ) W
2 2 /. o 2 [(A+1)(6r, M + \r2) 4 3M?
Tpf(T‘p) (9% + Sin2 9;0926;3) Yém* + Tp [( + )( Tp + TZ;) + } Yém*_ (20)
Arp + 3M rp(Arp + 3M)
£ AN+ 1)+ 6N, M +15007]
rp(Ary + 3M)2 '
while for the odd modes
m 8mrm, . -
FIMO = 3t (72 = 1 ()] At (21)
m 87rm0 d ° o ok . d ok
gom(t) = — mut%{ [%E(“trp” u' (Ti - f(rp)) ] AT 4 TpEAZ } ; (22)

where the asterisk notes complex conjugation, u' is the time component of the particle’s four-velocity, 7, = r,(t)

is the particle’s position at time ¢, and ”.” means the total time derivative. The angular parts of the harmonics are
evaluated at (6,(t), ¢p(t)), and

X0, 4) = 2 (0p0g — cot 00,) Y™ (6, ¢) (23)
W (0, ¢) = (95 — cot 09y — sin™?097) Y (0, ¢) | (24)
A (0, 9) = (@ sin~! @8 — sin @cbag) Yim(0,d). (25)

The highly singular nature of the source term in Eq. (8] is responsible for the discontinuity of the wave-function
at r = r,(t). The wave-function wfg}o) is otherwise piecewise continuous, and we distinguish its behaviour on the

right and left hand side of the particle world line.



6

For the even parity, from Eq. ([3) and the Hamiltonian constraint Eq. (AZa) in App. (A), we express K‘"(t,r)
and H&™(t,7)in terms of wf:; and the source term TW Eq. (Ad)

6M? + 3MAr + A\ + 1)r? 873
Kfm _ ‘m m T(l)ém 2%
200+ 3M) v TG, w Ot (0 + 300) : (26)
9M3 + 9AM?> SNZMr? + N2\ + 1)r3 —AMr+ M2 0
Hﬁm _ _ + T2+ r ;_ ( + )T wﬁm T4 AT z/]fm + f wlm_i_
r2(Ar 4 3M) ()\ +3M) 27)
8mr? (Ar2 (A — 2) + 10ArM — 9rM + 27M2)T(1)¢m B 8mrd 2 (1)em
O+ D)rf (0 + 3M)2) O+ )\ + 3M) or
Similarly, from Eq. (ASD) and the partial time derivative of Eqs. (26 B7), we obtain H{™(t,r)
Him 1/)Zm /\7“2—3M)\T—3M22¢£m_ 8mrd QT 1)em+4\/_m'r T@m (28)
a ot TfOv 1 3M) 0t O\t Drf( + 3M) 3t 1)
and from Eq. (ASg) H{™(t,r)

16772
H (t,r) = HE (1) + ———T 9 29
() = )+ (29

For the odd parity, Eqs. (A9a{A9d) provide h§™(¢,r) and h4™(t,7)

1,0 43
hlm e Sl m + T(G)Em , 30
0 2f6’f' (Tq/}o ) )\\/)\—H ( )

1 0 4mird
hfm _ sl 2 m T(?)Zm ) 31
A W s .

Through the wave-function ¥*7, we have access to the total energy E> and angular momentum L radiated to

e/o’

infinity at the observer position (¥, — 4+0o0), and across the event horizon (¥, — —00), namely E® and L°". The

relations are

obs

chooi

2 e it (32)

Oeh,oo - ’Lm (["‘ 2)' —im °€m —Im Oém
L - 6_4 é (6—2)' we we +wo Q/Jo ) (33)

again the dot indicating the total time derivative.

B. Equations of motion

The 4-velocity vector u* = dz*/dr of a point particle moving in an SD black hole geometry obeys the geodesic
equation

uV,u” =0. (34)

For motion in the orbital plane § = 7/2, the following system must be satisfied, see Hagihara [38], Darwin [39, l40],



Chandrasekhar [41], and Cutler et al. [42).

ut=€/f,
r2252_ _£2 2
u‘i’*ﬁ/ri,

where £ and L are the two integrals of motion corresponding to the particle specific energy and angular momentum,
respectively. Instead of searching for a solution 7(t), it is customary to refer to the single-valued parameter x, such
that

pM

T 1+ ecos(x) ’ (36)

7p(X)

where p and e correspond to the semi-latus rectum and the eccentricity, respectively. For circular e = 0, and elliptic
orbits 0 < e < 1, the angle range is 0 < x < 27; further, e = 1 and —7 < x < 7 for parabolic orbits, e < 1 and
—arccos(—e~ 1) < x < arccos(e™!) for hyperbolic orbits. The parameters p, e are related to the constants of motion

_9)2 _ 42 2,2
52 _ (p 2) e 7 £2 _ M p (37)
p(p—3—¢€?) p—3—¢?

and to the periastron and apoastron
Tperi = pPM/(1+e), Tapo =pM/(1—¢). (38)

The particle position is now described by Eq. (36) and by

dx (p—2—2ecosx)(1+ecosx)® [p—6—2ecosy
dt Mp? (p—2)2 —4e2 ’

déy _ (p—2—2ecosx)(l +ecosy)? ' (40)

dt P2M\f(p— 2)° — 42

The system of Egs. BABAMEQ0) is not well defined for p < 6 4+ 2¢ that characterises the regime of unstable orbits.
Only orbits lying outside the separatrix (e > 0,p > 6 + 2¢) will be considered in this paper.

C. Jump conditions

In App. (B), we recall some properties of the distributions, that shall be used herein. The discontinuity in (¢, r)
along the path at » = r,, is labelled of the first kind because the values of ¥ on both sides of r;, at constant ¢

lgl(l)w(t, rp —e€) and lgl(l)w(t, Tp €, (41)

are different but finite. The wave-function (¢, 7) belongs to the C* class in R®\{(¢,7) | r=7,(t)}, while the functions
YT (t,r) and ¥~ (¢,7) belong to the C*° class and satisfy

Y (t,r) =Y(t,r) YV r €l — oo, 1|, (42)
"/J_(tv rp) = lii%w(tvrp - 6) ) (43)



U (tr) = 9(tr) V1 €lrp, +oof (44)
+ _ .

Y(t ) = l%w(tﬂ“p +e). (45)

We thus can write 1 as a formal distribution given by

Y(t,r) =T Hy F Y H (46)

where Hy = H(r — rp(t)) and H_ = H(r,(t) — r), are Heaviside or step distributions. By using the properties

described by Eqs. (BIIBIAMBTIH), the derivatives of Eq. (8] are

Otp(t,r) =0T Hy + O H_+ (v —9p7) 46, (47)

Op(t,r) =0t Hy + 0 Ho — 71, (T —7) 0, (48)

2p(t,r) = O Hy + 2™ H-+2(0" =097 ) 0+ (vt —97) 8, (49)

F(t,r) =0T Hy + 0f H_ —2ry (Oupt — 0™ ) 6 — 1 (W =97 ) 6+ 75 (v —97) 8, (50)

where & := 6, 1= 6(r —rp(t)) and 0" := 4, = 0,6(r — rp(t)) are Dirac or delta distribution. Given the nature of the
discontinuity (first kind), the jump at ¢ is simply the difference of the limit values of ¢» on the two sides of the path
rp(t)

[6] = lim [(t,ry +€) = w(try = )] = ¥ (try) =™ (1) (51)

which is ultimately a function of ¢ only. According to Eq. @T) for which lim._09.9(t,rp £ €) = 9pb*(t,7p), the
jumps of the partial derivatives of i) are written as

[oror ] = 070y ™ (t,rp) — L0~ (t1p) - (52)

The quantities [8?8{”1/}] V n,m € N are the jump conditions on the wave-function. Thus, by exploiting the
properties of Egs. (B3l [BI() and the definition of Eq. (52), Eqs. @EQ) are rewritten as

Op(t,r) = 0T Hy + O H_ + [v]6 (53)
O (t,r) = O Hy + O~ H- —rp[v]0 (54)
R(t,r) = 2T HL + 02" H_ + [0v] 6 + [¥] (55)
. " . d ,
O2p(t,r) = 02T H, + 02 H_ + (rf; [0.0] —rp[v] — 2r,,a [w]) §+ra[v]o . (56)

Since 02 = f202 + ff'0, and inserting Eqs. (@6 B3] (A BE) into Eq. (1), the jump conditions are thus related to

T

F and G of the source term



[(f(rpf 2001 + (7 — 1)) )[0] — 20,0 M] 6+ (f(rp)? = 2)8' =G0 + F(1)Y' . (57)

We have recurred to 1*, solutions of the homogeneous equation Z[¢p*] = 0, where Z := —92 + 9% — V(r), and to
the identity f28" = f(r,)%0' — 2f(rp)f'(r,)8 used in f2021).

0P order jump. The jump condition |[1/)]] is identified by equating the coefficients of 6" on both sides of Eq. (51

F(1)

[v] = ———. (58)
£y =1
15t order jumps. Similarly, |[8T1/)]| is identified through the coefficients of §
0] =———— [g<t> (£ 1) =) [4] 27 5 [0] | (59)
P2 =73 T i
By using the relation on the total derivative, Eq. (B6]), we get
d o
[0 = 2 [u] 7y [or0] ()
274 order jumps. Taking into account that Z[¢*] = 0, and Z[p* —¢~] = 0 in the limit » — r,, the homogeneous
RWZ equation becomes
- |[5t2¢] + f(rp)Q |[33¢]] + f(rp)f/(rp) |[6r1/’]] - V(rp) |[1/’]] =0. (61)
Injecting
9 d o d o 09 [ 2
[0:0] = Z [0] =rpl0:00] = =[] =rplore] + 7[00 (62)
into Eq. (61), we get the second spatial derivative
9 1 d , . d
[074] = o~ | at [00] = f(rp) f'(rp) [0r] — g [0-¢] + V() [0] | - (63)
flrp)? =713
The jumps on the second time derivative and mixed derivative are expressed respectively by
[07¢] = [02.4] =V (rp)[¥] (64)
d .
[0:0,¢] = [0r0up] = E[&"w] —rp[02Y] (65)
where [02.0] = f(rp)2[02¢] + f(rp) f'(rp) [0r2].
34 order jumps. The first space partial derivative of Z[¢p+ —1~] = 0 for the limit r — 7, leads to
—[0:07v] + f2[020] + 3ff'[02¢]) + (f2+ ff" = V) [o0] —V'[v] =0. (66)

Since
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d ) .
[0:020] = —[0-00] = rp—[07w] + 75 [07Y] - (67)

by inserting Eq. (€1) into Eq. (G6l), we get

[02¢] =

d ! / " / /
o [0 0] = 1o [070] = (f2 + £ = V) [0:4] =3fF [07e] = V'[¥] ] - (68)

The other mixed derivative is obtained through a proper combination

[o020] = 5 [020] — 7, [030] | (69)

while |[8T8t2¢] is determined by inverting Eq. (66). In general, if we get an explicit solution for |[8;”+2”]], any
jump of the type [8?8?"1/1]] is connected to the wave-equation through the homogeneous operator Z.

4" order jumps. The double space derivation of Z[p)T — ] = 0 with the limit for r — r,, leads to

—[02070] + f2[00) + 265 [03] + [4 (52 + £57) = V]| [020] + (3F/8" + 157 —2V') [00] = V' [u] = 0.

(70)
Since
d o d o
[02070] = < [020,0] — o [000] + 2 [000] | ()
by inserting Eq. (1)) into Eq. (Z0), we get
[or] =~ 1 { L [02000] — o (00125 £ [0 [4 (57 4 £57) = V] [20] — (3" + 77" — 2v") [0,0] —
" (72)
then
[0.020] = S [o8u] — 7, [o0] (73)

The jump [070?¢] is computed when solving Eq. ([Z0). The jump [979,v] is obtained by differentiating Z[¢"
1~ ] = 0 with respect to r first and to ¢ later, and finally taking the limit r — 7.

N > 274 order jumps. In general, by knowing the jumps at N — 1 order, those at order N are computed with
the following recipe:

e Take the limit for 7 — 7, of the N —2 spatial derivative of Z[¢" —¢~] =0
N
[ON~207¢] =) D [0Fy] . (74)
k=0

e Express |[8£V *281521/1]] as a function of the previously computed jumps

[0 2070] = [N 20Rv] — g [0 ] + 72 [0 0] (75)
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e Inject Eq. ([8) into Eq. ()

—[0N "] = Dwy(rp)[0F0] | - (76)

e The explicit form of [0 ~20%¢] is obtained via Eq. (Z5) or by reversing Eq. ().

e Mixed derivatives of the type [8?8?"@/1]] are directly related to the jumps |[8,’?¢]] for n,m € N such that
2n+m = N and for k < N because in the homogeneous case, the operator 92" can be seen as a combination
involving spatial derivatives only

0" = (02 —~V)o (92 —V)o--0 (0% —V) (77)

n times

where o is the composition operator.

e Mixed derivatives of the type [8?83"“@/1]], for n,m € N such that 2n +m + 1 = N, are directly related to the
jumps [Bfﬁtw}] for k< N —1 and |[8,’fg/1]] for k<N

In App. (C), the jump conditions appear in explicit form.

D. Numerical implementation
1. Domain, boundary and initial conditions

Following previous work ﬂﬂ, @], we consider a staggered numerical grid where two nodes are separated by Ar*
and At, in space and time respectively, Figs. ([[[Z). The null line for the retarded time is u = t — r*, while v =t + r*
for the advanced time.

The support of the source term is localised solely on the world line. Two kinds of numerical cells appear, Fig. (I):
(i) the cells, not crossed by the world line, and dealt with the homogeneous equation [17, 43]; (i) the cells crossed by
the particle path where the solution is discontinuous due to the source term, and dealt with the jump conditions.

[ ] [ ] [ ]
[ ] ] ] ] ]
[ ] | |
e ] [ ] ] [ ]
] [ ] [ ]
[ ] o ] [ ]
] [ | [ |
[ | ] [ ] ] o
t [ ] [ | [ |

FIG. 1: Discretised numerical spacetime

In our finite element integration scheme, the field value at the top of the filled cell, point A, Figs. @BlE), is drawn
from known and causally related quantities and from the information on junctions provided by the jump conditions.
We use an r*-grid ranging between —2500 M and 2500 M for an observer located at r* =7 . = 1500 M. The grid
is bound by a spacelike hypersurface ¢ = 0 which contains the initial gravitational content of our system; on the left
by the excision hypersurface taken at rp;,/2M = 1+ € (we typically take 7}, /2M = —1500), and on the right at

Thax/2M = 1500 > . consistent with a far observer approximation. We solve the problem of boundary conditions
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At

E Ar*

FIG. 2: Geometry of an empty cell, i.e. never occupied by the particle during its motion.

by using a large grid, thereby avoiding any spurious reflections in the time window explored by the signal. The
boundaries fulfill the conditions: ), < r* <r.. . ., and 0 <t < t.,q. Alternatively, it would be conceivable to use

hyperboloidal surfaces and a compactification of the radial coordinaten as proposed by Zenginoglu @]

()] (ii) (iii) (iv)

FIG. 3: First order mesh for the cells crossed by the particle. The regions Q4+ and _ refer to the points "on the right” and
”on the left” of the trajectory, respectively.

(iif) (iv)

FIG. 4: Second order mesh for the cells crossed by the particle. The number of grid nodes raises to six, though the cases remain
four.

Conversely to the more difficult problem of radial fall, initial conditions are not relevant for periodic orbits. Indeed,
non-physical initial data are smoothed out, whenever sufficient time for their propagation is assigned. For an observer
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FIG. 5: Fourth order mesh for the cells crossed by the particle. The number of grid nodes raises to ten. For generic orbits the
world line crosses the stencil in eight possible ways, among which the one shown here.

at infinity and various types of initial data, the time convergence towards the physical solution is fully satisfactory.
In closed orbits, a period is often sufficient to avoid the propagation of the spurious initial radiation. We pose the
following null initial conditions

(r,0) = du/dt(r,0) = 0 . (78)
2. Notation
rp(t)
® <
® <O
Oea
' @ cANQ,
@ AN

FIG. 6: Few cells near the world-line (see the text on notation for point labelling).

We define, Fig. (@),
e ¢; the value of 1 taken at the grid point ¢ of coordinates (¢;, 7)),
e V; the value of the potential V taken at the grid point ¢ of coordinates (¢;,r}),
o [ 8{”1/)]){ the jump conditions taken at a trajectory point x of coordinates (tx, 75 =1 (%)),
° 35*3q1/)i = lim._,q 85*8q1/)i (rp(tx) £ €,tx),
o QO ={(ti,r}) | rf >rj(t;)}, all grid points "on the right” of the world line,

o O ={(t;,r}) | v} <r(t;)}, all grid points "on the left” of the world line,

e Y(Qx)={t; | i € Qs}; thus, by definition, ;" € ¥(Q) and ¥; € (),
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o A={(t;,r}) | t; <ta,l|r/t;| <1} the set of points belonging to the past light cone of the upper cell node A,
i.e., at first order, A ={B,C, E}, Fig. @); at second order, A ={B,C,D, E,F}, Fig. {@); at fourth order,
AN={B,C,D,E,F,G,H,1I,J}, Fig. (@),

e h = Ar* = At,
o U; = Vi,
3. Algorithm

a. Empty cells. The evolution of v is mostly governed by the solution of the homogeneous RWZ equation as the
source occupies only one cell per time step.

274 order empty cells. We use the classical finite difference scheme, Figs. @), [17,/43]. Tt is useful to introduce
the Eddington-Finkelstein coordinates (u,v) [45,46] connected to (£,7*) coordinates via a bi-continuous application

1 such that
t u=t-—r"*
: — 79
H (T*) (v_t—kr*)’ ( )

1 (u t=(v+u)/2
: . 80
() (2R =
The integration of the homogeneous RWZ equation on the whole cell leads to

/ [02. — OFapdr*dt = —/ 40,0, dudv = —4[pa — Pp — o +VE] , (81)
cell cell
while the potential is approximated by
/ Vapdr*dt = h*Va[iha + b + Yo + Vi . (82)
cell

The value at the upper cell node is given by

Ya=ve+ (VB +Yc) (1 - %h2VA> +O(h*) . (83)

G H | J

FIG. 7: The stencil used for solving the homogeneous RWZ equation. The points BE, CE, AB, AC indicated by the crosses
are not grid points but extra points for the 4" order scheme, Eq. &1).
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4t" order empty cells. We use the scheme designed in [2§], derived from Lousto [47]. Like for Eq. (83), the
integrated wave-operator over the cell is drawn from the four nodes of the cell. The integration of the potential is
achieved by applying the Simpson’s rule for the double integral

h 2
// Udr*dt = (§> {\IJA—I—\I/B—F\I/E—F\IJCV—FlG\I/O—I—(\I/BE—F\I/AB—F\IJCE—I—\IJACV)}—|—O(h6), (84)
cell

where Ypg, Vap, Veop, ¥ 40 refer to the points outside the mesh. Their contribution, without resampling the grid,
is obtained by applying Eq. (83]) on 45 and ¥ 4¢ and developing the potential V(r) around rg, spatial coordinate
of the cell central point

1/n\?
Upr+VYap+¥Yeor + Vac =2V {1 —3 (§> Vo}—i—

1/h\? 1 /h\? 1
VeeYB {1 ~3 (5) VBE} + Verte [1 ~3 (§> VCE} t5 {VBE -2V + VCE}(wB +vc) + O(h') . (85)
The quantity U(rg) = U, is approximated by a linear combination of the values of ¥; for i € A =

{B,C,D,E,F,G,H,I,J}

1
o = [8\113 L 8U 48Uy — AU — AU g+ Uy — U gy — W) + \IJJ} +OMhY . (36)

Finally, we get

1/h\? 1 /h\* 1/h\?* 1 /h\*
¢A%—¢E+¢B{1—Z<§) +ﬁ<§) Vo} (%+VB)+¢C[1_Z(§) +ﬁ<§> Vo} (Vo +Ve) — -
R\ 2 1 /h\?

(g) {1 1 (g) Vo} [\I}BE +Uup+VYeor+ VYac +4\I’o} ;

b.  Full cells. Equations (83 BT) cannot be used any longer being ¢ not regular. Cells crossed by the trajectory
imply discontinuity of 1, and an ad hoc numerical scheme has been conceived. For an easy introduction, the reader
may refer to @, é] The strategy is the following:

e For a; being the weighting coefficients, establish a relation of the type

V=D (88)

[ISYAN

e Expand the v function in Taylor series at A and at each point of /A, around the x point; mark the intersection
between the world line and the segment [BC] of the cell. Then

vi= Y TmMor oyl + oWt | (89)

n+m<N

where T\"™ = (r¥ — r)"(t; — )™ /nlm! are the Taylor coefficients. By injecting Eq. (83) into Eq. (&), we
get by identification the «; coefficients. Normally, at order N, (N + 1)(IN + 2)/2 points are needed to satisfy
the (N +1)(N +2)/2 relationships leading to the a; of Eq. (88). However, since 99 = [02. — V;], 2N + 1
points are sufficient.

e Since i € Q4 (or i € Q_), ¥; (or ;) is not well defined. Therefore, the jump conditions 970" pE =
ooy T + [or 8{”1/}]]){ render meaningful 1, and v for i € Q; and i € Q_, respectively. The junction term
&; is such that
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vF = Y T (onorel £ [0100],) + O m T £ & fori € Qs

n+m<N
where
vi= > TanopeT (90)
n+m<N
and
&= > T [onory], . (91)
n+m<N

o If A Q_, then Eq. (BY) is rewritten as

vi=Yawr = Y awr+ Y awr= Y awr+ Y aui-6),

icA ieANQ_ ieANQy ieANQ_ ieANQy
The first sum refers to the directly accessible grid points for which ;" is well defined, since i € Q_; instead, the

second sum to grid points for which ;" is not defined, since < € {24, and thus associated to 1/)i+ . Accordingly,
we have

Uh =Yt = > ok (92)

i€A iEAND,
Similarly, if A € Q4. then
i = Z it — Z ;i +&a . (93)
i€A ieANQ,

e The general formula can be finally summarised by

Yo = Z a;; + Z plrm) [0 8?1/1]],( + O(hNH) ) (94)
€A n+m<N
where gmm) = — 37 o, T™™ with ay = —1 and Ay = (AU{A}) N Q. The second term of Eq. (@4)

takes into account the jump conditions only from the points contained in A 4, i.e. the points belonging to the
past light cone of A, including the latter (that is to say A U{A}), and to the right hand side of the path (that
is to say (AU {A}) N Q).

We now apply this strategy at increasing order. The first order serves the purpose of an introduction to the
application. We then develop, the second order and the fourth order, which will be used in this work (Part I) and in
the companion work (Part IT), respectively.

15t order full cells. For N =1, i.e. (’)(ArQ*, AtQ), Eq. (B9) gives

Yy =y + (€= ArT)Optp + AtOrhy
Vg =g — (2Ar" —€)0py

Vo =y + €0y,

Vp =Yy + (e = Ar")0rtp — AtOpy)y
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where € 1= r§ — 5. Solving for ¢, = 7. . ;9); leads to reverse the following linear system

1 e—=Ar* 0 ap 1
1 € 0 ) - |ac|=[e—Arc] . (99)
1 e—Ar* —1 ap At

The solution is ap = ac = —ap = 1. The trajectory crosses the cell into four possible ways, Fig. []). For the case

(i), A={B,C,E}; ANQ_ ={B}; AnQ; ={C, E}, and according to Eq. (@)

For the case (i), z/Jjg is computed from 9, wg, wg. Equation ([@3) then gives

(i) ¥ =Yg + 05—V +éa—Eo+Ep =Yg+ U5 — vy + [V] - 2Ar =) [0.¢] - (104)

Applying Egs. (@2 O3 T00I03]), and changing the points in AN Q4 and ANQ_ according to the (ii), (iii) or (iv)
cases, Fig. @), we get

(i) v = vg +¥f —vg + At |[at¢]x — Ar* |[6T*¢]]x , (105)
(iil) ¥x = vp +vd —vp — [¢], —e[onv], . (106)
(iv) ¢ ~ v +od —ovf — At |[at¢]x — Ar* |[6T*¢]]x ) (107)

At first order, the method provides the value of the cell upper node as function of the other three nodes and of
analytic expressions.

274 order full cells. We set N =2 in Eq. 8J), and use 971 = [92. — V;]¢F to limit to five the number of grid
points. The latter are chosen in the past light cone of A, A = {B,C, D, E, F}, Fig. {@). We have

ap—=1- %thx , (108)
ac=1- %h(2h — )V , (109)
ap = ap = %6(2}1 -V, (110)
ap =—1-— %e(2h —e) Vi, (111)

where Ar* = At = h. Again, the trajectory intersects the stencil in four possible configurations, Fig. (). The
junction functions &; take the following form
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a = (1—%At2Vx) [¥], +(e—Ar) |[8T*1/1]X+At|[8tz/1]]x+%(e—Ar*)2 |[63*1/1]]X+At(6—Ar*)|[8T*6t1/1]])( , (112a)
&s = [v] —(2Ar* —¢) |[ar*¢]]x+%(2m*—6)2[83*1/;]])( , (112b)
ée = [9] Felorv] 4 52020, (112¢)

[v], —(BAr —e)[o.-v], —At[d0] + % (BAr*—e)*[02. 4] +At(BAr* =€) [9,- 0], (112d)

¢p = (1— At2Vx) |[¢]X+(6—Ar*)|[6T*¢]X—At|[atw]]x+%(e—m*)2[af*zp]]x—m(e—m*)|[ar*at¢]]x , (112e¢)
> (112f)

[0] 4 (e &7 [0, ~ At [05] 4 5 (e Ar*)? [07.0]  ~ At(er &r°) [0-010]

%

Applying Egs. (@3 or [@2), together with Eqs. (121, and properly referring to the points associated to either
ANQL or AN for the (i), (ii), (iii) and (iv) cases, Fig. (), the following relationships are obtained

(i) vk ~ Zgoéﬂ/lii — (acéc +aple +arér —£a) (113)
i€

(i) v} ~ Zgaiw? — (acéc +arér —€a) , (114)
i€

(iii) ¢ ~ ZAC%?/J?: — (ace + arér) | (115)
S

(iv) ¢y = zgaﬂﬂ? — (acéc + aple + arér) | (116)
S

where 3,5 it = apip + actd + apyp + apdh + apdf

4*h order full cells. The extension to fourth order necessitates ten points in the stencil, Fig. (), A =

{B,C,D,E,F,G,H,I,J}. The expressions of the jump conditions and «; coefficients achieve a considerable length.
The fourth order accuracy is useful when we will discuss the case of radial orbits under SF. Therein, the third derivative
of the wave-function v at the position of the particle guarantees an adequate accuracy.

Though the trajectory forcefully cuts the area limited by the A points (else there is no particle), it does not
necessarily cut the cell ABCE. Therefore, Eq. (80) is not applicable, and we take a Taylor expansion @] at t =tp
constant. If ) (tg) > r¢;, then

W = [5V(r — h)ib(to, v — B) + 15V (r — 3h)ib(to, v — 3h)—
16 (117)
BV (e — 5R)W(to, 5 — Bh) + V(s — Thw(to, 175 — 7h)} + oMY,

whereas if 77 (to) <

1
Vo =15 5V (ry + h)(to, ry + h) + 15V (ry + 3h)(to, 5 + 3h)— .
118

III. WFS FROM GEODESIC GENERIC ORBITS

We deal here with orbits that a CS pursues in its approach to a SMBH, before plunge (for geodesic radial infall,
see ﬂﬁ]) The different orbits are obtained by inserting the values of eccentricity e and semi-latus rectum p in Egs.
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BAH0), together with the initial conditions ¢, (¢t = 0) and x(t = 0).

A. Circular orbits

In a circular orbit, the CS turns around the SMBH at 7, = pM. In Fig. ), two examples of WFs at infinity
are shown, (¢,m)=(2,2) for the even parity, and (¢,m)=(2,1) for the odd parity, each with real and imaginary
parts. The oscillatory shape of the gravitational radiation derives from the circularity of the orbit. The wave-function
oscillates with a frequency mS for a given mode (¢,m), where Q = d¢,/dt = M —1p=3/2 is the angular velocity. From

Eq. (32), the total energy flux is (for the m-symmetry, Eogﬁ,m = ég)m)

boax L bmax [ [
E=Y Y Ewm=) |Ew+2) Em|, (119)
(=2 m=—/¢ (=2 m=1

From Eq. (33) the total angular momentum flux is

lmax

4
L=2%5 L. (120)

(=2 m=1

If the particle follows an equatorial path, some simplifications can be imposed without loss of generality. Indeed, if
¢+ m is even, then 1™ =0, whereas if £+ m is odd, then ¥*™ = 0.

For a better accuracy we use a Richardson extrapolation on the flux values. In practice, Ey,, and Ly, are computed
for various grid step sizes h/2™ with n = 0,1,2,3 and h/2M = 0.1, and then extrapolated by the first terms of the
Richardson recurrence formula.

0 100 200 300 400

E. o005
=
£ 0.0
s
S —0.05} :
0 100 200 300 400
u/2M

FIG. 8: The ¢ wave-function in terms of the coordinates t/2M and u = (¢t — 7% obs)/2M, for the even quadrupolar mode
(¢,m)=(2,2) (top) and the odd mode (¢, m)=(2,1) (bottom); orbital parameters (e,p) = (0,12). We draw the real (solid line)

and the imaginary (dotted line) parts, their dephasing being Au = gmflﬂfl = %mflMp3/2.

In Tabs. [ [} the energy El?fn (units of M?/m2) and the angular momentum fluxes Lom (units of M /m?) at infinity

are computed, for different ¢m modes and ¢ < 5; the semi-latus rectum is p = 7.9456. For Eo’jfn, our results are
compared to those of Poisson [24, [48], Martel [20], Barack and Lousto [23], Sopuerta and Laguna [21]. Our total
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¢ m  Ex 7, [24, 48] EZ, [20] EZ, [23] E, [21]

2 1 8.1680.107°7 8.1633.10°7 [0.06%) 8.1623.107°7 [0.07%)] 8.1654.107°7 [0.03%]  8.1662.10~°7 [0.02%)]
2 2 1.7064.107%*  1.7063.107°* [0.006%]  1.7051.107°* [0.07%] 1.7061.107%* [0.02%]  1.7064.10~%* < 0.001%]
3 1 21757.107%7  2.1731.107% [0.1%] 2.1741.107% [0.07%)] 2.1734.107°° [0.1%)] 2.1732.107% [0.1%)

3 2 2.5203.107°7 2.5199.107°7 [0.02%] 2.5164.107°7 [0.2%]  2.5207.10797 [0.01%]  2.5204.10~°7 [0.002%)
3 3 2.5471.107%  2.5471.107°° [0.001%]  2.5432.107% [0.2%]  2.5479.107%° [0.03%]  2.5475.107%° [0.02%]
4 1 8.4124.107"% 8.3956.10~13 [0.2%] 8.3507.10713 [0.7%]  8.3982.10713 [0.2%] 8.4055.10~13 [0.08%)]
4 2 2.5099.107%  2.5091.107% [0.03%) 2.4986.107%9 [0.5%]  2.5099.10% [0.002%]  2.5099.10~% [0.002%)]
4 3 5.7750.107% 5.7751.1079% [0.001%]  5.7464.107°% [0.5%] 5.7759.107°% [0.02%]  5.7765.107°% [0.03%]
4 4 4.7251.107%  4.7256.107°6 [0.01%] 4.7080.10*06 [0.4%)] 4.7284.10*06 [0.07%] 4.7270.10*06 [0.04%)
5 1 1.2632.107'° 1.2594.10~'° [0.3%)] 1.2544.107 [0.7%]  1.2598.10~% [0.3%) 1.2607.1071° [0.2%)
5 2 2.7910.107'2 2.7896.10~'2 [0.05%) 2.7587.10712 [1.2%]  2.7877.107'2 [0.1%] 2.7909.10~'2 [0.003%]
5 3 1.0933.107%° 1.0933.107% [<0.001%] 1.0830.107° [0.9%]  1.0934.10~° [0.009%] 1.0936.10~% [0.03%)
5 4 1.2322.107°%  1.2324.107°% [0.01%) 1.2193.1079% [1.1%]  1.2319.107°% [0.03%]  1.2329.107°% [0.05%)
5 5 9.4544.107°7 9.4563.107°7 [0.02%) 9.3835.107°7 [0.8%]  9.4623.107°7 [0.08%]  9.4616.107°7 [0.08%]

Total 2.0293.1079%  2.0292.107%% [0.005%]  2.0273.107°4 [0.096%] 2.0291.10~°% [0.009%] 2.0293.10~94 [<0.001%]

TABLE I: Circular orbit: energy flux dEjy,,/dt values at infinity, for different ¢m modes and ¢ < 5
semi-latus rectum is p = 7.9456. The first column lists our results, and the second those of Poisson Iﬂ
[2d], the fourth of Barack and Lousto [2d], the fifth of Sopuerta and Laguna [21)].

units of M?/m3). The
], the third of Martel

values differ with the first by 0.005%, with the second by 0.096%, with the third by 0.009%, and with the fourth by
0.001%.

For Lzm, our results are compared to those of Poisson m @ Martel m |, Sopuerta and Laguna ﬂﬂ Our total
values differ with the first by 0.007%, with the second by 0.2%, and with the third by 0.005%.

The total energy Et‘?fn from Nagar, Damour and Tartaglia Hﬂ], differs from our value by about 0.8%, while the
2° by about 0.7%.

total angular momentum L

B. Elliptic orbits

In Fig. (@), an elliptic orbit has been considered, (e, p) = (0.188917,7.50478), for (¢,m)=(2,2) and (¢,m)=(2,1)
modes. Both real and imaginary parts are shown. The average radiated energy and angular momentum fluxes are

given by
. 1 Tz,
< E>= / Edt 121
Ty =Ty Jp (121)
o 1 T,
<L >= / Ldt 122
Ty =Ty Jq (122)

where Ty, — Th = kT, k > 5.

In Tabs. [T, [[¥], the average of the energy E> (units of M?/m?) and the angular momentum L™ (units of M/m3)
fluxes at infinity are computed over few periods; for (e,p) = (0.188917,7.50498) and (e, p) = (0.764124, 8.75455). Our

results are compared with those of Cutler et al. m], Martel M], and Sopuerta and Laguna ﬂﬂ] For EO"O7 our results
differ with the first by up to 0.2%, with the second by up to 2.1%, and with the third by up to 0.1%.
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(. m L, L, [24, 48] L, [20] L, [21]
2 1 1.8294.1070° 1.8283.1079 [0.06%] 1.8270.1079 [0.1%) 1.8289.1079 [0.03%]
2 2 3.8218.10793 3.8215.107%3 [0.009%)] 3.8164.107%3 [0.1%) 3.8219.107% [0.002%)]
3 1 4.8729.107%8 4.8670.107% [0.1%] 4.8684.107%% [0.09%) 4.8675.107%% [0.1%]
3 2 5.6448.107% 5.6439.107% [0.02%)] 5.6262.107% [0.3%] 5.6450.107% [0.003%]
3 3 5.7048.10%4 5.7048.107% [<0.001%) 5.6878.107%4 [0.2%) 5.7057.107°4 [0.02%)
4 1 1.8841.107 11 1.8803.10~ 1 [0.2%) 1.8692.10~ 1 [0.8%) 1.8825.107 1 [0.09%]
4 2 5.6213.107°8 5.6195.107°8 [0.03%)] 5.5926.107%8 [0.5%] 5.6215.107%8 [0.003%]
4 3 1.2934.10706 1.2934.1079¢ [0.003%) 1.2933.1079¢ [0.01%] 1.2937.1079¢ [0.02%]
4 4 1.0583.107% 1.0584.10794 [0.01%] 1.0518.107%* [0.6%] 1.0586.107%4 [0.03%]
5 1 2.8293.10~ 14 2.8206.1014 [0.3%] 2.8090.10~14 [0.7%) 2.8237.10714 [0.2%)
5 2 6.2509.10 11 6.2479.10~ " [0.05%) 6.1679.10 ' [1.3%) 6.2509.10~ ' [0.001%)]
5 3 2.4487.10708 2.4486.107°% [0.002%)] 2.4227.107%8 [1.1%) 2.4494.107°% [0.03%)
5 4 2.7598.10~°7 2.7603.107°7 [0.02%)] 2.7114.107°7 [1.8%) 2.7613.107°7 [0.05%)
5 5 2.1175.107% 2.1179.107% [0.02%)] 2.0933.10-% [1.2%)] 2.1190.107% [0.07%)
Total 4.5449.10793 4.5446.10793 [0.007%)] 4.5369.107% [0.2%] 4.5452.107%3 [0.005%)

TABLE II: Circular orbit: angular momentum flux dL,,/dt values at infinity, for different m modes and ¢ < 5 (units of
M/mj). The semi-latus rectum is p = 7.9456. The first column lists our results, and the second those of Poisson Iﬂ7 @], the
third of Martel [20], the fourth of Sopuerta and Laguna [21].

e P <E>> <E°°>[Q] <L77°°>[1)] <E°°>[L]
0.188917  7.50478  3.1617.107%4 3.1680.10~94[0.2%) 3.1770.107°40.5%]  3.1640.10~°4[0.07%)
0.764124 875455  2.1026.107°*  2.1008.10794[0.09%]  2.1484.10~94[2.1%] 2.1004.10~°4[0.1%)]

TABLE III: Elliptic orbit: average of the energy flux (units of M?/m3), computed according to Eq. ([[ZI)), taken over a few
periods in the case of two elliptic orbits (e, p)=(0.188917, 7.50478) and (0.764124, 8.75455). The differences with Cutler et al.
[42], Martel [20], and Sopuerta and Laguna [21] are shown

In Tab. [V] the average of the /-mode energy (units of M?/m3) and angular momentum (units of M/m3) fluxes
radiated to infinity, taken over a few periods for (e, p)=(0.764124, 8.75455), are computed. Each ¢-mode is obtained
by summing the flux over all the azimuthal m-modes such that (Eal‘?o, Ll‘?o) = an:_ K(EDZ’;, LZ’;) Our results differ
from those of Hopper and Evans m] @] by 0.007% in energy flux, and by 0.002% in angular momentum flux.

e P <L®> <Ii°°>[4_2] <Ii°°>[1)] <Ii°°>[£]
0.188917  7.50478  5.9550.10~9  5.9656.10793[0.2%]  5.9329.10-93[0.4%]  5.9555.10~%[0.008%]
0.764124  8.75455  2.7531.1079  2.7503.10793[0.1%]  2.7932.10~°3[1.4%)] 2.7505.10~93[0.09%]

TABLE IV: Elliptic orbit: average of the angular momentum flux (units of M/m3), computed according to Eq. ([I23), taken
over a few periods in the case of two elliptic orbits (e, p)=(0.188917,7.50478) and (0.764124, 8.75455). The differences with
Cutler et al. [42], Martel [20], and Sopuerta and Laguna [21] are shown.
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14 <E;°> <ég°>[z)] <i;€°> <Ij;?°>[z)]

2 1.571333.10~% 1.57133846.10~°4/0.0004 %) 2.092406.107%3 2.09219582.1079%[0.01%]

3 3.776283.107% 3.77696202.1079°[0.02%)] 4.745961.107%4 4.74663748.10794[0.01%)

4 1.149375.10~°° 1.14987458.10~°°[0.04%) 1.399210.10~ %4 1.39978027.10~°4[0.04%)]

5 3.837470.10-% 3.84046353.10~9[0.08 %] 4.575322.107% 4.57886526.10~95[0.08%]
Total 2.102273.10-%4 2.10242676.10~°40.007%)] 2.752676.10~%3 2.75262625.10~930.002%)

TABLE V: Elliptic orbit: average of the -mode energy (units of M?/mg) and angular momentum (units of M/mg) fluxes
radiated to infinity and taken over a few periods in the case of an elliptic orbit (e, p)=(0.764124, 8.75455). They are computed
according to Eqgs. ([2I 022)); further each f-mode is obtained by summing the flux over all the azimuthal m-modes. The

differences with Hopper and Evans ] are shown.

p B E> 120] E> 21 B E 20] B 21
8.00001 3.5820 3.6703[2.4%] 3.5603[0.6%] 1.8900.10~>  1.8876.10[0.1%]  1.8884.10~1[0.008%]
8.001 22350  2.2809[2.0%]  2.2212(0.6%] 1.1349.10~'  1.1260.107'[0.8%]  1.1339.10~1[0.09%]

TABLE VI: Parabolic orbit: energy radiated to infinity £°°, and to the horizon E°" (units of M/m3), computed according to
Eq. ([23), for p ~ 8. The differences with the results of Martel [20], and Sopuerta and Laguna [21] are shown.
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FIG. 9: The ¢ wave-function in terms of the coordinates t/2M and u = (¢t — r*ons)/2M, for the even quadrupolar mode
(£,m)=(2,2) (top) and the odd mode (¢,m)=(2,1) (bottom); orbital parameters (e, p) = (0.188917, 7.50478). We draw the real

(solid line) and the imaginary (dotted line) parts.

C. Parabolic orbits

Parabolic orbits include the zoom-whirl case. Indeed, for e = 1 and p = 8, the orbit, though close to the separatrix,
stays in the stability domain. When the particle reaches the periastron it momentarily circles the SMBH, leading to

p L= L™ [20] L= [21] L L [20] L [21]

8.00001  2.9596.10°  3.0133.10'[1.8%]  2.9415.10'[0.6%] 1.5137 1.5208[0.5%] 1.5112[0.2%]
8.001  1.8813.10"  1.9088.10'[1.4%]  1.8704.10'[0.6%]  9.0964.10~'  9.1166.10[0.2%]  9.0783.10~1[0.2%]

TABLE VII: Parabolic orbit: angular momentum radiated to infinity L°°, and to the horizon L°" (units of 1 mg), computed
according to Eq. (I, for p ~ 8. The differences with the result of Martel [20], and Sopuerta and Laguna [21] are shown.
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Re{@bfz }
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r*/2M Re{yZ (r* =400M,t)}

FIG. 10: Even 9(r*,t) 2D-function for the zoom-whirl case of orbital parameters (e,p) = (1.0, 8.00001), and of mode (¢,m) =
(2,2) (left panel). The wave propagates on both sides of the world line, and it is recorded by an observer located at 400M

(right panel).
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FIG. 11: The v wave-function in terms of the coordinates t/2M and u = (t — r* obs)/2M, for the even quadrupolar mode
(¢,m)=(2,2) (top) and the odd mode (¢, m)=(2,1) (bottom); orbital parameters (e,p) = (1,8.001). We draw the real (solid

line) and the imaginary (dotted line) parts.

oscillations in the WFs, Figs. (IOMI). The energy and angular momentum are obtained by integrating the flux over
a symmetric lapse of time to the periastron

T> B

E= [ Edt, (123)
T
T2 °

L= / Ldt | (124)
Ty
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where (Th + T2)/2 = Tperi is the instant at which r, = rperi = pM/2. In practice, we use 17 = Tperi — 600M and
Ty = Tperi + 600M.

In Tab. [Tl the energy radiated to infinity £°°, and to the horizon E°" (units of M/m2), computed according to
Eq. (I23), are shown still for p ~ 8. In Tab. [VII] the angular momentum radiated to infinity L°°, and to the horizon
L (units of 1/m3), computed according to Eq. (I24]), are shown still for p ~ 8. Our results are compared to those
of Martel [20] and Sopuerta and Laguna [21]. With the former work, our results differ by up to 2.4% for E> and up
to 0.8% for E°"; with the latter, our results differ by up to 0.6% for E>, and up to 0.09% for E°". Further, with the
former work, our results differ by up to 1.8% for L> and up to 0.5% for L°"; with the latter, our results differ by up
to 0.6% for L>°, and up to 0.2% for Le".

IV. CONCLUSIONS AND PERSPECTIVES

Pursuing the work presented for radial fall at first order ﬂﬁ] and fourth order @], the applicability of the source-free
or indirect method has been extended to generic orbits by means of a second order algorithm.

The indirect method is based on finite differences, and it employs the jump conditions on the wave-function and its
derivatives to step forward in the time domain grid to the next cell crossed by the particle; it avoids the regularisation
of the Dirac distribution (and derivatives), and deals with the particle as a true singularity.

Its performance may be summarised as follows: i) in terms of radiated energy and angular momentum, it confirms
the results of previous literature, obtaining a relative error in many cases down to 0.001 %j; ii) it provides sufficiently
smooth wave-forms with relatively low computational cost for our future developments; iii) the algorithm is quite
comprehensible and easy to implement, thanks to the analytic expressions dealing with the source and the potential.

In the companion paper (Part II), the upgrading of the scheme to fourth allows the computation of the self force
in the RW gauge for radial fall.

Beyond the scenario of EMRISs, it would be worth exploring the indirect method for all wave-equations with a
singular source term.
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Appendix A: Multipolar expansion and linearised field equations in the RW gauge

The stress-energy tensor of a point particle with mass mg moving along the world-line -~y is

o, B
T = my / (=g) 7 Puru?5 D) (2 — a5 (7)) dr = mo———u'd (r =1, (1) 6 (6 = (1)) 3 (6 = 6,(1)) , (A1)
Y
which is a rank 2 symmetric tensor expandable as
10
ilm i)lm
Tog =D 3 T, )Y (0,0) . (A2)

Im i=1

For the tensorial spherical harmonics Yogglm, see Tab. [VIIIl The functions 7™ (¢, 1) are given by
i)lm a i)em\*
TOM (¢ 1) = /S2 NPT, (YV((;) ) ds) . (A3)

where T3 is given by Eq. (A1), and n,s = diag(1, 1,72, r? sin? 6). The explicit computation of T Jeads to



25

dr ? — — m*
T ) = mout (G2 7200025 = ) Y (600 (Ada)
d
T@tm (g ) = ﬁimout%r_% (r — 1p(t)) Y™ (6,, 6,) (Adb)
T (1) = mou'r =2 f(r)?8 (r = (1)) YO (0, 6p) (Adc)
. - d N
T, r) = 2m(0) " Nimou'r ™! ()0 (r — (1)) Y (6, 6) (Add)
_ dr, _ _ d - ormx
TO(t,r) = 2m(0) " mou’ —Er=! f(r) ™10 (r = (1)) Y (6, 6) (Ade)
1 ayim* dg Y™ do
(6)¢m _ —1 t,—1 _ L ap aPp
T (t,r) 2m(0) " mou'r™ f(r)6 (r — rp(t)) [sin 6, 00, dl sin 6, a0, di } (A4f)
dr 1 oYy dp Y de
(7)em _ -1, t™'p,—1 -1 _ had “¥p A4
T (t,r) 2m(¢) " imou prad f(r)776 (r —rp(t)) [—sin 6, 90, di sin 6, a0, dt } (Adg)
2 2 Lk
TE™ (1) = — n(0) Himou's (r — 1p(1)) ! (%> — sin? 4, (%> X ) . Op, 0p) _
2 dt dt sin 6, (Adh)
dydby
sin de—tpd—tpr (0p, (b,,)}
. _ 1| /do,\? dop\| oo
()¢ (t,’l”) :n(ﬁ) 1m0ut5 (T — ’I”p(t)) {5 [(d_f> _ 2 op (d_tp> ] wt (0p7¢p) +
(A4i)
ddp dOp + omx
e a X o)
1 ao,\* | dé,\* . .
T (¢ ) = ﬁmouté (r—rp(t)) l(d_tp> +sin? 6, (%) Y (0, bp) (A4j)
where X (0, ¢) and W™ (0, ¢) are given by Eqs. ([Z3124)), and
m(l) = /200 +1) , (A5)
1
n(l) = \/56@ +H -1 +2). (A6)
We perform a multipolar expansion of the perturbation metric tensor
0 ‘
has = 3 WO ()Y D0, 0) (A7)

Im =1

where the functions h()*™ are linked to the RW metric perturbation functions, see Tab. [VIIIl Inserting Eqs. (A2
[A7) into Eq. (@), we get for each radiative modes (¢ > 2), the linearised field equations in terms of the RW
perturbation functions and stress-energy tensor coefficients, Eq. (A4). For even parity, for which in the RW gauge

h((f)gm = hge)ém =G =0 for V ¢ > 2, we have

K™ 1 5MY 0K 1, 9H{™ 1 ., emy _ D) oy ¢
T2 4y (3222 _ - — — (g™ — gtm) — Him 4 gimy | =
1) {f(T) or? * r <3 r > or rf(r) or 72 (H ) 2r? (B2 + ) } (ABa)
_ 87TT(1)Em ,
g [oK™ 1, , . M, l+1) e
ot { or T (K™ — Hy™) = r2f(r) ") - (2r2 )Hf = —4V2mi TP | (A8b)
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1 K™ r—MOK™ 2 9§H!™ 19H{™ 1 0(0+1)

_ _ - m m m m _
TR o o i o troar g (BT KT b gy (KT = g
_ 87_‘_T(3)€m ,
9 {m 9 {m {m dmi (4)tm
8H 2M M 4
(r ) (Hgm K) 4+ Hgm . <1 - 7) (HS™ — H{™) = " f(ryT®em (A8e)
1 K™ i) P*K™ L2 M oK™ 1 9*Hy" N 2821{{7" . O?HE™  2(r — M) OH{™
f(r) o2 Or? r r or f(r) o2 otor or? r2f(r) ot
1 8H r+M 8Hgm K(é + 1) {m fm\ __ (10)¢m
o (1 a T> o or + 272 (Ho™ — Hy™) = 8v/2rT ’
(A8f)
1 m m 8w m
B (He™ — Hy™) = @TQT(W ; (A8g)

that is seven coupled equations for the four RW unknowns H{™, H{™, H5™ and K*™. For the odd parity, for which
the RW gauge is h5™ = 0 for V £ > 2, we have

(92]7,6771 (92]7,{771 2 ahgm AM g([ + 1) hém A ) . .
- - — = - - (6)
or? otor r Ot { r2 r ] rf(r) m(é)r fr)—T (A9a)
o°h5m  9*hEm 2 Ohfm L =D+ o A Fryr e (ASh)
ot? otor r Ot r2 1~ Th 0 rf(r ,
9 m _, Ohf™ 8mi om
ar [f ()} } — T = 0] rTOT, (A9c)

that is three coupled equations for the two RW unknowns functions 5™ and h4™.

Appendix B: Notes on distributions

We propose here to formally justify some computations used in the main body of the work. The concept of
distribution is understood through the notion of test function. The set of test functions D(£2) belongs to the continuity
class C* on 2 C R” — R with a compact support (that is to say, identically zero outside of a certain range limits).
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1 1 2 3 4 5
plD)em f(’/‘)Hgm _i\/inm f(,r)—ngm %im(f)h(()e)lm Tﬁlm(f)hge)lm
T(Z)Zm A(O)Zm A(l)lm AZm B(O)Zm Blm
Y(glm a(O)Zm a(l)lm alm b(O)Zm blm

a

parity even even even even even

1 6 7 8 9 10
h(z)lm _Tflm(é)hgm ’L.Tilm(g)htim T72m(€)hgm n(e)Glm \/iK[m _ n;(j); G,Zm
T(Z)Zm Q(O)Zm QZm Dlm FZm G(S)Zm
YOEE)Z’"L c(0em oA 4o fém g(s)ém
parity odd odd odd even even

TABLE VIII: This table provides the relation between Lousto and Price’s ﬂﬂ] and Zerilli’s notation IQ] We adopt the former
convention that differs from the one used by Cunningham, Price and Moncrief (CPM) [3d] for a normalisation factor. Index i
of the first row follows the order of the TSH as defined in ﬂg]

We define any distribution 7" in its integral form by

Te) = [ Ta)pla)ds

where ¢ is a test function of D().

1. Dirac Distribution §

We define the Dirac distribution d,, := §(x —x¢) as the distribution which associates ¢(z¢) to a function test ¢(x).
It is given by its integral form

+oo
Oret) = [ 8o = ao)pla)dn = p(ao) (B2)

— 00

Multiplying .., by an infinitely differentiable function is straightforward, since for any function P € C* and ¢ € D(R)
we have Py € D(R); therefore

<6I0P7 (P> = <5107P90> = P(‘TO) <5107(P> :

Thus, in the most general case, if P(t,r) is an infinitely differentiable function, and 4, the Dirac distribution whose
support is r = 7, (t) we write

(B3)

400
<5er, 90> = /7 (r —rp()P(t,r)p(r)dr = P(t,r=rpy(t)) <6Tp, gp> , (B4)
and
P(t,1)8(r — (1)) = P(£)3(r — 1 (t)) , (B5)

where P (t) := P(t,r=ry(t)) is an infinitely one-dimensional differentiable function which results from the evaluation
of P(t,r) with the Dirac distribution d. The total derivative is

PO [0uP(t.r) 47,0, P(0 )

r=rp(t)

»
o

where is the total derivative with respect to ¢.
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2. Derivative of Dirac distribution ¢’

Using the property of derivation in distributional sense (1", p) = — (T, ¢’) we directly get the derivative 0, := 0,0,
by replacing T by 9y,

<6;0’ s0> = <5107§0/> = _Spl(xO) . (B7)

Multiplying d7, by a function P € C*, then

<6;0P7 (,0> = <5;07P90> = <6I07 (P(p)l> = <5107P90/> - <5107P190> = P($0) <6;0, 90> - Pl(wo) <5107§0> ) (B8)

where, Eq. (B1), the derivative of a test function is a test function. Thus, in the most general case, if P(t,r) is an
infinitely differentiable function and d,., the Dirac distribution whose support is r = r,(t), we get

(8,0) = [ 80— ry )P e0Yr = Pl r=ry(0) (37, ) — 2AET)

— 00

<6TP ’ <P> . (Bg)
r=rp(t)

We directly write

P(t,r)8' (r = (1)) = P8 (r = (1)) = Q1)S(r — 7 (1)) (B10)

where Q(t) := 0, P(t, T)|7:rp(t)' We also evaluate the partial derivative of § with respect to ¢, via a change of variable

OS(r —1p(t)) = —1rp0:8(r — 1,(1)) (B11)

3. Heaviside distribution H

The Heaviside distribution H,, 1= H(x — ) is defined as

0, ifx<ux
Hey = B12
° {1, if x>z (B12)

H, is connected to the Dirac distribution via derivation

(i) = (0nor 0) - (B13)

In our case, being the support of H time dependent, it is necessary to clarify the partial derivatives 0, H(r — r,(t))
and O, H(r — rp(t)) in terms of 6(r — rp(t)). According to Eq. (BI3), it is evinced that

OpH(r —rp(t)) = 0(r —rp(t)) . (B14)

For the partial derivative with respect to ¢, we get by a change of variable ¢t — r,(¢)

OH(r —rp(t)) = =10 H(r — (1)) . (B15)

Appendix C: Jump conditions: generic orbits

We list here the explicit forms of the jump conditions of the )¢ function and its derivatives until 2nd order. Jump
conditions are computed on a geodesic given by (R(t), ®(t), O(t)). The dot ”-” is the time derivative d/dt such that
R = dR/dt = fr/E\/EZ — fr where we note fr := f(R). We recall that A = (£ — 1)(£ 4 2)/2 and we introduce
K = (rmou')/(A+1) where u! =dt/dr = E/fr, A1(R) = (AR +3M) and As(R) = AR?>(\ +1).
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Oth order
Rfr
m7 Im*

[vem] = SKAl(R)Y , (C1)

S8KR
m — _ Imx ) 2
[pim] = - A (€2

1st order

. 2M
. . R? [/\R2 </\+1+—> +3M2}
-t t
[arwgm]] _ SKRfR(2Ru + Ru )Yfm* 8K . R Yfm*
uhs (72— 13) RA3 (12 - f3)
AM (C3)
f%[ARz(A+1+—>+9M2} 2 2 12 b2
+8K A ymx 8KLJCRYZ’”* - 4K§7% W
RrAF (B2 - f2) A (B2 - 1) (R - 12)
8K RR d :
[0:087] = ————— | (ATl 4 (fR o+ B2) A (C4)
A (R2 _ f2) ut dt
R
RfR RZ +f2 ’(.l,t . e 53
latwém] — 8K RfR iyfm* —_ 8K ( . R) Yfm* _ 8K RfRRR Yém* + 8KR [(R()\+ 1) + M] Yﬁm*
Ay dt uthy (RQ—flzg) Ay (RQ—f%) RA, (RQ—f]%)
- . Ly
RAy (2 - 13) M (B2 - 1) (R - 12)
(C5)
2
I[atwgm]] _ SKfR - [g%(flém*ut) + 2RA€m*:| ) (06)
A (R2 - fR)
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2nd order

dmor fRAL?
A +1) (B2 = 1)
+ 2fEARMWIY I — A fPARYRMY M 4 A fEARY Y P
— Af AR RPRu' Y '™ 4 ANR*RRu'Y "™ + ANR? (AR + R + M) Rou'Yy "™+
+AfR T OPAR RPuY ™ — 8f ' AR? (AR + R + 2M) R3u'Yy “m*
— Afr®*ARPRu' Y™ + AfpAR* AR+ R+ 3M) Ru'Y“™ — 6 f 2 AR RY 'Y ™
+AARARZUTY ™ 4 2f2ARYGTY ™ 4 16AR* RRuY
+4A17TIAR? (Ao — BMR + 3M?) RPU'Y "™ + 4f @ AR RP4 Y
—8f A1 TIAR? (Mg + 8AMR + 21M?) R34'Y"™ — 4 fr@* AR Ru'Y ™
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