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1 | INTRODUCTION

The phase difference between two complex scattering signals is
an important parameter in the study of polarimetric data and it
is related to the physical properties of the scattering medium
under study [1-7]. To reduce statistical variations, it is often
necessary to average data. The n-look phase difference is
computed from a scattering matrix averaged over 7 single-look
matrices. The probability laws for single-look and multilook
phase differences have been found under the hypothesis of
multivariate Gaussian scattering signals [8—15].

For a surface separating two homogenous media, the
first-order small perturbation method (SPM) shows that the
co-polarized and cross-polarized scattering signals are pro-
portional to the Fourier transform of the surface height profile
[16]. Therefore, the phase difference remains unchanged when
the surface profile changes. But, for a stack of homogeneous
dielectric layers with randomly rough surfaces under plane
wave excitation, the ratios between the scattering signals
depend on random surface profiles. For the two given inci-
dence and observation directions, the co-polarized and cross-
polarized phase differences are random variables. By using the

The authors derive the distribution of the phase difference between two multilook
scattering signals for a multilayer stack with randomly rough surfaces under a plane wave
excitation. First, for infinite slightly rough surfaces described by Gaussian centred sto-
chastic processes, the authors show that the underlying complex scattering signals follow
a Gaussian joint distribution. Also, it is demonstrated that this property is within the
scope of the first-order perturbation theory. Secondly, the authors use this joint proba-
bility law to derive the closed-form expression for the probability density function of the
phase difference. The theoretical formula is verified by comparison with Monte-Catlo

first-order SPM and by considering infinite slightly rough
surfaces described by Gaussian centred stochastic processes,
we showed in [10] that the probability density function (PDF)
of the co-polarized phase difference for single-look configu-
rations analysed in the incidence plane is a two-parameter
distribution. This PDF only depends on the modulus 7 of the
correlation coefficient between the two co-polarized complex
signals with (0 <r <'1) and on a reference angle . When the
two scattering signals are uncorrelated (r = 0), the phase dif-
ference is uniformly distributed between 0 and 2. For fully
correlated scattering signals (r = 1), the phase difference is a
deterministic quantity. Therefore, when 0 < » < 1, the co-
polarized phase difference contains information on the
stratified medium. In [17], we also showed that outside the
incidence plane and when 7 # 1, the phase difference between
two cross-polatized signals for single-look signatures is not
uniformly distributed and contains information on the multi-
layer stack

Here, we are focused on the statistical properties of the
co-polarized and cross-polarized phase differences but for
multilook signatures. The next section gives the statistical
properties of the stratified medium under study. In Section 3,
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we derive the joint probability distribution of the scattering
amplitudes from the random surface properties. The scattering
amplitudes are obtained from the first-order perturbation
theory [18-27]. In Section 4, supplemented by an appendix, we
derive the closed-form expression for the PDF of the co-
polarized and cross-polarized phase differences. The validation
of the analytical formulas by comparison with Monte-Carlo
results is reported in Section 5.

2 | PROBLEM GEOMETRY

The geometry of Figure 1 includes interfaces one (z = 44(x, y))
and two (z = —uy + ax(x, y)) resulting in three homogeneous
regions. The average thickness of the central layer is denoted
by #y. The surface PDFs are Gaussian and centred. For the
numerical applications, the spectrum of each interface is
Gaussian and given by Equation (1) with ¢ = j. The cross-
specttum is given by Equation (1) with i =1 and j = 2.

Rij(a,p) = 4,010\ Lilyilyiby;

) (lf”- + lﬁj) , (lji + ljj) (

X —a -
exXp 3 3

—_
~—

A

stands for the
Fourier transform of the function. The quantities L; and ly,-
designate the correlation lengths of the i-th interface and the
quantity o; is the standard deviation of the i-th intetface

A function symbol with a superscript

heights. If both correlation lengths are equal, the interface is
isotropic else the interface is anisotropic. The coefficient g;; is a
mixing parameter with g;; = 1 and |g12| < 1 [22]. The cor-
relation coefficient pq, is defined as the ratio of the cross-
correlation function at the origin to the product of the
standard deviations of heights and we find:

X {Medium 3

=a,(x,p)-u ;

FIGURE 1
layered structure

Geometry of 3-D scattering from a two-rough boundary

26]1 2V lxl le lyl lyZ

P12 = (2)

JEE) (B )

The two rough interfaces are not correlated when pj, = 0.

If not, they are fully or partially correlated.

As shown in Figure 1, the stratified medium is illu-
minated by a monochromatic plane wave with a wave-
length 4, (h) or a wvertical (v)
polarization. The direction of the incident wave vector kg

under a horizontal
is defined by the angles 6y and ¢o. The inhomogeneous
structure is composed of three different homogeneous
non-magnetic regions: the air (medium 1), the upper
ground layer (medium 2) and the lower ground layer
(medium 3). The m-th region is characterized by a rela-

tive permittivity &,

3 | SCATTERING AMPLITUDES AS A
COMPLEX RANDOM PROCESSES

Within the validity region of the first-order SPM, the co-
scattering and cross-scattering amplitudes Adm)(l)(ﬂ, @) within
the upper medium take the following form [22]:

A (0.9) =K, (@, Pas (a = a0, f = By)

3

+ KZ,(lm) (avﬁ)&Z(a —ao, p _ﬁo) ( )
where a = kysinfcosp, f = kisinOsing, a, = kisinfycosp,,
Bo = kisinOysing, and ky = 2w/A. The quantity k; desig-
nates the wave-number in the medium 1. The angles 6 and
@ define the direction of observation. The superscript (1)
refers to the first-order SPM. The subscript (a) designates
the impinging wave polarization (h or v) and the subscript
(b), the scattered wave polarization (h or v), respectively. As
shown in [22], the first-order SPM kernels K g,(@, f) and
K> po(a, B) depend on the central layer thickness, on the
relative permittivity values and on the incidence and scat-
tering angles.

For a stack of homogeneous layers with randomly rough
surfaces, the scattering amplitude A(bﬂ)m(e, @) depends on
rough interface realizations and for a given direction (0, @), it is
a complex random variable. Let R 4, and [, be the real and
imaginary parts of the scattering amplitude A(;M>(1)(9, @) and let
R pay and Jipz be the real and imaginary parts of A(bvav)m(@, ),
respectively. We recall that the surface height distributions are
assumed to be centred and Gaussian. As shown by Equation 3,
the scattering amplitude is expressed as a linear combination of
the Fourier transforms of the rough interface height profiles.
Since the Gaussian character is preserved by linear operation,
the two-dimensional Fourier transforms of a;(x, ) and a,(x, )
as well as the scattering amplitudes are Gaussian processes and
we deduce that the four random variables R g, J ), Ry and
Jay follow a four-order Gaussian distribution. Because the
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rough interface height distributions are centred, the four
random variables are also centred. In [16], we showed that the
random variables R 4, and [, (respectively, Ry and Jpa)
are not correlated when L—o0. They also have the same
variance 012% (respectively, UJZQW)' Moreovet, the random var-
iables R, and Ry are correlated with a covariance I'g, z,,,
while the random variables R 3, and J . are correlated with a
covariance I'g, j, . These variances and covariances are given

by:

Gy~ ZZRe[ Kmhsfa=ap=p)| (9

=1 ;=1

TR,Ry = Z Z Re [K* 174, i(ba Rij(a -, f— ﬂo)}

11]1
5)

=1

(
1 @ .
URuve =3 > Zlm{ K (pa)Rij(a — ao, B _ﬁo)]
J=1
(6)

Let My, and @y, be the modulus and phase ofA(bﬂ)(D(H, ®)
My, and Dy, for A(b-dv>(1> 0, @), respectively. As shown in
[16], by using polar coordinates, the joint PDF of these four
random variables is determined as follows:

Py My ) 0,0y (Mpas Mpp 1 Py Dyt

MpaMy 5

- 47r20§3bﬂafew (1-7%)

1 mz Mp My 4 mz
Zlm ) a’"tba C+ 2b’ﬂ’

" 21-7) | e 2 2 c
( ) Ry, O-Rhﬂ GR};’“’ Ry,

X exp

where

é’ =r COS(¢Z¢¢ - ¢b’a’ + l//) (8)

The angle y called the reference angle, which is defined by:

F /
w = tan”! < Riaf v > (9)

TR,Ry
The modulus 7 of the correlation coefficient between the

complex random variables AEZ)(H, @) and Aﬁ?ﬂ,)(e, @) is
expressed as follows [16, 17]:

Tr,R,, + TRuI,

r=, | —te bl (10)
U%%;,ﬂ G%b;d;

Through the variances and covariances are given by
Equations (4)—(6), the two parameters W and 7 given by
Equations (9) and (10) depend on the spectra of random
surfaces and on their cross-spectrum. For the numerical ap-
plications, the spectra and the cross-spectrum are Gaussian.
Nevertheless, we have to keep in mind that the analytical
approach presented here could be applied to any correlation
function which vanishes at infinity. A sufficient condition for
the existence of the Fourier transform of the statistical cor-
relation function (i.e. the spectrum or the cross-spectrum) is
that the correlation function limit is zero at infinity. In this
case, the modulus of the correlation coefficient and the
reference angle are defined.

The two parameters y and 7 also depend on the first-order
SPM kernels that are related to the medium geometric and
electromagnetic properties. These quantities change with the
number of interfaces. J.M. Elson is one of the first authors to
develop a vector theory of scattering from a stack of two-
dimensional slightly rough interfaces. This vector theory al-
lows the scattered intensity to be determined and can be used
with partially correlated or uncorrelated surfaces. But, the
analytical expressions of the first-order SPM kernels for a
stratified medium with two rough interfaces were obtained for
the first time in [19]. First-order SPM kernels for an arbitrary
number of rough interfaces were originally established in
closed-form in [20]. In [22] and [24], equivalent expressions
have also been derived from a formalism based on the first-
order perturbation of Rayleigh integrals. In [25, appendix A],
for the first time, the analytical expressions giving the first-
order SPM kernels as functions of the layer thicknesses, the
relative permittivity values and of the incidence and scattering
angle are established for a stratified medium with three rough
interfaces. For an arbitrary number of interfaces, once the
SPM kernels determined, the vatiances and covatiances given
by Equations (4) to (6) are calculated from summations over N
surfaces and the parameters are obtained from Equations (9)
and (10).

In [8-13], the statistics of single-look and multilook phase
differences have been found under the hypothesis that the real
and imaginary parts of the scattering amplitudes under
consideration follow a Gaussian joint distribution. These
works are based on a-priori assumption. For infinite slightly
rough interfaces described by Gaussian centred stochastic
processes, we demonstrate this property within the scope of
the first-order SPM. The Gaussian assumption is derived from
the statistics of the illuminated rough-interfaces layered
medium and the parameters of the phase difference distribu-
tion ate related to the geometric medium and electromagnetic
properties.

The co-polarized and cross-polarized scattering amplitudes
are expressed as linear combinations of the Fourier transforms
of the surface height profiles. The weights of the linear com-
binations ate the first-order SPM kernels. Since the Gaussian
character is preserved by linear operation, the real and
imaginary parts of the first order scattering amplitudes are
Gaussian processes. This reasoning was used to derive the
single-look phase difference statistics [16, 17]. In Section 4,
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supplemented by an appendix, we derive, by coupling this idea
to the work published in [11], the probability law of the multi-
look phase difference. This will allow the analysis of stratified
grounds with slightly rough interfaces. To our knowledge, such
work has not been done to date.

4 | SINGLE-LOOK AND MULTILOOK
PHASE DIFFERENCE DISTRIBUTIONS

The phase difference ADy, 4,y between the two complex
random vatiables AEZ) and Agz)'a’) is defined by,

— _ (1) (1)=
A®(bﬂ,b/a/> = CD(bﬂ) - (D(b/ﬂ/> = arg(A(lm) 'A(b’a’)) (11)

and the multilook phase difference AD gy, 4y, by,

L 0 s
AD (p, ) n = a1g 7 ;A(ba),i'A(b’a’),i (12)

where the symbol ‘arg’ designates the argument of the quantity.
We assume that the complex random variables (AEZ)J’ AE;L,) D)
a1.1d . (AE};)J. 4 AE? ) are independent and identically
distributed (I1ID).

For multilook polarimetric signatures, the phase difference

a') i#j

distribution has been derived from different approaches
[11-14]. The derivation proposed in the appendix is based on
Chapter 8 of the book [28] and on the appendix of [11]. The
calculation is not straightforward and we made the choice to
detail the different stages of the demonstration. The difference
with respect to [11] is that we use the properties of the Fourier
transform and not those of the Laplace transform. We find the
phase difference PDF for multilook signatures and is as
follows:

1-72)"
pA(I)(bﬂ,ya/)Jl <A¢> = ( o )

X [F (n;l;l /2,-:2> (13)

T (2n—1)! 1 }

+C27 T(n) (1- g2+

where 27 — DIl = 2n — 1)(2n — 3)... 3 x 1. The special
function F(a,b;c;d) is the Gauss hypergeometric function and
the letter I'" designates the gamma function. Knowing that I'(n +
1/2) = 2n + 1)!1/2"x, we obtain the expression (18) in [13].
Knowing that F(a,b;c;0) = 1 when { = 0, i.e. when 7 = 0,
the phase difference is uniformly distributed between 0 and 2w
for any number of looks. When » = 1, the phase difference is a
deterministic quantity equal to —y (modulo [27]). The for-
mula (13) is valid for an arbitrary number of looks. By using
the properties of the Gauss hypergeometric function [29], we
derive the m-look distribution for » = 1, 2, 3 and 4 and we

obtain the analytical expressions (14) to (17), respectively. Also,
when 7 > 5, more complicated algebraic expressions are ob-
tained. For this reason, we have restricted ourselves to the first
four values of 7.

1— 2
pA(/’(lm.Ha’),l(A¢) = ( - )

21n(1-2%)
Toelrmria)
(14)
gy (1=7)
pAcb(;,a,;,u').z( qS) o m
% [Z—FCZ‘FL(z—’_Mcmn >:|
- 1=
(15)
_ =7y
Doy A0) = Ty

15
X [8—}—92:2—22:4—1- ¢ (W—i—arctan

T (G e )|
(16)

(Ag) = (= 48 +87¢% — 380" + 8¢°
pA(D(hﬂ7ya’),4 - 9671'(1 - C2)4
1050 (w ¢ )}
+ ———— =+ arctan——
vi—e e

(17)

\/f_?for—l<é’<l and
that arcsin{ = w/2 — arccosC, we obtain the closed-form ex-
pressions (21) to (24) published in [13].

Knowing that arcsin{ = arctan

5 | NUMERICAL RESULTS

The formula (13) giving the multilook phase difference dis-
tribution can be used for an arbitrary number of interfaces.
The authors in their work have chosen to present results for
stratified structures with two interfaces, but the validation has
been carried out for configurations with three and four
random interfaces and the reason that we have applied
regardless of the number of interfaces. The theoretical
formulae are verified by comparison with Monte-Catlo
simulations.

We consider a two-layer rough ground [30]. The relative
permittivity values are €,, = 4.66—0.29; and ¢,5 = 8.75—0.85] at
1.25 GHz [31]. The standard deviations of the surface heights
are 0 = 0.5 cm and 6, = 0.4 cm. The thickness #, of the
central layer is equal to 5 cm [32]. The first interface is
anisotropic with Ly =5 cm and lyl = 4 cm. The second one is
isotropic with [, = 2 = 6 cm. The cotrelation coefficient
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FIGURE 2 PDF of the co-polarized phase difference in the backscattering configuration and the associated histogram for n = 1, 2, 3 and 4

between both interfaces is equal to 0.2. The two-rough
boundary layered structure is illuminated by a plane wave un-
det 6y = 30° and @y = 0°. The theoretical PDFs given by
Equations (14) to (17) are compared with histograms obtained
from Monte-Carlo simulations. The histograms are obtained
from 2" values of difference phase deduced from the scat-
tering amplitudes given by Equation (3). The Foutier trans-
forms of the rough interface functions 4 (x, y) and a,(x, y) are
estimated on areas of 40047 The rough surface realizations are
generated by Gaussian filters applied to uncorrelated white
Gaussian noise realizations in [25].

We consider the co-polarized phase difference AD p, o), in
the backscattering configuration and the cross-polarized phase
difference AD 4y, in the transverse plane with 8 =—6, and
@ =90°.

Figure 2 shows the PDF of the co-polatized phase dif-
ference AD o, for 7 =1, 2, 3 and 4. The agreement be-
tween the theoretical probability laws and the Monte-Catlo
simulations is very good. For each value of 7, the comparison
validates the theory for the co-polarized phase difference in the
backscattering direction. Given the used parameters, the co-
polarized complex amplitudes A(%) and A(w)a) are strongly
correlated with » = 0.994. The reference angle y is equal to
3.13 rad. Table 1 gives the mean and standard deviation (STD)
of AD ), for each number of looks. When this number
increases, the mean remains unchanged but the STD decreases
in accordance with the averaging effect of the multilook pro-
cessing. As a result, the PDF curve becomes narrower and the
maximum value increases.

Figure 3 shows the theoretical PDF of A®D g, 1, and the
associated histogram for the four values of 7. As previously,
we find a very good agreement. Given the used parameters, the
complex signals A, and A ), are strongly correlated with 7 =
0.872. The reference angle y is equal to 3.37 rad. As shown in
Table 2, when the number of looks increases, the mean of
AD 400, Varies very slightly but the value of the standard

TABLE 1 Values of the mean and standard deviation of AD ),

n 1 2 3 4
Mean in rad 3.07 3.07 3.07 3.07
STD in rad 0.0670 0.0250 0.0175 0.0142

deviation decreases and the probability distribution curve be-
comes narrower and the maximum value increases.

6 | CONCLUSION

We have derived the distribution of the phase difference be-
tween two scattering amplitudes for multilook polarimetric
configurations characterizing rough boundary layered struc-
tures illuminated by a plane wave. In the first stage, for infinite
slightly rough surfaces described by Gaussian centred sto-
chastic processes, we show that the real and imaginary parts of
the two complex scattering amplitudes follow a Gaussian joint
distribution. We demonstrate this property in the context of
the first-order perturbation theory. In a second stage, we derive
from this joint distribution the closed-form formula for the
probability law of the phase difference. The phase difference
PDF is expressed in terms of the Gauss hypergeometric
functions and only depends on the number of looks 7, the
correlation coefficient 7 between the scattering amplitudes
under study and a reference phase y.

For two-rough boundary layered ground, the theoretical
PDF is validated by a comparison with the histogram derived
from Monte-Carlo simulations in both monostatic and bistatic
configurations. We note that when the number of looks in-
creases, the mean of the co-polarized or cross-polarized phase
difference is unchanged but the standard deviation decreases
in accordance with the averaging effect of the multilook
processing,
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FIGURE 3 PDF of A®,, ), and the associated histogram in the transverse plane for n = 1, 2, 3 and 4

TABLE 2 Values of the mean and the standard deviation of A@ gy, o)

n 1 2 3 4
Mean in rad 2.94 2.92 2.92 291
STD in rad 0.779 0.434 0.315 0.241

For slightly rough surfaces described by Gaussian centred
stochastic processes and within the SPM scope, we have
established the joint probability density function for the
scattering amplitudes and the probability density function for
the co-polarized and cross-polarized phase differences
because the Gaussian character is preserved by linear opet-
ation. For a non-Gaussian rough surface, we do not know
how to conclude on the nature of the joint probability law of
the real and imaginary parts of the scattering amplitudes. The
Gaussian character is not systematically observed on soil
surfaces. For example, the height distribution of some
ploughed soils is not Gaussian [33-35]. It therefore appears
useful to derive the analytical expression for the statistical
distribution of the phase difference within the framework of
the small perturbation method. It is an open question and
deserves a complete analysis.

ORCID

Richard Dusséaux © https://orcid.org/0000-0003-3194-9158

REFERENCES

1. Ulaby, ET,, Elachi, C.: Radar Polarimetry for Geoscience Applications.
pp. 1-376. Attech House, Norwood, MA (1990)

2. Ulaby, FT,, et al.: Relating polaization phase difference of SAR signals to
scene properties. IEEE Trans. Geosci. Rem. Sens. 25(1), 83-92 (1987)

3. Lasne, Y, etal.: A phase signature for detecting wet subsurface structures
using polarimetric L-band SAR. IEEE Trans. Geosci. Rem. Sens. 42(8),
1683-1694 (2004)

10.

11.

12.

13.

14.

15.

16.

17.

Lasne, Y., et al: Effect of multiple scattering on phase signature
of buried wet subsurface structures: applications to polarimetric L and
C-band SAR. IEEE Trans. Geosci. Rem. Sens. 43(8), 1716-1726
(2005)

Migliaccio, M., Nunziata, ., Gambardella, A.: On the co-polatized phase
difference for oil spill observation. Int. J. Remote Sens. 30(6), 1587-1602
(2009)

Nunziata, F., Gambardella, A., Migliaccio, M.: A unitary Mueller-based
view of polatimetric SAR oil slick observation. Int. ]. Remote Sens.
33(20), 6403-6425 (2012)

Haldar, D, et al. Analysis of temporal polarization phase difference
for major crops in India. Progr. Electromagn. Res. B, 57, 299-309
(2014)

Kong, J.A., et al: Identification of terrain cover using the optimum
polarimetric classifier. J. Electromagnet. Wave. Appl. 8(2), 171-194
(1987)

Eom, H.J,, and Boerner, W-M.: Statistical properties of the phase dif-
ference between two orthogonally polarized SAR signals. IEEE Trans.
Geosci. Rem. Sens. 29(1), 182-183 (1991)

Sarabandi, K. Derivation of phase statistics from the Mueller matrix.
Radio Sci., 27(5), 553-560 (1992)

Joughin, LR., Winebrenner, D.P, Percival, D.B.: Probability density
functions for multilook polarimetric signatures. IEEE Trans. Geosci.
Rem. Sens. 32(3), 562-574 (1994)

Lee, J.S., Miller, A.R., Hoppel, K.W.: Statistics of phase difference and
product magnitude of multi-look processed Gaussian signals. Waves
Random Media, 4, 307-319 (1994)

Lee, ].S., et al.: Intensity and phase statistics of multilook polarimetric and
interferometric SAR imagery. IEEE Trans. Geosci. Rem. Sens. 32(5),
1017-1028 (1994)

Touzi, R., Lopes, A.: Statistics of the Stokes parameters and of the
complex coherence parameters in one-look and multilook speckle fields.
IEEE Trans. Geosci. Rem. Sens. 34(2), 519-531 (1996)

Lee, J.-S., Pottier, E.: Polarimetric Radar Imaging: From Basics to Ap-
plications. pp. 1-398.CRC Press, Boca Raton, FL (2009)

Afifi, S., Dusséaux, R.: On the co-polarized phase difference of rough
layered surfaces: Formulas derived from the small perturbation method.
IEEE Trans. Antennas Propag. 59(7), 2607-2618 (2011)

Dusséaux, R., Afifi, S.: Statistical distributions of the co- and cross-
polarized phase differences of stratified media. IEEE Trans. Antennas
Propag. 65(3), 1517-1521 (2017)


https://orcid.org/0000-0003-3194-9158
https://orcid.org/0000-0003-3194-9158
https://orcid.org/0000-0003-3194-9158

724 |

AFIFI axp DUSSEAUX

18.  Elson, J.M.: Infrared light scattering from surfaces covered with multiple
dielectric overlayers. Appl. Opt. 16(11), 2873-2881 (1977)

19. Tabatabaeenejad, A., Moghaddam, M.: Bistatic scattering from three-
dimensional layered rough surfaces. IEEE Trans. Geosci. Rem. Sens.
44(8), 2102-2114 (2000)

20. Imperatore, P, lodice, A., Riccio, D.: Electromagnetic wave scattering
from layered structures with an arbitrary number of rough interfaces.
IEEE Trans. Geosci. Rem. Sens. 47(4), 1056-1072 (2009)

21. Imperatore, P, et al.: Modelling scattering of electromagnetic waves in
layered media: an up-to-date perspective. Int. J. Antenna. Propag. 1-14
(2017)

22. Afifi, S., Dusséaux, R.: Scattering by anisotropic rough layeted 2D in-
terfaces. IEEE Trans. Antenna. Propagat. 60(11), 5315-5328 (2012)

23. Berrouk, A., Dusséaux, R., Afifi, S.: Electromagnetic wave scattering
from rough layered interfaces: analysis with the small perturbation
method and the small slope approximation. Progt. Electromagn. Res. B,
57, 177-190 (2014)

24.  Afifi, S., Dusséaux, R., Berrouk, A.: Electromagnetic scattering from 3D
layered structures with randomly rough interfaces: Analysis with the
small perturbation method and the small slope approximation. IEEE
Trans. Antennas Propag. 62(10), 5200-5208 (2014)

25. Dusséaux, R., Afifi, S.: Statistical distribution of the Layered Rough Sur-
face Index (LRSI). Progr. Electromagn. Res. C, 94, 75-87 (2019)

26. Zamani, H., Tavakoli, A., Dehmollaian, M.: Scattering from two rough
surfaces with inhomogencous dielectric profiles. IEEE Trans. Antenna.
Propag. 63(12), 5753-5766 (2015)

27. Zamani, H., Tavakoli, A., Dehmollaian, M.: Scattering from layered
rough surfaces: analytical and numerical investigations. IEEE Trans.
Geosci. Rem. Sens. 54(6), 3685-3696 (2016)

28.  Davenport, W.B., Root, W.L.: An Introduction to the Theory of Random
Signals and Noise, pp. 1-393. McGraw-Hill, New York (1987)

29.  Erdélyi, A., et al. Higher Transcendental Functions Vol. 1. NewYork
McGraw-Hill (1953)

APPENDIX

In order to facilitate the derivation of the phase difference
distribution, let us introduce two new random variables Z and

Y [28, p.164 (8-105)],

My, = o}, (1= )V Zexp(Y)

(A1)
My = [0}, (1 =)V Zexp(-Y)
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Using this transformation, we obtain from Equation (7) the
joint PDF for the four random variables Z, Y, D 4y and Dy,

1—7?
pZ,Y,(I)ba‘(Db/a; (Zv Y ¢bm ¢b’ﬂ’) = 4—7[_2 (AS)

xz exp{ — z[cosh(2y) — {]}

where the domain of z is [0,4-00[and that of y is |—o0,+00].
Knowing that the modified Bessel function of the second kind
Ky(2) is defined by:

Ko(2) = [T Zexp| — z cosh(2y)]dy (A6)

we obtain the joint PDF for the three random variables Z,

Dy, and D,y by integrating ‘172’),,1)”'(1)5%,(Z,y7 Dbas Prvar)
ovet Y,

1—72
Pra,, 0, (Zﬂ Pra> d)w) =2 Zexpl+2]Ko <Z> (A7)

The joint PDF Pz.a0,00) of the random variable Z
and A® g, 4, is found from P20, vy by the following

integral,
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, A ) 1< . -
Pz.avp0) (z ¢<b"’b’ﬂ’) AD (4, ) o = arg |ﬁ ZAE;i),i'AE;)a’)J =arg[U, +jV,]
=1
+m
=/ 2Pz0,0,, (Z» AP by T Pt ¢W>d¢1/ﬂ/ (A8) (A13)
1—42 whete
=027, epliztKofe)
We can derive the PDF for the single-look phase difference 771 = z Ui; 7n = Z Vi (A14)

by integrating p, AP,y ,)(Z,Aqﬁ(bﬂ’b-d-)) over z. Here we define

from pz adpapa)(ZAP o pary) 2 new probability law that allows
the derivation of the distribution of the phase difference for
single-look and multilook polarimetric 51gnatures

We write from (A1) and (A2) the product A
follows:

1) 4= _ 2
Al Ay = (1) ok, %,
X [Z cos (Aq)(bﬂ,b,ﬂ,)) +jZ sin(Afb(bﬂ_b/ﬂ,))]
(A9)

Let us introduce two new random variables, U and V/,

U=Zcos (ACD(lm,brﬂr)); V=2Z sin(AqD(bﬂTydr)) (A10)

where

|14
Z=\U"+V? % AD p, p 1y = arctan <ﬁ> (A11)

The magnitude of the Jacobian of the bijective trans-
formation from U and V'to Z and A®y, 4, is equal to z and
we deduce the joint probability law for the two random vari-
ables U and V from (8) and (A8) as follows:

1—7%)

2T

oy (u,v) =

I'r, g, u—1g, 1,,°v
X CXp ba'\pld : - battd KO( /%2 +,v2>
ORuORyy

(A12)

We derive the multilook phase difference distribution
from the probability law pg(#,v) and by using the indepen-

dence of the complex random variables (A(l) ) and
(ba),i?

Al i Al
established for a multilook polarimetric signature, we apply this
law with n=1 to obtain the distribution for a single-look
signature. In accordance with (12) and (A10), the multilook
phase difference is:

). Once the general probability law has been

Insofar as the complex random vatiables (Ag};)‘i. AEZL),)
and (AEZ)J. #7/15;,)“,)’], #) are 1ID, the two random wvariables Fn
and V', are defined as the sum of 7 IID random variables. So,
the joint PDF py ,V,
Py (u,v) with itself n—1 times. First, let's consider the
convolution product of the function py;y, (#,v) with itself.

(#,,7,) is obtained by convolving

PU2 (M27 7]2) <pUV ®PUV) (ﬁb 62>
= /t:: /i—:zPUV (””U>

prV< ) — U, '02—'0>dudfv

(A15)

where the symbol @ denotes the convolution product. By
substituting (A12) into (A15), we find:

(1=

5—exp
(2m) U%bﬂafab”

FRbﬂRbrﬂ/EZ - FRba[ydr@Z

15,7, (02,02) =
X [Ko(\/uz +v2) ®K0(\/u2 + v2>}
(A16)

Similarly, we find the joint distribution pg; , Va(#n, ),

— %, :7(1_72)71
p_U,”Vﬂ ny ¥n (27r)71

K (ﬁn@,) (A17)

xexp | I'r, Ry 4n —

2 2
(o2 o
\/ Rpa Ry g

”navn -

LRy, 14¥n

whereK(> Ko/ + %) ® ...Q Ko/ (4 + 7))
(#,0n).

The convolution product Ko (%n,@n) can be performed
by using Fourier transforms and the convolution theorem.
The two-dimensional Fourier transform of Ko(vu? + v?) is
defined by:
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Ko(,7) = /J_r:j fi: Ko (\/%2 + vz)exp( — jilu

— jov)dudv (A18)
Transforming to polar coordinates with # = pcosd and v =
psind leads to:

2T
0 ()

Ko(i,%) = ® Ko(p)exp( — jpiicos @

— jposin 0)pdpd6 (A19)

Knowing that the Bessel function of the first kind is
defined by:

Jo(2) = % 2 o( = jzsin0)d6 (A20)
we find:
Ko(i, %) =27 [ Ko(p)], <pf + @Z>pdp (A21)
By using the formula (36, p. 665, Equation (2)),
e A
[ xKy(ax)], (bx)dx = ——— (A22)
av (bz + az>

whete J,(ax) and K,(ax) designate the Bessel function of the
first kind and the modified Bessel function of the second kind,
we find:

Kol ) = —2% S 1> (A23)

(#* + v

By using the con)volunon theorem we obtain the 2D

Fourier transform K (i, y) of K (un,vn) as follows:
NOY (2m)"
KO (%n, ’Un) = ﬁ (A24)
(#,+9,+1)

By using an inverse 2D Fourier transform, we find from
(A24) that:

n)[— = 1 +co  +oo (27r)n
Ké’(w,w) o)) 2
(2m) (un—|—v —|—1)

X exp< + jitnt, + j@ﬁn> di,dv,
(A25)

Using the polar coordinates #, = pcosd and v, = pcosd
into (A25) leads to

pdpdf  (A26)

2
exp []S\/;i +9,cos(0 = x,,)

<[

(p*+1)"

where y, = arctan(T,/#,By using Formula (A20) given the
zeroth-order Bessel function, we obtain:

k(" (un,fvn>=(27r)”‘1 ) Polovi, +5,) 0((/)\/;1) )dp (A27)

Using the following formula (36), p. 678, Equation (4)),

a*H
S 2T(p+1)

—+00 ]u(bs)sv-H

0 (52 +42)"+]

Ko_u(ab)  (A28)

where the letter I designates the Gamma function and using the
parity of the v th- order modified Bessel function of the second
kind, the function K (n)

) _2 n—1 5
k(" <ﬁv> _(E+9,) Kn—l( 7, +@>

(#y,T,) takes the following form:

I(n)
(A29)
Substituting this result into (A17) yields
Pﬁﬂ ) Vn <En7 'Un)
(1 - %" n=1 — 2
=T )\/_ —|-v K, \/;tn—kfvn
X exp (A30)

1 _ _
LRy Ry ¥n = TRy1y00n
0% 0%
Ry, "Ry

By using the bijective transformation of (U,,V,) into (Z,,
AD 4y 1) 1) with Up = Zpcos(AD b, o) ) and
Vi = Zysin(AD 4, 1) ), We obtain from (A30) the joint PDF
of Z, andA®D g, i) !

(1 - 7.2)” n
Wzn]{n_1(zn)

pZ,, DD 1740) <Zﬂ’ A¢(bﬂ,b/ﬂ’)ﬂ) =
Zy [FRbaRz/af cos (A¢(ba,b’a’).n - Flejb,a, Sin(A(p(ba,b’a/).n”

2 2
ORuORy .

Xexp

(A31)



AFIFI axp DUSSEAUX

| 727

We derive the PDF for the multilook phase difference by
integrating pz,, ad(ba,ba’)n (Z,,,AqS(me,/ #)n) OVet Z and we obtain

(-7

pA(D(ba.b’a’),n (A¢(bﬂ,b’a’),n) = 71_2,,11(”) (A32)

% [o " ZyKmi (za)exp(zad, ) dz,

where (,, is given by (13) with —1 <, <+1. Using the
following formula [37, Section 13.21 (7)],

e K e = [T = ) +9)

(A33)
XP:/_Z]_/g(cosh a)
sinh#~1/2g
the multilook phase difference distribution becomes:
r(2n) (1-7)"
A ') —
pA(D(ba,b/ﬂ,),n( ¢(ba,ba ), ) \/EF(TZ) on
(A34)

1 (nt1/2)/2 12
X (1_4,2) P (=8)
n

where P (z2) is the Legendre function of the first kind defined
by (29, Section 3.2 (7)),

F(1—/.L+U,—PL

1-2z
v 1 -y 2

Py(z)=
(A35)

and Fa,byc;d) is the Gauss hypergeometric function. By
substituting (A35) into (A34), we find:

r(2n) (1—72)" 27172
Py BBty n) = .
Voal(n) 2 FG+%
2
1
xF(Zn;Z;n—&-é; +€")
2 2

(A36)

Finally, by using the following properties of the Gauss
hypergeometric function,

11+2z
F<24,2b,a+b+§, 5 )
r(a+b+l)r 1)
2) \2 1,
F(a,b,—,z)
r a+1 r b+1 2 (A37)
2 2
ratb+i)r(-L
- ) \% F +1b+1§~z2
z T(@)T(b) TPy
and
133 2\ _ 1
F<n+§; 27274’71) - (1 _gz)n+l/2 (A38)

n

the analytical expression for the mulitlook phase difference
Padpap)nBPpa, ban ) is given by Formula (13).
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