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We apply our method of indirect integration, described in Part I, at fourth order, to the radial fall
affected by the self-force. The Mode-Sum regularisation is performed in the Regge-Wheeler gauge
using the equivalence with the harmonic gauge for this orbit. We consider also the motion subjected
to a self-consistent and iterative correction determined by the self-force through osculating stretches
of geodesics. The convergence of the results confirms the validity of the integration method. This
work complements and justifies the analysis and the results appeared in Int. J. Geom. Meth. Mod.
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I. INTRODUCTION AND MOTIVATIONS

We apply the indirect method of Part I to the motion of a particle perturbed by the back-action, that is the influence
of the emitted radiation and of the mass mg on its own worldline, thanks to the interaction with the field of the other
mass M.

The problem of the back-action for massive point particles moving in a strong field with any velocity has been
tackled by concurring approaches all yielding the same result, exclusively defined in the harmonic (H) gauge. Result
derived in 1997 by Mino, Sasaki and Tanaka [1], Quinn and Wald [2], around an expansion of the mass ratio mq /M.
The main achievement has been the identification of the regular and singular perturbation components, and their
playing or not-playing role in the motion, respectively. The conclusive equation has been baptised MiSaTaQuWa from
the first two initials of its discoverers. Later, Detweiler and Whiting B] have shown an alternative approach, not any
longer based on the computation of the tails, but derived from the Dirac solution M] It is customary to call self-force
(SF) the expression resulting from MiSaTaQuWa and DeWh approaches, and to switch between the former (the SF
externally breaking the background geodesic as non-null right hand-side term) and the latter (the particle following
a geodesic of the total metric, background plus perturbations) intepretations of the same phenomenon.
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A full introduction to the SF is to be found in ﬂa], while for a first acquaintance the reader might be satisfied by
the arguments exposed in [6].

In the MiSaTaQuWa conception, the gravitational waves are partly radiated to infinity (the instantaneous, also
named direct, component), and partly scattered back by the black hole potential, thus forming back-waves (the tail
part) which impinge on the particle and give origin to the SF. Alternatively, the same phenomenon is described by an
interaction particle-black hole generating on one hand a field which behaves as outgoing radiation in the wave-zone,
and thereby extracts energy from the particle; on the other hand, in the near zone, the field acts on the particle and
determines the SF which impedes the particle to move on the geodesic of the background metric. From these works,
it emerges the splitting between the instantaneous and tail components of the perturbations, the latter acting on the
motion. Unfortunately the tail component can’t be computed directly, if not as a difference between the total and
the instantaneous components. Instead, the DeWh approach reproduces the Dirac definition. It consists of half of the
difference between the retarded and the advanced fields, to which is added an ad hoc field including the contributions
from the past light inner cone, while avoiding non-causal future contributions.

The SF computation is not an easy task because the field perturbation is divergent at the position of the particle,
and it is therefore necessary to use a suitable procedure of regularisation. The latter deals with the divergences
coming from the infinitesimal size of the particle. In the Regge-Wheeler (RW) gauge ﬂﬂ], we benefit of the wave-
equation and of the gauge invariance of its wave-function. Regrettably, the singularity in the perturbed metric has
a complicated structure which has made impossible so far to find a suitable regularisation scheme. Nevertheless,
current investigations attempt to identify gauge transformations between the RW and H gauges, e.g., Hopper and
Evans ﬂg, @], or use numerical integration approaches that deal de facto only with the homogeneous form of the
Regge-Wheeler-Zerilli (RWZ) equation [7, [10].

In the H gauge, a regularisation recipe in spherical harmonics and named Mode-Sum, was conceived by Barack
and Ori ﬂl_lL @] Such a procedure is to be carried out partially or totally in the H gauge. There is an exception
though for a purely radial orbit. In this case, there is a regular connection between the RW and H gauges; thus the
quantification of the SF may be carried out entirely in the RW gauge. Further, the outcome is invariant for these two
gauges and all regularly related gauges ﬂﬁ] Herein, we thus proceed with a detailed computation in toto in the RW
gauge, announced by Barack and Lousto in ﬂﬁ] but never appeared.

In the ’70s, Zerilli computed the gravitational radiation emitted during the radial fall ﬂm, @, |E] into a
Schwarzschild-Droste (SD) black hole iﬁ ]. Many studies followed later on. The first was from Davis et al.
HE], who considered, in the frequency domain, the radiation emitted by a particle initially at rest in free fall from
infinity. Later, Ferrari and Ruffini ﬁyﬁ] resume, still in the frequency domain, the same system, but conferring an
initial speed to the particle from infinity. The first to solve the problem of the fall of the particle still initially at rest
but for a finite distance from the black hole were Lousto and Price in a series of papers m], where they detail
and give a numerical technique to deal with the point source in the time domain. Martel and Poisson ﬂﬂ] resume the
same problem by proposing a family of parametrised initial conditions, all of them being solutions of the Hamiltonian
constraint; further they study the influence of these initial conditions on the wave-forms and energy spectra.

Thirty years later, back-action - without orbital evolution - was partially analysed only in two works , ], and
with contrasting predictions (in the former Lousto suggests that back-action is repulsive for most modes, conversely
to the latter where Barack and Lousto attribute always an attractive feature). We have largely commented these
papers in m] Needless to say, the time shortness of the fall forbids any important accumulation of back-action effects
but, from the epistemological point of view, radial fall for gravitation remains the most classical problem of all, and
raising the most delicate technical questions. Early gravitational SF computation were carried out in the H gauge by
Barack and Sago for circular ﬂﬂ, @] and eccentric orbits m]

In the context of the Extreme Mass Ratio Inspiral (EMRI) gravitational wave sources, the gravitational SF heavily
impacts the wave-forms. It has been suggested to evolve the most relativistic orbits through the iterative application
of the SF on the particle worldline, i.e., the self-consistent approach by Gralla and Wald ,@] We implement it for
the least adiabatic orbit of all, that is radial infall, using our integration method. The strict self-consistency would
imply that the applied SF at some instant is what arises from the actual field at that same instant. So far this has
been done only for a scalar charged particle around an SD black hole by Diener et al. HE], and never for a massive
particle. For quasi-circular and inspiral orbits, dealt by Warburton et al. ﬂﬁ], Lackeos and Burko M], the applied
SF is what would have resulted if the particle were moving along the geodesic that only instantaneously matches the
true orbit. Herein, we adopt the latter acception.

We thus study how the back-action affects the motion, the radiated energy and the wave-forms of a particle without
and with the self-consistent approach. According to the different inclinations of the reader, his interest may raise
from one or more of the following considerations.

Technical assessments and advancements

e The feeble differences between a radial orbit for which the self-force corrections are neglected or conversely taken



into account (without and with orbital evolution) allow to test our numerical integration scheme, as we expect
similar results, while possibly appreciating any difference, among these three cases.

e The inclusion of back-action effects demands a sophisticated algorithm of at least fourth order, since considering
third time derivatives of the wave-function.

e The contrasting results in ﬂﬁ, ] need a resolution. We have recovered the results in ﬂﬁ] (self-force is attractive
in H and RW gauges) and proved wrong those in Hﬁ] (claiming that the self-force is mainly repulsive and divergent
at the horizon), see the full discussion in HE] Anyway, the work in ﬂﬁ] does not consider the impact of the
self-force on the trajectory, which we deal with herein.

e Radial infall is the least adiabatic orbit of all types. Imposing the identity between the radiated energy and the
lost orbital energy for computing the corrections on the motion would be most unjustified as shown by Quinn
and Wald m] Indeed, it is just for non-adiabatic orbits, that is required applying a continuous correction on
the trajectory due to the SF effects, i.e. the self-consistent method ,@] Thus, radial infall imposes such an
application, though it is not rewarding due to the feebleness of the SF effects themselves.

e Given the limitations of numerical relativity in evolving circular and elliptic orbits for small mass ratio binaries,
the comparison of results for head-on collisions from numerical and perturbation methods is of interest.

e In particle physics, when referring to the transplanckian regime and black hole production, back-action has a
pivotal role in head-on collisions according to Gal’tsov et al. @, @]

e The regular transformation between H and RW gauges for radial trajectories allow to carry out the Mode-Sum
regularisation entirely in the RW gauge.

When endeavouring towards astrophysical scenarios, we recall that

e It has been estimated by Amaro-Seoane, Sopuerta et al. @, @] that a relevant number of EMRIs will consist
of direct plunges when the supermassive black hole (SMBH) is not rotating.

e Radial trajectories are comparable to portions of highly eccentric orbits producing an EMRB (Extreme Mass
Ratio Burst) following Berg and Gair

e The last stages of EMRI plunges were analysed by Keden, Gair and Kamionkowski ﬂﬁ] for discriminating
supermassive black holes from boson stars, supposedly horizonless objects, and by Macedo et al. @] for
signatures of dark matter.

e The concept of maximal velocity in radial fall is discussed in high energy astrophysics for jets and tidal disruption
by Chicone and Mashhoon [43, [46], Kojima and Takami [47].

General motivations

e Radial fall is the most classic problem in physics instantiated by the stone of Aristotélés, the tower of Galilei,
the apple of Newton, and the cabin of Einstein. The solutions represent the level of understanding of gravitation
at a given epoch, and have thereby an epistemological relevance.

e It is a worthwhile problem a la Feynman: The worthwhile problems are the ones you can really solve or help

solve, the ones you can really contribute something to. No problem is too small or too trivial if we can really do
something about it [A8].

The paper is structured as follows. Section II, after a brief review of the SF, is largely devoted to the computation in
the RW gauge of the regularisation parameters through the Mode-Sum method. Section III deals with some numerical
issues, the performance and validation of the code. In Sect. IV, we deal with the impact of the SF on the motion of the
particle without and with the self-consistent evolution for the radial fall through osculating orbits. The appendixes
deal with the Riemann-Hurwitz regularisation @, @], the numerical extraction of the field at the particle position
and display the jump conditions for the radial orbit.

Geometric units (G = ¢ = 1) are used, unless stated otherwise. The metric signature is (—, 4+, 4+, +). The particle
position on the perturbed metric is noted by r,(7) while on the background metric by R.



II. GRAVITATIONAL SF
A. Foreword

The SF equation, defined in the H gauge, is given by @ﬁ]

[e} 1 a a R(H v
=~ yole” + ) (500 RS 0

where R stands for the regular part of the perturbations hy,,, either tail (MiSaTaQuWa) or radiative (DeWh). The
two contributions are not equivalent, but the final results are. The other quantities are the background metric g,
and the four-velocity u®. The SF is obtained by subtracting the singular part from the retarded force

FQ(H) — FQ(H) o Fs(H) . (2)

self ret

The retarded force is computed from the retarded field
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where hog = hag — 1/2gash, and k%7 is given by
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As shown in [12], for a transformation to any gauge (G)

e = hies™ 4 sn(7 (5)
the SF changes as
FsacfiG) Fsclf + 6F04 H=C) = FraeEH) - FSQ(H) + 5FQ(H‘>G) = Frae‘EG) - FSQ(H) . (6)

Thus, in an arbitrary gauge G, the singular term - to be extracted from the retarded force - is always expressed in
the H gauge and not in the G one, as it might be supposed. In the H gauge, the isotropy of the singularity around the

particle eases the computation of Fg o(H) , while guaranteeing its inconsequential role on the motion. Instead, in other
gauges we are confronted with the lack of isotropy ﬂ We recall the expression of the Mode-Sum decomposmon in
the H gauge [11]

sacftH ZFraef FSQ(H ZFraef i [Aa L + B* (H) + CQ(H } - D" ) (7)
£=0

where L =0+ 1/2, and £ is the mode index. Inserting the Mode-Sum expression of FSO‘(H) from Eq. (@) into Eq. (@),
and decomposing Y% n ¢ modes, we get ﬂﬁ

ret

a(G) - a « « — @
bel(f Z |: ret —A (H)L - B (H) C (H)L 1:| - D" . (8)
=0

In Eq. (8), the regularisation parameters are computed in the H gauge, but we can go a step further and totally
dismiss the H gauge. For a restricted class of gauges for which the transformation gauge vector is regular, the
Mode-Sum technique can be used to regularise the retarded force directly in those gauges ﬂﬂ] We then have
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In ﬂﬂ] several orbits were examined. It was concluded that the RW gauge is regularly connected to the H gauge
only for purely radial orbits. Further, it has been shown that the components of the transformation gauge vector are
not only regular at the position of the particle but they can be made vanishing. That is to say, for radial orbits, the
regularisation parameters share the same expression in the RW and H gauges. The SF is thus gauge invariant for
RW, H and all other gauges interrelated via a regular transformation gauge vector.

We thus derive the regularisation parameters entirely in the RW gauge, and confirm their identity with those in
the H gauge found by Barack et al. ﬂﬂ] The RW gauge has the distinct advantage of giving easy access to the
components of the perturbation tensor (instead strongly coupled in the H gauge) via the RWZ wave-functions.

We deal from here onwards with radial infall. This implies that i) the odd modes vanish, and the source term for
even modes is simplified; ii) there are not m modes; iii) the perturbation K vanishes for a fixed 6; iv) for symmetry,

the terms F!

v and F; don’t vanish, conversely to Ffelf = F(ilf = 0.

S

B. Computation of the regularisation parameters in the RW gauge

The value x},(7) = (t,,,,,) represents any point of the v world-line followed by the particle, while z, = (t,7,) =
!/

x,(7 = 0) the point where the SF is evaluated, Fig. (@), 7 being the proper time. Further, z = (¢, r) indicates a point

taken in the neighbourhood of x, where the field ¢ (z) is evaluated, before taking the limit z — .

FIG. 1: We define z,,(7) = (t,,7},) any point of the v world-line followed by the particle, and z, = (¢,7,) = z,,(7 = 0) the point
where we finally evaluate the SF, 7 being the proper time; = (¢,7) indicates a point taken in the neighbourhood of z, where
the field ¢ (x) is evaluated, before taking the limit z — zp.

We define the Green function G (z, z,(7)) as

bla) = / Gz, () dr . (10)
When associated to the RWZ equation ﬂ, ], we get
= 0F + 02 — V()]G = G(r)alr = 1)d(t — ) + F(r)0,0(r = 1)3(t ~1;) (11)

where the even potential is

A2+ 1)r3 + 3X2M7r? + 9AM2r + 9M3
r3(\r + 3M)2 :

VEir) =2f



where A = (¢ — 1)(¢ 4 2)/2, and the source term coefficients are

S0 w2 (r)
FO) = 0500w + 300 13)
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for k = 8mmeY " = dmoV2rL, and € = f(r,)ul.
According to the properties on distributions, Appendix (B) in Part I, Eq. (I is rewritten using an alternative
version of the Green function, named G and defined such that

G(z,a)) = |Q(r)) — F(r1)d/or, | Gz, ) , (14)
where Q(r}) = [é(r) — dF(r) /dr} - Using 8(r —13) = f(r3) "1™ = 177) and Z := —07 + 92 — V(r), Eq. ([
becomes !

ZG(x,x;,) = lg(r) — d];;r)] 5(r — r;)é(t — t;,) — ]-A"(r;)a%&(r — r;)é(t — t;,)
r=r, p (15)
_ [@(r;) - ﬁ(r;)(%] 5 — )8t — 1) = X6(r — 1)6(t — 1))
ZXG=XZCG = X3(r—r,)o(t —t,) , (16)
[ =02+ 02 — V(|G = ()18 — 16t — 1) . (17)

Considering the causal structure of the Green function, it is now useful to introduce the Eddington-Finkelstein
coordinates (u,v) ﬂa, @] In these new variables, v = t + r* ingoing and v = t — r* outgoing, the expression of the
wave-operator is simply given by 92, — 07 = —49y,. In the same way, casting 6(r* —r*)(t — t/) in (u,v) variables,
requires to deal with the product of a function pu(t,7*) with §. Under the integral definition of the latter

/ oy @00 = [ a)0lpa) (18)

R2

where ¢ € D(R?) and |J,| is the determinant of the Jacobian matrix associated to p |J,| = 2. Then, in (u,v)
coordinates, Eq. (1) turns into

(400 + V(1) G = 27(7) " 0(u = w30 — vy (19)

The Mode-Sum regularisation in the RW gauge, and thus the determination of the SF, will be achieved by the un-
dertaking of two pursuits (i) the analytic computation of the regularisation parameter; (ii) the numerical computation
of the ¢-modes of the retarded force by solving the RWZ equation.

For the analytic venture, the regularisation of the SF by the Mode-Sum technique requires the evaluation of the
divergency, i.e. the singular part F§' of the retarded solution. The singular part is fitted by a 1/L power series, of
which coefficients are the regularisation parameters. The computation of the latter is based on a local analysis, i.e.
at the neighbourhood of the particle, of the wave-function ¥, or more exactly of its associated Green’s function. The
technique consists of a perturbative expansion of the Green function modes in a small spacetime region around the
particle for great values of /.

To accomplish the local analysis, we write the Green function G in a reduced form that takes into account the



causal nature of its support, i.e., its non-zero value in the future light cone of :v;. Then, we expand the reduced Green
function in powers of 1/L, where each term of the series, namely G,,, will also be locally expanded for x — x, such
that the coefficients of the expansion G, will be function of x;,, and :1:]’0.

The next step considers integrating G with respect to the proper time 7. To this end, we have to express the G,,
coefficients explicitly in terms of 7. This is achieved by a Taylor series of G, (,T;(T)) around 7 = 0. Finally, we
integrate G and 0,G to get the asymptotic behaviour of ¢ and 9,4* when ¢ — oco. The computation of the other
derivatives 00, G, is performed by borrowing from Part I the relationships on partial derivatives, which were used
for the jump conditions to get 99™M*~>° quantities for which n +m < 3.

We will gain access to the behaviour of the wave-function and its derivatives versus ¢, thereby testing the convergence
of our numerical code for very high modes. We will then compute the ¢-modes of the perturbations H fQ, K and of
the retarded force F*¢ [hrofge], for large values of ¢, thereby accomplishing the other (numerical) venture.

The reader may skip this very technical discussion and get directly to the results expressed by Eqs. (I20). Otherwise,
we assume the reader be well acquainted with the Mode-Sum by Barack @, @] and the coming after literature.

1. Computation strategy and detailed description

For the asymptotic behaviour of 970™¢! when ¢ — oo for n +m < 3, that is up the third derivative of the
wave-function, we apply our strategy through the following steps

e a. Reduced Green’s function.

b. Expansion of the reduced Green function in powers of 1/L around x = xp.

c. Reconstruction of the Green function G(x, ;).

e d. Expansion around x; = Tp.
e c. Computation of =% (z,), 0, (), and 0PI 7> (x,).

a. Reduced Green’s function. The causal structure allows to rewrite G in a reduced form g(z, x;,). Indeed, Gz, )

has support in the future light cone of z;,, so CAJ(u < up,v) = @(u, v <w,) = 0. Thus

~

G(x,zl) =2f() g(x, x, ) H(u —u, ) H(v —v,) (20)

7p p

where H(u — u;,)H(v — v,) are Heaviside or step distributions, which confine the support of @(:1:,:1:;) to the area
made by all points x belonging to the future light cone of x},. By inserting Eq. 20) into Eq. (I9), we express the

wave-operator applied to G

a'u,v g(CE, :E;ID)H(U - ’U/;)H(’U - ’U;/D)} = au {6ngu;Hv; + gHu;dU; - ungu;Hv; + avgéu’pHv; + aug;"['u/p61);7 + 95%5% .
(21)
Equation ([9) involves four distinct types of quantities

o (i) (-) % Huy Moy,
(i) () X 6uy Moy
(iii) (-++) x Hug 0oy,
(iv) () % Guy Buy.-

The action of each term relies upon the behaviour along the characteristic lines u = u; and v = U;.

e (i). For u > uj, and v > vj, only the term (i) has a contribution; g satisfies the homogeneous equation associated
to Eq. (3.

e (ii). If u = uj, is constant, only the term (ii) has a contribution; then d,g(u;, v) =

0
e (i). If v = v, is constant, only the term (iii) has a contribution; then d,g(u,v,) = 0.



e (). On the world line (u,v) = (uy,,v,), the coefficient of term (iv) must be equal to the coefficient of the source

term of Eq. ([[d); then g(uj,,v,) =1

According to (i), we have
40uvg +V(r)g =0, Y u>u, and v > v, , (22)
while according to (i), (iii) and (iv), we have
g(u = uy,v) = glu,v=1v,) =1. (23)

Equation (23)) is in fact the initial condition to be associated with Eq. ([22]); it ensures the uniqueness of the solution.
Figure () shows the support of the reduced Green function.

FIG. 2: The reduced Green function G(, z;,) has support in the future light cone of z;, (dark grey area); thus Glu < up,v) =0
(blue area with top-right oblique lines) and G(u,v < vy,) = 0 (pink area with top-left oblique lines).

b.  Ezpansion of the reduced Green function in powers of 1/L around x = x,. We are now looking for a solution
g of Eqs. ([22123]) near the evaluation point « = x,, that is » = r,while considering large values of ¢. Thus, we Taylor
expand the quantities around r = r,, and express them as power series in 1/L. For dealing with both very small
quantities such as the spatial separation » — r, and large quantities proportional to L, we introduce new variables of
the product form L x small spatial separation; these variables are called ”neutral” by Barack @] We first consider

this procedure for the potential. In the neighbourhood of r = r;, or similarly around r* = ry, we have

1 d?V

dv N N
(T - TZD) + 5 dT*2

@

T*—T*z O ’I”*—’I”*3
) T;( ») 00" =m)%) (24)

=VO(r,) + VO (rp)Art + VE (r)) Ari? + O(Ar3?) |

V(r) =V(r,) +

with
v© (Tp) = V(Tp) )

dV
(1) — i
Vi (rp) = f(rp) ar . ) (25)
1 df dVv d?v
(2) . N 2 v
Vi (rp) D) [f(Tp) ar . ar Tp"’f (Tp) a2 . )




and Ary =r* —rp. The asymptotic behaviour of VO v and VP for 1/L — 0 is

6M 1
VO(r,) = T,iz [L2 - <ﬁ + Z)} +O(L7) =V 12+ v 0 (L) (26)
p

woov f|6M=2r, , (96M?—33Mr—rp W 4
V“(Tp)_%l r2 - _< 2r3 +O (L) = Vi) L+ Vi) + O (L77) (27)
, £ [60M2 — 40Mr, + 612 1152M% — 810M2r, + 124Mr2 + 3¢3 ) e ) 3
V) = & [ S e 1M 6 () v Eeo (1)
p p p

(28)
In this notation, V((:)) refers to the n-th Taylor coefficient in 1/L of the k-th coefficient in Ary. Figure (3]) shows
the geometric representation of the neutral variables.

FIG. 3: Geometric representation of the neutral variables used in the local analysis of g(z,z,). The grey area shows the support
of the Green function corresponding to the set of points belonging to x, the chronological future of J,.

The expanded potential becomes

V() = VO (ry) + V) () L2 A1 + V) (1) Ars + VS (7)) LA + VD (1) Ars? 40 (A1) (29)

o(L) o(L-1) o(1) O(L-2)

where we labelled the order of each term. The terms such as L"Ar;™ n € N are of 0*" order, and do not catch

the behaviour of V' with respect to L because O(L™") ~ O(Ary). We then choose to introduce the neutral variables
(underlined) for which the product form can be appraised as constant. We define

Ary = LAr;, . (30)

Truncating the expansion in Eq. 29) at O (L~!), we obtain

V(ry) = @ [LQ + (nAry) L+ (v2 +v3Ar,%) } +O(L7Y) (31)
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with

2 (3M )
m=—|—-1),
p \ Tp

y,— M 1
2 = T 4 ) (32)
1 20M  30M72
V3 = ") 3 — =+ ) .
Tp 'I"p Tp

Similarly to Eq. ([30), we introduce X and Y as two neutral variables such that

X = %p(rp)L(u — u;) and Y := %p(rp)L(U — U;) , (33)

where the pre-factor p(r,) := f(r,)'/?/r, simplifies Eq. 22) after the change of variables
Ouvg = (1/4)p(rp)* L*Oxvg (34)

is made. In addition, we introduce another neutral variable Z

Z:=2XY = p(rp) L/ (u —up)(v —vp) =Z = (L/rp)s , (35)
where s is the geodesic distance between the point x and the point :1:;. Indeed, in the SD metric, we have ds? = — fdudv,

and therefore s = f;,
P

gaﬂdxo‘dx5|l/2 ~ \/f(rp)(u —u})(v —v),). We define also the variable Ar,* as

Ary = p(ry)L(ry —1y) . (36)
The equation to be solved is now
Oxvg+ [1+ (mAr) L™+ (ma + vsr?) L2 4.0 (L7%) [g =0, (37)

where the reduced Green function g is to be expressed as a power series of 1/L, whose coefficients are function of
Ary, Ar)" and Z only

9=">_ L *gi(Ar), Ary,Z) . (38)
k=0

However, from a practical point of view, to get the desired accuracy, it is sufficient to truncate the sum at k = 2.
Equation (22) becomes

2 2

Z L7 0xygr + |14+ (1AL 4 (fo + f3A2) L2 + O(L*S)} Z L% =0. (39)
k=0 k=0

Now, by identifying powers of L, we will have a hierarchical system of equations supplemented by the initial
conditions, Eq. (23)), of the form

Oxy gk + gk = Sk
gr(u = uy, v) = gr(u,v =v,) = Oko .
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Concretely, we have

order 0: dxvgo+g0=0, (41)
order 1: Oxvgi + g1 = —m&;go ) (42)
order 2 : Oxygs+ g2 = —ulg;gl — (VQ + V3M;2)go . (43)

Through a a change of variable Z = 24/XY, the left hand side changes into

(92 8gk
=7 2=+ Zgk . 44
Fxay e T =2 az2 +2g t L% (44)
Thus, Eq. [I)) implies to solve a Bessel equation of order 0
0? 0
72290 4 7590 (72— 0%)gy =0, (45)

= 972 o7z

which solution of is a Bessel function of the first kind of order 0

9o = Jo(Z) . (46)

Equations [243]) are also Bessel equations with source terms. By working on the relationships between neutral
variables g;;, ggj‘, X and Y, we can rewrite the source terms Sj solely as function of Z and of the difference

Y-X=Ar, - g;*. Implementing the relationships in Tab. [, the solutions of the Eqgs. ([@2[43)) are built compatibly
with the initial conditions of Eq. (@)

g1 = —ZV1ZJ1( )(A’f‘ + A’f‘l*) s (47)

1 1 1
g2 = —=LI(D)|vs (Ary” + ArpAr + Ary®) + | + oo Z28(2) [307 (Ary + Ary)” = 8u| + R L B (Z) . (48)

S Solution of Oxyg+¢g =95
0 Jo(Z)
Jo(Z) ZJ1(2)/2
(Y - X)Jo(2) (Y - X)ZJ1(Z)/4
(Y = X)200(2) | [2°2(Z) + 2(Y — X)?Z1(2)] /12
ZJ1(2) 2°J5(Z) /4
(Y — X)ZJ1(2) (Y — X)Z*J2(2)/6
(Y — X)?2J1(2) | [Z°J5(Z) + 3(Y. — X)?Z% J5(Z)] /24

TABLE I: Provision for the solution of the generalised Bessel equation Oxyg + g = S with a source term S written itself with
a Bessel function [54].

c.  Reconstruction of the Green function G(z,z;). Given the local behaviour of g for large modes
g=go+g L + gL >+ 0O (L7?%) , (49)

we can reconstruct the function @(x, ;) linked to g through

G(x,a}) = 2f(rp) " g(w, 2}y H(u — u,)H(v —v)) (50)
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and itself connected to the Green function, Eqs. (IOMI) through Eq. ([I4), recalled herein

G- [@(r;) _ﬁ(r;)d%} G (51)

with
Fip) = =r[opLt+o(L79)] (52)
é(?‘;) = Iip(T;))Q [L_z + (g — 4;}4) L™44+0 (L_G)} . (53)

According to Eq. (&), the determination of G implies the derivative of G with respect to r,,. This term necessarily
involves the derivatives of g;*, Z, and ’Hu;’HU;, listed here below

dAr dr d
[ A p * —1
dT;) - d’f‘; d’f‘;* AT;) - Lp(T;D)f(T;)) ’ (54)

_ Ar* — Ap'*
% = Lp(rp)f('f';ln)_l d’lc”l;)* (U — ’up)(’U — Up) = Lp('r‘p)f('r‘;ln)_l (%) = Lp(rp)f(r;'n)_l (%) , (55)
% [H(“I —up)H(v — U;)} = f(ﬁlo)_l [H%é(u —u,) — Hur 0(v — v;)} ) (56)

Equation (B6) involves two non-vanishing terms of which the contribution depends on how the evaluation point is
reached, from the right r — T;‘ or from the left » — ., Fig. (). Therefore, for a simpler notation we adopt two
additional neutral variables, displayed with the others in Tab. [l

g | ’)f/
& (9 Ip

Contribution Contribution
from &(u — uy) from é(v — )

.
e H

FIG. 4: The value of the derivative, Eq. (B8], depends on the limit, either taken on the right r — r; or on the left hand-side

r — 1, of the evaluation point. If r — r, - left panel - the term involving (v — v},) in Eq. (58) is null; instead, if r — = -

right panel - the term involving §(u — uj,) in Eq. (G6) is null.

T2 and W =2 (57)
= Lp(rp)(u —uy) = Lp(rp)(v —vp,) -

&
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Variable Expression
Ary L(r* —rp)
Aryy p(rp) L(ry —13)
X 1/2p(r)Llu - ub)
Y 1/20(rp) L(v — )
Z o)Lyl
wt 2X
w™ 2Y
T —LT

TABLE II: List of standard and neutral variables used and their expressions as function of L.

The above change of variable gives

—1

dw _ -
5(w+) = 5(u—up) ﬁ - =L lp(Tp) 15(“‘“%) ) (58)
and
dw= |
d(w™) =d(v—u,) c?v = L~ p(ry) " to(v —v,) . (59)
Therefore,
d’H'H’—iL Lo (wt 60
d—%[ Up ”p} = £Lp(rp) f(r,) " 0(w™) - (60)

From Eqs. 0M@9G3), the first term of G = @(r;)@ - f'(r;)d@/dr; transforms into

Q)G =2Q(r),) f ( fry)™ g(%xp)ﬂ(u—u;)ﬂ(v—v;)
(rp 9 4M -1 -1 -2 -3
[ L2+ (7~ " o) 2f (rp)[go+glL +92L72 4 OL7)| 0,00, (1)
9 4AM
:ﬁ/ {gOL +g L3+ [gz—l—go( - >}L4+O(L5)}Hu/’ﬁv/ :
T 4 T pTp
In the same way, for the second term, from Eqs. (Z0H49G0)
dé _ d —1/./ ! /
W a7 ” {2f () gH (v — wp, ) H(v — vp)}
AM _ 1 dg 4, d 62
=T 2 f(T;)) QgHu;)Hv;) +2f(r;/p) 1WIHUQ’IHU;’ +2f(7’;/0) 19@7‘&%7‘[% s ( )
P P P
dG1(r!) dGa(rt) dGs(rl)
~ AM _
4G (ry) = |~ 2 )an + O] oy oy (63)
Tp
A Iy ng 1dg1
dGs(ry) =[2£(r7) ! dry 2 TG O Mg oy (64)

dG3 (r},) =+ 2Lp(ry) f (1) 2900 (w*) + 20(rp) (1)) *g1(w*) + O(LT") . (65)
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In Eq. (G4)) the derivative of Z, computed with Eq. (B3]), and of J,,(Z) are used. Useful properties are

@] -z, (66)

JA(Z) =~ (Z) .

By multiplying Eq. ([62) by Eq. (&2), we get

FdGy = K%JO(Z)L oL | (67)
FdGy = kp(rp) (Ary — Arl) 1 éZ)L + ;mulp(rp) (A Ar’z*) 0(Z)L™* + ;/@mp(rp)ZJl( L' +0(L77)

B (68)
fdégt = F2kp(rp) Jo(2)6 (W)L ™3 F 2kp(rp) 16 (W)L~ + O (L) . (69)

We inject Eqs. (GIGETHET) into Eq. ([I4) to get G(x,x},) in power series of 1/L

G=GoL 2 +GfL3+Gs L™ *+0O(L7%), (70)

where the coefficients G, depend on r through A7y, and on r;, through Mgf

Go =~ () , (71)

GF =g~ 2f(r,) 2 (ary - Ar) DB £ 20210 (72)

Gy 25{:—792 N [i (‘) (9 - 3?4) - %Vlf%)”? (Arg" — Ar) | Jo(Z) - §V1f<rp>1/2ZJ1 (2) + 2916@)} :
p p P p

(73)

d.  Ezpansion around x;, = x,. The behaviour of the 1) wave-function for large values of £ is achieved by integrating
Eq. (@) over the world line. According to Eq. ([I0), the integration of GG, in proper time 7, imposes first rendering
the coefficients G,,(x = xp) explicitly function of 7; put otherwise, expanding G,, in powers of 7 around the evaluation
point x;,(7) = x,. We proceed as follows

e The evaluation of Eq. (70) at = z, for r — r, and g;; — 0. Then, all GG, coefficients will be only function
of r; and 7.

e All r’ dependent quantities are expanded in powers of 7 around the point r = 7p, that is to say around 7 = 0
up to order 72. This will lead us to introduce a neutral time variable 7 o LT

e t constant 7, we find the expansion of G in powers of 1/L such that
G=Go(n)L 2 +GF ()L + G5 ()L + O(L7?) , (74)

where the coefficients C~¥n (1) explicitly depend upon 7 and L through 7.

e The integration of G to determine 1)*~°(t,7,) involves terms proportional to 7¥.J,,(z), with k,n € N. Caution
is to be exercised, improper integrals arise.

e The whole procedure is applicable to 0,G to get 0,4* (¢, 1,).

So, first we take Eqs. (ZIHZ3), while requiring that r — r, and Ary; — 0

Go = —Jo(2Z) , (75)
’f‘p



6t = = | Z2gr - 20 ary 2B 2@ | (76)

P P 4

1/r 32M\ 1 i
{(2) (- 2) s

T

Io(@) = 301l (r) P21 (2) 2@6@)} . ()

1
g1 == ZleJl(Z)M;* ;
(78)

1 1 1
T2 = = LI [FAry” + 3v] + L2 5(2) [T ArS® = 8] + o= f12°J5(2)

wherein all quantities w™, Z, Mg are taken at r = r,. The quantities depending upon r;, and consequently on 7, in
Eqs. [BHTD) are Ary', 1/r,, Z and J,(Z), named collectively Q.

Thus, an expansion around rj, = 7, corresponds to an expansion around 7 = 0, since 7, = r,,(7 = 0). Let I'(7) be
one of the quantities @, then the Taylor expansion can be written as

e

2 dr2

dr
I'=T(r=0 —
(7 )+d7'

, 1dT

3
G| Tt (79)

7=0

7=0 7=0

where 7 is a small entity (7 — 0) such that O (1) ~ O (1/L). Introducing a neutral time variable

=—Lt (80)

il

for constant 7 we obtain the following expansion
['=To+ ()L™ + To(n) L2+ T3(x) L7 + -+, (81)

where the coefficients T',,(7) depend on 7 and L only through 7. The coefficients T',(7) are shown in Tab. (II) for
each quantity Q.

r To(z) I'i(7) La(z)
/% 1/2-* 1 1/2 fx, 2 1 1/2 2% 3
Ar, —f(rp) T Ef(rp) TpTy T _gf(rl’) Tprp T
1 /fn/ ./2 oef
1 1 "p ™ "
T Tp Tp rp 277
1
Z —5T 1,572 —67“12)813
1 dJn(T) 1 5:dJy(1) 3 1 2~~2d2Jn(I) 4
Jn(2) Jn(T) —=7rp8 e T —=T58 ir T —|—§7’ps i’ T

TABLE III: Taylor coefficients I' = T’y + I'y L' +T.L724+0 (L73) when I' is one of the Q quantities.

For completion of Tab. ([IIl), here below the four-velocity, the four-acceleration and its derivative in the tortoise
coordinate
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T :f(rp)ilfp )

b =f(rp) 2 (f(rp)itp — fl(rp)iﬁg) ’ (82)

T :f(rp)_s [ (2fl(rp)2 - fll(rp)f(rp)) 7;;3: - fl(rp)f(rp)i“pfp + f(rp)%ip )

where the primes indicate derivation with respect to r, while the point to 7. Through the expression

! !
dup dvp

& dr (83)

- = /()
we are led to the normalisation relation i,v, = f(r,) '. Taking then successive derivatives with respect to 7 at point
Tl = 1y, We get iyl + Uyl = f'(rp) 1y and dyty, + iy + oy = [ (rp) M2 4 f/(rp) "'y, The following step is
the derivation of s with respect to 7 at the evaluation point 7 =0

$(r=0)=-1,
57 = 0) =5 £ () ™ )iy (54)
= 0) =7z (B () 1) = 13 13))3% + 85 () 1)) + 317y

Finally, the derivatives of J,,(r) with respect to 7 for n > 0

de_<_> = Jua() = (D) = ZJu(0) — Ju (D) | )
%:2@ = % Tn—2(T) — 2J,(1) + Jn+2(z)} =J, [% B 1] N Jn; | )

e. Computation of *=>(x,), 0. ®(x,), and IOMp % (x,). Introducing expansions of Q, Tab. ([, in
Eqs. ([8{77), we finally express the coefficients of G in function of the proper time

G =Go()L™* + GF ()L™ + GF (L™ + O(L77) (87)
with
Go(z) ==Jo(x) . (38)
P
1/2 % ¢ . e
G ) = 20 gy - IO T80 - B ) - P )
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~ R

Gy (1)

=3 - {—12 {64M — 187, — 4 f(rp) (—2M +2f(rp)rpy + f(?“p)l/2u1rp) 7;;212
+158 (f(Tp)l/Qvlf;é + rp:s') 14} Jo(7)

48028 — 20 f (1,8 161 (1) (v — 31,97
+4ry7 (4rp57 F 246(w)$ + 31,877

12 ()" (48 FABHST + 1y 35+ 7501+ 992) @)

(83?481 (1) (7 + 2055) + B (ry Wiy 25°%) Tha(z) — 1522 0(0) | |

Thus, G5 is built from the contributions coming from the terms of G5 in O(z°), of GF in O(z'), and of Gy in

O(z?). All quantities else than 7, involved in the formulation of G,, (), are evaluated at 7,. Returning to the definition
given in Eq. ([I{), we can compute the integral of G with respect to T

o - ot B T_p +oo . A
P () = / G(:C,:CP(T))dT = G(w,xp(T))dT

oo L Jo-
+oo
_ BUANT =2 | A ANT =3 LA (AT —4 —5\) g4
=7/ (Go(L™2 4+ Gi(FL™ + Go(A)L™* +0 (L7%)) df o)
+oo +oo
=r, /7 Go(7)L™3d7 + 1, /7 G1(#) L7 +0O (L7°) .
YoLs bd,
Integrals in Eq. (@) involve terms of the form
—+o0
/ " Jn(D)dr k,neN, (92)

which diverge for certain values of k& and n. Indeed, J,(7) has an asymptotic behaviour of the form J,(r) =~
V2/mr cos(r — nw/2 — w/4). Thus, for large positive values of 7, the integrand will be of the form /2/77™ cos(r —
nmw/2 — ﬁ/4ﬁvith m =k —1/2. To get a finite value from Eq. (@2)), we cancel the divergence through recasting the

integral as [54]
400 +o0
/ — / . (93)

The definition of the ”tilde” integral is given by the limit of the same name, i.e. the ”tilde limit”

+00 o A
/ = lim , (94)
_ A—+o00 Jo-

where the limit, applied to any quantity K depending on A, is given by

A—~+o00 A— 400

lim K(\) = lim [K()-Y 0;(V] - (95)

J
The terms O;()) have an oscillating form multiplied by a power law O;(\) = a; A% cos(c;A +d;) with a;,bj, ¢;,d; €
R. The tilde limit appears as a standard limit, when we subtract all terms of type O;(\) until the limit becomes finite.

This method is very well detailed and clearly justified in Part III and Appendix A of ﬂ@] When the integration is
performed along the world line, the divergent terms for large 7 are ignored and written as oscillating term times a

power of 7. Technically, the result of fo—t% 7% J.(7)dr will be dependent of the relationship between k and n. We
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propose an example where 0 < k < n to show how the tilde limit acts concretely on the quantity to be regularised.
Consider ZF()) the primitive of the function A\*.J,,(\)

TF(N) = / AT (N)d (96)
The integrand can be rewritten as
k _ \k—n-—1 n+1 _ \k—n-—1 d n+1
NeJn(A) = A [/\ Jn()\)] =\ a[)\ Jn+1(A)} . (97)

Then, integration by parts leads to a recurrence relation on ZF(\)

k—1 .
TEO) = Mdpr () = (k—n = DIF 1) = z_:o [("(;k__k 1_4;)2!{)”)\ij11+1+]’()‘):| + %Iﬁmk) :

(98)
Thus, using the tilde limit, the sum in Eq. (98) disappears because each term is of the form O;(\) when A — +o0.

The term proportional to Z0, , () is trivial since the standard integral fOJrOO Jn(A)dX =1 Vn > 0 is well defined and
is finite. Accordingly,

+%0 k— 1)
k1. (\d kD < h<n.
/0 A¥ T (A)dA TR or0<k<n (99)

Following the same reasoning, the general expressions depending on the values of the integers k and n are

5 (n+k—-D"/(n—k—-1, if 0 <k <mn,
/ * I (r)dr = { (=1)F=2(n 4 k= 1)1/ (n—k —1)1Y, if k—n > 0 is even, (100)
0 0, if k—n > 0is odd.

Returning to the computation of 7> the evaluation of the integral in Eq. (@I]) is done by replacing the standard
by a tilde integral. The first term O (Lf?’) is obvious and gives

+oo K
YoLs = rp/ —Jo(z)dr = K . (101)
o- Tp
The term O (L™*) is written as
+ Tk + 1/2 2 2
Vo= [ 5[ #80Hh@ - ) i D) = B @)~ 4Rl (102
with 6(w*) = (1) |dgi/d1|_l = |fws|0(z), the second equality is found by using the normalisation condition.

Applying Eqs. ([I00), the integral is simplified and can be computed

+0o0

. . +5 ] 2N
| féom| 6(2)Jo(x)dr — nf(rp)r;/ TJo(T)dr = £2k | fws|._ Jo(0) — fifr;@

Vs :j:2f<a/

= 2 [7*; ¥ ij} = 2k fi = £2KE . (103)

Finally, we obtain the formulation of ) on the world line for large modes ¢ — oo
g = k[LS 2L+ 0 (170)] (104)

Then, by derivation of the Green function, we get for 9,1)¢=>>



ot = Lpr )t FEL72 - Serp-sy <% — 9) EL*+0(L7P) (105)
» 2 Tp 4
The next derivatives of ¥+ are given by
M
ot = = f(r,) ! [ngLQ Serp-s g (6 9) eL +(’)(L5)] : (106a)
Tp Tp 4
ot = X f(ry) 221 (2 - %> L2+ 0L, (106b)
Tp ’I”p
o — %f(rp)_3{$53+52 { g2 4 M —6} L1 ¥3e [@(% _ 1)+2} L% +0(L- )} , (106¢)
Tp Tp ’I”p Tp
6M 9
o™ = Ti {:I:TPL + 57~pL T (T - Z) L™t 4 O(L‘5)] : (106d)
p
put = 5[ (€2 1t o | (106¢)
¢ 2 2rp ’
3, 2 527’”10 2 -1 57"10 2
G FE (82 = [(1y) + 52 [16M + 57, (€2 = )| L7 & S (3M2 = 2Mr,)) L2+ O (L7%) |
f( ) 2TP rp
(106f)
+_ K [ ey % _ .72 -3
8,0t = T { Sip,Ll + ( - 1> L2+ O(L )} : (106g)
K 1 _
0, = 70 {zps (&= Fro)) + 53 [(554 9E* +4) 2 4 (24ME* — 20M) 1y + G]L !
pour c (106h)
+— (Mr, —=3M*) L™+ 0 (L‘3)} :
P
D20t = 2 f(r,) 2 {ig%p e [ g2y M 4} L4, [ﬂ(% — 1)+ 2}L +O(L™ )} . (1060)
’I”p Tp Tp ’I”p
and the asymptotic behaviour of the metric perturbation functions with respect to ¢ are given by
H = [ &h 1m0 (L‘Q)} , (107)
Tpf(rp)?
K _ _
OHT = m{ FE(E2 - f(rp) +ﬁ [(554 —TE% +2)r2 + (18ME* — 10M)ry, + 12M2}L '+o(L 2)} ,
(108)
o, HE = gt T [(552 — 4)r2 + (8 — 5EH2Mr, — 16MﬂL—1 +O(L2) (109)
o 2f( 2P LT 202 () P ! ’
_ 1 2 -1 -2
Hy =k {%f(rp) (25 f(rp))L +O(L )] , (110)
oHE = " {j:&'“ (282 — f(rp)) — 1y [(1052 — ), + 26M}L—1 + (’)(L‘2)} (111)
g 2T;2)f(7"p)2 i ! 2rp f(rp) g 7
+ _ K 2 1 4 2 2 2 2] -1 -2
0, H 5T { TE (262 - f(ry)) T [(105 1362 4 2)r2 + (26ME> — 4)2Mr, + 8M }L +O(L )} .

19

(112)



20

Equations (ITAIT0) confirm that also for £ — oo, the perturbations are continuous at the position of the particle,
see Sect. [Vl The perturbations K, although not used in the computation of the SF for the radial fall

K*f =k [217PL—1 - O(L‘2)] : (113)
K = 2f’(‘“;) [ 5—8—L Ly oL~ )} : (114)
9K+ = m [15(5—; - f)L‘l + O(L-ﬂ : (115)
9 Kt = %{ _&L+g [5M —2r,E(1 — 5)} - 2fip (17M + A, — 117~p)L*1 + O(L2)} . (116)

We recall the relation between the hof,gt modes and the perturbation functions H{ and H

fH; Hj 20+ 1
hrctf — 117
apB A ( )
i g
By putting Eqs. (IDZHIT2) in the expression of the retarded SF, Eq. @), we get
OH. df OH df OHY OHY!
FOLZ 2 _ 4 1 _ 7 2 1 YZO . 118
ol = 2j,[fb (- Lt o sr (- Lag) + 152+ o0 (1)
Recalling now the definition of the ¢ independent regularisation parameters
lim Fsmng Fu7>®(rp) = ASL+B*+C*L™ ' + O(L7?) , (119)

T—T

we obtain their explicit expression by equating each L power of the right and left-hand sides of Eq.[[19). The
regularisation parameters for a radial geodesic in an SD black-hole in the RW gauge are given by

m%r2
Ai—$25 A =F a6,
Br _ m(% 2 Bt _ m%rp Ca =0 (120)
a 2r2 ’ a 2T127f(7"p) T

where £ = £/ f(rp) and 7, = \/E2 — f(r,). The parameters are to be put into Eq.(), noting that D* = 0 [13, [51).

C. Non-radiative modes

In absence of a wave-equation for the non-radiative modes ¢ = 0, 1, it is necessary to identify an alternative way for
evaluating their contribution. Incidentally, the contributions of the radiative and non-radiative modes, though they
refer to different gauges have been summed in previous literature ]

1. Zerilli gauge

Zerilli HE] showed that the monopole ¢/ = 0 expresses a variation of the mass parameter, while in radial fall the
dipole ¢ = 1 is associated to the shift of the centre of mass and it may vanish with a proper gauge transformation,
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see also Detweiler and Poisson @] For the ¢ = 0 mode, it is possible to obtain an analytic solution for F2/=%. With
the gauge transformation @ — % + &, we get

5?:0 = (Mo(t,T),Ml(t,T),O,())YOO . (121)

The perturbations transform as

WS — b + Va5 + Vel (122)

and thus the components are related to the new gauge (G’) by, see Gleiser et al. [57]

—o(Q - 0 2M
HOE) = gl=o@ | 26—M(§G_)G) fM(G_’G) , (123)
—o(a’ 40 ;
Hf 0(G") :Hé 0(G) f 1 M(G—)G fa_Ml(G_)G)v (124)
0=0(G") _ 76=0(G) 3 (@say | 2M (g
H, =H, — 25M + WMl , (125)
K=0@) — ft=0(6) _ MfG*G”. (126)
The Zerilli (Z) gauge m] implies that the two degrees of gauge freedom M, and M; must render H; £=02) _
K02 = 0.
=0 _ 2, =0(Z) £=0(2) 344 2 242 4 9 242 ZO(Z)
R = g (20 Pl (B BT ) (i 1738 = 253 S = pryf (04 2oaf) o)
(127)
ri=0 _ 19 [ 170=0(Z) | 174=0(Z) 2.2;2 (32, .4, .2\ 0 e=0(z) ; 29 fz 0(2)
Frct 4f |:2f f( +f)tp( +H ) (f Tptp_f tp+Tp+pr)EHO (f bt +2f) :| ’
(128)
where
_ 1
Hy ™) = 87Tm05—fyoo*(07 0yH(r —13) (129)
r
1 1
H'P —87mq€ - ip)® [ YO0 (0,0)H(r — 1) . 130
0 0 Tf Tpf(Tp) Tpf(rp)? () (0.0 2 (130)

As noted in ﬂﬁ], the Z gauge leads to a pathological behaviour of Fso‘cffzo approaching the horizon, see Fig. (). It
is however possible to define another gauge condition.

2. The R gauge

We thus made an other gauge choice, baptised as R. The two degrees of gauge freedom M, and M; may be chosen
such that H."® = gi=0®) — gl=0®) _ Ft=0®) 4nq K*=0(R) = 0. The obtained monopole solution for the
retarded force and the self-acceleration (SA) are now compliant with the behaviour of ¢ > 2 modes, see Figs. (8l [I4]).

mo 5 e e 0
b’ =-3p 5 (Fho 70 ) | (£288 4 il = fiyp 4 y) 5 HITOW -
131
o o, P
+ frp (FE2 +ply — 2) —aTHLO(R) PSP figf2 — fiy + ) HLO(R)} ,
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Fri=0 — _ fip + 7 (frotp + 72 +2f) Hf 0(R)
() o .

. ; ; . . — ; . ; . f—
(fT2t f2t T3 f,r, ) E [{E—O(R) f/t (fT I3 T2 2f) [{E—O(R):| ,

H=O®) — 87mo & ify*oo(o, 0)H(r —7p(t)) . (133)
T

III. NUMERICAL APPROACH, PERFORMANCE AND CODE VALIDATION
A. Computation of the perturbations, and the gravitational SF

We can test the robustness and validity of our code by comparing the numerical results to the outcomes of Eqgs.
(I0HTOGTOHIT), knowing the analytic asymptotic behaviour for large ¢. For the evaluation of the fields on the
worldline, we use an interpolation method described in App. [Bl

Figure (B) shows the quantities (the wave-function and its derivatives up to third order, H{ and H5 and their first
derivatives) that the code is able to extract at the position of the particle during its fall from an initial rest position
at 7o/2M = 20. Each quantity is given for 2 < ¢ < 20. We plot in black the asymptotic behaviour given by Egs.
(I0AIQBIOHITZ). The dashed curves are related to the side 7 — . (superscript ”-”) and the solid curves to r — 7,
(superscript ”+7). The values are in SI units of 2M /mgr 1.

In Fig. (6l), we check the asymptotic behaviour of the modes with £. We observe example, at fixed r,, H f}"o S
The straight line formed by the points log;, |H1,2| in terms of L has a slope —1.

Figure (7)) displays the perturbation functions of the retarded field for a fall from r¢/2M = 15 for 2 < ¢ < 20. For
the modes ¢ > 8, the behaviour tends to H{75 > as expressed by Eqs. (I0ZII0). The divergent feature of the series is
due to the mﬁmte sum of finite contrlbutlons The standard theorem by Courant @ states that on the 2-sphere of
constant ¢ and r, a function must be at least C? for the uniform and absolute convergence of its expansion in spherical
harmonics. This condition is clearly not satisfied in the case of the radial perturbation tensor which is CY.

For the computation of the retarded force mode by mode, we use Eq. ([I8). The latter may provide also Ff, ,
where the £ sign indicates one of the particle worldline sides.  Since the ¢-modes of the retarded field hgc“
continuous at the position of the particle in the RW gauge, their derivatives have a jump and that is why the sign :I:
is needed. Indeed, the value of F¢, (¢,r,) depends on the direction in which the derivatives are taken through the
limit » — rp(t). In the following, we will consider the average of each mode only

Froéf (Fret+ + Fﬁéf ) . (134)

Figure () shows the eight first modes of the retarded force both for r and ¢ components as a function of the
particle position r,(t) for a fall from r9/2M = 15. For the £ = 0 mode, two curves are plotted for the Z and R gauges.
The former shows a divergent behaviour as expected. The black solid line refers to the parameter B which describes
the asymptotic form of F%f when ¢ — oo, since because A} = —A*, Eq. ([I20). The divergent feature of the series
appears again due to the infinite sum of ﬁmte modal contrlbutlons. The modes tend to B* when ¢ — co.

The value of the SF does not depend on the sign ”4” shown in Eq. [I8). Thus, the average F{, is taken for

regularisation. Given Eq. ([34)), and considering the regularisation parameters obtained, Eq. (I20), we have

o0

ot Z{Fféf B, (135)

£=0

where the superscript (G) of Eq. (@), in our case (RW), has been removed. This expression ensures the L2
convergence, Fig. ().
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FIG. 7: Radial fall of a particle at rest from ro/2M = 15. The perturbation functions H{ (upper panel) and HS (lower panel)
are computed at the particle position 7, (#) for the modes 2 < £ < 20 (colour palette). The asymptotic behaviour of H{ > and
HY7%° Eqs. (I0QIIN) traced in black, is confirmed.

We fix a value ¢ = {,,x corresponding to an acceptable threshold error. The contribution of higher modes than
lmax 1 computed analytically using the asymptotic behaviour with respect to L, Eqs. (I37I38)

émax (oo}

o al=0 74 al— 00

self — Fsclf + E Fsclf + E Fsclf . (136)
(=2 l=lmax+1
numerical analytic

Figure ([I0) shows the SF computed from the modes of the retarded force plotted in Fig. (&), for {yax = 8. The
case corresponds to ro/2M = 15 but the general behaviour of the components of the SF remains the same regardless
the value of ry. Indeed, the radial component is always oriented toward the black hole which suggests a positive work
of the force during the fall (attractive nature) and therefore the energy £ parameter increases %]

Figure () can be compared to Fig. (3) of [13]: qualitatively the behaviour F2 is consistent but unlike [13)]
our curves do not suffer of the non-physical oscillations that pollute the first stages of the fall. We use a symmetric
trajectory (m is thrown up vertically) to overcome this problem, which makes the first stage of the fall exploitable
for our analysis, Sect. [IT Bl

The attractive nature of the SF in RW, H and all smoothly related gauges is compliant with the findings by Barack
and Lousto in ﬂﬁ], but at odds with those by Lousto alone in m, @], where the SF is repulsive for some modes and
attractive for others. This is largely discussed in ﬂﬁ]
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FIG. 9: Speed of the convergence of the series asr =, a‘s, — Ba.

The modes beyond ¢« are approached analytically by the quantity Fscgff_) °© which corresponds to the contribution
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FIG. 10: Radial fall of a particle at rest from ro/2M = 15. After the regularisation, Fig. (&), the modes are summed together
with the £ = 0 mode and the analytic contribution of the ¢ > 8 modes. The curves in black represent the SF, Eq. (I30)), for the
time F; (upper curve) and radial F.;; (lower curve) components. For comparison, the quadrupole mode is also traced (red

curve), thereby showing the relevance of the modes ¢ > 2 for the SF computation.

O (L™?) contained in Eq. (IIJ). This term is computed by following the procedure in Sect. [IB] but keeping the
higher order of development of the Green function. We obtain

15 m2& . oo o
Bl = 20, (2, —72) L2+ O (L) (137)
1f 16 T%f(rp) p p'p P ( )
15 m2&? 4M
Fricee = 0T0C (o2 28 1) 240 (L), (138)
16 T127 Tp

where ‘o’ is a full derivation operator with respect to ccordinate time. The derivation of Eqs. (I37I3]) is obtained
with a similar computation appeared in Sect. [[LB], but for a higher order. This is the first independent confirmation
of Egs. (6a,6b) in ﬂﬁ], for which derivation the reader was reminded to an accompanying paper, that finally was
never published.

B. Initial conditions

The Brill-Lindquist @] initial conditions generate quasi-normal modes and induce non-physical oscillations that
pollute the first stage as shown in Figs. (ITh[ITk) and in ﬂﬁ] We circumvent the nuisance by adopting a symmetric

trajectory (my is thrown up vertically) and consider only the portion for which r, < 0, Figs. (IIbIIH).

C. Sensitivity to /max

The truncation of the series in Eq. ([I7I) depends on ., that is the highest mode to be computed numerically.
Obviously, the larger is fiax, and more ases tends to its exact value, Fig. ([2). However, to avoid the burden
of an heavy numerical computation or conversely a large error on ager, we pick fyax such that its contribution to
the truncated series is less than 0.1%. This contribution is quantified by the term A||asclf|\i“;a" corresponding to the

relative error between the L'-norm of the truncated series at fmax — 1 and the truncated series at £.x
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émax -1 _

||asclfH 1 ‘asclf”%{lax
L L

lmax

.t

lmax _

A||a/:self| Lt -

; (139)

| ‘ aself|

where the L!-norm is given by the integral through the whole history of the particle position R on the background
metric

||ase1f|\i"1‘“ :/|Gself|dR. (140)

Table [[V] gives value of aselr with respect to the truncation parameter fy,.y. ||asclf|\€“;a" converges toward a finite
value such that the criterion

Allagere]l ;5 < 0.1% (141)
is satisfied for ,.x = 8.
£rmax | aserel[p2 Allagere] 37

2 0.03248 —

3 0.03042 6.8%
4 0.02960 2.7%
5 0.02922 1.3%
6 0.02904 0.6%
7 0.02896 0.2%
8 0.02893 0.1%

TABLE IV: Estimate of ¢max for a given accuracy.

D. Sensitivity to h

The grid step parameter h must be chosen carefully to reach the desired accuracy without useless extra computation.
We follow the same reasoning with #,,x considering

hy—
HasclfHL)lC t— HCLSle”}ﬁ’f

A”aselleﬁlf = ) (142)

HasclthllC
L

where Haselfﬂﬁ’f corresponds to self-acceleration computed with £, = 8 with an integration step h/2M = hy such
that hg = 0.01, hy = 0.005, ho = 0.0025, h3 = 0.001. It is found that the criterion

Allaser]|!+ < 0.1% (143)

is satisfied for h/2M = 0.001.
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E. Asymptotic /-behaviour

In section [[I we observed that the code assured the correct asymptotic behaviour of quantities for large ¢, Fig.
(). We confirm that the regularisation technique works and the regularisation parameters are computed correctly,
through the asymptotic behaviour of the self-quantities (acceleration and force), with respect to L.

Figure (@) exhibits the values of aﬁelf in terms of L. The slope of the line indicates the rate of the convergence of
the series agerr = Y, aley — BS, that is O (L72). We recall that afy, is an average aly, = 1/2(al,, + al;.). A good
behaviour has been found for several values of R € [2M,ro] and of ro > 10. Figure ([I3]) also displays a good exhibit
of values for the two components of the SF.
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FIG. 13: Speed of convergence of the series Fgy = 3, F2 — B® for both components of the SF ¢ (continuous line) and r
(dashed line).

IV. EQUATIONS OF MOTION

The geodesic equation of motion of a test particle in the SD spacetime is
uVeu’ = 0. (144)

In radial fall, the angular momentum is zero (£ = 0), and without loss of generality, the azimuthal angle is chosen
to be null too (6§ = 0). In coordinate time the geodesic equation is given by [61]

dr o - - ooy © 1 3 dr,\* 3 f(rp)
dtzp = aO(Tpan) = - (F aB rpl’ ozﬁ) xp:rg = _if(rp)f/(rp) ll - W <d_tp) = f(Tp)fl(Tp) [1 - 55—21)]
(145)
Instead, the perturbed motion is seen as an accelerated motion in the background SD spacetime. The worldline

®(7) is not geodesic anymore. The equation of motion changes into

Tp

mou®Veu® = F% | (146)

S

where F2 . ~ O (mo/M) is the SF computed in the RW gauge. Equation (I4€]) can be rewritten in coordinate time

d? Tp
dt?

= aO(Tpa Fp) + asolt’(rpa Fp) . (147)

The trajectory 7, (t) does not have the same meaning as in Eq. (I4H), where it described a geodesic in the background

spacetime. The acceleration term ag is now taken on the perturbed path r,, and the velocity is fp = drp/dt. The
é .
Qgopp term 1s

f T 2
Aself = ng [ self — T;?)Fgelf} : (148)
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A. Pragmatic approach

In the pragmatic approach [23, 26, 60, [62], we consider Eq. (I@T) in its linearised version at first order around the
reference geodesic X *(7) which is the solution of

d2Xe dXP dx"
— 4+ T3 (X)) —— =0 149
dr2 + ﬁ’y( ) dr dr ’ (149)

where Fg‘,y(X @) is the affine connection associated to the background metric. The perturbed trajectory labelled by
the coordinates zj () = (t,7,) is the solution of Eq. (I46]), developed as

d*x? de? dx)  Fo,

P a a p p self
— — === 150
dr? + T (75) dr dr mo (150)

It differs from the reference geodesic by AX* o my/M such that

T, = X"+ AX", (151)
i% = X+ AX® (152)
B =X+ AX* (153)

having supposed that the perturbed motion remains close to the geodesic. By injecting Eqs. (I5IHI53)) into Eq. (I50Q),
we have

P2 o d d o

e a a « a el B AN 0% v\ — Zself

5 (o ax) 4 (15, + 055, AX°) = (X7 + AXT) (X7 + AX7) = (154)
For d/dr = (dt/dr)d/dt, and d?/dr? = (d*t/dr?)d/dt + (dt/dr)* d*/dt?, Bq. ([54) is expanded to first order in

coordinate time

2t (dr\? - . o - o o . . o o e fdr\ 2
— (=) (X +AXY) + X+ AX*+T% X XY +2XT5 XP + AX0,TG XPX7 = —=<lf [ — ) (155
dTQ(dt> (X + )+ XY+ + 1§, + 3, X7 + 515, o\ di (155)
Assuming AX® = 0*AR with ¢ := (0,1) we find for the time and radial components
Pt (dr\®  Fly (2T s : . oy
_ _s B t B t B
d—7'2 (E) = meo (W) - Fﬁ’)’X X7 — 2P5'YX c"AR — 6TFﬁ’YX X"AR y (156)

&t (dr 21(R+AR)+1§°+A1%°+FT XX 420 XPoYAR + 0,17, XPXTAR — Lsatt (T : (157)
a2 \at ) @t By Byt By T e \at )

By injecting Eq. ([I56) into Eq. ([IZ1), we find at first order

T TR ) e
R+ AR+ (T, ~ T, R) XPX7 + AR(9,T%, - 0,7, R) X/ X+

o o SN2 L 0 (158)
AR (2%07 — 2T o"R-T%, Xv) X8 = o { T (R R) — REL (R, R)] :

where { = dt/dr = £/ f. Equation (I58) is presented as
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d? ° ° ° o ° o
d;p =ag(R,R) + a1(R, R)AR + as(R, R)AR + as(R, R) + O(AR?* AR?) , (159)
with
o o o o 1 3 °
ol R) = = (T, - T4 R) XX =317 |1 22 (160)
° ° ° ° 2M 3M M °
_ r t B _ —2p2
ar(R, R) = —(aTFB7 - 6T1“37R)X X7 = [1 -3 (1 - E) F2R } : (161)
° ° ° ° 6M °
ax(R, R) = — (2rgva7 — 2T, 0" R — rgvxv)xﬁ - R, (162)
o 2 o o o
aself(Rv R) = # |: ;:elf(Ra R) - RFstelf(Ru R):| . (163)

Given R = ao(R, R), at first order we get through the Taylor expansion of 7,(r,,7,) (considered as a function of

two variables) around the point (R, R) the A variation

AR = a1(R, R)AR + a(R, R)AR + asee(R, R) . (164)

The expression of a; (R, R) differs from [25] by 4M/R3(1 —I—I%/fz), as already pointed out in [61-163]. The variation of
the acceleration is given by the a’;; computed along the reference geodesic, while the terms a; (R, I%)AR—I— as(R, R)AR

sel

represent the background geodesic deviation. Indeed, by recasting Eq. [[54] at first order we find

WG AXPXY + 0575 XPAX XY = —Ry *XPAXTX? (165)

where the right hand-side term appears in the rigourous derivation of the perturbation equation at first order in the
H gauge [3d, 31)

D?AX® oy o5 o)
—5— = s XPAXTXO + Fo (166)

Fig. ([I@) provides the first modes of a,et, the acceleration term constructed from retarded force computed on the
reference geodesic X

N 2 o
(R R) = L [t REL) (167)

mogg ret ret

for £ > 0. The sum over all modes needs to be regularised. Thus from Eq. (I33) and Eq. ([I67) we have

Z afelf = Z {afet - Ba} ) (168)
£=0 £=0

where the modes of a’,, tend to an asymptotic value B, (R) obtained analytically from

B, = m{); [B’” - éBt} S [—r . (169)




33

0.015

0.010}

0.005F

0.000

~0.005}

(4M° /mg)ayy,

—o.010} |:
~0.015}

—0.020}

—0.025
1

3 5 7 5 11 13 15
R/2M

FIG. 14: For the radial fall of a particle, initially at rest, from ro/2M = 15, the modes of the acceleration term (colour palette)
computed from the modes of retarded force, Fig. (8]), are shown. The continuous curve represents the analytical behaviour for
large ¢, Eq. (I69). The dashed curve corresponds to the mode ¢ = 0.
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FIG. 15: We compare the first modes of the non-regularised acceleration term are; (upper part of the colour palette) and the
modes of the regularised acceleration term aseir (upper part of the colour palette). After regularisation, a’.ys well satisfies the
convergence criterion, Eq. (IZ0), validating the method and the formulation of B, [26].

In Fig. () a’,; is also plotted for £ = 2 to £ = 8 and compared to modes al,, (before regularisation). The required

criterion of convergence of the series, Eq. (IG8]) namely

o0
if Z al,; converge, then ay, £, (170)
=0

is satisfied; thereby it ensures the regularisation of the self-acceleration, and validates the formulation of B, ﬂ@]
The convergence speed is displayed in Fig. (@), and it is discussed in Sect. [ITEl It appears that the afelf is dominated
by the lowest modes, the quadrupole mode ¢ = 2 representing itself ~ 55% of total, Fig. (I6).

The total SF is computed by summing all numerical modes up to £ = £,.x plus an additive part for higher modes
contribution

Linax +00
(=0 4 {—00
Aself = Qgelf + E Qg + E Agelf (171)
£=2 Zzémax'i‘l
numeric analytic

where a‘;>® = f2mg €72 | Fri7> — RFstfH_»’OO} is the analytic term from Eqs. (I37I3§). It allows to take into account
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the contribution of the modes £ > £«

al® = AL P+ O (L) (172)
with
0o 15 f? 2 5 S p2
colf = Wy & (4M + R(&? - )) + RR(2RR - R (173)
Therefore the analytic part of the sum, Eq. ([I71l), is approximated by

—+o0 —+oo

Z 5c_>1foo ~ Ascli Z (6 + 1/2)_ ~ Asclf C( max + 1) (174)
l=Llax+1 £=Llmax+1

where ¢ is the Riemann-Hurwitz function defined by [49, [50], see App. (@)

—S () (175)
=0

If /1,ax = 8, we have

72 1077749
2,9)= — — — ~0.117512 . 176
¢(2,9) 6 705600 (176)

0.005

1 3 5 7 9 11 13 15
R/2M

FIG. 16: After adding all modes alur numerically computed up to fmax = 8, we add the non-radiative mode ¢ = 0 mode and
the analytically computed higher modes for £ > 8. We get the a’y; (solid curve) for a falling particle from ro/2M = 15. We
plot the mode £ = 2 (dot-dash curve) which is roughly ~ 55% of the total asci¢ (integrated over R).

Figure (I8) displays a’,; for all £ contributions as computed in Eq. (ITT)) for £ymax = 8, and a2 both for 7o /2M = 15.
The choice in the order of truncation of the series £, = 8 admits a relative error less than 0.1% and is justified in

Sect. 1|Hl Q).
In [26], we present our analysis on the impact of the SF on the motion of the particle. Herein we summarise the

main findings and produce some new insights. For a particle supposedly released from 157, we have identified four
zones according to the sign of AR, AI%, AI%O, for rog = 1514, where ry is the SD black hole radius.

1. aserf is strictly negative in R € [2M, r], and tends to a finite value at the horizon . This behaviour is independent
of the initial position 7. It reaches its maximum amplitude, in absolute value, when the particle approaches
the maximun of the Zerilli potential, R ~ 3.1M. After, the derivative changes sign, and ascs tends to zero at
the horizon, compatibly with the findings of an external observer.

2. As expected, the amplitude of the orbital deviation AR is of the order of the mass ratio. It reaches its maximum
amplitude, in absolute value, when the particle approaches the maximun of the Zerilli potential, R ~ 3.1M.
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TABLE V: The four zones according to the sign of the deviation from the nominal position, velocity and acceleration for
ro = 15ry, where r, the SD black hole radius, see reference @]

Zone AR | AR | AR
I r0—35r, - - -
II 35r,—22mr, | - - +
III 227, =127, | - + +
IV 127y —rg - + -

The AR term has the same sign of agg, that is to say, the particle will reach faster the black hole horizon
premises than the geodetic motion (obviously the horizon will never be reached).

3. Table [V] describes the four different zones the particle passes through. In zone I (3.5 75 < r <1y = 15 ry), the
particle falls faster than in a background geodesic. Approaching the potential, it radiates more and it undergoes
a breaking phase: in zone II (2.2 7, < r < 3.5 1), the acceleration deviation A# becomes positive, but the
velocity deviation A7 remains negative; in zone III (1.2 ry < r < 2.2 1), the breaking is stronger and even the
velocity deviation turns positive. Finally, in zone IV (ry < 7 < 1.2 rg), the acceleration deviation reappears
negative, but not sufficiently to render the velocity deviation again negative. The particle tends to acquire the

geodesic behaviour at the horizon where indeed AR = AR = AR = 0).

4. In zones I and II, A}O% < 0, the particle increases its velocity relatively to the geodesic motion. Instead, in zones

IIT and IV, AR > 0, the particle loses velocity relatively to the geodesic motion.

5. AR > 0 in zones II, III as opposed to aseir which is negative. The absolute amplitude of the former is much
larger and it is due to the relevant role of the background geodesic deviation that counteracts the effects of the
self-acceleration. Nevertheless, we refrain from attributing a repulsive behaviour to the SF due to the constant
negative sign of AR.

6. In Fig. (1), we solve Eq. ([I64]) for different values of ro/2M. The amplitude of ases diminishes for larger ro,
conversely to AR that increases. We interpret this as a manifestation of the effect of the geodesic deviation
term or of the longer time in which the particle radiates.

7. The computation for different values of ro/2M = 15,20, 30,40 shows that |A1‘O%|max increases linearly with rg.
In fact, the position in which a test particle reaches the maximum value is 6 Mrq/(rg + 4M), which remains in
the strong field area where Zerilli potential is high and wherein the effect of the SF on the motion is the most
important.

8. The self-quantities (acceleration and force) are dominated by the mode ¢ = 2 that represents more than 50% of
total.

B. Orbital evolution

The pragmatic approach builds a perturbed trajectory from ager computed on the reference geodesic under the
constraint that AR ~ O (mg/M). When considering a fall from a very far initial position we may doubt about the
applicability of Eq. (I64), and instead, consider a 2"¢ order development to ensure accuracy. But the arguments
in @, @] lead to conclude that at sufficiently late times a second order perturbative development will fail too, and
instead it is preferable to correct the motion iteratively with a first order scheme.
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FIG. 17: For different values of 7o/2M, in the upper panel, ascr, and in the lower panel the AR deviation are plotted as
function of R. The behaviour vis a vis ro differs between these two quantities: the amplitude of aseir diminishes for larger ro,
conversely to AR that increases. We interpret this as a manifestation of the effect of the geodesic deviation term or of the

longer time in which the particle radiates.

Strict self-consistency implies that the applied SF at some instant is what arises from the actual field at that same
instant. This has been done for a scalar charged particle around an SD black hole @], and never for a massive particle.
In other works ﬂﬁ, @], the applied SF is what would have resulted if the particle were moving along the geodesic
that only instantaneously matches the true orbit. Herein, we adopt the latter acception. Our approach in orbital
evolution (in the RW gauge) consists thus in computing the total acceleration through self-consistent (osculating)
geodesic stretches of orbits. The self-consistent method would require solving Eq. (I47), and therefore the evaluation
of aseif on the trajectory taken by the particle. But the regularisation parameters are evaluated onto a geodesic. This
renders quite natural to choose an osculating method, Fig.(Ig]).

We don’t compute the trajectories for large values of ry, but remain within the values previously analysed, as we

wish to develop an algorithm handling a self-consistent computation.

— geodesic \,
- = geodesic ),

e o 1,(t)

=005 5 10 15 20

FIG. 18: Tlustration of the osculating method. During evolution, each point of the perturbed trajectory (red dots) given
by the equation of motion Eq. (I47), is approximated by a geodesic (black solid curves) tangent to the perturbed path and
passing through this point. The dashed curve corresponds to the geodesic followed by a test particle initially coinciding with

the perturbed trajectory at ro/2M = 20.

A geodesic A describes the trajectory Z*(t) = (R (¢), R)‘(t)) in the phase space. The osculating method finds, at
each point of the perturbed trajectory z,(t,) = (7, (ts), 7p(tn)) at time ¢, a geodesic \,, which passes through z,(t,,).
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Thus the value of the aﬁclf on the perturbed trajectory is given by the computed value on the osculating geodesic.
The osculating method therefore assumes that

asett(Tp (b ), T (t)) & asett (R (t), R (£,)) - (177)

In a discretised version, adapted to numerical processing, we consider a family of geodesics \,, that we will find at
every time step ¢,. We introduce a series of notations, Fig. ([I9)

e \,: the geodesic passing at time ¢, through the r,(t,) point with the velocity 7,(t,).

o ¢, =ty + ndt, where to is the instant when r,(to) = 7o and 6t = kh, k € N.

e 2,(t,) = (1,7p)(t,): the point of the perturbed trajectory in phase space at time t,,.

o I = 7M(t,) = (R,);",]%ﬁ"): the point of the geodesic A, in phase space at time t,,.

e R) = R (t,): the position at time t,, on the geodesic \y,.
e R) = R*(t,): the velocity at time t,, on the geodesic \y,.
o agif(tn) = Gselt (RQ",RQ”): the self-acceleration computed on the geodesic ), at point Z}* and time t,,.

e &,: the energy associated with the geodesic \,,. It is directly given by the coordinates of the point z,(t,) = Z"

n

£, = G0 (178)

F(RA)? — (R)2

e ZM = (R}, R}), where R} and R}" are the initial position and velocity required for the geodesic A, to reach
the point z,(t,) at time ¢,,. The initial velocity is linked to the initial position and the energy via

° An
i = £ fea ) (179)

where "4 is the sign of the initial velocity.

Knowing asif(t,) at each time step t,,, we solve numerically Eq. ([[Z1), starting from 7, (o) = ro and 7,(tg) = 0.
The diagram (20) shows the conceptual flow of the algorithm. The main steps are :

1. Initialisation of the numerical parameters, mg, h fyax, and rg.

2. Loop resolution of the ordinary differential equation ([47) where at each step ¢,,, the quantity agelr is computed
on the osculating geodesic A, at r,(ty,).

*

3. Discretisation of the grid defined by its boundaries r}; and r} . ; generation of the trajectory A, passing
through the numerical domain; computation of aser at time ¢, for different modes ¢ to ¢ = f.x. For the
optimisation of the computation time, this multi-modal operation is distributed on multiple processors. The
sum is then performed over all modes (¢ = 0 included) to which the contribution of higher modes ¢y,.x are added
analitically.

4. Tterative solution of the equation of motion by Euler’s method.
5. The new position z,(t,+1) = (rp(tn+1), Fp(tn+1)) is obtained in phase space.

6. The new geodesic A1 which passes through the point z,(t,41) at time t,41 is searched through a modified
Newton method. The output parameter is the initial position R;\"“ = RM+1(t =0) of \py1.
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RiTil To Ri)‘qul R(t)

FIG. 19: The osculating method consists in identifying each point of the trajectory z,(tn) = (7p(tn), © p(tn)) (green dots and
curves) and at time t¢,, a geodesic A, (black and grey curves in the upper and lower panels, respectively) passing through
2p(tn). Using aserr computed at Zjp" point, Eq. (IZ7) indicates a new point z,(t,41) at time t,.1. Therein, a new geodesic

An41 is searched again, such that zp(tn41) = Z:ifl (black curve in the lower panel).

7. The new geodesic \,,+1 is characterised by the initial position Rf‘”“ from which the particle releases the energy

En+1 given by Eq. ([IT8). The latter determines the initial speed }025‘"“ — R (t =0) given by Eq. (I79).

The search of new geodesics \,, requires to fix the only free parameter Rf‘", by scanning in a range of initial positions
R} and then evaluating Z*(t,) points to be compared to the targeted z,(t,). A Newton’s method assures that the
quantity |rp(t,) — R (t,)| is below an arbitrary value 1075, and thereby that the geodesic starting at R} is the
right geodesic.

In Fig. (2I)), it is shown the relative error between the z,(t) point of the perturbed trajectory and the Z(t) point
of the geodesic passing through z,(t) which is determined by the algorithm.

[rp(tn) — R (t,)] <1070 = X, =\, (180)

In order to compare the pragmatic analysis to the osculating one, we introduce the following quantities:

AP .= AR (181)
AFPEE = AR (182)

where AR(t) is a solution of Eq. (I59). In the same way we define a deviation term in the osculating formalism
Ao =, — RN | (183)

A7 = 7, — RM (184)
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FIG. 20: Algorithm for the osculating method. Frame 3 is relative to the computation of aser for a given point z,(t,) at a
given instant t,. The other frames correspond to the iterative procedure determining the single geodesic passing through the
following point zp(tn+1).

where 7, is the perturbed trajectory built from the osculating algorithm, and R (t) is the first reference geodesic
passing through the initial point z,(tg) = (ro,0). Explicitly, ArP™8 is the 15° order deviation with respect to the
geodesic motion for which ages is computed along the reference geodesic. Then, Ar°* is the deviation from the
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FIG. 21: The relative error between the z,(t) point of the perturbed trajectory and the Z(t) point of the geodesic passing
through 2, (t) which is determined by the algorithm. The blue dots correspond to logyq |rp(tn) — RM (tn)| and the red crosses

° o An
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geodesic motion, wherein asef is provided at each point of the perturbed trajectory r,°¢ by its value computed on the
osculating geodesic.
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FIG. 22: Comparison between the pragmatic solution, Fig. (I8, and the osculating solution for ro/2M = 15 [26].

In Fig. ([22), we choose mg = 10~° and an initial position 79/2M = 15. Comparison is made between the solution
built by the pragmatic method and that from the osculating algorithm (red curves). At the top of the graph, we
compare the amplitude of a1 := ase1f(R) previously given in Fig. (IG)) to the amplitude of a2f; given by the values of
aselr taken on the osculating geodesics. The absolute difference between these two quantities has a maximum relative
amplitude of approximately 3%. The notable difference is localised in the strong field region (R < 3); the minimum
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of a%s, Ar®¢ and Ar°* are shifted toward the horizon with respect to a’}®. For R 2> 3 all curves are identical

self -
respectively.
The perturbed trajectory coming from the osculating algorithm is consistent with the pragmatic approach (there
is a correction of about 3%), thereby confirming our code. The correction of few percent remains valid for different
values of my. We have noted that the osculating analysis shifts slightly the four zones towards the horizon.

C. Perturbed wave-forms

We wish here to evaluate the effect of the SF on the wave-form (WF) and the energy radiated to infinity. For the
computation of the perturbed trajectory, the osculating algorithm will be used as described above. For the generation
of the WFs we will use the code developed in Part 1.
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FIG. 23: Perturbed WFs (top of the graph) as a function of the retarded time u = t — r},, (with r5,, = 500M) for the
quadrupole mode seen at infinity for a particle falling from ro/2M = 15. The computation is done for different values of my.
At the bottom of the graph is plotted the absolute difference in log,, scale between the perturbed WFs and the WF's generated
when the particle follows a geodetic motion.

Figures (2324 show the perturbed WFs for a particle falling from ro/2M = 15 and r9/2M = 40, respectively.
The WFs are superimposed in the top of the graph for different values of mg. At the bottom of the graph we plot
the absolute difference between the perturbed WFs and the geodesic WFs. The area where the difference is maximal
(t € [175,250]) corresponds to the motion in the strong field area where the particle reaches the horizon and then
produce quasi-normal modes.

Knowing the perturbed WFs, the associated radiated energy can be computed. Table [V lists energy values for
the two trajectories (ro/2M = 15 and r9/2M = 40) for the modes ¢ = 2 to ¢ = 5. In each case, we compute the
energy difference 0 By with respect to the energy radiated from a particle following a geodesic. This computation is
performed for three different values of mg. Note that  Ey is much smaller when the mass ratio mo/M is small . This
is explined by ageir x mgo. Moreover, for the same value of mg, 0 E; seems more important for ro/2M = 40 than for
ro/2M = 15 since the gravitational radiation effect occurs for a longer time for ro/2M = 40. Likewise, the relative
difference in energy increase when /¢ is large. However, for the sum of the modes, from ¢ = 2 to £ = 5, the difference
in total energy exceeds 1% for mg = 10~2 and remains well below 1% for masses mo = 1073 or mg = 107°.

Thus, for a typical EMRI system (mo < 107°M ), where the compact star is in free fall, the energy variation is very
negligible compared to the criterion that we set on the computation of E. For larger values of my, orbital adjustment
becomes significant and can be taken into account. In all cases, the difference in energy is positive, which is consistent
with the fact that the system loses energy carried by GW until the distant observer.
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FIG. 24: Perturbed WFs (top of the graph) as a function of the retarded time u = ¢ — r},, (with r5,, = 500M) for the
quadrupole mode seen at infinity for a particle falling from ro/2M = 40. The computation is done for different values of my.
At the bottom of the graph is plotted the absolute difference in log,, scale between the perturbed WFs and the geodesic WF's.

ro/2M mo { E, SE, SEy/E; |ro/2M mg E, SE, SEy/E,
15 1072 2 1.65301.1072 8.2.107°  0.50% 40 1072 2 1.85187.1072 8.5.107°5  0.45%
3 1.95258.1073 1.67.107°  0.85% 2.12044.1073 1.87.10°  0.88%
4 2.60437.107% 3.14.107%  1.21% 2.85501.10~% 3.52.1076  1.23%
5 3.68305.107° 5.81.1077  1.58% 4.06409.107°% 6.54.10~7  1.61%
1073 2 1.64562.1072 8.1076 0.05% 1072 2 1.85187.1072 8.5.107%  0.05%
3 1.93750.1072 1.66.107%  0.09% 2.10344.1073 1.77.1076  0.09%
4 2.57592.107% 2.98.10~7  0.12% 2.82311.10~% 3.34.10~7  0.12%
5 3.63100.107° 6.08.107%  0.17% 4.00538.107° 6.66.107%  0.17%
107° 2 1.64483.1072 8.1.107% 4.5.107*% 107% 2 1.85102.1072 8.6.1077 4.6.107*%
3 1.93586.1073  2.107%  1.1073% 2.10169.1073 2.5.10~% 1.2.1073%
4 2.57296.10~* 2.7.107° 1.10~*% 2.81975.10~%  5.1079 1.7.1073%
5 3.62498.107° 6.6.107'0 1.8.107*% 3.99876.107° 3.6.1071° 9.107%%

TABLE VI: Radiated energy for a falling particle starting from ro/2M = 15 and ro/2M = 40 on a perturbed trajectory.
Energy is given mode by mode (in units of (2M/m3)) and compared to the radiated energy for a geodesic motion via § E;. The

computation is done for 3 values of mg
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V. CONCLUSIONS

In this second part of the work, we exploited our code for the determination of effect of the gravitational self-force
on the motion of the particle and on the wave-forms. We have computed the regularisation parameters exclusively
in the Regge-Wheeler gauge. The procedure has been described in detail since never appeared in the literature.
The perturbation tensor components and the retarded gravitational self-force were then computed numerically and
regularised.

The gravitational self-force was found with less than 0.1% error. The equation of motion was solved using two
approaches: pragmatic and self-consistent (osculating).

The convergence of the two methods results validates our indirect integration method. We confirm our previous
findings stating that in Regge-Wheeler and harmonic gauges, the self-force induces an additional push on the particle
towards the black hole, conversely to previous results. This is emphasised when the self-consistent approach is used.

The latter improves the orbital accuracy by a factor of few percents. For the computation of the radiated energy
and the display of the wave-forms, we have shown feeble but existing differences between geodesic and non-geodesics
orbits. The correction factor could be important for intermediate mass ratios.
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Appendix A: Riemann-Hurwitz regularisation

The Riemann-Hurwitz ¢ function [49, [50] is formally defined for complex arguments n with R(n) > 1 and m with
R(m) > 0 by

C(nym) =Y (L+m)™". (A1)

£=0

This series is absolutely convergent for the given values of n and m. The ( function has been adopted for regu-

larisation in , , @] From the behaviour of the metric coefficients, we consider that hgcé can be decomposed in
two pieces. The first piece, noted h;egé, tends quickly towards zero when ¢ — oo, ensuring the convergence of the
sum. The second piece hy; generates the limit behaviour when ¢ — oo, observed in Fig. (@), and responsible for the

divergence of the sum. For example, for the ¢t component, we can write

Hy(t,r) =Y HiY™ =" HF*Y 4+ (20 4+ 1) PHY™ (A2)
=0 =0 (=0

where [ is a parameter to be determined numerically to ensure the limit behaviour of H$® when ¢ — oco. So, when
regularising the field at the particle position, we will have

re > re 26 + 1 _ HS°®
Hy (b 1y) = Y0 HE™ [ S + 21270 ((5—1/2,1/2). (A3)

£=0

Numerically, we get 8 = 1/2 and the analytical extension of the ¢ function gives ((0,1/2) = 0. Thus, for this
regularisation, it is sufficient to subtract from each ¢ mode the asymptotic value, i.e. the highest mode computed
numerically H$® = Hi™> such that

Lrmax
Hy ™ (t,rp) = Z [Héew(tvrp) - Hémax (t,mp) v (Ad)
=0
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Referring to the Mode-Sum formalism, we have D* o (0,1/2) = 0, where D® is the residual parameter linked to
regularisation of the field Hy. The difference between the two regularisation approaches can be represented by the
quantity Hf““‘" — H.7°° which is equal to zero when £y, is sufficiently large. Thus, at least in the case of a radial

orbit, a correlation could be done between ¢ and Mode-Sum regularisations.

Appendix B: Numerical extraction of the field on the worldline

FIG. 25: Stencil for the interpolation of 1 at the particle position (tx,r}). We consider fifteen collocation points and fifteen
jump relations to define the thirty coefficients p?jl ) where n+m < 4, of the interpolated polynomial at the cell central point

(te,73), Eq. (B2).

We approximate ¢ at the position of the particle (tx,r%) with a polynomial P(t,7*) of fourth order centred at
(te,73)

* * p n,m * *\ 1 m
Y(t,r*) = Pt ) = Y élmf (r* =) (t—t)™ . (B1)
n+m<4
The stencil contains fifteen points in the past light cone of the point A (included), i.e. N =
{A,B,C,D,E,F,G,H,I1,J,K,L,M,N,O}, Fig. ([28). Being ¢ discontinuous at r,, we approach ¢*(¢,7*) and
¥~ (t,r*) with two interpolation polynomials P*(t,7*) and P~ (t,r*)

+
VE ) PR = Y Pl (g _prym (p — gy (B2)

nlm/!
n+m<4

At (te, %), PE(te, 1)) ~ % (tx, r5(tc)). The thirty interpolation coefficients pam) are uniquely determined by
fifteen relations at the collocation points

PE(t,r]) = E(ti,r)) Vie D, (B3)
and fifteen jump relations

OO P (b 1) — OO P (b, ) = [0 0] ]

(B4)
VYna,m|n+m<A4.

For the errors, if the function 1 is computed with a fourth order interpolation scheme, then Eq. (B2) at most
provides an accuracy of order one for the perturbations H{ and H¥, due to the third derivatives of the 1 function.



Appendix C: Jump conditions: radial orbits
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We list here the explicit forms of the jump conditions of the ¢ function and its derivatives until 4'" order for radial

orbits localised by R(t). The coordinate time derivative of R is R= f(R)/EA/E? — f(R).

Oth order

kER
[[]) = A+ 1)(3M + \R) ’

1st order

KkE R}o{

]l =-mr—meron

_ KE[6M? 4+ 3MAR + A\ +1)R?|
o)) = =D —mea e

2nd order

KE [BMP(5A — 3) + 6M2A(A — 3)R + 3MA%(A — 1)R2 — 2X%(A + 1) R?]
(A + 1)(2M — R)2(3M + AR) ’

[[o7v]] = -

k€ (3M2 + 3MAR — AR?) R

¥4 _
[[2:0,0°]] = (2M — R)2(3M + AR)2
o kEM
[[02v*]] = TROBM+RN
3rd order
KkE

3,017 5 2 2
[[074]] RO D M - PG T T [81(/\+1)M +9R (1972 + 18E2\+

BA+188%) M* + 9R?X (TA% 4 24E°X — 14\ + 24E% + 3) M® + 3R°\* (TA?
+36E2X — 11X + 3687 + 18) M? 4 3R*A? (88°X — TA 4+ 8E% — 1) M+

2R°A% (A +1) (£°A+3) ] ,

(C1)

(C4)



[[0:02¢"]] = R ];)'foM TR [27M4 +6R (5) + 92 — 3) M3 + 3R?A (5A+

1887 — 6) M? + 6R3\? (362 — 2) M + 2R*\* (€2 + 1)

)

([070.0) =— ol R“;igM I [39M3 +OR (3X+ 262 — 2) M2 + R2\ (4\+

1262 — 13) M + 2R*X\* (€2 — 1) } :

3,101 — —kER 2 2 2 2
[[8th_R3(2M—R)(3M+R/\) {QM +2R (2A + 362 —2) M + 2R\ (62 - 1) | |

4th order

4,007 —3KE 7
[[070"]] SOt M - R G T {567(A+1)M +162R (A + 1) (6

+16E% — 5) M® + 6R* (139X 4 738E%A% — 123)% + 1628\ + 4412\
—171IA + 1628 — 2977 + 27) M° + 12R°X (210% + 252820 — 8507+
1358\ — 24X\ + 135" — 25282 + 18) M* + 3R*A* (21\% + 3448%\°—
95X% + 360N — 340E°X + 100\ + 360E* — 68487 + 24) M? + 2R\
(88E2A% — 4TA% + 180E* X — 260X + 25A + 180E* — 3482 — 24) M
+ 2RON (6£7X% + 30E* N — 53E° A + 23X + 30E* — 59E% + 11) M+

ARTAY (A +1) (E'X — 2821 — 2) ] ,

[[0:020"]] ~ Z;ng TR [135M6 +27R (TA+ 328% — 6) M° + 3R>

(35A% + 39662\ — 75\ + 1088* — 1442 + 18) M* + R*X (3507 +

61287\ — 120A + 4328 — 594E% + 72) M + R*A? (140€°X — 451+

216E* — 306E° + 36) M? + 2R°N? (6E°\ + 24E* — 356% + 9) M+
2RON? (26*N — 382X — 1) ] ,

[[07020"]] =T R‘)’;(ZM T {14311\45 +6R (251 + 2347 — 210) M+

9R? (59N + 160E%\ — 148X + 36E* — 66E7 + 30) M> + 6R*A (10A*+
82E2\ — TN+ 54E* — 10262 + 48) M? + 2R*N? (28E%\ — 27\ + 54E*
—105E2 + 52) M + 12RO\* (€2 — 1)2] ,
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o

ER
920,4']] = a [243M4 +3R (611 + 13267 — 64) M? + 3R>
[[o:2v7]) RY(2M — R)* (3M + R\)? ( )
(12X% + 928X — 49X 4 36E* — 4887 + 12) M* + 2R°X (24E°X — 15M+
361 —51E% + 14) M + 6R'N* (€2 —1) (267 - 1) | ,
—kE
[[o}v!]] S O TENO {189M3 + 2R (36A + 84E% — T7) M? + 6R* (£ — 1) (10A+

6€% —5) M + 12RA(E2 — 1)2] .
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