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Abstract  We present methodology of calculating acceleration and corresponding earth-
quake ground motion characteristics at a site of interest assuming acceleration at a refer-
ence site for two basic configurations. In one configuration we assume that the reference 
ground motion is not affected by the local structure beneath the site of interest. In the other 
configuration we assume that the reference ground motion is affected by the local structure. 
Consequently, the two configurations differ from each other by the presence of the refer-
ence site within the computational model. For each of the two configurations we assume 
two wavefield excitations: a vertical plane-wave incidence and a point double-couple 
source. We illustrate the methodology on the example of the Grenoble valley. The exten-
sive investigation of effects of local surface sedimentary structures based on the developed 
methodology is presented in the accompanying article by Moczo et al. (Bull Earthq Eng, 
2018) in this volume.
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1  Introduction

SIGMA was a Research & Development program of EDF (Electricité de France), AREVA, 
CEA (Commissariat à l’énergie atomique et aux énergies alternative) and ENEL in 
2011–2015 (Senfaute et  al. 2015; Pecker et  al. 2016, 2017). Being focused on charac-
terization of seismic ground motion in France and nearby countries, its main goal was to 
obtain robust and stable estimates of the seismic hazard based on proper characterization 
of uncertainties. The Work Package 3 (WP3) of the project aimed in developing methods 
of predicting whether a specific site needs a special investigation with respect to its site 
conditions in view of including site effects in the seismic hazard estimation. One of spe-
cific items of WP3 was to investigate potential of a few typical, virtual site configurations 
to undergo specific site effects associated to the 2D or 3D geometry of the underground 
structure. This was done using 1D, 2D and 3D forward numerical simulations to identify 
key parameters controlling the site amplification, and to quantitatively characterize their 
amount, with a special focus on the modifications to “classical” 1D effects by the 2D or 3D 
geometry.

A set of 7 nominal models for typical, virtual underground configurations has been 
defined (including a few real sites such as the Grenoble Alpine valley), together with a 
set of modifications of the nominal models to investigate effects of variations of a few, 
carefully selected, structural parameters on earthquake ground motion. Forward numerical 
simulations were performed in the linear domain with the finite-difference (FD) method 
(Moczo et al. 2014; Chaljub et al. 2010, 2015). In addition to 3D simulations for 3D mod-
els assuming a vertical plane wave incidence and/or point double-couple (DC) source, 2D 
simulations were performed for selected 2D profiles in the 3D models and several 2D nom-
inal models assuming the vertical plane wave incidence, together with 1D simulations for 
1D models for selected receiver positions along 2D profiles and in 2D models.

If no records or insufficient number of records are available for the investigated site it 
is necessary to account for a potential variability of earthquake ground motion. It is rea-
sonable to use a set of properly selected accelerograms recorded at different locations to 
represent the ground motion variability. We may assume that the records represent ground 
motions at a free surface of a halfspace. This assumption corresponds to the typical situa-
tion in probabilistic seismic hazard assessment (PSHA): the estimated characteristics of the 
earthquake ground motion relate to outcropping “standard” rock. The question is then how 
the presence of a local surface sedimentary structure (LSSS) modifies the ground motion. 
In a computational (numerical-modelling) approach we can quantify an effect of LSSS by 
considering two separate computational models—a model of LSSS (spatial domain for 
numerical modelling) that does not include the reference site, and the model of the refer-
ence site.

In this article we present methodology for computational estimate of acceleration and other 
ground motion characteristics at a site of interest for a set of accelerograms corresponding to 
the ground motion at the reference site. We derive formulas for the site acceleration if the ref-
erence site is not in the model. First we assume that the ground motion is due to a plane-wave 
excitation. This assumption is very common but not very realistic. We thus also assume that 
the ground motion is due to a point DC source. The point-source assumption has also limita-
tion because it is not valid for larger magnitudes. The point-source assumption is inadequate 
if there is a reasonable argument to assume an extended source near the site of interest. Then 
it is more appropriate to perform a case study. We complete the methodology by defining 
the frequency-dependent and single-valued amplification factors for five selected earthquake 
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ground-motion characteristics. We illustrate the methodology by a numerical example for the 
typical Alpine Grenoble valley in France. Finally we present (in Appendices 1 and 2) deriva-
tions of formulas for site accelerations in situation when we cannot exclude the effect of LSSS 
on ground motion at a reference site and both the reference site and LSSS have to be included 
in one computational model.

The application of the methodology is presented in the accompanying article by Moczo 
et al. (2018).

2 � Computation of amplification factors of earthquake ground motion

A very common assumption is that the reference motion is not affected by LSSS. It is not 
correct as there always exists some diffraction from local heterogeneities, and as “reference” 
motion is derived from instrumental recordings at real sites where such diffracted waves cer-
tainly exist. However, the associated artefacts can reasonably be considered negligible. Such a 
situation can thus be computationally implemented using a model that includes LSSS but does 
not include the site at which the reference accelerogram was recorded. The configurations are 
shown in Fig. 1 for a ground motion due to a vertically incident plane wave and in Fig. 2 for a 
ground motion due to a DC point source.

2.1 � Site acceleration

2.1.1 � Reference site is not in the model, plane‑wave excitation

For this configuration, shown in Fig. 1, we assume ground motion due to a vertical inci-
dence of a plane wave.

Fig. 1   Illustration of input and output signals. a⃗
i
(t);i ∈ {1,… , n} is the reference acceleration at reference 

site HAL at the free surface of a homogeneous halfspace. Index i denotes the i-th of a set of n selected 
reference accelerograms. The corresponding acceleration at site of interest SIT is s⃗

i
(t) . If pξ is a pseudo-

impulse input signal (in particle velocity) of an incident plane wave polarized in the ξ-direction, rξη is the 
η-component of the pseudoimpulse response (in the particle velocity) at site SIT

Fig. 2   Illustration of input and output signals. a⃗
i
(t);i ∈ {1,… , n} is the reference acceleration at reference 

site HAL at the free surface of a homogeneous halfspace. The corresponding acceleration at site of interest 
SIT is s⃗

i
(t) . If an elementary source e causes particle velocity s⃗e,HAL at HAL, s⃗e,SIT is the particle velocity at 

SIT
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Pseudoimpulse input signal  As all site responses are performed in the linear domain, for 
computation of the pseudoimpulse responses it is possible to use a Gabor signal as time 
function of the incident plane wave in the particle velocity:

Here ωp = 2πfp, γs controls the width of the signal, θ is a phase shift. For obtaining the 
transfer properties at a site it is reasonable to assume

Denote the Fourier spectrum of the input signal by p(f ).

Matrix of  the  time‑domain pseudoimpulse responses at  a  site  A plane wave polarized 
in the ξ-direction, ξ ∊ {x, y, z}, causes pseudoimpulse responses (in the particle velocity) 
rξx(t), rξy(t) and rξz(t) at site SIT. The second index indicates the component. The matrix of 
the time-domain pseudoimpulse responses is then

and its Fourier transform is  �.

Matrix of  the  Fourier transfer functions  As proposed in Paolucci (1999), the matrix 
defined as

characterizes transfer properties of the model between the horizontal plane at which the 
excitation by the plane wave is applied and site SIT. Paolucci (1999) has already given 
examples that the off-diagonal terms of this matrix may be significant, and that the 2D or 
3D effects also induce a significant scattering on the diagonal terms.

Acceleration at the free surface of a halfspace  Assume acceleration a⃗i(t) at site HAL, that 
is, at the free surface of a homogeneous halfspace. This means, that 1

2
a⃗i(t) is the accelera-

tion of the vertically incident plane wave.

Note, however, that in the numerical simulations we cannot use exactly 1
2
a⃗i(t) for a con-

volution in the local structure. This is because the numerically evaluated transfer function 
includes effects of grid dispersion (although optionally small, corresponding to a chosen 
spatial discretization). Consequently, if we replaced the local structure by a homogeneous 
medium (getting thus the model of a homogeneous halfspace), we would not get exactly 
a⃗i(t) at the free surface for 1

2
a⃗i(t) in the incident wave. Therefore we simulate propagation 

of the plane wave in the grid and obtain 1
2
a⃗i(t) affected by the grid dispersion. We then 

apply such numerically obtained 1
2
a⃗i(t) in the convolution.

Site acceleration  If a⃗i(t) is the acceleration at site HAL, then the corresponding accelera-
tion at site SIT is s⃗i(t):

(1)p(t) ≡ exp
{
−
[
�p

(
t − ts

)/
�s
] 2}

cos
[
�p

(
t − ts

)
+ �

]

(2)px(t) ≡ py(t) ≡ pz(t) ≡ p(t)

(3)� ≡
⎡⎢⎢⎣

rxx ryx rzx
rxy ryy rzy
rxz ryz rzz

⎤⎥⎥⎦

(4)��� ≡  �

p



2455Bull Earthquake Eng (2018) 16:2451–2475	

1 3

2.1.2 � Reference site is not in the model, excitation by a double‑couple point source

In the configuration shown in Fig.  2 we assume that a reference acceleration 
a⃗i(t);i ∈ {1,… , n}, at the free surface of a homogeneous halfspace is caused by some DC 
point source at a specified hypocentre position. We want to know the corresponding accel-
eration s⃗i (t) at a site of interest SIT.

First we have to find the DC mechanism. Because an arbitrary DC point source can 
be expressed as a linear combination of 6 independent elementary sources (canonically 
oriented dipoles and couples) we have to numerically simulate surface motion separately 
for each of the 6 elementary sources at the hypocentre position. From the 3 components 
of the reference acceleration and 6 × 3 components of the accelerations caused by the 6 
elementary sources we have to find 6 coefficients of the linear combination of the elemen-
tary sources that gives the sought DC mechanism producing s⃗i (t) at SIT. Let us note why 
we have to determine specific mechanism if we know the source of each of the accelero-
grams considered for representing scatter in the wavefield excitation. We want to assume, 
e.g., 3 hypocentre positions for the Grenoble valley (the case investigated in the companion 
paper). We want to assume for each chosen point-source hypocentre all reference accelero-
grams. Therefore we have to find specific mechanism for each of the accelerograms sepa-
rately. Such a procedure also allows to compare the amplification factors for point sources 
and incident plane waves.

If we simulate surface motions for each of 6 elementary sources also in the model with 
LSSS, we can use coefficients of linear combination for a⃗i(t) for evaluating s⃗i (t) corre-
sponding to the ith DC source.

In the following we present the detailed theory.

Elementary sources e  6 elementary sources comprise 3 dipoles and 3 double couples. 
Their moment tensors are

Particle velocity at halfspace due to an elementary source  An elementary source e, with 
the assumed normalized source-time function, acting in the homogeneous halfspace causes 
particle velocity s⃗e, HAL;e ∈ {1, 2,… , 6} at HAL at the free surface of a homogeneous half-
space. The matrix of the elementary particle-velocity seismograms at HAL for all 6 ele-
mentary sources is then defined as

(5)
(
sx,i, sy,i, sz,i

)T
=

1

2
−1

{
���

(
ax,i, ay,i, az,i

)T}

(6)

�1 ≡ M0

⎡
⎢⎢⎣

1 0 0

0 0 0

0 0 0

⎤
⎥⎥⎦

�2 ≡ M0

⎡
⎢⎢⎣

0 0 0

0 1 0

0 0 0

⎤
⎥⎥⎦

�3 ≡ M0

⎡
⎢⎢⎣

0 0 0

0 0 0

0 0 1

⎤⎥⎥⎦

�4 ≡ M0

⎡⎢⎢⎣

0 1 0

1 0 0

0 0 0

⎤⎥⎥⎦
�5 ≡ M0

⎡⎢⎢⎣

0 0 1

0 0 0

1 0 0

⎤⎥⎥⎦
�6 ≡ M0

⎡⎢⎢⎣

0 0 0

0 0 1

0 1 0

⎤⎥⎥⎦
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Let �HAL
elem

 denote the matrix of the corresponding acceleration seismograms.

Particle velocity at a site due to an elementary source  An elementary source e acting in 
the model with LSSS causes particle velocity s⃗e, SIT;e ∈ {1, 2,… , 6} at SIT. The matrix of 
the elementary particle-velocity seismograms at SIT for all 6 elementary sources is then 
defined as

Let �SIT
elem

 Denote the matrix of the corresponding acceleration seismograms.

Acceleration at  the  free surface of  a  halfspace  Consider acceleration a⃗i(t) at HAL. 
Denote Fourier transform of aξ,i(t); ξ ∊ {x, y, z} as a�,i(f ) . At each frequency f we want to 
find coefficients c1,i, c2,i, c3,i, c4,i, c5,i, c6,i of the linear combination of the elementary solu-
tions such that

that is,

Matrix �
HAL
elem

 is the 3 × 6 matrix with complex elements. Because an inverse matrix to 
the 3 × 6 matrix does not exist, we only can find a pseudo-inverse matrix and consequently 
determine coefficients c1,i, c2,i,…, c6,i. Matrix �

HAL
elem

 can be decomposed using the singu-
lar value decomposition (SVD) method:

Here U is the unitary 3 × 3 matrix and V is the unitary 6 × 6 matrix. �† is the Hermitian 
conjugate (or adjoint) matrix to V:

Here * indicates a complex conjugate matrix. The unitary matrices satisfy relations

(7)�
HAL

elem
≡
⎡
⎢⎢⎢⎢⎣

s1, HAL
x

s2, HAL
x

s3, HAL
x

s4, HAL
x

s5, HAL
x

s6, HAL
x

s1, HAL
y

s2, HAL
y

s3, HAL
y

s4, HAL
y

s5, HAL
y

s6, HAL
y

s1, HAL
z

s2, HAL
z

s3, HAL
z

s4, HAL
z

s5, HAL
z

s6, HAL
z

⎤
⎥⎥⎥⎥⎦

(8)�
SIT

elem
≡
⎡
⎢⎢⎢⎢⎣

s1, SIT
x

s2, SIT
x

s3, SIT
x

s4, SIT
x

s5, SIT
x

s6, SIT
x

s1, SIT
y

s2, SIT
y

s3, SIT
y

s4, SIT
y

s5, SIT
y

s6, SIT
y

s1, SIT
z

s2, SIT
z

s3, SIT
z

s4, SIT
z

s5, SIT
z

s6, SIT
z

⎤⎥⎥⎥⎥⎦

(9)
(ax,i,ay,i,az,i

)T
=

6∑
e=1

ce,i

(ae, HAL
x

,ae, HAL
y

,ae, HAL
z

)T

(10)
(ax,i,ay,i,az,i

)T
= �

HAL
elem

(
c1,i, c2,i, c3,i, c4,i, c5,i, c6,i

)T

(11)�
HAL
elem

= ���
†

(12)�
† = (�∗)

T
=
(
�

T
)∗

(13)�
†
� = �, �

†
� = �
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where I stands for the 3 × 3 and 6 × 6 identity matrices, respectively. S is the 3 × 6 matrix 
with elements Sij = 0 if i ≠ j. The three diagonal elements may be denoted by Sj for j = 1, 2, 
3 and are termed the singular values of matrix �

HAL
elem

:

Substituting �
HAL
elem

 in Eq. (10) by the r.h.s. of Eq. (11), and then by sequential multiplying 
Eq. (10) by �† , S−1 and V we obtain

where

Site acceleration  If a⃗i(t) is the acceleration at HAL, then the corresponding acceleration 
at SIT is s⃗i(t) . As a⃗i(t) is the linear combination of the elementary solutions, Eq.  (9) or 
(10), in the homogeneous halfspace, analogously s⃗i(t) is the same linear combination of the 
elementary solutions in the model with LSSS:

Substituting the vector of the coefficients in Eq. (17) by the r.h.s. of Eq. (15) we obtain

Define matrix MESH:

Letters M, E, S and H stand for ‘matrix’, ‘elementary’, ‘SIT’ and ‘HAL’, respectively. 
Using MESH in Eq. (18) we obtain the desired acceleration at SIT:

Matrix MESH represents relation between the ground motions at HAL and SIT assuming 
that the wavefield and ground motion were generated by a point DC source. The matrix has 
the meaning of the spectral matrix ratio �

SIT
elem

[�
HAL
elem

]−1 . Therefore it is equivalent to the 
analogous spectral matrix ratio �

SIT
elem

[�
HAL
elem

]−1 for the particle velocities. Consequently,

where subscript S indicates that the three matrices relate to decomposition

(14)� =

⎡
⎢⎢⎣

S1 0 0 0 0 0

0 S2 0 0 0 0

0 0 S3 0 0 0

⎤
⎥⎥⎦

(15)
(
c1,i, c2,i, c3,i, c4,i, c5,i, c6,i

)T
= ��

−1
�

†
(ax,i,ay,i,az,i

)T

(16)�
−1 =

⎡⎢⎢⎣

S−1
1

0 0 0 0 0

0 S−1
2

0 0 0 0

0 0 S−1
3

0 0 0

⎤⎥⎥⎦

T

(17)
(sx,i,sy,i,sz,i

)T
= �

SIT
elem

(
c1,i, c2,i, c3,i, c4,i, c5,i, c6,i

)T

(18)
(sx,i,sy,i,sz,i

)T
= �

SIT
elem

��
−1
�

†
(ax,i,ay,i,az,i

)T

(19)���� ≡ �
SIT
elem

��
−1
�

†

(20)
(
sx,i, sy,i, sz,i

)T
= −1

{
����

(ax,i,ay,i,az,i
)T}

(21)���� ≡ �
SIT
elem

�S�
−1
S
�

†

S

(22)�
HAL
elem

= �S �S �
†

S
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In fact, given our numerical-modelling method, the velocity-stress FD scheme, we pri-
marily obtain �

HAL
elem

 and �
SIT
elem

 , and therefore we make use of relation (21) for determining 
MESH.

2.2 � Amplification factors

The amplification factors are looked for on several ground motion characteristics (single-val-
ued or frequency-dependent vector values as specified in Sect. 2.2.2) that are not related lin-
early with their values for the input motion (unlike a Fourier spectral ratio). It is thus needed 
to consider several realistic input accelerograms, in order to get robust estimates on the corre-
sponding average amplification factors (and their signal-to-signal variability).

2.2.1 � Selection of reference accelerograms

It has been shown in previous studies (e.g., Biro and Renault 2012; Bora et al. 2015, 2016) 
that the amplification factors of response spectral ordinates are sensitive to the frequency con-
tents of the input motion. Consequently, it is reasonable to select the input accelerograms on 
the basis of their frequency contents. The selection should be based on the following criteria:

•	 motion recorded on rock or stiff soil sites,
•	 motion recorded in the near source area,
•	 magnitude range,
•	 very good signal-to-noise ratio over a wide frequency band with sufficiently low high-pass 

frequency,
•	 wide distribution of peak frequencies of the peak acceleration response spectrum within 

the considered frequency range,
•	 sufficient number of records for a meaningful statistical analysis.

Specific choice and a table of selected accelerograms will be given in Sect. 3 presenting a 
numerical example.

2.2.2 � Frequency‑dependent amplification factors

Let sξ,i be the ξth component of a site acceleration corresponding to the reference ith accelero-
gram a⃗ i . Then we can define the following frequency-dependent and single-valued amplifica-
tion factors between the site and reference accelerations.

Amplification factor  It is defined as the ratio of the relative displacement response spectra 
SD of the site acceleration, sξ,i(t), and acceleration taken as a reference, aξ,i(t):

The amplification factor for the horizontal component may be defined as

(23)AF�, i(f ) ≡ SDs�, i(f ;5%)

SDa�, i(f ;5%)

(24)AFh,i(f ) ≡
√

SDsx,i(f ;5%) SDsy,i(f ;5%)

SDax,i(f ;5%) SDay,i(f ;5%)
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Average amplification factor  It is defined for a set of n accelerograms for the ξ-component as

where AFξ,i(f) is the amplification factor for the ith accelerogram and ξ ∊ {x, y, z, h}.

Standard deviation of the amplification factor  It is defined as

2.2.3 � Single‑valued amplification factors

In addition to the frequency-dependent response spectra, a few single-valued ground 
motion intensity measures are often used to characterize the level of ground motion: ampli-
fication factors can therefore be defined also for such parameters. Here we consider some 
of them, such as the average amplifications factors in some absolute or site-related fre-
quency ranges.

Short‑period and  long‑period average amplification factors FA�
 and FV�

  Such factors 
were first introduced by Borcherdt (1994) to characterize the short and mid period amplifi-
cation factors for building codes. Considering the fact that such factors were never given an 
exact, unambiguous mathematical definition (see for instance the variability of their defini-
tions in the summary performed by Power et al. (2004) within the NGA framework, we 
adopted here the following definitions, to ensure full reproducibility and consistency in 
terms of frequency bandwidth. For the ξ-component at a site they are derived from the 
average, frequency-dependent amplification factors defined in Eq. (25) using a geometrical 
average over a 2-octave bandwidth centred on 0.1 s (10 Hz) for short period and 1 s (1 Hz) 
for mid-period.

and

The central short period (0.1  s) was deliberately considered lower than in Borcherdt 
(1994) (0.3  s), considering the importance of high-frequency equipment in the nuclear 
industry, and the fact that in the response spectra domain, as shown by Bora et al. (2016), 
the “high-frequency” values are controlled not only by the Fourier content at the same fre-
quency, but by the whole spectral contents below that frequency.

(25)AF�(f ) ≡ n

√∏n

i= 1
AF�,i(f )

(26)
� logAF ≡

�
n∑
i=1

�
logAF�,i(f ) − logAF�(f )

� 2

n − 1

(27)logFA �
≡ 1

ln 4

20

�
5

logAF�(f ) df

f

(28)logFV �
≡ 1

ln 4

2

�
0.5

logAF�(f ) df

f
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Average amplification factor for [0.75, 3.0] f0 and [0.75, 3.0] f00 FL�
 and F0�

.  Let f0 be 
the fundamental resonant frequency and f00 ≡ minsites

{
f0
}
 . Then the average amplification 

factors in the vicinity of f0 and f00 are defined using relations

Such definitions are consistent with those the short and mid-period amplification factors 
(2-octave bandwidth), and are centred on 1.5f0 and 1.5f00, respectively, instead of f0 and f00, 
to account for the possibility of slight frequency shifts due to 2D or 3D effects (Bard and 
Bouchon 1985), and for the absence of symmetry around resonance frequencies, as ampli-
fication is larger at f0 and beyond, than below f0.

Average amplification factor for  a  single‑valued earthquake ground motion characteris‑
tic  Let 𝜓𝜉,i

(
x⃗
)
 be a single-valued earthquake ground motion characteristic at site x⃗ and ψ,i 

characteristic of the ith reference accelerogram. Then the amplification factor for character-
istic ψ can be defined as

and the average amplification factor for a set of n accelerograms as

Appendix 3 defines characteristics of earthquake ground motion calculated in this study.

3 � Numerical examples

Results of extensive numerical simulations and analysis for a set of local surface sedimen-
tary structures is presented in the accompanying article by Moczo et al. (2018). Here we 
restrict to illustration of the described methodology on the example of the Grenoble val-
ley. The Grenoble valley is a typical deep sediment-filled Alpine valley. Two aspects make 
it important: (1) Grenoble urban area with significant population, modern industry and 
research facilities. (2) Such “alpine valley” configuration occurs in different other areas 
within the European Alps, and in other mountainous areas with embanked valleys filled 
with young, post-glacial lacustrine sediments.

The numerical simulations of seismic motion are performed using the Fortran95 com-
puter codes FDSim3D and FDSim2D (Kristek and Moczo 2014). The computational 

(29)logFL�
≡ 1

ln 4

3f0

�
0.75f0

logAF�(f ) df

f

(30)logF0�
≡ 1

ln 4

3f00

�
0.75f00

logAF�(f ) df

f

(31)AF𝜉,i{𝜓} ≡ 𝜓𝜉,i

(
x⃗
)

𝜓𝜉,i

(32)AF�{�} ≡ n

√∏n

i= 1
AF�,i{�}
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algorithm is based on the (2,4) velocity-stress staggered-grid FD explicit heterogene-
ous scheme on the Cartesian discontinuous spatial grid. Here, (2,4) means the 2nd-order 
accuracy in time and 4th-order accuracy in space. In the FD method both medium and 
wavefield are represented by values in the discrete space–time grid. An explicit scheme for 
updating a particle velocity at a spatial position is obtained by a discrete approximation of 
the equation of motion and linear stress–strain relation formulated in the particle-velocity 
vector and stress tensor. The method was concisely described in the SIGMA deliverable 
D3-97 (Kristek et al. 2013). The basic references are the book by Moczo et al. (2014), and 
articles Etemadsaeed et al. (2016) and Kristek et al. (2017).

3.1 � Model of the Grenoble valley, France

The Grenoble valley is a junction of three large valleys with complex geometry of the sed-
iment-basement interface. The junction mimics letter Y. The sediments are made of the 
Quaternary fluvial and post-glacial deposits. The valley is surrounded by relatively high 
mountain ranges. The topography is neglected in this example (as it was shown to have only 
limited effects, see Chaljub et al. 2009; Tsuno et al. 2009; Garofalo et al. 2016). Figure 3 

Fig. 3   Depth of the sediment-basement interface in the Grenoble valley model. The red stars show posi-
tions of the point DC sources for 3D numerical simulations. Black lines show profiles P1–P4 of considered 
receiver positions. The white triangles show positions of selected receivers P1rec and P4rec. The colour bar 
shows depth in metres. Size of the whole depicted area is 26 550 m × 29 475 m
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shows geometry of the sediment-basement interface. Table  1 lists values of mechanical 
parameters of the computational model (Chaljub et al. 2009, 2010; Garofalo et al. 2016).

3.2 � Selected accelerograms

Following Sect. 2.2.1, 11 3-component accelerograms were selected from the RESORCE 
(Akkar et al. 2014) data base of accelerograms recorded on rock or stiff soil sites, in the 
near-source area (distance smaller than 40  km). The accelerograms have a very good 
signal-to-noise ratio over a wide frequency range with high-pass frequency smaller than 
0.25  Hz. The accelerograms exhibit wide distribution of peak frequencies (Fpeak of the 
peak acceleration response spectrum), from around 1 Hz to beyond 16 Hz. The list of the 
accelerograms is given in Table 2 and the corresponding normalized spectra (PSA/pga) are 
illustrated in Fig. 4.

3.3 � Computed acceleration and ground motion characteristics

In Fig.  5 we illustrate acceleration at a reference site (accelerogram 15560–Thjorarbru, 
Table 2), and accelerations at the two selected receiver positions along the P1 and P4 pro-
files across the Grenoble valley, P1rec and P4rec. The accelerograms at P1rec and P4rec 
indicate considerable site amplification and prolongation of ground motion.

In Fig.  6 we show average amplification factors AF and their standard deviations, 
defined by Eqs.  (25) and (26), respectively, at receivers P1rec and P4rec. We may note 
the obvious differences between the two receiver positions in the entire frequency range 
but the similar shape at frequencies larger than 3 Hz. We may point out surprisingly large 
amplification of the vertical component. (For discussion we refer to the companion article 
by Moczo et al. 2018)

In Figs. 7 and 8 we show average amplification factors AF of CAV along P1 and P4, 
respectively. We again see large amplifications of the vertical component. There is clear 
difference between 2D and 3D simulations for the plane wave incidence in all components: 
the amplifications corresponding to 3D simulations are systematically larger than those 
corresponding to 2D simulations. For the horizontal components along P1, the amplifica-
tions for the point sources are closer to those resulting from 3D simulations for the verti-
cally incident plane wave. For the vertical component along P1, the amplifications for the 
point sources are closer to those resulting from 2D simulations for the vertically incident 

Table 1   Mechanical parameters – Grenoble valley (Site 2)

Unit Position VP1 VP 2 VS (m/s) ρ1 ρ2 Qs Qp

Z1 Z2

(m) (m/s) (kg/m3)

Layer 1 0 24 2200 + 1.2z 320 + 28
√
z 2140 + 0.125z VS/10 max 

(VP/20, 
2Qs)

Layer 2 24 70 1450 + 1.2z 54.6
√
z

Layer 3 Variable 300 + 19
√
z

Bedrock ∞ 5600 3200 2720 ∞ ∞
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plane wave. Along profile P4 the amplifications for the point sources are more scattered 
with respect to the amplifications resulting from the 3D and 2D simulations assuming the 
plane-wave incidence.

In Figs. 9 and 10 we show average amplification factors AF of IA along P1 and P4, respec-
tively. We again see large amplifications of the vertical component. There is clear difference 

Fig. 4   Normalized response spectra for three components (NS, EW and vertical) of the 11 selected accel-
erograms
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Fig. 5   Example of accelerations at a reference site, and receivers P1rec and P4rec

Fig. 6   Average amplification factors AF at receivers P1rec and P4rec

Fig. 7   Average amplification factors AF of CAV along profile P1. PW-3D and PW-2D relate to 3D and 2D 
simulations for a vertically incident plane wave, respectively. PS-A, PS-B and PS-C relate to 3D simulations 
for a point DC sources at positions A, B and C, respectively. std standard deviation
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between 2D and 3D simulations for the plane wave incidence in all components along profile 
P4: the amplifications corresponding to 3D simulations are systematically larger than those 
corresponding to 2D simulations. Along the profile amplifications for the point sources are 
scattered with respect to the amplifications resulting from the 3D and 2D simulations assum-
ing the plane-wave incidence. Comparisons for profile P1 are more complicated.

Fig. 8   The same as in Fig. 7 but for profile P4

Fig. 9   The same as in Fig. 7 but for average amplification factors AF
{
I
A

}
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4 � Conclusions

We developed methodology of calculating acceleration time history and corresponding 
characteristics of earthquake ground motion at a site of interest assuming acceleration at 
a reference site for two basic configurations: a reference site is a part of the model with a 
local surface sedimentary structure, a reference site is not part of the model with a local 
surface sedimentary structure. For each of the two configurations we assumed two wave-
field excitations: a vertical plane-wave incidence and a point DC source. We illustrated the 
methodology of computation on the example of the Grenoble valley.
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Appendix 1

Reference site is in the model, plane‑wave excitation

In the configuration shown in Fig. 11, we assume ground motion due to a vertical inci-
dence of a plane wave.

Pseudoimpulse input signal  We consider the same pseudoimpulse input signal in the par-
ticle velocity as defined by Eq. (1) and excitations as defined by Eq. (2).

Fig. 10   The same as in Fig. 9 but for profile P4

http://creativecommons.org/licenses/by/4.0/
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Matrix of  the  time‑domain pseudoimpulse responses at  REF  A plane wave polarized 
in the ξ-direction, ξ ∊ {x, y, z}, causes pseudoimpulse responses (in the particle velocity) 
rREF
�x

(t), rREF
�y

(t) and rREF
�z

(t) at REF. The second index indicates the component. The matrix 
of the time-domain pseudoimpulse responses at REF is then

and its Fourier transform is  �REF.

Matrix of  the  time‑domain pseudoimpulse responses at  SIT  Analogously to RREF, the 
matrix of the time-domain pseudoimpulse responses at SIT is

Matrix of the Fourier transfer functions for REF  The matrix is defined as

and characterizes transfer properties of the model between the horizontal plane at which 
the excitation by the plane wave is applied and the reference site REF.

Matrix of the Fourier transfer functions for SIT  The matrix is defined as

and characterizes transfer properties of the model between the horizontal plane at which 
the excitation by the plane wave is applied and the site of interest SIT.

(33)�REF ≡
⎡
⎢⎢⎢⎢⎣

r
REF

xx
r
REF

yx
r
REF

zx

r
REF

xy
r
REF

yy
r
REF

zy

r
REF

xz
r
REF

yz
r
REF

zz

⎤⎥⎥⎥⎥⎦

(34)�SIT ≡
⎡⎢⎢⎢⎢⎣

r
SIT

xx
r
SIT

yx
r
SIT

zx

r
SIT

xy
r
SIT

yy
r
SIT

zy

r
SIT

xz
r
SIT

yz
r
SIT

zz

⎤⎥⎥⎥⎥⎦

(35)���REF ≡  �REF

p

(36)���SIT ≡  �SIT

p

Fig. 11   Illustration of input and output signals. a⃗REF
i

(t);i ∈ {1,… , n} is the acceleration at reference site 
REF, index i denoting the i-th of a set of n selected reference accelerograms. The corresponding accel-
eration at site of interest SIT is s⃗SIT

i
(t) . If pξ is the pseudoimpulse input signal (in particle velocity) of an 

incident plane wave polarized in the ξ-direction, rREF
��

 and rSIT
��

 are the η-components of the pseudoimpulse 
responses (in particle velocity) at REF and SIT, respectively
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Matrix of the spectral ratios between SIT and REF  From Eq. (35) we have

and from Eq. (36)

Then

The matrix of the spectral ratios between SIT and REF may be then defined as

and

Acceleration at a site of  interest SIT  If a⃗REF
i

(t) is the acceleration at REF, then the cor-
responding acceleration at site SIT is s⃗SIT

i
(t) . Because matrix MSR is also the matrix of the 

spectral ratios between accelerations at REF and SIT, s⃗SIT
i

(t) is obtained as

Appendix 2

Reference site is in the model, excitation by a point DC source

In the configuration shown in Fig. 12 we assume ground motion due to a point DC source. 
Recall that an arbitrary point double-couple source can be obtained by a linear combina-
tion of 6 independent elementary sources.

Elementary sources e  We consider the elementary sources represented by Eq. (6).

(37)p � =
[
���REF

]−1 �REF

(38) �SIT = ���SITp

(39) �SIT = ���SIT

[
���REF

]−1 �REF

(40)��� ≡ ���SIT

[
���REF

]−1

(41) �SIT = ��� �REF

(42)
(
sSIT
x,i

, sSIT
y,i

, sSIT
z,i

)T

= −1

{
���

(
aREF
x,i

, aREF
y,i

, aREF
z

)T
}

Fig. 12   Illustration of input and output signals. a⃗REF
i

(t);i ∈ {1,… , n} is the acceleration at reference site 
REF. The corresponding acceleration at site of interest SIT is a⃗SIT

i
(t) . If an elementary source e causes parti-

cle velocity s⃗e, REF at REF, s⃗e,SIT is the particle velocity at SIT
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Particle velocity at REF due to an elementary source  An elementary source e acting in 
the model with LSSS causes particle velocity s⃗e, REF;e ∈ {1, 2,… , 6} at REF. The matrix of 
the elementary particle-velocity seismograms at REF for all 6 elementary sources is then 
defined as

Let �REF
elem

 denote the matrix of the corresponding acceleration seismograms.

Particle velocity at SIT due to an elementary source  An elementary source e acting in 
the model with LSSS causes particle velocity s⃗e, SIT;e ∈ {1, 2,… , 6} at SIT. The matrix of 
the elementary particle-velocity seismograms at SIT for all 6 elementary sources is then 
defined as

Let �SIT
elem

 denote the matrix of the corresponding acceleration seismograms.

Acceleration at the reference site REF  Consider acceleration a⃗REF
i

(t) at the reference site 
REF. This is due to some point earthquake source acting at the same position where we 
assumed the elementary source. Analogously to relation (10) we may write

As in the case of the configuration in which the reference site is not in the model of 
LSSS, the complex 3 × 6 matrix �

REF
elem

 can be decomposed using the SVD method,

and coefficients c1,i, c2,i,…, c6,i can be determined using

Site acceleration  If a⃗REF
i

(t) is the acceleration at REF, then the corresponding accelera-
tion at SIT is a⃗SIT

i
(t) . As a⃗REF

i
(t) is the linear combination of the elementary solutions at 

REF in the model comprising LSSS, Eq. (45), analogously a⃗SIT
i

(t) is the same linear combi-
nation of the elementary solutions at SIT in the same model:

(43)�
REF

elem
≡
⎡
⎢⎢⎢⎢⎣

s1, REF
x

s2, REF
x

s3, REF
x

s4, REF
x

s5, REF
x

s6, REF
x

s1, REF
y

s2, REF
y

s3, REF
y

s4, REF
y

s5, REF
y

s6, REF
y

s1, REF
z

s2, REF
z

s3, REF
z

s4, REF
z

s5, REF
z

s6, REF
z

⎤
⎥⎥⎥⎥⎦

(44)�
SIT

elem
≡
⎡
⎢⎢⎢⎢⎣

s1, SIT
x

s2, SIT
x

s3, SIT
x

s4, SIT
x

s5, SIT
x

s6, SIT
x

s1, SIT
y

s2, SIT
y

s3, SIT
y

s4, SIT
y

s5, SIT
y

s6, SIT
y

s1, SIT
z

s2, SIT
z

s3, SIT
z

s4, SIT
z

s5, SIT
z

s6, SIT
z

⎤⎥⎥⎥⎥⎦

(45)
(aREF

x,i
,aREF

y,i
,aREF

z,i

)T

= �
REF
elem

(
c1,i, c2,i, c3,i, c4,i, c5,i, c6,i

)T

(46)�
REF
elem

= ���
†

(47)
(
c1,i, c2,i, c3,i, c4,i, c5,i, c6,i

)T
= ��

−1
�

†
(aREF

x,i
,aREF

y,i
,aREF

z,i

)T

(48)
(aSIT

x,i
,aSIT

y,i
,aSIT

z,i

)T

= �
SIT
elem

(
c1,i, c2,i, c3,i, c4,i, c5,i, c6,i

)T
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Substituting the vector of the coefficients in Eq.  (48) by the r.h.s. of Eq.  (47) we 
obtain

Define matrix MESR:

M, E, S and R stand for ‘matrix’, ‘elementary’, ‘SIT’ and ‘REF’, respectively, and quanti-
ties on the r.h.s. relate to Eqs. (46) and (48), that is, they should not be mixed with quanti-
ties on the r.h.s. of Eq. (19). Using MESR in Eq. (49) we obtain for the desired accelera-
tion at SIT:

Matrix MESR represents relation between ground motions at REF and SIT in the 
model comprising LSSS, assuming ground motion due to a point double-couple source. 
The matrix has the meaning of the spectral matrix ratio �

SIT
elem

[�
REF
elem

]−1
. Therefore it 

is equivalent to the analogous spectral matrix ratio �
SIT
elem

[�
REF
elem

]−1 . Consequently,

where subscript S indicates that the three matrices relate to decomposition

Analogously to the configuration in which REF is in the model of LSSS, we use Eq. (52) 
to determine matrix MESR.

Appendix 3

Characteristics of the earthquake ground motion

Let sξ be the ξth component of a site acceleration. The following characteristics of the 
earthquake ground motion are calculated and analysed in the study.

Peak ground acceleration and peak ground velocity

The peak-ground-velocity characteristics are defined analogously.

Cumulative absolute velocity

(49)
(aSIT

x,i
,aSIT

y,i
,aSIT

z,i

)T

= �
SIT
elem

��
−1
�

†
(aREF

x,i
,aREF

y,i
,aREF

z,i

)T

(50)���� ≡ �
SIT
elem

��
−1
�

†

(51)
(
aSIT
x,i

, aSIT
y,i

, aSIT
z,i

)T

= −1

{
����

(aREF
x,i

,aREF
y,i

,aREF
z,i

)T
}

(52)���� ≡ �
SIT
elem

�S�
−1
S
�

†

S

(53)�
REF
elem

= �S �S �
†

S

(54)pga 𝜉,i

(
x⃗
) ≡ max

t

{ |||s𝜉,i
(
x⃗, t

)|||
}

(55)CAV
(
s𝜉, i

(
x⃗
)) ≡

∞

�
0

||| s𝜉,i
(
x⃗, t

) |||dt
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Arias intensity

Root‑mean‑square acceleration

where

and

Spectrum intensity

where PSVis the pseudo-spectral velocity response spectrum.

Aggravation factors

For a given site we define three aggravation factors for the ξ-component

(56)IA
(
s𝜉, i

(
x⃗
)) ≡ 𝜋

2g

∞

�
0

s2
𝜉, i

(
x⃗, t

)
dt

(57)arms
�
s𝜉, i

�
x⃗
��

=

⎡⎢⎢⎢⎣
0.9

t 95
�
s𝜉, i

�
x⃗
��

− t 5
�
s𝜉, i

�
x⃗
��

t 95(s𝜉, i (x⃗))

∫
t 5(s𝜉, i (x⃗))

s2
𝜉, i

�
x⃗, t

�
dt

⎤⎥⎥⎥⎦

1∕ 2

(58)

t 95
(
s𝜉, i

(
x⃗
)) ≡ t

(
csa

(
t ;s𝜉, i

(
x⃗
))

= 0.95mcsa
(
s𝜉, i

(
x⃗
)))

t 75
(
s𝜉, i

(
x⃗
)) ≡ t

(
csa

(
t ;s𝜉, i

(
x⃗
))

= 0.75mcsa
(
s𝜉, i

(
x⃗
)))

t 5
(
s𝜉, i

(
x⃗
)) ≡ t

(
csa

(
t ;s𝜉, i

(
x⃗
))

= 0.05mcsa
(
s𝜉, i

(
x⃗
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(59)

mcsa
(
s𝜉, i

(
x⃗
)) ≡

∞

�
0

s2
𝜉, i

(
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)
dt

csa
(
t ;s𝜉, i

(
x⃗
)) ≡
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�
0

s2
𝜉, i

(
x⃗, 𝜏

)
d𝜏

(60)SI
(
s�, i

)
=

2.5

∫
0.1

PSVs�,i(T;5%)dT

(61)

AGF�, 32(�) =
��, 3D

��, 2D

AGF�, 31(�) =
��, 3D

��, 1D

AGF�, 21(�) =
��, 2D

��, 1D
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where φ denotes an average amplification factor of a characteristic of earthquake ground 
motion at the site, and 3D, 2D and 1D indicate dimension of a medium-wavefield 
configuration.
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