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Abstract. Run-up of long waves on a beach consisting of and obtained a linear wave equation for an auxiliary func-
three pieces of constant but different slopes is studied. Lineation; all physical variables (free surface displacement, depth-
shallow-water theory is used for incoming impulse evolution, averaged velocity, offshore coordinate and time) were ex-
and nonlinear corrections are obtained for the run-up stageplicitly expressed using this function and its partial deriva-
It is demonstrated that bottom profile influences the run-uptives. The main advantage of wave equations for an auxil-
characteristics and can lead to resonance effects: increase w@iry function having a form of cylindrical wave equation is
wave height, particle velocity, and number of oscillations. that it has to be solved on a semi-axis with given bound-
Simple parameterization of tsunami source through an earthary conditions while the initial equations have to be solved
quake magnitude is used to calculate the run-up height verin a domain with an unknown moving boundary (shoreline).
sus earthquake magnitude. It is shown that resonance effectddeanwhile, the explicit form of the analytical solution gen-
lead to the sufficient increase of run-up heights for the weak-erally requires the numerical manipulations to present physi-
est earthquakes, and a tsunami wave does not break on choal variables in the wave field. That is why various shapes of
sen bottom relief if the earthquake magnitude does not exthe incident solitary wave have been specially analyzed: soli-
ceed 7.8. ton (Pedersen and Gjevik, 1983; Synolakis, 1987), sine pulse
(Mazova et al., 1991), Lorentz pulse (Pelinovsky and Ma-
zova, 1992), Gaussian pulse (Carrier et al., 2003; i§&no
. 2004; Kang@lu and Synolakis, 2006), N waves (Tadepalli
1 Introduction and Synolakis, 1994; Kamitu, 2004), and some specific lo-
L . calized disturbances (Tinti and Tonini, 2005; Pritchard and
Reso_nange phenomena p]ay a S|gn|f|qant role in the run'u‘bickinson, 2007; Dobrokhotov and Tirozzi, 2010). It should
gmpln‘lcatlon and lead to d|fferent physical e_ffe(_:ts for waves be noted that different formulas for maximum run-up of soli-
in coastal zones: long d_uratlon of_water oscnlatlons., later ar'tary waves of various shapes can be provided in terms of
_rlval of waves with maximal amplitude compared V.V'th lead- wave amplitude and significant wave length describing prac-
ing waves, and group structure of waves. Meanwhile, usuallytically important cases with good accuracy (Didenkulova et
thesg effects are neglected when the run-up processes a&‘ﬁ, 2008; Didenkulova and Pelinovsky, 2008; Antuono and
studied. A Iarge_ part of theorgtlcal resglts for run-up StageBrocchini, 20104, b). Various shapes of the periodic incident
are based on rigorous analytical solutions of the shalIow-WaWe trains such as the sine wave (Carrier and Greenspan,

wa'tertheory for waves climbing'on a bgach of constantslopelgs& Madsen and Fuhrman, 2008), cnoidal wave (Synolakis
This approach was suggested in the pioneer work by Cameét al., 1988; Synolakis, 1991) and nonlinearly deformed pe-

and Greenspan (1958). They applied the hodograph tranSfOIﬁodic wave (Didenkulova et al., 2006, 2007) have been also
mation to the nonlinear system of shallow-water equations
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2746 A. Ezersky et al.: Resonance phenomena at the long wave run-up on the coast

studied to obtain the run-up characteristics. It is important tofrom matching points and interference between such waves.
mention that the run-up height is higher if a periodic incident Some allusion on possible resonances for wave run-up can
wave is cnoidal or a nonlinearly deformed wave comparedbe found in Kajiura (1977) and Mazova (1985). They in-
with a simple sine wave of the same amplitude and periodvestigated linear approximation of the run-up characteristics
Some results are obtained for irregular incident waves moddue to sine incident wave. Resonance phenomena are impor-
eled by the Fourier superposition of the sine waves with rantant for tsunami waves (LeBlond and Mysak, 1981; Massel,
dom phases (Didenkulova et al., 2010, 2011) or the randoni989; Mei, 1983; Neu and Shaw, 1987). Photos of tsunami
set of solitons (Brocchini and Gentile, 2001). wave trains in different coastal locations became well known
In all studies mentioned above, the rigorous analyticalafter the 2004 Indonesian and 2011 Japanese tsunamis. Usu-
solutions are obtained if the wave propagates on a planally the appearance of resonance effects is connected with a
beach of constant slope. Really, such a plane can approxicomplicated two-dimensional bathymetry of bays and jagged
mate the face-shore bathymetry only, and then it has to beoastal line. In the present paper, we aim to investigate run-
matched with a horizontal bottom profile. In fact, the rigor- up resonance phenomena for a one-dimensional case of wave
ous analytical solutions can be obtained here in the lineapropagation. We intend to show that, for certain frequencies
theory only (Synolakis, 1987; Pelinovsky, 1996, 2006; Mad- depending on bottom profile, run-up amplification may be
sen and Fuhrman, 2008). If the bottom slope in face-shoréiigh even for very simple bathymetry, and it influences the
area is small, the extreme run-up characteristics weakly difshape of the water oscillations on the coast.
fer from a case when the bottom has constant slope every- The paper is organized as follows. In the second section
where. Nonlinearity leads to the correction of obtained re-we describe our model of bottom profile and present the re-
sults. First of all, there is nonlinear wave deformation in the sults for run-up amplification versus the frequency of linear
region where inclination of bottom changes. This effect is harmonic incident wave. In the Sect. 3 results of calculations
thoroughly investigated with use of boundary value approaclof the run-up characteristics caused by Gaussian impulse and
for pulse-like and periodic input including waves propagat- N-wave impulse are presented. Section 4 is devoted to non-
ing over different kinds of non-planar bathymetries in Broc- linear effects appearing in run-up. Discussion of result appli-
chini et al. (2001) and Antuono and Brocchini (2007, 2008, cability for natural hazard description and some conclusions
2010b). In this case the wave evolution seems to be unafare given in Sect. 5.
fected by the bottom perturbations. The second one is that
a wave moving on horizontal bottom nonlinearly deformed 2
within nonlinear shallow-water equations as Riemann wave
and its shape in the entry of plane beach differs from an ini-
tial shape (DidenkuIO\_/a etal., 2006, 2(_)07). It should be noteq_ong wave run-up on a long beach is described by 1-D non-
that both factors amplify the run-up heights. A new effect tha_tlinear shallow water equations:
appeared for the wave run-up on a plane beach matched with
horizontal bottom is the influence of the bottom slope on the ou an

Theoretical model and run-up due to linear harmonic
wave

shape of water oscillations on the shore. If the incident wavey, T 45 t85 = 0, (1)
has a bell shape, the water oscillations on the shore repeatitg, 3
shape if the bottom slope is big (limiting case is a vertical 5 + 5[« +m]=0. (2)

wall), and accompanied by the negative second oscillation if
the bottom slope is small. Such behavior is explained by thewvhereu is the depth-averaged velocity,= h(x) is the un-
resonance effects, which are weak for such geometry — fronperturbed water depthy = n(x,?) is the free surface dis-
a physical point of view, it is an open resonat(felinovsky,  placement, ang is the acceleration of gravity. In the linear
1996, 2006; Madsen and Fuhrman, 2008). If the bottom slopepproximation, the system in Egs. (1)—(2) is transformed into
differs relatively little from the uniform value, the changes of one equation:
run-up height are also small (Soldini et al., 2013).
For more complicated geometry of coastal zone consist-92y 0 an
ing of several pieces with different slopes, the solutions for 3,2 ~ 85 [ 5} =0.
each region of constant slope are matched (Kfunand Syn-
olakis, 1998; Didenkulova, 2009). Simplified solutions in To demonstrate the resonance effects in the run-up character-
the form of a product of such elementary solutions can beistics, we use three piece-wise profiles of unperturbed depths
given if the incident wave length is less than a bottom piecethat are typical for a real ocean bottom: (Zone A) continental
length. For general ratio between these different lengths, ashelf 0< x < xq, (Zone B) continental slope < x < 0, and
it is known, the resonances appear due to multi-reflectionZone C) constant depth (see Fig. 1). Such topography was
used in numerous papers on tsunami run-up. We would like
1if the wave maker is located near the shore, of course, the resot0 emphasize that in some cases such a simple model of bot-
nant effects are big (Stefanakis et al., 2011; Ezersky et al., 2013). tom profile describes very precisely natural conditions. For

®)
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account that the wave field should be limited at the shore
(x = xp), the wave amplitude is described by

N [x0—x
A=RJy(o), 0 =2w stana’ (10)

whereR is also constant (in general, complex constant). It is
evident thatR describes the amplitude of the water level os-
cillation on unmoved shoreline (linear run-up height). If the
bottom has the constant slope everywhere, the valye ¢f
computed in the linear theory coincides with run-up heightin
Fig. 1. Schema of bottom profile. nonlinear theory (Synolakis, 1987; Pelinovsky and Mazova,
1992). For more complicated geometry, this statement is not
] proved and we will discuss this later.
instance, exactly such a model was used to prepare numeri- ysing continuity conditions for horizontal velocity and
cal simulations of tsunami near the Indian coast (Neetu et al.free syrface displacement for= 0 andx = x, (see Fig. 1),
2011). one can match solutions in different segments at this transi-
The wave field in zone of constant depth (Zone C) is pre-tion points and obtain the following system of equations:
sented as a sum of incident and reflected harmonic waves gy — 0
with constant amplituded; and A;:

Zone C Zone B Zone A

' ' ' R Jo (00) = C1J0(50) + C2Y0 (60, ) (11)
= (AieT 00 geiktrom)) gmior, 4 RJ1(00) = C1J1(30) + C2Y1 (50.) (12)
In zone (Zone B) with a constant bottom slope gaftonti- Forx = xp,
nental slope), we seek a harmonic solution of the following , ] ,
form: C1Jo(61) + C2¥0(51) = Aje™ 0072 4 Al (13)
4 C1J1(61) + C2Y1(61) = —i Aje” HO02) —j A 02 (14)
n=Axe ", (5)

_ _ _ _ whereog=0(x =0), 6o =06(x =0), 51 =07 (x = x»), and
wherew is the frequency and (x) is an amplitude function. 7, andy; are the first-order Bessel functions of first and sec-
By inserting Eqg. (5) into Eqg. (3), the amplitude equation for ond kinds.
harmonic wave is represented as If the incident wave amplituda; is known, the linear run-

22 I up heightR can be evaluated by solving the last system of

gtan(p) (x1 —x) =— — gtan(p) —— + w?A =0. 6)  Eas. (11)-(14):
R = K(w)Aj,
After introducing the variable transformation, 2o Go) ¥1(50) — J1.(50) Yo (60)) )
K@) =37 G 0007 pikomxa) (15)
(Yo(01) —iY1(01)) — N (Jo(01) —iJ1(01))
G =20 | 2% (7y  Wwhere
gtang

W = Jo(60) J1(00) — Jo(00) J1(50),
Equation (6) can be simplified to the Bessel equation of the, _ Yo (60) J1(00) — Jo (60) Y1 (G0) .
first kind:
924 9A The term in numerator of Eq. (15) may be simplified using
0—+-—+cA=0. (8) Wronskian (Abramovich and Stegun, 1964) as presented in
362 95 Kanoglu and Synolakis (1998):
Its solution may be expressed as a sum of the zeroth order
Bessel functions of the firsty and second’ kinds with two Jo (60) Y1 (60) — J1(60) Yo (0p) = ——.
constantg”; andCs: oo
Figure 2 represents run-up amplificatidti / A; for three dif-

A= Cilo(6) 4 CaYo(3).6 = 2w IXlta_n:;' ©) ferent sets of bottom slopes characterized roughly for the In-
8

dian coast bathymetry (Neetu et al., 2011) where the Makran

tsunami was observed on 27 November 1945. If the bottom
In the nearshore zone (Zone A), the solution for wave am-slopes in zones A and B are the same, the resonance effects
plitude is also presented in Bessel functions. Taking intoare very weak (dash-point curve in Fig. 2), and this coincides

www.nat-hazards-earth-syst-sci.net/13/2745/2013/ Nat. Hazards Earth Syst. Sci., 13, 27252 2013
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37 YT A Both pulses are characterized by two parameters: the du-
3| I tana = 0.0030 , tan /3 = 0.1000 P ration and amplitude. Within linear theory, the value of wave
20] o ia =0, anB=0: 7~ : v . . . .
] e =0 0080 tanp — 00050 T ' amplitude is notimportant and can be used for scaling of run-

up characteristics. The second parameter, wave durajon
plays an important role due to resonance effects.
Meanwhile, in tsunami practice, both parameters (ampli-

sl LA il tude and duration) of the incident wave are not indepen-
1 e e wr dent and are determined by the parameters of the tsunami
Q500 oo oo YT o0 oo o030 source. Here we apply our theoretical results to tsunamis gen-
w(rad/s) erated by underwater earthquakes. Now, the characteristics of

the tsunami source are calculated using the Okada solution
(Okada, 1985), and they depend on the several fault parame-
ters. For simplified estimates it is more convenient to have the
relations between tsunami source parameters and earthquake
with known results (Pelinovsky, 1996, 2006; Madsen andmagnitude. Such relations are known in seismology (Sato,
Fuhrman, 2008). But in the case of different bottom slopes1979; Wells and Coppersmith, 1994). Similar relations are
in zones A and B, resonance effects are clearly visible (solidgiven for parameters of tsunami source (Pelinovsky, 1996,
and dashed lines in Fig. 2). Several resonant modes with fre2006; Bolshakova and Nosov, 2011). Here we will use the
guenciesds, wy, ...) may be excited in the coastal zone, and following relations between the displacement amplitude of
the amplification coefficient can reach values of 10-20 timesthe free water surfacgy (measured in meters) and the char-
Characteristic period of the first resonant p&ak 2 /w; acteristic size of tsunami sourég(measured in km) with the
is roughly 2 h, which coincides with the observed tsunamiearthquake magnitude (Pelinovsky, 1996, 2006):
record in this area (1.5-3 h) according to Neetu et al. (2011).
log(no) = 0.8M — 5.6, (20)

log(L) = 0.5M — 2.2. (21)

Fig. 2. Run-up amplifications for three sets of bottom slopes=
2500 m,hq = 200 m.

3 Run-up due of solitary bell and N impulses

In the shallow-water approximation, the duration of tsunami

Resonance curves given in the previous section show a sulz.. e going out the sourceds = L /+/gh, whereh is water

stantial increase of run-up heights for certain frequencies ijepth in the tsunami source. Of course, Egs. (20) and (21)

harmonic incident waves. Whereas run-up height for har-, e yery approximated and should be used only for simplified
monic waves is given by Eq. (15), the oscillations of wa- estimations.

ter level on the shore (linear run-up) generated by solitary Thus, we can use the magnitude of a earthquake to de-

tsunami wave may be presented using Fourier transformagyine solitary bell, or N wave. The results of calculations of

tions: linear run-up functionrk(¢) for various values of the earth-
1 ; uake magnitude are presented in Fig. 3. Duration of the
_ = (—iwt) q g p g
Rty = 2n /K(a))S(a))e dov, (16) incident tsunami waves decreases, and then magnitude de-
creases, and its spectrum width increases. This means that the
weakest earthquake induces more resonant modes in coastal
S(w) = / n(6)e @ ds. 17) zones than the §trongest earthqua_ke. Asa res_ult, the ngmber
of water oscillations on the shore increases with magnitude

Usually the shape of the incident tsunami wave is unknown d€creasing (compare Fig. 3a and b). If the initial shape is
and itis characterized by different functions (see for instance Wave, the number of oscillations is higher than for Gaus-
Didenkulova et al., 2008). We chose here two characteristi®ia! input because its spectrum is narrower (compare right
and qualitatively different cases: the initial displacement of21d I€ft graphs in Fig. 3a). It is important to mention that
the free surface of one sign and alternating displacement withun-uP height of N waves is higher than for bell waves, and

a zero averaged value. In the first case the incoming wave d{!|S Was obtained firstly in Tadepalli and Synolakis (1994).
the pointx = x, is a Gaussian pulse, and in the second one aUsing a simple formula, it is possible to estimate propaga-
so-calledV pulse: tion time T (delay between incoming wave and computed

signal at the coast) for our model.

wheres is the Fourier transformation of incident wave

—(t/70)?)

NinG = noe' . (18) ) p p . [
TAZ_( [ho _ /_1)+_ [hy
tang g g tana g

t 2
o 2 ) (=/w)?)
inN =10 (to) o0/, (190 The propagation time for parameters corresponding to Fig. 3
is estimated ag, ~ 10°s. It should be noted that for longer

Nat. Hazards Earth Syst. Sci., 13, 27452752 2013 www.nat-hazards-earth-syst-sci.net/13/2745/2013/
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Fig. 3. Incident wave and water oscillations on the shore for
ho =2500mx = 23 km,k1 = 150 m,xg = 15 km, tarw = 0.005,
tang =0.1, and different earthquake magnitudda) M =7.5

(L = 35km) andb) M =8.5 (L =110km).

Rinax/ M0

L 2 A 5
impulses (Fig. 3b), calculated propagation tirfig (- 450'S) N S S g
is less than for shorter impulseBy ~ 850 ) (Fig. 3a). This , ;
difference is evidently due to duration of impulses. The " °° &2 e e 83 20

length of a long impulse is longer than the length of a shelf
zone, and reflected waves should be taken into consideratiofiid- 4. Run-up amplification factor for Gaussian impulses and
when propagation time is calculated as a time needed for jmN Wave impulsero = 40km (tanx = 0.005), xo = 10km (tanx =
pulse maximum, or impulse zero to reach the shore. 0.02), xp = 4km (tanx =0.05), ip = 4000 m, andiq =200mfor
Figure 4 demonstrates that the run-up amplification factord|fferent inclinations of continental shelf and continental slope:
o . . a) tang =0.1 (xp =40km), (b) tang =0.5 (xo =8km), and
(R/no) decreases W|_th increasing earthquake magnitude u_éc) tang = 3 (xp = 1.3km).
to M =7, and then it remains almost constant. A tsunami
generated by strong earthquake has a long wavelength, and in
this case as indicated in Fig. 4, the resonance effects are ver
weak. The weakest tsunamis having the shortest waveleng
are amplified more due to resonance effects. Increasing of the
bottom slope in zone B (tg#) reduces the run-up height as Calculations of maximal run-up heights in Sects. 2 and 3
it might be expected. were done in linear approximation. As it is indicated above,
Maximal run-up height grows with earthquake magnitude it is difficult to solve the nonlinear shallow-water equations
increasing as it is shown in Fig. 5. It should be noted thatfor piece-wise bottom profiles. Taking into account that bot-
resonance effects “lift up” the values of run-up height for the tom slope is changed at depth of 4000 and 200 m, and wave
weakest earthquake, whereas run-up height weakly depend¥nplitude does not exceed a few meters, we may assume that
on the values of the bottom slopes in the given ranges unde®ll nonlinear effects are manifested in the last run-up stage.
consideration. It is important to note that curves in Figs. 4In this case we may use the rigorous solution of the nonlin-
and 5 are obtained in the linear approximation. Criteria for€ar shallow-water equations for the long wave run-up on a
applicability of the linear solution will be discussed in the beach of constant slope, which is very well developed (see
next section. references in Introduction). Here following Pelinovsky and
Mazova (1992), we convert the obtained linear solution into a
“nonlinear” solution. According to this procedure, we should
firstly find a “linear” expression for horizontal velocity on the

Estimations of nonlinear effects

www.nat-hazards-earth-syst-sci.net/13/2745/2013/ Nat. Hazards Earth Syst. Sci., 13, 27252 2013
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unmoved shorelinex(= 0), which is followed by kinematics: (., « s commms s —so005 00052005 Ea

N-wave tana = 40.005, H0.02, A0.05 SRR AR

n

n
im0 | e

S|

1 drR 1 . a2
U((t) = _ 22 10 B % i
®) tano dr (22) ; e R
3 - : A i
where as earlier tanis bottom face-slope. “Nonlinear” ve- o4 8 i

locity of the moving shoreline;(¢), can be obtained from the - = =
linear functionU (¢+) by the Riemann transformation (Peli- N S O DS N N

nOVSky and Mazova, 1992) 10" 6.0 65 7.0 75 aéo 85 9.0
Earthquake Magnitude
ut)=U <t + ) . (23) @ 10" 3 ussian wave tana = 00.005,00.02,40.05 [ T
gtam I l(\;l-w.’\vc tana :LQ().()()S.OIU().O(();.Au(?.(?; oo E : o
H H H 13 H i1} “wy i1} . E -
It is evident that maximal values of “nonlinear” and “linear , .
Ve|oc|t|es C0|nC|de_ ) 10 i Hta et oo el leent ST e = e or i e A e :: E ....... Z
Vertical displacement of the moving shorelin€é;) canbe < P S -
found from a kinematic condition: Sk e
u(t)de
r(ry = L40%
tana o' :
6.0 6.5 7.0 75 8.0 8.5 9.0
) . Earthquake Magnitude
And after, substitution of Eq. (16) can be reduced to
2 () 10 3 Gaussian wave tana = 00.005,00.02,A0.05 e
( ) R i u (t) (24) T N-wave tana = $0.005, H0.02, A0.05 | T
tanag 2g dos S A . S R . R
10 5 - 0
it should be noted that this is only true for the analytical ; | . % 2 i @& B
structure of the solution, but the solution itself also depends™ RN N B ‘
on the data assignment as an initial value or a boundary valu @ 38t s
problem (Antuono and Brocchini, 2007).
The important conclusion from Eq. (24) is that extremes

1 H §
0 60 6.5 7.0 75 8.0 8.5 9.0

of the vertical displacement in the linear and nonlinear theo- 1 Earthquake Magnitude

ries coincide (in this moment the horizontal veloaity= 0), ) ) ) ) )

confirming the use of linear theory to predict extreme vaIues.F'g' 5f' Ma(‘;('ma' run-up h?'ght (Indml\)l versus the ela"t‘jg“azg Iinagm-
: : _ e 1or Gaussian iImpuises an wave Impulsexioe m

;zgrﬁtfore, the linear theory adequately describes the run uﬁ‘am — 0.005), xo=10km (tany = 0.02), xo = 4km (tar =

. . . . 0.05), hg =4000m, andhq=200m for different inclinations
Simple formulas of Riemann transformation from linear ¢ . vinental shelf and continental slop@) tana = 0.1 (xp =
to nonlinear solutions allow us to obtain the wave-breakingsokm), (b) tane = 0.5 (x» = 8km), and (c) tana =3 (xy =
criterion. Strictly speaking, this criterion is found from the 1 3km).
zero condition for a Jacobian of hodograph (Legendre) trans-
formation. Note that this transformation was used to obtain
Egs. (15)—(17). On the other hand, the solution for velocity breaking of the long water waves. In this case a water dis-
in Eg. (16) resembles the well-know Riemann wave in non-placement contains the jump of its first derivative. This im-
linear acoustics and hydrodynamics (the role of coordinateslies the condition of the first wave breaking:
plays the inverse value of thgtana). Such a wave would
overturn with an increase of amplitude. Exactly this fact 5 _ maxdu/dr) _ maxd?R/di?)
has been used in Pelinovsky (1996, 2006) and Didenkulova™ =~ tanag ~ tarfag o
(2009) to find wave-breaking criteria on the shore. From
Eq. (16) it is easy to calculate the time derivative of the ve-Where the parameter Br has the sense of breaking parame-

1, (26)

locity in an incident wave. ters. Figure 6 shows the temporal evolution of the break-

ing parameter, linear and nonlinear water level oscillations
Gu _ dU/dt (25)  ©on the shore and shoreline velocities versus time for soli-
dr 1- ;% tary impulse andv wave impulse for magnitud® = 8. The

difference is clearly seen between linear and nonlinear solu-
tends to the infinity when the denominator approaches zerctions for a moving shoreline. It is important to mention that
As follows from the theory of hyperbolic equations, it leads the breaking parameter is less than 1, so the tsunami wave
to the gradient catastrophe identified and to the plungingshould climb on the shore without breaking for the chosen
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I v where the 1945 Makran tsunami was observed, the break-
PERFE j ing parameter is less than 1, and tsunami waves climb on the
by E— ‘ , coast with no breaking.
oS Y] —
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Fig. 6. Breaking parameter Br, linear (solid line) and nonlinear

(dash line) variations of water level R on shore and shoreline veloci-

tiesU versus time for h0 =4000 m, h1 =200 m, tas= 0.005,xg =
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