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Abstract

We present an inverse modelling strategy to infer thermal history information from detrital
low temperature thermochronological data from modern sediment sampling the outlet of a
single catchment. As presented, the method relies on the assumption that the geological
timescale thermal history was the same across the catchment. The detrital sample is assumed
to represent a mixture of grains originating from a potentially unknown sampling of the
present elevation range in the catchment. The approach also implements a method to infer a
function describing the topographic sampling represented in the detrital sample. In practice,
this may reflect variations in erosion with elevation but also lithological differences in the
catchment (fertility) and the nature of erosion/transport processes in the catchment. A
combination of detrital and in-situ bedrock data are recommended to improve the resolution
of the topographic sampling function. We demonstrate the application of the approach to a set
of fission track data from the Fundacion catchment in the Sierra Nevada de Santa Marta in
northern Colombia. The inferred thermal history suggest a period of rapid cooling initiated
around 50-30 Ma, followed by slower cooling to the present day, consistent with the regional
geological history. The topographic sampling function estimates suggest that the hypsometric
distribution is not appropriate in terms of the contributions from different elevations to the
detrital sample. Rather, the data imply a higher proportion of sampling from lower elevations
close to the location of the outlet where the detrital sample was collected.

Keywords : Detrital thermochronology, thermal history, inversion
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1. Introduction

Since the seminal papers defining the concept and calculation of closure temperature
(Dodson, 1973) and early applications of the concept (e.g. Wagner et al. 1977), one of the
main uses of temperature dependent geochronology, or thermochronology is to recover
information on the thermal histories of rocks. In doing this we exploit the fact that different
dating systems, defined by a combination of a specific mineral and isotope decay scheme, are
sensitive to different temperature ranges. This temperature sensitivity is generally manifested
in terms of losing the daughter product by some kind of thermally activated diffusion process,
and leads to a measured age younger than the formation age of the host rock. For high
temperature systems such zircon U-Pb, the measured age is often interpreted as the time at
which the host rock cooled below the appropriate closure temperature. The closure
temperature is a function of cooling rate, grain size and dating system specific kinetic and
geometry parameters as defined by Dodson (1973) and for zircon U-Pb is nominally around

1000-1100°C (e.g. Schoene 2014).

Low temperature thermochronology is typically defined to include apatite and zircon
(U-Th)/He and “He/*He dating, apatite and zircon fission track analysis and feldspar K-Ar and
AL Ar dating (see Reiners and Ehlers, 2005). These particular systems are sensitive to
temperatures from near surface temperatures (~30-40°C) to a maximum around 400°C but are
also characterised by a large range in temperature sensitivity relative to the nominal closure
temperature, referred to as the partial annealing zone for fission track analysis and the partial
retention zone for noble gas diffusion. This range in temperature sensitivity, and so loss of
daughter product, is then manifested as a progressive decrease in measured age depending on
how long a given rock sample has resided in, or has taken to cool across, the partial

retention/annealing zone.
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For surface or bedrock samples collected from different elevations in a given
catchment or valley, this effect is typically represented as a vertical profile in which age
increases with elevation (e.g. Wagner and Reimers, 1972, Fitzgerald, et al. 1995, Valla et al.
2010). Often there is a change inferred in the slope of the age-elevation relationship, such that
the lower part of the profile has a steeper slope than the upper part. This can be interpreted as
either a change in erosion rate, an exhumed partial retention/annealing zone or more generally
as a combination of both. Such interpretations can be made in a relatively qualitative sense
(e.g. Fitzgerald et al. 1995), or in a more quantitative sense, typically involving the inference
of the cooling and/or erosion history through forward or inverse thermal history modelling

(Ehlers 2005, Gallagher et al. 2005, Valla et al. 2010, Braun et al. 2012, Fox et al. 2014).

As it is generally erosion that controls the cooling history recorded in low temperature
thermochronometers, an obvious extension of the vertical profile approach is to consider the
products of erosion, i.e. detrital thermochronology. Early applications of detrital
thermochronology considered distributions of single grain ages from sediments for different
closure temperature systems such as zircon U-Pb, mica and feldspar YAr/*Ar , or zircon and
apatite helium dating or fission track analysis, and relating these to possible source regions
over geological time (e.g., Ross and Bowring 1990, Copeland and Harrison 1990, Garver and
Brandon 1994, Carter and Bristow 2000, Tranel et al. 2011, Enklemann and Ehlers 2015,

Malusa and Fitzgerald 2019).

Furthermore, efforts have been made to exploit the distribution of detrital ages
measured in modern sediments to inform us about the nature of erosion and tectonic processes
in the recent geological past by predicting the expected distribution of detrital ages for a range
of thermochronometric systems, including some of the lower temperature systems such as
apatite (U-Th-Sm)/He (AHe) and apatite fission track (AFT) data. These predictions are often

made using local vertical age profiles (Brewer et al., 2003, Ruhl and Hodges 2005, Stock et
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al. 2006, Huntington and Hodges 2006, Malusa and Fitzgerald 2019) or using predictions as a
2D age-elevation surface, the ages being predicted from landscape and/or 3D thermal models
(e.g. Whipp et al 2009, Ehlers et al. 2015). These approaches require some form of
assumptions, either a priori or a posteriori, about the nature of sampling of the age-elevation
distribution. This has commonly been taken to be the hypsometric distribution by default. In
this case, the detrital ages are assumed to be a mixture of ages from either a predicted or
observed age-elevation relationship, sampled according to the proportion of the present
topography in a given elevation range over the area of the relevant catchment or drainage
basin. A different approach was implemented by Avdeev et al. (2011) and Fox et al. (2015) in
which they inferred a distribution of age-elevation relationships and how these could be
sampled over different elevations, as a function of variable erosion rate, to reproduce both
detrital and in situ bedrock age data. More recently, Braun et al. (2018) and Gemignani et al
(2018) proposed a form of statistical un-mixing of downstream variations in measured detrital
ages which does not require any assumption about the sampling of topography. However, this
approach requires multiple detrital samples and the drainage system to traverse several (sub)-

catchments, or regions, contributing different cooling signals to the final distribution.

Here we propose an inverse method to infer the thermal history from a modern detrital
sample from a single catchment. In this case, the implicit assumption is that any thermal
history information recorded in the modern sediment reflects the same long term thermal
history experienced by bedrock samples in the catchment. The motivation for this approach is
firstly to assess whether modern detrital samples can provide similar thermal history
information as a typical bedrock vertical profile. A lack of bedrock samples occur due to the
inaccessibility of some source regions, e.g. under ice as highlighted by Enkelmann and Ehlers
(2015), or for logistical reasons (cost, access). In the absence of bedrock samples, we will

need to make an assumption about how erosion processes sample the present day catchment
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topography. We will use the phrase topographic sampling function (TSF) to describe the
sampling of the in situ or bedrock vertical profile data to produce modern sediment detrital
data. To relax the assumption that we know a priori this topographic sampling function, the
method we present allows us to treat this as an unknown. As we will focus on low
temperature thermochronometers, specifically apatite fission track analysis and apatite (U-Th-
Sm)/He dating, it is important also to note a potential sampling bias related to variable
concentrations of a specific mineral (e.g. apatite), or fertility in the source region (e.g. Tranel
et al. 2011) and the effects of hydraulic sorting of different grain-size fractions (e.g. Malusa
and Garzanti 2019). Thus any inferred topographic sampling function will reflect a
combination of modern erosion and transport processes acting on the catchment and the

fertility of bedrock outcropping across it.

In the following, we describe the method we have developed to deal with extracting
thermal history information from detrital low temperature thermochronological data. Here we
focus on AFT and AHe data in particular, but the approach is readily extended to other data
types (e.g. ZHe) from the outlet of a given catchment. The detrital data may also be combined
with in situ bedrock data (the canonical vertical profile). An implicit assumption is that the
distribution of ages with elevation is effectively constant (or has minor and smooth
variations). The approach we present also allows us to infer the topographic sampling
function. We show that in the case where we have both detrital and vertical profile data, this
approach allows us to infer the topographic sampling function with more confidence, than just
detrital data alone. Finally, we demonstrate the application of the method to an AFT dataset

from northern Colombia.
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2. Methodology

The inverse thermal history modelling problem for a 1D vertical profile with in situ bedrock
samples has been previously described (Gallagher et al. 2005, Gallagher 2012) so we only
briefly review the main assumptions here. All samples in a vertical profile are assumed to
have experienced the same general form of thermal history with the difference between the
thermal histories for the top and bottom samples defined by a temperature gradient that may
vary over time. It is implicit that lower elevation samples can never have been at lower
temperatures than higher elevation samples. Therefore, a vertical profile can not be cut by
faults active over the timescale relevant to the thermal history, nor can the thermal state of the
bedrock have been locally perturbed, for example by hot fluid circulation. For a given thermal
history we can make a prediction of the AHe/AFT age and track length distribution elevation
profiles by exploiting the appropriate diffusion/annealing models. By suitably combining the
predictions over the elevation range of a given catchment, we can similarly make a prediction
of the detrital age distribution. Thus, the detrital data can be considered as a sampling of
the vertical profile data in the catchment. It is important to highlight that dispersion in such
detrital data will reflect the combination of grains from different elevations (hence different
thermal histories), but factors controlling the rates of annealing (AFT) and diffusion (AHe)
for each grain and also different sources of measurement error. Therefore, dispersion in AFT
data can occur due to variations in annealing kinetics attributable to chemical composition,
e.g. Cl content or a proxy compositional measure such as Dpar (Green 1988, Ketcham et al.,
1999, 2007), as well as the statistical variability of single grain-ages inherent in the track
counting process (e.g. Galbraith 2005). We allow for these factors in the method we present
here. AHe data can show dispersion due to variation in whole grain geometries and sizes (e.g.
Farley, 2000), the presence of broken grains (Brown et al. 2013,), and variable diffusion

kinetics due to radiation damage related effects (Flowers et al. 2009; Gautheron et al. 2009,
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Willet et al. 2017). Here, we allow for variable grain size, but not the effects of radiation
damage on He diffusion in apatite nor incomplete or broken apatite grains. However, the
general methodology we present could deal with both of these factors at the expense of

increased computation time.

2.1 The forward problem

The general forward problem is illustrated in figure 1 (and see also Gallagher 2012). We
initially specify the model (m) as a thermal history, given by a series of time-temperature
points and the temperature difference, or temperature gradient, between the uppermost and
lowermost elevations in a hypothetical vertical profile that covers the maximum range of
elevation in the catchment . Combined with the appropriate diffusion/annealing models, we
can make a prediction of the age/length-elevation profiles. As a consequence of the factors
leading to dispersion described above, these will be distributions, rather than point values, at a
given elevation. These distributions need to be propagated into the predicted final detrital
age/length distributions. To generalise, we will refer to the kinetic parameter and grain size
variables as control variables and these will be represented by k and the range of possible
values defined by K;;,;, and K, 4. In the following, we will present the approach considering
just one general control variable. Then we can write the total predicted detrital distribution,

conditional on the thermal history model, m , as

Pactrical(dp) = [ [ d,, (2, k|m)p(2)p(K) dz di (1)

Kmin “Zmin

where d,(z, k|m) is the predicted distribution for elevation z and control parameter value k,

p(x) is the probability distribution on the control variable, and p(z) is the probability of

sampling from elevation z, or what we refer to above as the topographic sampling function
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(TSF). Often the TSF is assumed to be equivalent to the hypsometric distribution. We return
to this later, but for the moment we state that if we specify a thermal history and the TSF in a
catchment, we can predict what age/length distributions we expect to see in a detrital sample

with grains from that catchment.
2.1.1 Predicting the AFT age and length distributions

For a given thermal history and kinetic parameter, we predict the noise-free fission track age
and length distribution at a given elevation. For the age, we use the external detector method
(EDM) age equation (e.g., Hurford and Green, 1983) to calculate the spontaneous to induced
track density ratio, ps/p; for a given thermal history. We can convert the predicted AFT age
into the equivalent p;/p;. Following Galbraith (2005) and Gallagher (1995), we use a
binomial distribution to sample values of the spontaneous to induced track counts ratio

N, /N;. The parameter of the binomial distribution is given as

ps/pPi
T 1+ ps/p; (2a)

and given a selected total number of track counts, N; + N;, the probability for the number of

spontaneous tracks is given as

p( N[Ny + N;) = LtV g1 — gymi (2b)

Ng!IN;!

We choose a given number of ages to sample (e.g. up to 100 grain ages for a given
compositional group at each elevation), randomly select Ng + N; (from a specified range, e.g.
50 and 500, or based on the range of values measured in a detrital sample), then randomly
sample for Ng from the binomial distribution. The result gives a value of Ng;/N; which can

then be converted into an AFT age and the error using the standard EDM error equation. We
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repeat this process for the specified number of sampled ages and the predicted distribution is
then calculated by summing all the individual Gaussian distributions defined with the mean
equal to the individual AFT age and the calculated error as the standard deviation.
Alternatives to assuming a Gaussian kernel for each individual age include assuming Ng/N;
is distributed as a Gaussian, or that, for a given N; + N, N,is binomially distributed (Brandon
1996, Galbraith 2005). The process of adding kernel distributions gives a continuous
predicted AFT age distribution for a given apatite kinetic parameter at a given elevation
accounting for the Poissonian variation of single-grain ages expected due to the counting
process. The AFT track length distributions are similarly predicted directly from the forward
model (e.g. Green et al. 1989, Gallagher 1995, Ketcham et al 1999) for each kinetic parameter
group and elevation. Next, both the age and length distributions at each elevation are then
combined for all control variable groups using a weighting based on the number of
grains/lengths in each kinetic parameter group. In practice, these groups are defined from the
measured values in the actual detrital sample. Finally, we combine the elevation dependent
distributions using the TSF as weights to produce the final detrital distribution for the AFT

data.

2.1.2 Predicting the AHe age distribution

For a given thermal history, we predict the noise-free AHe age as a function of elevation and
grain size, using the spherical grain equivalent radius (Farley 2000). To predict a distribution
of ages for a given elevation and grain size, we resample a Gaussian distribution with a mean
defined by the predicted AHe age and a standard deviation of 10% of the calculated age error
to produce 50 single grain ages for each grain size group at each elevation. These are then
combined using a weighting, again based on the number of grains in each grain size group in
the actual detrital sample. Finally, we combine the elevation dependent distributions using the

TSF as weights to produce the final detrital distribution for the AHe data.

10
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2.2 Inverse problem

The inverse problem is stated as follows: if we have a set of measured detrital AFT and AHe
data from a single catchment, we want to recover the catchment thermal history and also
potentially the topographic sampling function. We define the observed detrital data as d =
(dy,ds...d;,...dn), a vector of length N, made up of a N AFT single grain ages, N track length
data and Ny, AHe single grain ages, each with some form of explicit or implicit measure of
uncertainty (e.g. a reported measurement error on an AHe age, an assumed measurement error
on a track length, or a Poisson related distribution associated with track counts). We use the
forward model approach described above to predict the age/length distributions as a function
of elevation over the maximum elevation range of the catchment. The approach we present
can also incorporate any available bedrock vertical profile data in the catchment generally

allowing better inference of both the thermal history and the topographic sampling function.

2.2.1 Inference of the thermal history

For the moment, we concentrate just of the thermal history inference problem. We implement
the same form of transdimensional Bayesian Markov chain Monte Carlo (McMC) algorithm
described in Gallagher (2012) and we will not repeat the details. In brief, the thermal history
parameters are defined as an unknown number of time temperature points, each point with an
associated temperature gradient which may be specified to be constant or variable over time.
The prior distributions for these thermal history parameters are defined to be uniform, i.e.

equal probability between an upper and lower limit.

11
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Given a thermal history model, and using d,, as a prediction (age or length) for that model, we
define total predicted detrital age or length distribution for a given elevation and control

variable, k;, as p(d, |K]-, 7). This can be integrated over elevation with the TSF (= p(z)) as

Pactritar([dpli) = [, p (dy|1;, 2)p(2)dz 3)

To reduce the computational time, we can calculate the distributions for a finite number of
control variable groups at a finite number of elevations. Then we can write the equation above

in discrete form as

Paetritar(dp|K) = Zgilp (dy|xj, zi) P (2) 4)

where N, is the number of elevation groups, which is selected to cover the range of
topography in the catchment of interest and we assume p(z;) is constant for each elevation
group, defined by the range Z_1)/2 > Zx > Zge41)/2 and Z_1)/, is the midpoint between

Zi_q1 and  zy and a similar definition for z( 11y, -

Following on from this, we can write the total predicted detrital age or length distribution,

summed over the control variables (with probability distribution p(Kj)) as

pdetrital(dp) = 2?21 p (dplkj)p(’cj) (5)

where N, is the number of control variable (e.g. compositional or grain size) groups, which
can be based on the range of values in a given detrital sample, and p(Kj) is a distribution
based on the number of samples with a value in a range defined by Kjin <Kj < Kjmax. We
can either assign an observed datum to a given control variable group (which we do for AFT
age and length data using a kinetic parameter, e.g., Cl, Dpar), or using the upper and lower

limits for the group bounding a given control variable value, we can interpolate the

12
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predictions for the specific value for a given grain (which we do for AHe age data for grain

size).

2.2.2 Estimating the Topographic Sampling Function (TSF)

We can exchange the order of the summation in equation (4) and write

Paetricar(dp12z) = L%, p (dy |y, 2P (1)) (6)

and

Paetritar(dp) = legil p (dp|zx)p(21) (7

From this we see there is a linear relationship between the predicted detrital distribution,
integrated over the range of control variables, and the topographic sampling function (p(z)
above). This lets use a linear inverse method to estimate the latter. The only complication is
that p(z) > 0, so we implement the iterative non-negative least squares method presented by
Kim et al. (2013). This gives an optimal TSF in the least squares sense in that it minimises the
sum of squares between the predicted and observed detrital distributions. Another approach to
infer the TSF is to implement a probabilistic McMC sampling method as used by Avdeev et
al. (2011) and Fox et al. (2015) to constrain erosion rate over elevation with detrital
thermochronology, or more generally in change point modelling by Gallagher et al (2011).
This approach can directly represent the TSF as a weighting function over a given elevation
range, and using transdimensional sampling, it is possible to assess the required complexity of
the TSF. At this stage, we have not fully implemented this approach, as it proves to be
considerably more computationally intensive that the optimal least squares approach

mentioned above.

13
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The elevations where we calculate the age or length distributions do need not correspond to
the elevations used to define the topographic sampling function (e.g. this could be the
hypsometric distribution defined at regular elevation intervals). As the predicted distributions
for a given control variable and elevation are smooth, we can interpolate the predicted
discrete ages or distributions to the intermediate elevations. We do this interpolation using the
approach described in Read (1999), which relies on weighted linear interpolation between the

cumulative distributions.

2.2.3 The likelihood function

In general terms, the likelihood is a measure of how well predictions from a given model
represent the observed data. This can be defined (up to a constant of proportionality) as the
probability of having the observed data, given the predictions from a given (thermal history
and topographic sampling function) model. For the detrital data, we use the predicted detrital
age and length distributions to form the likelihood function. In the following, the distributions

are all normalised so they integrate to one, and can be treated as probability distributions.

If we consider detrital AFT data first, the i-th observation, d;, from the j-th control variable
group j , kj, will be either a fission track single grain age or an individual track length
measurement and the control variable group will be defined as a range of some kinetic
parameter such CI content or Dpar. In practice, we use the mean of the kinetic parameter in
the appropriate range to make the predictions for that kinetic parameter group as described
earlier, and this distribution is used for all observed data relevant to that group. For AHe age
data, we use the same interpolation procedure mentioned above such that, for a given
measured radius, we interpolate between the 2 distributions predicted for the two radii that
bracket the measured radius. The interpolated distribution, appropriate for the actual effective

grain radius, is used as the likelihood function for that grain. To incorporate additional control
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variables, such as radiation damage controlled diffusion, typically parameterised by models
based on effective uranium (eU) (e.g. Flowers et al; 2009, Gautheron et al. 2009), we would
follow a similar approach defining a range of eU values based on those in the detrital sample.
The likelihood for a given AHe age could then be based on 2D interpolation of the predicted

ages as a function of grain size and eU.

The likelihood for a single datum, d;, given the thermal history model, p(d;|m), can be
defined as the integral or sum of the predicted distributions over elevation, for the appropriate

control variable value, weighted by the topographic sampling function, p(z), for elevation

'Zk

p(d;lm) = 3%, p (di|xj, 2, m)p(2i.) (8)

Here we have dropped the dependence on k; on the left hand side as it is implicit for the given

observation.

The definitions of the likelihood functions implicitly allow for the possibility that the
probability of an observed value, with its associated control variable, may be zero over a
range of elevations, 1.e. the predicted distributions over that elevation range do not include the

value of that observation.

The total likelihood is the product of all the individual likelihoods for each individual

observation, given as

p(dlm) = [T, p(dilm) (10a)

15
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In practice, the preference is to use the log likelihood, defined as

L(d|m) = XiL; Ln(p(d;|m)) (10b)

The methodology described here has been implemented in the software QTQt, and so the
inversion approach for the thermal history, implementing trans-dimensional Markov chain
Monte Carlo, closely follows given in Gallagher (2012). This implementation readily allows
detrital data and the classical in situ (bedrock) vertical profile data to be combined, as we just

need to add the individual sample log likelihood values for a given thermal history.

3. Application to real data

To demonstrate the application of the methodology described above, we give results using
synthetic AHe and AFT data in the supplementary material, showing the approach works.
Here we focus on a data set from the Fundacion catchment in the Sierra Nevada de Santa
Marta in northwest Colombia (see figure 2a). This catchment an ideal location for testing our
method, given its small size (~14,500 km?), high relief (~4 km), a relatively homogeneous
lithology with abundance of apatite-rich granitoids and gneisses and a combination of in situ
and detrital AFT data. The present day elevation in the catchment ranges from 180 to 3900 m
and in figure 2b, we show the present day hypsometry, as a cumulative distribution, which
shows that less than 20% of the topography is above 2500 m. Villagomez et al. (2011)
reported AFT data from 9 samples forming a vertical profile over an elevation range from 300
to 2700 m (Table S1, supplementary material). For logistical reasons, it was not possible to
collect samples from the last 1200 m. We have also recently produced a new suite of detrital

99 AFT single grain ages and 21 track length (and angle to c-axis) measurements from a
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sample collected at the outlet of the catchment (Parra et al., in press, Tables S2, S3,
supplementary material). This combined data set lets us compare the thermal histories
inferred from the vertical profile data alone, the detrital data alone and the two data sets
together, as well as the case when we treat the topographic sampling function (TSF) as
unknown. We implement the approach described above by using hypothetical or dummy
samples located at 300 m intervals over the total elevation range of the Fundacion catchment.
For a given thermal history, we predict the age and length distributions for these dummy
samples at each elevation, and then combine the distributions, weighted by the topographic
sampling function, to produce the final predicted detrital age and length distributions.
Initially, we fix the TSF to be equivalent to the present day hypsometry and consider only
inference of the thermal history. Subsequently, we relax this assumption and allow inference

of both the thermal history and TSF.

In situ bedrock data alone

In figure 3a, we show firstly the inferred expected thermal history based on the in situ vertical
profile AFT data of Villagomez et al. (2011). The McMC sampler was run for 100,000
iterations, and the results presented here are derived from the last (post-burn-in) 50,000
iterations. We used the multi-compositional annealing model of Ketcham et al. (2007) with
Dpar as the kinetic parameter, with values sampled from a normal distribution with the
measured values for the mean and standard deviation as the parameters of the distribution.
The inferred thermal history implies a period of rapid cooling between 50 and 30 Ma,
followed by a decrease in cooling rate for the uppermost samples. Using the dummy samples
at 300 m intervals, with a range of kinetic parameter equivalent to that measured in the
detrital sample, we also can predict the range of ages we expect for the dummy samples for all
thermal histories accepted by the McMC sampling and these are also shown on figure 3b. The

thermal histories, inferred from the in situ data alone, predict a range of AFT ages whose

17



388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

408

409

410

411

412

width increases with elevation above the last in situ sample at 2700 m profile. In figure 3¢, we
show the predicted detrital age distribution for the thermal history in 3a (assuming that the
catchment is sampled according to the hypsometric curve). In terms of visual comparison, the
predicted distribution is best compared to the continuous distribution (in light blue in figure
3c¢) rather than the histogram. The continuous distribution is a kernel density representation of
the observed grain ages and errors, tending to smooth out isolated peaks present in the
histogram, which we do not expect the predicted distribution (also a kernel density
representation) to reproduce. The predicted distribution in this case has a peak about 20 Ma
older than the observed peak, and also lacks the tail of older ages (> 60-70 Ma). These
discrepancies could be due to the thermal histories not predicting old enough ages at higher
elevation, and/or the topographic sampling function not sampling the predicted vertical profile

distributions to capture the older ages at higher elevations.

Detrital data alone

Next we use only the catchment outlet detrital AFT data to infer the thermal history. The main
model run parameters were the same as the previous run and we used the hypsometric curve
as the TSF to produce the predicted detrital distribution. The results are shown in figure 4.
The thermal history also shows a cooling episode starting around 50 Ma, but does not imply a
change in cooling rate. As we would expect, the detrital age distribution is better reproduced
as just the detrital data were used for the inference of the thermal history. Using this thermal
history to predict the in situ vertical profile, the data from lower elevations are less well
predicted than the previous example while the data from the upper samples are better
reproduced. We can see from figure 4b that the predicted ages above 3000m are generally
older, and the range narrower than in the previous case. Consequently, we can reproduce the
older ages in the detrital sample, albeit with a relatively small proportion of the total predicted

elevation profile being sampled by the hypsometric curve as the TSF.
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In situ and detrital data jointly

In this case, we combine the data from the previous two examples in a joint inversion, and
again using the hypsometric curve as the TSF. The results are given in figure 5. Relative to
the two previous examples, the inferred thermal history is most similar to the detrital data
only case, but with the cooling event starting a little earlier, but still around 50 Ma, and a
lower implied temperature gradient at that time. Relative to the detrital data only case (fig. 4),
the combined data reproduces the detrital age distribution less well (over-predicting the peak
age by about 10 Ma) and the vertical profile data better, except perhaps the uppermost in situ
sample. The opposite tendencies are the case relative to the in situ only results (fig. 3). Given
the previous results, this is not unexpected as some kind of compromise solution between the

two solutions based on just the in situ vertical profile or detrital data sets.

In situ and detrital data jointly, and inference of TSF

The results of the previous examples are based on assuming the TSF is given by the
hypsometric curve. Now we relax that condition and use the combined in situ and detrital data
to infer the TSF. To achieve this we first consider a proposed thermal history, and predict the
detrital distributions using the hypsometric curve as an initial TSF model. Then we use the
iterative non-negative least squares algorithm of Kim et al. (2013) to estimate a TSF that
provide the optimal fit (in the least squares sense) to the observed data. Given this least
squares estimate for the TSF, we calculate the likelihood for the detrital data as defined
earlier. The combined thermal history-TSF proposed model may or may not be accepted
during the McMC sampling, as at any given iteration the acceptance or rejection of a
proposed model is effectively based on the likelihood function value relative to that of the
current model (the accepted model from the previous iteration). We present an uncertainty

range for the least squares TSF estimates that represents the 95% credible interval for all
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accepted models. This implied uncertainty can be considered optimistic (too small) as we use
only the optimal (non-negative least squares) solutions for each accepted thermal history,
rather than a population of estimates that would be obtained with an McMC sampling method,

as mentioned earlier.

The results are shown in figure 6. Now, the expected thermal history is most similar
to that obtained using just the in situ vertical profile data, but the peak of younger ages in the
observed detrital data is better reproduced. Relative to the input hypsometric curve, the
inferred topographic sampling function implies a greater contribution from lower elevations,
such that 50% comes from < 700m and correspondingly less at the highest elevation. The few
older detrital ages are not well predicted for the expected model, but we see the average of all

predicted detrital distributions does have a small contribution around 80-90 Ma.

The surface geology shows two main lithological groups, Precambrian gneisses with
amphibolite and granulite facies that occupy 22% of the total area and crop out at lower
elevations, and Jurassic and Triassic granitoids that constitute the rest of the catchment, at
both lower and higher elevations (Figure 2). Both groups contain apatite, as shown by the
bedrock data set used in this paper, which include samples from both lithological groups. If
we rule out uneven fertility the inferred TSF then implies that it is the contribution from lower
elevations that lets us reproduce the young peak in the detrital data. While this makes sense in
terms of proximity to the outlet where the detrital sample was collected, and perhaps reflects
local river incision, a test of this inference would be to obtain U-Pb ages on the apatite grains,
which would clearly distinguish the relative contributions of a Precambrian source from a
Triassic-Jurassic source. Furthermore, the fertility in terms of apatite yield vary significantly
in the same lithology (e.g. by x100, Tranel et al 2011), and a more detailed assessment of this

factor in the source region and its modification during transport would be required to
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substantiate this interpretation of the inferred TSF. Finally, we assume that the TSF is the

same for the same elevations across the catchment.

The geological interpretations of the thermal history models are beyond the scope of
this contribution, but the inferred timing of cooling initiation from the detrital data alone is
consistent with that from the in situ data, but lacks the same detail on later changes in cooling
rate. Widespread Oligocene-Miocene (30-15 Ma) ZHe and AFT ages over a 2 km interval of
elevation and the lack of younger ages in the northwest Santa Marta range have been used to
infer this two-phase cooling, with deceleration taking place sometime in the last 15 My

(Villagomez et al., 2011, Patifio et al., 2019).

4. Concluding statements

We have presented a method to infer thermal histories from detrital thermochronological data
from a single catchment. We can model a hypothetical vertical profile, allowing for variations
in control variables, such as annealing kinetics for AFT, and grain size for AHe, and then
sample this according to a specified or inferred topographic sampling function (TSF). The
detrital data can also be combined with in situ bedrock thermochronological data and this will
yield more reliable inference of the TSF. In this contribution we use a least squares method to
infer an optimal TSF for a given thermal history. At the expense of greater computational
time, the TSF could also be sampled using a transdimensional McMC approach such as that
applied to change point models (e.g. Gallagher et al. 2011, Fox et al. 2015). This would allow

us to estimate credible intervals on the TSF for individual thermal histories.

In practice an inferred TSF will potentially reflect a combination of different factors,

such as how erosion processes and production and transport of detrital material may vary with
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elevation and also lithological controls on fertility and mineral fractionation/destruction
during transport. Depending on the scientific question of interest, the resolution of these
different contributing factors will require more detailed study of lithological compositions and

yield, and independent constraints on recent erosion rates (e.g. '’Be, Fox et al . 2015)

A key assumption is that the thermal history is effectively the same across the
catchment and it is this thermal history that is represented in a catchment outlet detrital
sample. This could be relaxed to allow, for example, for a major fault in catchment by having
different thermal histories either side of the fault. This scenario then introduces more
complexity to the modelling process, as we need to infer the contributions from each side
present in a single detrital sample. Detrital sampling in upstream tributaries on both sides of
fault may provide additional information to help constrain the contributions in the outlet
sample. Overall, we suggest the approach as presented is best suited to small, confined
catchments with one major outlet, such as the Fundacion catchment example we present here.
We have considered only single grain detrital data with unknown specific source regions
within the watershed (e.g. collected from a sand). Using aliquots of single grains separated
from pebbles or clasts (e.g. Fitzgerald et al. 2019) may be a useful extension of this approach
as such each aliquot will necessarily come from the same source region in the catchment.
Recent developments in analytical methods such LA-ICP-MS methods for fission track and
He dating provide additional data such as apatite U-Pb ages and REE spectra for the same
grains used for detrital thermochronology. Such data would also provide independent
information on potential source regions within a catchment, particularly if combined with
similar data from in situ samples. Finally, the approach we have presented could, in principle,
be applied to older sediments. However, in the absence of bedrock thermochronometry (and
other independent detrital source rock data), the TSF will clearly be less well constrained. To

estimate the TSF, we also need to specify the effective elevation range sampled by the
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sediments. The structure of the inferred TSF will depend on that range and is validity difficult
to assess in the absence of information on the proportions and fertility of different source rock
lithologies. Also, we would also need to allow for the post-depositional thermal history. If the
sediments have not been buried deep enough to sample the relevant partial annealing or
retention zones, then this may have a relatively minor effect in terms of recovering the pre-
depositional thermal history. However, increasing burial depth will progressively overprint
the provenance related signal, reducing the resolution of the pre-depositional thermal history
to perhaps just the time the grains in the sediment cooled below the effective closure

temperature, or entered the partial annealing or retention zones.
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Figure Captions
Figure 1.
The conceptual model to predict detrital distributions for thermochronological data.

(a) Yellow stars represent a typical in situ or bedrock vertical profile, that may not cover the
whole elevation range in a catchment. The green star represents a modern sediment detrital
sample from the outlet of the catchment. To model the detrital sample, we use a set of
hypothetical of dummy samples spanning the total elevation range of the catchment.

Given a specified thermal history (b), and the hypothetical samples, we can predict an age
elevation profile (c) for AFT and AHe (and similarly for track length distributions, not
shown), using a range of control variables (CV). These are kinetic parameters for AFT and
grain size for AHe. In practice the control variables are defined from the values and groups
defined for a real detrital sample. This allows us to produce a set of AHe and AFT ages for
the dummy samples at each elevation. Note that these predictions do not contain any
statistical dispersion.

(d) By resampling the predicted ages for each control group variable at each elevation 50-100
times and adding expected statistical variations, we can produce a distribution of ages for
each control group variable. These are then summed, weighted by the specified proportion of
each CV group (the thick line in (d)).

(e) We produce CV weighted distributions for each elevation

(f) These are summed over the elevation range and weighted by the topographic sampling
function (TSF) to give a prediction of the detrital distribution for AHe and AFT at the outlet
of the catchment.

Figure 2.

(a) Location of in situ (blue circles) and detrital (yellow circle) samples, with the AFT
centrals ages, recalculated from the data of Villagomez et al. (2011), in the Fundacion
catchment (black outline) and a geological map (modified from Gomez et al. 2015) for the
Santa Marta de Sierra Nevada, northern Colombia. SMB = Santa Marta Boundary fault.

(b) Present day distribution of elevation (SRTM 90m), or hypsometry, in the Fundacioén
catchment. The black line is a running mean, and the red line is the cumulative distribution of
elevation.

Figure 3.

(a) Inferred thermal history from just in situ bed rock samples from the Fundacion catchment.
The blue and red lines indicate the thermal histories for the uppermost and lowermost
elevation bedrock samples, with the 95% credible range on each. The grey lines are for other
in situ samples in the vertical profile, while the yellow lines are thermal histories for dummy
samples. The red box is the prior distribution for time-temperature points, and the black box is
an initial constraint to force the thermal history to start at a temperature the total
annealing/degassing temperatures for fission tracks and He in apatite.
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(b) Observations and predictions using the thermal history in (a). Blue circles = observed AFT
ages, red diamonds = observed AFT Mean track length (MTL). The predictions are shown by
the dashed lines. The predicted AFT ages also include those for the dummy samples and the
horizontal lines show the 95% credible range on the predicted age at each elevation for all
accepted thermal histories.

(c) Predicted detrital AFT age distribution using the thermal history in (a), assuming the
topographic sampling function (TSF) is the present day hypsometry (see figure 2). The
histogram and light blue line represent the observed detrital AFT ages. The red line is the
predicted distribution for the thermal history in (a), and the black line is the average of the
predicted detrital distributions for all accepted thermal histories.

Figure 4

(a) Inferred thermal history from just the detrital sample at the outlet of the Fundacion
catchment. See the caption for figure 3 for more details.

(b) Observations and predictions using the thermal history in (a).

(c) Predicted detrital AFT age distribution using the thermal history in (a), assuming the
topographic sampling function (TSF) is the present day hypsometry.

Figure 5

(a) Inferred thermal history from both the in situ samples and the detrital sample at the outlet
of the Fundacion catchment. See the caption for figure 3 for more details.

(b) Observations and predictions using the thermal history in (a).

(c) Predicted detrital AFT age distribution using the thermal history in (a), assuming the
topographic sampling function (TSF) is the present day hypsometry.

Figure 6

(a) Inferred thermal history from both the in situ samples and the detrital sample at the outlet
of the Fundacion catchment, allowing for the TSF to be different to the present day
hypsometry. See the caption for figure 3 for more details.

(b) Observations and predictions using the thermal history in (a) and the inferred TSF shown
in (c).

(c) Predicted detrital AFT age distribution using the thermal history in (a), together with the
inferred TSF, estimated with a non-negative least squares method, using the present day
hypsometry as a starting model. See main text for details.
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