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Relevance of MRMT models to reactive transport

Highlights
e Generic models of concentration variability in diffusion-dominated porosities.
e Mobile/immobile models like MRMT are relevant for concentration mean and variance.
e Combinations of porosities in MRMT inherently conserve concentration variance.

e Equivalent MRMT models approximate well homogeneous and heterogeneo ctivities.

e Equivalent MRMT should be of the same minimal dimension as the in@put system.



7

10
11

13
14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

Inherent relevance of MRMT models to concentration variance and
mixing-induced reactivity

Tristan Babey?, Jean-Raynald de Dreuzy?®, Alain Rapaport®, Alejandro Rojas-Palma®

@Géosciences Rennes UMR CNRS 6118, Campus de Beaulieu, Université de Rennes 1, 35042 Rennes ceder,
France
YUMR 729 INRA/SupAgro MISTEA (Mathématiques, Informatique et STatistique pour I’Environnement et
I’Agronomie), 2 pl. Viala, 84060 Montpellier, France
¢Departamento de Matemdtica, Fisica y Estadistica, Universidad Catdlica del Maule, Talca,»Chile

Abstract

Several anomalous transport approaches have been developed to model the interaction between
fast advectively-dominated transport in well-connected porositymandifracture structures and slow
diffusively-dominated transport in poorly-connected or low-permeability ones. Among them, the
Multi-Rate Mass Transfer approach (MRMT) represents the anomalous dispersion along the main
flow paths (mobile zone) induced by a large distribution of first-order exchanges with immobile
zones. Even though MRMTs have been developed for conservative transport processes in the mo-
bile zone, we demonstrate that they also eenserverthe variance of the concentration distribution
in the immobile zones, and, hence, pertain toymixing induced reactivity. This property is estab-
lished whatever the organization of the immobile zones and whatever the injection and sampling
conditions in the mobile zone, It inherently derives from the symmetry properties of the diffu-
sion operator in the immolile'zones, but cannot be directly extended to heterogeneous dispersive
processes in the mobile‘zone.

Keywords: Anomalous transport, Reactive transport, Multi-Rate Mass Transfer models,

Heterogeneous geological media

Highlights

1. Generic models of concentration variability in diffusion-dominated porosities.
Mobile/immobile models like MRMT are relevant for concentration mean and variance.
Combinations of porosities in MRMT inherently conserve concentration variance.

Equivalent MRMT models approximate well homogeneous and heterogeneous reactivities.

AT el

Equivalent MRMT should be of the same minimal dimension as the input/output system.

Email address: jean-raynald.de-dreuzy@univ-rennesl.fr (Jean-Raynald de Dreuzy)

Preprint submitted to Advances in Water Resources September 27, 2017
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Relevance of MRMT models to reactive transport

1. Introduction

Dispersion in geological media derives from simple advective and diffusive processes in complex
porous and fracture structures [Gelhar and Axness, 1983]. Solutes are delayed by trapping in
poorly connected porosity structures and dispersed by exchanges with fast transport in localized
channels. Such structures are found as intragranular clay particles [Scheibe et al., 2013], stagnant
zones in carbonates [Bijeljic et al., 2013], poorly connected fracture clusters [Davylet al., 2010],
hydraulic dead ends in fractures [Park et al., 2003] or incomplete dissolution/patterns” [Luquot
et al., 2014]. Diffusion and trapping are significant and may induce non-Fickian anemalously slow
and highly-dispersed transport [Bouchaud and Georges, 1990; Dentz and Berkowitz, 2003; Havlin
and Ben-Avraham, 1987]. Anomalous transport has been reported both in perous and in fractured
media at multiple scales from laboratory experiments [Soler-Sagarra etval’, 2016; Zinn et al., 2004;
Knorr et al., 2016], advanced analysis of microtromography images”’|Gjetvaj et al., 2015; Gouze
et al., 2008], field experiments [Greskowiak et al., 2011; Ile. Borgne and Gouze, 2008] and numerical
simulations [de Dreuzy and Carrera, 2016; Fernandez-Garcia et al., 2009; Lichtner and Kang, 2007;
Roubinet et al., 2013; Willmann et al., 2010].

Several conceptual frameworks have been‘developed to model anomalous transport [Benson et al.,
2000; Berkowitz et al., 2006; de Dreuzy, and Carrera, 2016; Neuman and Tartakovsky, 2009].
Among them, the mobile-immobile Multi-Rate Mass Transfer models (MRMT) [Carrera et al.,
1998; Haggerty and Gorelick,1995] dees not only propose efficient characterization and upscaling
methodologies [Willmann.et al.;32008; Babey et al., 2015; Rapaport et al., 2017] but also a natural
bridge to equivalent eencentration distributions, which relevance can be assessed to model reac-
tive transport [Donado et/al., 2009; Henri and Fernandez-Garcia, 2015; Sanchez-Vila et al., 2010;
Soler-Sagarra et al., 2016]. Synthetic experiments have shown that MRMT models provide close
approximations of bulk reactivity even in non-linear equilibrium and kinetically-controlled cases
[Babeytetyal., 2016]. This has been linked to the empirical observation that MRMT models do
not only'conserve mass by construction but also the porosity weighted integral of concentrations
squared [de Dreuzy et al., 2013], which is directly linked to mixing-induced reactivity through the
scalar dissipation rate [Le Borgne et al., 2010].

While the conservation of the porosity weighted integral of concentrations squared has so far been

reported from numerical experiments in a couple of specific cases, we provide here the full demon-
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Relevance of MRMT models to reactive transport

stration of its conservation. This property is inherent to the formalism of the mobile/immobile
models (including MRMT) providing the model to be minimal. It derives from the conservation of
mass in the mobile zone and from the expression of the immobile concentrations as the direct dif-
ference between immobile and mobile concentrations. It does not require any additional condition.
The demonstration applies to any type of diffusively-dominated porosity structure exchanging with
advectively-dominated transport identified with the so-called mobile zones. We shortly. discuss the

implications on the general relevance of MRMT models to chemical transport.

2. Dynamics of concentrations in mobile/immobile models

In this section, we recall the general framework proposed by Babey/et al. [2015] to model solute
transport resulting from the interactions between a mobile zone“andia finite number of n immo-
bile zones. This framework identified as the Structured INteracting Continua (SINC) model was
introduced as an extension of the classic Multiple INteracting Continua (MINC) model [Pruess
and Narasimhan, 1985; Karimi-Fard et al., 2006]. Transport s dominated by advection along the
“mobile zone”, and solutes are exchanged by diffusion,with and between the different “immobile
zones”. Immobile zones can display any connectivity patterns coming, for example, from the dis-
cretization of diffusion within dead-ends of\fraetures or pore clusters [Davy et al., 2010; Gouze
et al., 2008; Karimi-Fard and DurlofSky,12016], alluvial architectures [Zhang et al., 2013, 2014],
heterogeneous porous media [Li et al., 2011; Tyukhova et al., 2015; Tyukhova and Willmann, 2016]
or multi-porosity reservoirs [Geigeret al., 2013]. The SINC model is formalized as:
oC

E + q)_lMC = BL(Cl) (1)

where C' is the £olumniwvector made up of the solute concentrations in the mobile and immobile

zones:

C=[ec(rt) ... coulrt)]" (2)

¢1(r, t) is the concentration in the mobile zone and ¢;(r,t) with i = 2...n+1 are the concentrations

in the n immobile zones. L is the advective-dispersive transport operator in the mobile zone:

L(er) = —év (qer) + V- (DuVer) (3)
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Relevance of MRMT models to reactive transport

where ¢, ¢ and D,, are the uniform porosity, Darcian flow and diffusion-dispersion tensor in the

mobile zone. B is the restriction vector to the mobile zone:

B=[10 ... 0] (4)

® is the porosity matrix of size (n 4+ 1,n + 1) which diagonal coefficients are the porosities of the

different zones ¢;:

o =diag ([ g1 ... duil). (5)
Finally, the matrix M of size (n 4+ 1,n + 1) is the operator describing the diffusive-like exchanges
between the different zones. M can be compared to a weighted adjacency matrix [Godsil and Royle,
2001] as its coefficients correspond to rates of mass exchanges. Because it expresses a diffusion
process, M is a symmetric M-matrix which rows sum to zero. Eq. 1 can be rewritten to highlight
the interactions between the concentrations of the different, zones:
oC

S —AC =\ BLte) (6)

where A is the interaction matrix that synthesizes porosity and diffusive mass exchange effects:

A= 1. (7)

Except in the specific case of‘uniferm/porosity, A is not symmetric.

MRMT models with a finite number of immobile zones can be expressed within the SINC framework
as the subset of models with only mobile-immobile connections, with the corresponding porosity

and mass exchange matrices ® and M given by:

o =diag ([ 61 ... duu))
M(i,j)=0fori>1,7>1andi#j
M(i,1) = M(1,i) = —¢ia;_y for i > 1
M(i,i) = — > M(i,j)

DJFi
where «; and ¢; are the rates of exchanges and porosities of the MRMT model Haggerty and

Gorelick [1995].
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Relevance of MRMT models to reactive transport

3. Conservation of concentration variance by MRMT models

Babey et al. [2015] and Rapaport et al. [2017] have demonstrated that any mobile-immobile model
identified as SINC in the previous section, i.e. whatever the connectivity of its immobile zones,
is equivalent to a unique (up to the numbering of the immobile zones) MRMT model, proving
the original model to be minimal. Equivalence between SINC and MRMT is meant here as the
same number of immobile zones and the same partition of concentrations between the mobile and

immobile zones:

ci(r,t) = c1(r, t) (9)
Z bici(r,t) = Z Gici(r, 1) (10)

where ¢;, ¢; and n are respectively the concentrations, poresities and total number of immobile

zones for SINC, and &, ¢; and @i are their counterpart§forsthe equivalent MRMT model.

When the original SINC model is not minimal{ thevariance of concentration is not conserved as
shown by the counterexample of AppendixéAd. Theabsence of minimality cannot be detected with
any straightforward criterion as it concerns the exchanges of the overall immobile structure with
the mobile zone. The example of Appendix Al does not show any visual symmetry or redundant
structure although it is not miimimal) “Minimality of the system can however be tested by its
controllability and observability properties [Andréa-Novel and de Lara, 2013] (here observability is
equivalent to controllability because input and output are in the same mobile zone: see [Rapaport
et al., 2017]). A system'is said controllable if, for all couple of state vectors (C?, C?), there exists a
finite time 7' >(0 and,a input concentration ¢"(-) defined on [0, 7] such that, applying this input
function, the solution C(-) with initial condition C'(0) = C satisfies C'(T)) = C®. Controllability

is checked by*the algebraic condition that the controllability matrix given by

C=[B,AB,..A"B] (11)

is full rank. The lack of minimality means that there is some redundancy in the SINC structure in
terms of exchange terms (see example in Appendix A1l). When the original model is non minimal,

it is however possible to reduce the model to an equivalent minimal one ([Chen, 1999]), which can
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Relevance of MRMT models to reactive transport

be sought here as a SINC model with less immobile zones (7 < n) before applying the algorithm

given in [Rapaport et al., 2017] to then obtain an equivalent MRMT model with 7 immobile zones.

After recalling how MRMT models can be built from minimal SINC models, we show that MRMT

models inherently preserve the porosity weighted integral of the concentrations squared:

n+1 n+1

Z ¢ic; = Z $iC; (12)
i=1 i=1

or equivalently in algebraic form:

CToC = CToC (13)

with C and ® the concentration vector and diagonal porosity matrix fors8INC, and C and ® their
counterparts for the equivalent MRMT model.

Assuming the identity of concentration partition (Egs=9-10), the equivalent MRMT model to a
SINC model writes:
oC

S AG = BL(e)) (14)

where A and C' are the interaction/matrix and concentration vector for the equivalent MRMT

model:

A= RAR™!

_ (15)

C = RC
with R the transformation matrix from SINC to MRMT. Concentrations C' are qualified as semi-
local as they.are still concentrations from the dimension point of view but are only combinations
of effective concentrations C'. R derives from the diagonalization of the sub-matrix Ag = A(2 :

n 4+ 1,2%sm + 1), which describes exclusively the exchanges between the immobile zones, into

As=A2:n+1,2:n+1):

Ag = RgAsRg" (16)

where Rg is the matrix composed of the eigenvectors of Ag. The eigenvalues of Ag (diagonal

coefficients of Ag) are the rates ; of the equivalent MRMT model (Eq. 8). To be representative
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Relevance of MRMT models to reactive transport

of a MRMT model, A must have the same shape as A described by Eq. 7:

A= 31 (17)

where ® and M are the porosity and mass exchange matrices given by Eq. 8. Rapaport et al.
[2017] have shown that this condition is fulfilled only if the pair (A, B) is controllable. The full

transformation matrix R then writes:

1 0
R= . : (18)
0 —RgAs diag (Rg'A(2:n+1,1))
R verifies the conservation of concentrations in the mobile zone (Eqs9). By construction, R also

ensures that any uniform concentration profile in SINC remains.equally uniform in its equivalent

MRMT:

=R (19)

From this formulation of the equivalence between SINC and MRMT, we derive the expressions of
® and M as functions of ® and M andsof the)transformation matrix R. To this end, we develop

the expression of A in Eq. 15 by intreducing the definition of A (Eq. 7):

A=—-RO MR, (20)
and introduce the matrice§. 7 = R® /2 and S = & 1/2Md~/2 such that

A = -TST™!

(21)
= —TTT(TH)TST.

We note,Zs and Sg the sub-matrices of T and S made up of their last n rows and columns. As

Ag is diagonal, Ty diagonalizes the matrix Sg:

TsSsTg' = RsAsRg' = Ag (22)

and, because Sg is symmetric, and Ag has distinct eigenvalues, T is of the form DU where D is

a diagonal matrix and U is a unitary matrix. TsTJ is in turn equal to a positive diagonal matrix
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Relevance of MRMT models to reactive transport

D?. Due to the structure of the matrix R, one has:

1 0
rrr— | V9 . (23)
0 TeTE
Because T'T7 is positive and diagonal, and because (T~1)T ST~ is symmetric, they can be identified

respectively to @' and M of Eq. 17:

=TT "' =(RH'oR™! (24)

M=(TY'ST'=(RYHY"MR™". (25)

It should be noted that the transformations of porosities and mass exehange rates from SINC to
MRMT are identical and directly derive from the change of basis-ef the concentrations given by
Egs. 15, 18 and 19. The conservation of the porosity weighted,integral of concentrations squared
of Eq. 13 derives from the consistency between the change of basis of concentrations and porosities

(Egs. 15 and 24):

CToC = CTRT(R-"YHT®RRC
(26)
= OToC.

As this conservation directly results from/the construction of MRMT without any additional con-
straint, it is an inherent property of MRMT models of finite dimension (i.e. having a finite number
of immobile zones). It fundamentally derives from the symmetry of the exchange matrix M of
the mobile-immobile/model, a fundamental property of the diffusion operator, which conditions
the orthogonality‘ef the matrix T', a property essential to the demonstration. The conservation of

the porosity weighted/integral of concentrations squared can be extended to all porosity structures

that are equivalent to the same MRMT, i.e. that have the same mobile concentrations (Appendix

A2).

The same conservation of the porosity-weighted sum of concentrations squared can also be es-
tablished for the uniform radial diffusion in the immobile zone whatever its dimension (1, 2 or
3), where the equivalent MRMT derives from a separation of variables methodology [Haggerty
and Gorelick, 1995; Carrera et al., 1998]. As the former demonstration requires the number of

immobile zones to be finite, we provide for an alternative demonstration in Appendix A3. we
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Relevance of MRMT models to reactive transport

show that this conservation derives again from the symmetry of the diffusion operator. In fact,
the orthogonality of the basis function of the diffusion equation in radially uniform media removes
cross products between basis functions. Proper choice of eigenvector normalization also derives

from the conservation of uniform concentration profiles as in Eq. 19.

4. Discussion and conclusions

Egs. 10 and 12 show that the first and second moments of the concentrationydistribution in
the immobile zones are conserved in the passage from the porosity structure teo its equivalent
MRMT model. This result pertains to any organization of the immobil€ zones and any injection
conditions. It is also valid whether the initial porosity organization s described by continuous or
discrete formalisms, as long as injection and sampling are carried out.exclusively in the mobile
zone. This is typically the case in tracer tests where tracers are injected into and collected from

the flowing/mobile zone.

As both the first and second moments of the concentration distribution in the immobile zones are
conserved in MRMT, so is the concentration variance and, hence, the scalar dissipation rate that
strongly conditions mixing-induced reactivitys[Le Borgne et al., 2011]. In fact, the reaction rate can
be expressed as the product of the scalardissipation rate by a chemical term, which depends on the
nature of the reaction [De Simoni et aly, 2005, 2007; Rubin, 1983]. For advective-diffusive transport
without solute flux across boundasies, the scalar dissipation rate is inversely proportional to half of
the second moment of the concentration distribution [Le Borgne et al., 2010]. Larger concentration
variances result in stronger mixing potential between higher and lower concentration values and
promote homogenéous’ reactivity (reactivity in solution). By reducing concentration variances,
diffusive processes induced by mobile-immobile mass exchanges thus promote reactivity and, by

consequendce, reduce further mixing and reaction potentials.

The scalar dissipation rate only differs from the reaction rate by a chemical term that derives from
the nonlinearity of the reactivity in the reactant concentrations [De Simoni et al., 2005]. Numer-
ical simulations have however shown that the influence of this chemical term remains limited for
most immobile porosity structures and reaction types also extending to heterogeneous reactivity
including sorption and precipitation/dissolution [Babey et al., 2016]. The relevance of MRMT

to model reactive transport fundamentally comes from the representativity for the concentration

10
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Relevance of MRMT models to reactive transport

distribution of its mean and variance in diffusively-dominated conditions. Although concentration
distributions are more complex than Gaussian, they do not differ much and lead to close approxi-
mations. As diffusion further smoothens concentration profiles, approximations become even closer

with time.

Use of Multi-Rate Mass Transfer models for reaction rate predictions benefits from the development
of different numerical approaches proposed for extending classical advection dispersion schemes in
the mobile zone to account for exchanges with immobile zones. Approaches have been proposed
based either on Eulerian schemes [Silva et al., 2009] or Lagrangian schemes, [Noetinger et al.,
2016; Roubinet et al., 2013]. They may be used to assess the concentrationsdistribution and the
associated reactivity rate either in a postprocessing step when transport and reactivity can be
fully decoupled [Donado et al., 2009; Willmann et al., 2010] or ‘withsclassical sequential or global
implicit coupling methods otherwise [de Dieuleveult et al., 2009; Steefel et al., 2005]. Concentration
gradients necessary for computing local reactivity rates may be"obtained directly with appropriate

schemes [Beaudoin et al., 2017] or eventually derived from finite-differencing the concentration

field.

While diffusive processes in poorly connected porosity structures smoothen concentration gradi-
ents, dispersive processes modeled at/the fundamental scale of the spatial and temporal variabilities
of the velocity field will tend, onthe congrary, to retain concentration differences [Le Borgne et al.,
2011; de Dreuzy et al., 2012} Whendiffusive and dispersive processes occur in the same domain
like in strongly heterogenéous porous media [Delhomme, 1979], mixing eventually results from the
interplay between the spatial and temporal fluctuations of the velocity field at the origin of dis-
persion and the diffusive éxchanges in the least pervious zones [de Dreuzy et al., 2012; Pool et al.,
2015]. Multi-Rate Mass Transfer models inherently built for diffusive processes no longer hold to
model dispersion/ [de Dreuzy and Carrera, 2016] and other dynamic analysis of the concentration
field based*fer examples on lamellas deformed by the velocity fluctuations may be used to approx-
imate the concentration field [Le Borgne et al., 2015]. Further research is thus needed to explore

the overall effect of combined dispersion and exchanges with diffusive zones.

In the restrictive case where macroscopic dispersion is dominantly induced by exchanges between

advective and diffusive zones, conservative tracer testing already contains most of the information

11
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necessary to evaluate the physical control of reactivity. Simple breakthrough curves are sufficient
to calibrate MRMT models and produce predictions of the immobile concentration distribution,
and reactive transport can be approached by simply coupling MRMT models with the targeted

reactive processes.
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Appendix A1l: Controllability of diffusive porosity structures

In this example, we show how the lack of controllability and minimality precludes the conservation
of the concentration variance. We consider four zones with the porosities ¢; = 1, ¢po = 1, @3 = 2,
¢4 = 3 and the exchange coefficients (coefficients of the matrix M of Eq. 1) miy = 1, my3 = 2,
mig = 3, Mag = 3, Moy = 3. The first zone is the mobile zone, the three other ones are immobile

zones. The sum of the concentrations squared weighted by the porosities is

¥ =C'0C = CF + CF + 2C5 + 3C5. (27)

The PDE of Eq. 6 can be written at a given position along the mobile zonesas an input-output
representation such as:
dc

E = AC + BCm, Cout S BTC (28)

where C},, C,,; are respectively the input and output.eoneentrations. Only advection is considered

in the mobile zone. In the specific case consideredvA andyB are given by:

7 Lew2\ B 1
1 =7 3 3 0

A= \ . , B= (29)
2 -2 0 0
1)1 0 —2 0

At first look, this structuré dees not exhibit any special property or symmetry that could make
believe that the input-output system is non minimal. The pair (A, B) is however non controllable,

even though one can, check that the sub-matrix A(2 : 4,2 : 4) has distinct eigenvalues. It can be

shown that:
-7 55
1 -8
AB = , A’B = = —B —8AB (30)
1 -8
1 -8

and that the rank of the matrix C defined in Eq. (11) is 2, where it should be full ranked. Therefore,

the system admits a minimal representation of dimension only 2. The equivalent immobile zone

13
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%3 can be found by merging the immobile zones in one with a porosity

¢ =g+ d3+ ps =6 (31)

s and an equivalent concentration

- 9205 + ¢3_C3 + 94Cy _ Cy+ 205+ 3C,

32
; : (32)
s One can check that (Cy,C) is solution of the differential system:
d| C -7 6 C
= = ) Ciny, LW (33)
dt | ¢ 1 1| ¢C 0

6 that provides an equivalent input-output system. The sum of the concentrations squared weighted

7 by the porosities in the equivalent representation is:

_ _ Capt:205 + 3Cy)?
2:c§+¢02=03+(2+ §+ 1) (34)
s which differs from >, because here the originalcrepresentation is not minimal.
%0 Indeed, the matrix R given in Eq. 18 is in this example:
10 00
0010
R = (35)
0010
0010

2o which fails to be_a.transformation matrix to MRMT. One has

0.8626094 —0.4492446 —0.4133648
Rs = | —0.2886751 —0.5773503 —0.8660254 (36)
—0.0600512 —0.6918374 0.7518886

on that diagonalizes the sub-matrix Ag:

-7 3 3 —8.2603986 0 0
Rs| 2 -3 0 |Rs' = 0 ~1 0 (37)
1 0 -2 0 0 —2.2396014

14
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but the vector

0
RG'A(2:4,1) = | —1.7320508 (38)
0
has null entries. In [Rapaport et al., 2017], it is proved that for matrices of the form of Eq. (7)
the vector Rg'A(2 : n + 1,1) has non-null entries exactly when the pair (4, B) is €ontrollable.

One may argue that having the pair (A, B) non controllable is a very particular and rare case (as
the property of having a singular controllability matrix of Eq. (11) isfnon generic in the set of

matrices A of the form of Eq. (7)), but the distance to uncontrollability (see [Eising, 1984])

7(A, B) :r/\néiélan([A—)\I, B)) (39)

(where 0, ([A — A\, B]) denotes the smallest singular value.of the augmented matrix [A — A\, B])
gives a "measure” of how far the original model can be frem a non-minimal representation (having
thus some entries of the vector Rg'A(2 : n £1,1)/possibly close to 0). Moreover, it is shown
in [Rapaport et al., 2017] how to exploit_the transformation to a MRMT structure for minimal
representations that are close to non-minimalyones to obtain reduced MRMT models of smaller

dimension.
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Appendix A2: Conservation of concentrations squared between equivalent SINC mod-

els

We show that the conservation of concentrations squared can be generalized to all SINC models
that are equivalent in the sense of Haggerty and Gorelick [1995] (i.e. identity of the mobile
concentrations). Consider two equivalent SINC models given by their interaction matrices A and
7. Each of these two SINC admits an equivalent MRMT model given by Eq. 14. Being equivalent
(and the pairs (A4, B) and (Z, B) being controllable), the two MRMT configurations areridentical,
up to the numbering of the immobile zones. So there exist two transformation matrices R4 and

Rz from SINC to MRMT such that (Eq. 15):

RAAR}' = A= RyZR,". (40)

Eq. 26 implies the conservation of the porosity weighted integral, of concentrations squared:

Cl®sCy = CTOC = CL D0y (41)

where C4 and ®4 are respectively the concéntration vector and the diagonal porosity matrix
associated with A, and Cz and ®; are théir'eeunterparts for Z. The relationships between these

quantities can be further expressed through the transformation matrix R4z that transforms the

SINC model given by A into the SING,.model given by Z:

Oz = RazCy

with R4z = REIRA. (42)
Oy'= (Ryy) PaRyy
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Appendix A3: Conservation of the weighted sum of concentrations squared in planar,

cylindrical and spherical inclusions

The general equation for mobile-immobile models with diffusion into planar, cylindrical or spherical
continuous immobile inclusions writes [Haggerty and Gorelick, 1995]:

e, 0 < Cim, >

ot +0 ot = L(cm) (43)

where ¢,, is the mobile concentration, < ¢;,, > is the mean concentration in thé immobile domain

and [ is equal to the ratio of the immobile to mobile total porosities. The solution of the PDE in

the immobile domain is given by:

Cm(rit) = _JVeir) (44)

a; 26
i=1 Hf Oéﬂ“)H

with
1
a; = [ " ey (r, OVfG/air)dr (45)
/
and
/@) :/r”_lfQ( air)dr. (46)
0

For the layered (n = 1), eylindrical (n = 2) and spherical (n = 3) cases, the explicit functions
and square norm valuesifor Eq.” 44 are given in Table 1, and the values of MRMT rates «; and

porosities ¢; are given in Table 1 of [Haggerty and Gorelick, 1995].

n 1 2 3
f() cos(.) In(.) sin(.)
lrvan®| 5 | sivan) |

Table 1: Functions and square norm values of Eq. 44 for n = 1,2,3. Iy and I; are the zero-order and first-order

modified Bessel functions of the first kind.

By construction, f forms an orthogonal set of functions whatever the dimension of the inclusion.
The orthogonality of the function f more generally derives from the theorem of Sturm-Liouville.

The Sturm-Liouville theorem states the existence and the orthogonality of the basis function

17
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a3 for second-order linear differential equations, but does not give their analytical expression. The

su. MRMT model can generally be expressed as:

o0

Coni(1) = 3 Gt = 0)e. (47)

i=1
sis The relations between the continuous solutions of Eqs. 43-44 and the MRMT model of Eq. 47

ss  provide constrains on the ¢; and Cim(t = 0):

1

@-@m(t =0) = LQ nr" L f a;r)dr. (48)
|/ 6/a@r)]| /

sz Complementary relations derive from the identity of concentrationsin the mobile zone:

0

1
o0

/cim(r, tnr"tdr = Z

a;
2
0 i=1 Hf ‘W)H

a8 These equations should be valid whatever the initial cenditions and especially for ¢;,(r,t =0) =1

1
/nr”‘lf( a;r)e”“tdr. (49)
0

a0 which corresponds to ¢, ;(t = 0) = 1 for all immobile zones i, like in Eq. 19 and in the Appendix B
2o of [Haggerty and Gorelick, 1995]. In such a caseithe MRMT porosities ¢; can be straightforwardly

31 1dentified as:

1

\ 2
b = —(fm‘”_lf aw)dr)

an air)Hz 0

1 ( Ofl ! f(\/a_ir)dr)z (50)

n

1
[ =t f2fagr)dr
0

12 The initial MRM'T' congentrations are given by:

1
f nr =L f(/ar)cim(r, t = 0)dr
Cimi(t =0) =2 - : (51)

Ofm“”—lf( a;r)dr

25 Cim,i(t = 0) is simply some normalized scalar product of the initial condition ¢;,(t = 0) by

24 the basis function corresponding to «;. The sum of the concentrations squared weighted by the

18
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35 porosities Y for the continuous formulation of the solution writes:

1
Y = nfrtd (rt)dr
0

= ni —a? e‘zaitfrn_l]"’2 agr)dr
7 i (52)
i=1 || fe/aar)|| 0
1S9 CL2
= ny ————e il

327 writes:

2
i=1 || f air)”
2 The sum of the concentrations squared weighted by the porosities ¥ in the Q& MRMT

1 Y) (53)
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