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plastic dilatancy, power-law viscoplasticity and softening.11

• This extended effective viscosity approach gives results as accurate as algorithms12

in engineering which use return mapping and consistent linearisation.13

• Applications to crustal-scale shear banding and long-term lithospheric deforma-14
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Abstract16

Deformations of the colder regions of the lithosphere mainly occur in the frictional17

regime. In geodynamic models, frictional plastic deformations are often highly localised18

(shear bands) and are used as proxies for faults. However, capturing the generation and19

evolution of shear bands in geodynamic models is troublesome. Indeed, mesh dependency20

and lack of convergence affect, to some extent, the results of geodynamic models. Here21

we extend the most common plasticity implementation used in geodynamic codes (ef-22

fective viscosity approach) to include the combined effects of elasto-plastic compressibil-23

ity, plastic dilatancy, strain softening and viscoplasticity. The latter acts as a regular-24

isation that cures most of the known issues of geodynamic models related to frictional25

plasticity. Using regularised models based on the M2Di MATLAB routines, we show that26

volumetric elasto-plastic deformations can significantly impact crustal-scale shear band-27

ing. We also show that the artificial overstress caused by viscoplasticity can be mitigated28

by employing power-law models. Furthermore, we demonstrate that plasticity algorithms29

common in geodynamics (based on the effective viscosity approach) can be as accurate30

as those obtained with algorithms typically used in engineering (return mapping with31

a consistent tangent operator). Finally, we show examples of long-term tectonic defor-32

mations using the state-of-the art geodynamic code MDoodz. They indicate that vis-33

coplastic regularisation can be used efficiently to obtain reliable simulations in geody-34

namics.35

1 Introduction36

In most geodynamic settings a large volume of the crust exhibits frictional-plastic37

deformations. Together with the equilibrium condition this rheological model can explain38

the occurrence of high-angle faults at the onset of extensional faulting and low-angle faults39

in compression. Moreover, this rheological model has been well calibrated by laboratory40

experiments of rock deformations [e.g. Byerlee, 1978; Rutter and Glover , 2012] and has41

further been validated in the context of deep continental drilling [Zoback et al., 1993].42

In order to properly capture geologically relevant stress states and structures, geodynamic43

models must therefore include frictional plasticity. However, accounting for such a rhe-44

ological model is not trivial and remains challenging. In particular, the modelling of lo-45

calised shear bands, which serve as proxies for faults, causes issues. The frictional plas-46

tic rheology becomes unstable when softening or non-associated plastic flow are included47
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and this can lead to the formation of localised shear bands [Rudnicki and Rice, 1975].48

Yet, most current implementations do not incorporate an internal length scale, which49

is necessary to constrain the shear band to a finite width. The absence of such a length50

scale causes patterns of the modelled faults to be fractal [Poliakov et al., 1993] and their51

properties (dimensions, number, stresses and strains) to depend on the numerical res-52

olution [e.g. Duretz et al., 2019]. Another consequence is that the models are numeri-53

cally unstable in the sense that divergence of the equilibrium-finding iterative process54

is often observed [Spiegelman et al., 2016; Duretz et al., 2018].55

To address these issues numerous regularisation schemes have been proposed. All56

of them introduce an internal length scale. Non-local plasticity involves a typical dimen-57

sion of the area over which the plastic strain is averaged [Bažant and Lin, 1988]. Gra-58

dient plasticity includes the spatial gradients of the plastic strain in the yield function59

[de Borst and Mühlhaus, 1992]. Cosserat models include micro-rotations to reflect the60

micro-structure of the material. The bending modulus which sets the stiffness between61

the ensuing micro-curvatures and the couple stresses then introduces a length scale as62

the quotient of this bending modulus and Young’s modulus has the dimension of length63

[Mühlhaus and Vardoulakis, 1987; Stefanou et al., 2017; Sabet and de Borst , 2019]. While64

all of these approaches have been applied successfully, they typically require more com-65

putational power than continuum models which are not enriched, since they either re-66

quire additional degrees of freedom (rotational degrees of freedom in Cosserat media)67

or complicated, time-consuming averaging procedures. Herein we focus on viscoplastic68

regularisation, which has recently been applied to problems in geodynamics [Duretz et al.,69

2019; Jacquey and Cacace, 2020; Duretz et al., 2020]. This regularisation approach is based70

on the inclusion of rate dependence of the yield function [Wang et al., 1997; de Borst71

and Duretz , 2020]. Viscoplasticity thus introduces explicitly a time scale rather than a72

length scale [e.g. Wang , 2019]. The methodology is purely local and hence does not re-73

quire the introduction of additional degrees of freedom at the global level. Likely, vis-74

coplasticity is the simplest possible regularisation technique and its implementation in75

existing codes is fairly trivial. While it is not the most rigorous regularisation technique,76

especially for quasi-static (slow) process, the benefits of viscoplasticity are that a diver-77

gence of the equilibrium-finding iterative procedure is usually avoided and that mesh de-78

pendence is vastly reduced. Nevertheless, the method introduces an artificial overstress,79

which may affect the solution – an issue that we will thoroughly address in this paper.80
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In this study we provide a detailed description of the implementation of viscoplas-81

ticity for geodynamic codes that are based on the velocity-pressure formulation and on82

the effective viscosity approach (EVA) for the plastic rheology [e.g. Willett , 1992; Moresi83

et al., 2003; Gerya and Yuen, 2007; Lemiale et al., 2008; May et al., 2014; Kaus et al.,84

2016; Spiegelman et al., 2016; Glerum et al., 2018; Naliboff et al., 2020]. We consider a85

compressible visco-elasto-viscoplastic (V-E-VP) formulation, power-law viscoplasticity86

and various softening laws. Both local rheological computations (local iterations, return87

mapping) and global computations (Newton-Raphson iterations) are explained in detail.88

Numerical implementation is based on the Finite Difference Method. A description of89

an equivalent formulation in the context of the Finite Element Method and displacement-90

pressure formulation can be found in Commend et al. [2004]. All the results shown can91

be reproduced using the open source MATLAB routines based on M2Di [Räss et al., 2017]92

(https://bitbucket.org/lraess/m2di/src/master/M2Di2 VEVP Compressible) and the geo-93

dynamic modelling code MDoodz (https://github.com/tduretz/MDOODZ6.0).94

2 Model formulation95

We consider steady-state deformations of a compressible V-E-VP medium, so that

the balance of momentum takes the form

∂σij
∂xj

+ ρgi = 0, (1)

The body force acting on the medium is due to gravity acceleration g. x contains the96

spatial coordinates, ρ corresponds to the density and σ is the total stress tensor. The97

latter relates to the deviatoric stress τ and to the pressure p via σij = pδij +τij , with98

δij the Kronecker delta. The total strain rate ε̇ relates to the deviatoric and the volu-99

metric strain rates, ε̇ and vk,k, respectively, as follows: ε̇ij = ε̇ij+ 1
3vk,kδij , with v the100

velocity vector. The Einstein summation convention applies and the notation ,k implies101

differentiation with respect to xk.102

The rheological model is based on the additive decomposition of the deviatoric strain

rate tensor:

ε̇ij = ε̇v
ij + ε̇e

ij + ε̇vp
ij , (2)

where the superscripts v, e and vp stand for elastic, viscous and viscoplastic, respectively.

We consider isotropic power-law creep, linear isotropic elasticity and viscoplasticity such
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that the additive decomposition can be expressed as:

ε̇ij =
τij
2ηv

+
τ̇ij
2G

+ λ̇
∂Q

∂τij
, (3)

where ηv is the effective creep viscosity, G is the shear modulus, λ̇ is the rate of the plas-

tic multiplier and Q is the plastic flow potential. The effective power-law creep viscos-

ity is formulated as:

ηv = ηv
0 ε̇

v
II

1
nv−1 , (4)

where ηv
0 and nv are material parameters which can be calibrated using laboratory ex-

periments. ε̇v
II is the second invariant of the viscous part of the deviatoric strain rate ten-

sor defined as ε̇v
II =

√
1
2 ( ε̇v

xx
2 + ε̇v

yy
2 + ε̇v

zz
2) + ε̇v

xy
2 . Here we consider the case of plane

strain deformation, hence the out-of-plane deviatoric strain rate and deviatoric stress com-

ponents do not vanish. Henceforth, we will consider a viscoplastic Drucker-Prager model

with the yield function

F = τII − p sinφ− c cosφ− λ̇ηvp, (5)

where τII is the second invariant of the deviatoric stress tensor defined as τII =
√

1
2 (τxx 2 + τyy 2 + τzz 2) + τxy 2,

c is the cohesion, φ is the friction angle and ηvp is the viscoplastic viscosity. The param-

eters of the Drucker-Prager plasticity model are typically calibrated using experimen-

tal data [e.g. Byerlee, 1978; Rutter and Glover , 2012]. However classical local and rate-

independent non-associated plasticity models cause mesh-dependence of numerical so-

lutions. We employ a viscoplastic model to reduce the effects of mesh dependence dur-

ing non-associated plastic flow. For generality, we express the viscoplastic viscosity us-

ing a power-law relation, so that:

ηvp = ηvp
0 λ̇

1
nvp−1

, (6)

where ηvp
0 and nvp are material parameters. In this contribution, we do not aim to re-103

late the parameters of the viscoplastic model to experimental rock deformation data. Vis-104

coplasticity is here only used for its time regularisation effect.105

Compared to inviscid plasticity models viscoplastic models introduce a rate-dependent

overstress, σ̄ [e.g. Heeres et al., 2002; Niazi et al., 2013; de Borst and Duretz , 2020]. The

use of a power-law exponent in excess of 1 can significantly reduce overstress variations

induced by changes in the magnitude of viscoplastic strain rate, see Figure (1A). Hard-

ening/softening laws are defined for the variables that control the evolution of plastic-
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ity:

ξ = ξ0 −
∆ξ

2
erfc

(
−ε

vp − µξ
σξ

)
, (7)

where ξ represents either the cohesion, friction or dilatancy angle. ξ0 indicates the ini-106

tial value of ξ, while ∆ξ, µξ and σξ correspond to the amplitude, the mean and the stan-107

dard deviation of the prescribed variation of ξ, respectively. σξ controls the rate of soft-108

ening. Its effect on the variation of ξ with viscoplastic strain is depicted in Figure (1B).109

Such a non-linear hardening/softening law differs from the piecewise-linear laws which110

are commonly used in geodynamics. The advantage is that it does not include singular-111

ities and is continuously differentiable, which is very suitable in implicit rheological mod-112

elling using Newton-Raphson linearisation.113

The accumulated viscoplastic strain tensor is expressed as

εvp =

∫ √
2

3

∂Q

∂τij

T ∂Q

∂τij
dεvp ≡

∫
hdεvp. (8)

The plastic flow potential is defined as:

Q = τII − p sinψ, (9)

where ψ is the dilatancy angle. This plasticity model is non-associated (∂F∂p 6=
∂Q
∂p ) un-114

less ψ equals φ. Plastic flow only occurs if F ≥ 0. Then, the rate of the plastic mul-115

tiplier is positive.116

The volumetric rheological model is based on an additive decomposition of the di-

vergence of velocity:

vk,k = ve
k,k + vvp

k,k. (10)

Thus, we assume that volumetric deformation is caused by either elasticity or viscoplas-

ticity, and that volumetric viscous creep is excluded. This leads to:

vk,k = − ṗ

K
− λ̇∂Q

∂p
, (11)

where K stands for the bulk modulus. When ψ = 0, the term ∂Q
∂p = − sinψ vanishes117

and the model reaches viscoplastic incompressibility. The fully incompressible limit vk,k =118

0 is obtained by assuming elastic incompressibility and setting the dilatancy angle to zero.119

3 Numerical implementation120

The momentum balance has been discretised using the staggered grid finite-difference121

method. The components of the velocity vector (vi) and the pressure (p) are considered122

–6–
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as the primitive variables (i.e. a velocity-pressure formulation). The determination of123

velocity and pressure fields that satisfy momentum balance equation is a global proce-124

dure that requires the solution of a system of equations. Moreover, due to non-linear rhe-125

ological models, this procedure is iterative and requires successive global non-linear it-126

erations. The deviatoric rheological implementation is based on the effective viscosity127

approach (EVA), which is used in most geodynamic codes. We use a predictor-corrector128

procedure whereby the trial visco-elastic stress is computed at each global iteration and129

corrected in case of viscoplastic flow. Both the predictor and corrector steps involves non-130

linearities. The considered rheological model is local as, e.g., the yield function does not131

dependent on the gradients of the plastic strain. Hence all rheological computations are132

local procedures in the sense that there are applied to each cell/vertex or integration points133

independently.134

3.1 Local rheological procedures: non-linear visco-elastic predictor135

The stress rate is integrated using a backward Euler scheme, τij = τ0
ij + τ̇ij∆t,

with τ0 the deviatoric stress tensor at the previous time step and ∆t is the time step.

We now define ηe = G∆t. Then, Eq. (3) can be integrated to yield:

τij = 2ηve

(
ε̇′ij − λ̇

∂Q

∂τij

)
(12)

where ηve =
(

1
ηv + 1

ηe

)−1

and ε̇′ij = ε̇ij+
τ0
ij

2ηe is an effective deviatoric strain rate ten-136

sor that accounts for the time discretisation of the stress rate [e.g. Moresi et al., 2003;137

Kaus et al., 2016; Bauville et al., 2020]. Similarly, we define the effective divergence v′k,k =138

vk,k − p0

K∆t , where p0 is the pressure from the previous time step.139

For a non-linear viscous creep model there is no closed-form expression for ηve and

a local non-linear iteration is needed [Popov and Sobolev , 2008]. An exact additive par-

titioning of the elastic and viscous deviatoric strain rates is ensured by the non-linear

identity:

f(ηve) = ε̇′II −
τII
2ηe
− ε̇v

II = 0, (13)

where ε̇′II is the second invariant of ε̇′ij , τII = 2ηveε̇′II is the second invariant of the de-140

viatoric stress tensor and ε̇v
II = Cvτnv

II is the viscous strain rate with Cv = (2ηv
0 )
−nv .141

A local Newton-Raphson scheme can be used to solve f(ηve) = 0. The effective

visco-elastic viscosity is then determined iteratively by incrementing successive correc-

–7–
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tions

δηve = −
(
∂f

∂ηve

)−1

f(ηve), (14)

where

∂f

∂ηve
= −2

ε̇′II
2ηe
− Cvnv τII

ηve
. (15)

This procedure typically converges to machine precision in less than five iterations. The142

algorithm is strain-rate driven and ε̇′II is constant during these local iterations.143

The viscous creep model does not include volumetric deformation. Hence, viscous144

creep is assumed to be purely deviatoric and does not feed back on the pressure field.145

The inclusion of a composite creep model based on different flow law expressions (ex-146

ponential creep, grain-size evolution) is straightforward [e.g. Popov and Sobolev , 2008;147

Schmalholz and Duretz , 2017; Bessat et al., 2020]. The resulting deviatoric stress serves148

as a deviatoric trial stress for the subsequent plasticity computations (τ trial
II = τII).149

3.2 Local rheological procedures: non-linear viscoplastic corrector150

Once the deviatoric trial stress has been determined, the condition for yielding,

F trial = τ trial
II − ptrial sinφ− c cosφ (16)

can be evaluated. As discussed, τ trial
II is determined in the predictor stage, while ptrial

is extracted from the global solution vector. The trial yield function assumes no viscoplas-

tic flow, hence λ̇ = 0 at this stage. For viscoplastic yielding (F trial ≥ 0), the rate of

plastic multiplier (λ̇) needs to be evaluated, which will be used to determine the devi-

atoric viscoplastic strain rate tensor, ε̇vp
ij = λ̇ ∂Q

∂τij
= λ̇

[
τxx

2τII

τyy

2τII
τzz
2τII

τxy

τII

]T
and the volu-

metric viscoplastic strain rate, vvp
k,k = −λ̇∂Q∂p = λ̇ sinψ. Viscoplastic flow then implies

a reduction of the deviatoric stress such that:

τ corr
II = τ trial

II − ηveλ̇. (17)

The individual corrected deviatoric stress components may be evaluated as:

τ corr
ij = 2ηve

(
ε̇′ij − ε̇

vp
ij

)
= τ trial

ij − 2ηveλ̇
∂Q

∂τij
. (18)

If elasto-plastic volume changes are considered, viscoplastic flow feeds back into the pres-

sure. The pressure update then includes a correction proportional to the amount of vis-

coplastic volume change:

pcorr = ptrial + λ̇K∆t sinψ (19)

–8–
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In the incompressible limit, the pressure can be interpreted as a Lagrange multiplier that

enforces incompressibility. Hence, a pressure update may not be explicitly written and

the rheological model does not require any local pressure corrections. The accumulated

viscoplastic strain is updated with the following increment:

∆εvp
II = hλ̇∆t (20)

The corrected yield function is thus expressed as

F = τ trial
II − ηveλ̇− pcorr sinφ− c cosφ− ηvpλ̇ (21)

For ideal, linear viscoplasticity (so without hardening or softening), setting F = 0 yields

the following expression of plastic multiplier rate [de Borst and Feenstra, 1990]:

λ̇ =
F trial

ηve + ηvp +K∆t sinψ sinφ
. (22)

However, as soon as either ηvp, c, φ or ψ involve non-linear expressions, the determina-

tion of λ̇ necessitates non-linear iterations. This procedure is again achieved via local

Newton-Raphson iterations, where corrections to the rate of the plastic multiplier are

expressed as:

δλ̇ = −
(
∂F

∂λ̇

)−1

F (λ̇), (23)

with

∂F

∂λ̇
= −K∆t sinψ sinφ− ηve − ηvp

nvp
−H, (24)

where H = ∂c
∂λ̇

cosφ−∂φ
∂λ̇

(c sinφ− pcorr cosφ)+K∆tλ̇ cosψ sinφ∂ψ
∂λ̇

. The partial deriva-

tives of c, φ or ψ are of the form:

∂ξ

∂λ̇
= −h∆t∆ξ√

πσξ
exp

−
(
µξ − εpl

II

)2

σ2
ξ

 (25)

where ξ is either c, φ or ψ.151

Upon convergence, the stress update is be formulated as:

τij = 2ηve

(
ε̇′ij − λ̇

∂Q

∂τij

)
≡ 2ηvepε̇′ij (26)

where

ηvep =
pcorr sinφ+ c cosφ+ ηvpλ̇

2ε̇′II
. (27)

The effective visco-elasto-viscoplastic viscosity can then be used for the resolution of the152

global non-linear problem. Implementation details regarding local rheological compu-153

tations (predictor and corrector phases) can be found in the Supporting Material (Code154

S1).155

–9–
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3.3 Global Newton-Raphson iterations156

The activation of non-linear rheological elements (e.g. power-law creep, frictional

plasticity) introduces a non-linearity at the global level. In order to reach global equi-

librium, successive global Newton-Raphson iterations are applied. The corrections to the

velocity and the pressure are given by:δv
δp

 = JJJ−1

fv
fp

 . (28)

where JJJ represents the Jacobian matrix and fv, fp are the residuals, defined as:

fvi =
∂τij
∂xj
− ∂p

∂xi
+ ρgi,

fp = −dp

dt
−K

(
vk,k − vvp

k,k

)
.

(29)

It should be noted that the evaluation of the above residual equations requires knowl-

edge of corrected deviatoric stress components and corrected pressure in case of viscoplas-

tic deformation (see Sec 3.2). If ptrial is considered as the global pressure variable, the

time discretized residuals are expressed as:

f̃vi =
∂τij
∂xj
− ∂ptrial

∂xi
−
∂K∆tvvp

k,k

∂xi
+ ρgi

f̃p = −p
trial − p0

∆t
−Kvk,k,

(30)

where p0 is the pressure from the preceding time increment and ∆t is the time step. Al-

ternatively one may define pcorr as the global pressure variable, in this case the time-discretized

residuals are expressed as:

f̃vi =
∂τij
∂xj
− ∂pcorr

∂xi
+ ρgi,

f̃p = −p
corr − p0

∆t
−K

(
vk,k − vvp

k,k

)
.

(31)

The assembly of the Jacobian matrix requires the evaluation of the tangential op-157

erators,
∂τij
∂ε̇kl

and ∂p
∂vk,k

, at each cell or integration point. The latter can be obtained ei-158

ther via a consistent linearisation of the finite-step visco-elasto-viscoplastic relation (as159

customary in computational engineering), or by explicitly evaluating the derivatives of160

the effective viscosity ηvep, which is commonly done in computational geodynamics. Herein,161

we have tested both approaches and the corresponding analytical expressions are given162

in the Appendices A and B, for the Newton linearisation of the effective viscosity approach163

and the finite-step consistent tangent linearisation, respectively. It is emphasised that,164

when the linearisation and differentiation are done correctly, both approaches result in165

–10–
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the same Jacobian, and hence, the convergence behaviour is exactly the same (see Fig.166

2 and Supporting Material Figure S8).167

At each global iteration solving for the correction vector requires the application168

of the inverse of the Jacobian matrix to the current residual vector. To this end, we use169

a sparse direct factorisation based on UMFPACK [Bates, 2007] in the M2Di examples.170

For the MDOODZ applications, we rely on a direct-iterative scheme involving Powell and171

Hestenes iterations, Generalised Conjugate Residual iterations and pre-conditioning us-172

ing Cholesky factorisation of the symmetrised Jacobian [e.g. Räss et al., 2017]. These173

techniques require the explicit assembly of the Jacobian matrix and it is thus necessary174

to compute the partial derivatives of the momentum and continuity equations with re-175

spect to the velocities.176

3.4 The choice of parameters for viscoplastic regularisation177

The viscoplastic rheological model relies on the inclusion of a rate-dependent vis-

cous component in the yield function. The latter causes an extra stress, typically coined

the overstress σ̄, compared to rate-independent models. The magnitude of the overstress

depends on the strain rate can be expressed as:

σ̄ = ηvpλ̇ = ηvp
0 λ̇

1
nvp

. (32)

For a linear viscoplastic model, the overstress depends linearly on the rate of plas-

tic multiplier. Large variations of strain rate result in proportional variations of the over-

stress. This effect can be mitigated by using power-law models, which reduces the mag-

nitude of the overstress. For example, Fig. (1A) shows variations of the overstress for

different values of the stress exponent, nvp. A linear model predicts a variation of over-

stress of an order of magnitude for a variation of the strain rate of an order of magni-

tude. By contrast, a power law model using nvp = 2.0 predicts only half of this over-

stress. In the following model we compute the reference viscosity factor (Pa · sn
vp

) by

defining a reference overstress σ̂ref for a given reference value of strain rate (λ̇ = ε̇ref).

For example, we set σ̄ref = 1 MPa for ε̇ref = 1 × 10−15 s−1 as in Duretz et al. [2020].

The reference viscosity factor can thus be written as a function of the reference overstress,

the reference strain rate and the stress exponent:

ηvp
0 = σ̄ref ε̇ref −

1
nvp

. (33)
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In the linear case (nvp = 1.0), such as in Duretz et al. [2020], the viscosity coefficient178

would be equal to 1021 Pa·s for the above stated reference overstress and strain rate. In179

practice, we set the reference strain rate equal to that of the bulk strain rate applied to180

the model boundaries. Variations of the reference overstress (or viscoplastic viscosity)181

will influence the width of shear bands [Duretz et al., 2019] and thus will have an im-182

pact the evolution of geodynamic models. We provide some examples in the following183

sections as well as in the Supporting Material (Figure S3).184

4 Results185

4.1 Comparison with previously published results186

We first check whether the above model can successfully capture visco-elasto-(visco)plastic187

shear banding. To this end, we compare the results of 3 shear banding simulations to188

previously published results. The latter simulations were obtained using a different model189

formulation (displacement-based) and linearisation technique (consistent tangent lineari-190

sation), but with the same spatial and temporal discretisation (staggered grid finite dif-191

ferences, backward Euler). The first simulation uses an elasto-plastic (E-P) rheology and192

corresponds to Test 1 of Duretz et al. [2018] (Fig. 2A). The second test accounts for de-193

viatoric viscous creep (V-E-P rheology) and corresponds to Test 4 of Duretz et al. [2018]194

(Fig 2B). The third test accounts for an elasto-viscoplastic rheology (E-VP) and was pre-195

sented in Duretz et al. [2019] as Model 1 (Fig 2C). All tests include bulk elasticity and196

plastic dilation. For each test, we report the evolution of the minimum, the maximum197

and the mean value of the second deviatoric stress invariant in the domain. In all cases198

excellent agreement between results obtained with the different formulations is obtained.199

We conclude that models based on the effective viscosity approach with a correct dif-200

ferentiation and a velocity-pressure formulation capture visco-elasto-(visco)plastic shear201

banding as accurately as models based on the displacement-based formulations and us-202

ing a consistent tangent linearisation. Moreover we have also derived a finite-step con-203

sistent tangent linearisation suitable for the velocity-pressure formulation (Appendix A).204

We could show that this approach delivers similar non-linear convergence than the New-205

ton linearisation of the effective viscosity approach (see Supporting Material, Figures S7206

and S8).207
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4.2 Crustal shear banding208

We now apply the rheological model to model shear banding at the crustal scale209

(Fig. 3 to 6). The design of the experiments is similar to that in Duretz et al. [2020]. The210

model domain has a width of 100 km and a height of 30 km, and accounts for gravity211

acceleration. The crust is represented by a V-E-VP rheology and accounts for the West-212

erly granite flow parameters, constant shear and bulk modulus, and a viscoplastic pressure-213

dependent flow rule. The temperature varies linearly between 20◦C and 466◦C from top214

to bottom. The only difference with Duretz et al. [2020] is that we consider the top bound-215

ary to be a free surface. The simulations have been carried out in compression with a216

constant rate of 10−15 s−1. We have assumed small strains and thus neither advection,217

nor rotation are taken into account. The models were run with a resolution of 404×124218

cells up to a final time of 1.2811 My (101 time steps of 4×1011 s). Non-linear iterations219

were performed until the norm of momentum residuals dropped below 5×10−12. The220

results can be reproduced using the corresponding M2Di MATLAB routines.221

4.2.1 Bulk elastic deformation and plastic dilation222

The assumption of incompressible deformations is often made in geodynamic mod-223

elling. We now investigate the role of elastic compressibility as well as that of plastic di-224

lation on the patterns of crustal scale shear banding. Fig. 3A shows shear banding pat-225

terns obtained with an incompressible V-E-VP formulation [Duretz et al., 2020]. Includ-226

ing elastic bulk deformation (bulk modulus K = 5×1010 Pa) significantly changes the227

shear banding pattern. The strain rates tend to concentrate within the main shear band228

and secondary shear bands tend to disappear. The effect of shear banding on the pres-229

sure field is still noticeable, and strong pressure gradients across shear bands are preserved230

(Fig. 3B). The inclusion of a constant plastic dilatancy angle (ψ = 10◦) smears out most231

of the shear bands observed in the incompressible counterpart. The main shear bands232

are broader, hence both the intensity of deformation and pressure variations are atten-233

uated (Fig. 3C).234

The effect of varying the bulk modulus while keeping the dilatancy angle constant235

is shown in Fig. 4. Panels A to C show a variation of K within the range 1010 – 1011
236

Pa. The progressive increase of K promotes strain localisation and shows that plastic237

strain localisation is favoured as elastic incompressibility is approached. On the other238
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hand, models with ψ ranging between 2.5 and 7.5 are shown in panels D to F. The re-239

sults further confirm that plastic strain localisation is more likely to occur for low val-240

ues of the dilatancy angle. The magnitude of the deviatoric stress (max. 500 MPa) and241

the depth of the brittle-ductile transition (−17 km) are not much affected by variations242

of the bulk modulus and the dilatancy angle. We conclude that shear banding is pro-243

moted by either elastic or plastic incompressibility. Strain localisation is the most intense244

in the limiting case for both elastic and plastic incompressibility (Fig. 3A).245

In general we observe that simulations in which the effects of bulk elasticity and246

plastic dilation are included exhibit a better global non-linear convergence than incom-247

pressible simulations. This is also linked to the fact that both elastic and plastic incom-248

pressibility promote shear banding, which renders the iteration procedure more challeng-249

ing (see Supporting Information Figure S11).250

4.2.2 Power-law viscoplasticity251

We have also explored the impact of different values of the power-law viscoplas-252

ticity exponent on the patterns of shear banding. All models are designed such that the253

reference overstress is 1 MPa. In the reference model (K = 5×1010 Pa, ψ = 10◦), the254

shear bands are wide and the overstress rises above 10 MPa (Fig. 3B, Fig. 5A). This is255

because the strain rate in the shear band is one order larger in magnitude than the back-256

ground value and the viscoplastic model is linear (nvp = 1.0). Setting the power-law257

exponent to 1.5 locally reduces the overstress to maximum values of about 10 MPa and258

amplifies strain localisation (Fig. 5B). Increasing the exponent to 2.0 further decreases259

the width of the shear bands and reduces the overstress to maximum values of about 5260

MPa (Fig. 5C). By increasing the stress exponent, models tend towards the rate-independent261

plastic limit. Moderate values of the stress exponent (¡3.0) are hence recommended to262

benefit from the advantages of viscoplasticity (global non-linear convergence, regular-263

isation) while keeping moderate values of overstress.264

4.2.3 Strain softening265

Material strain softening is often used to trigger strain localisation in the frictional266

domain [Huismans and Beaumont , 2003; Naliboff et al., 2017, e.g.]. We have tested the267

effect of softening on the cohesion, the friction and the dilatancy angle for the V-E-VP268
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class of models. Implicit and explicit implementations were tested (Fig. 6). In the im-269

plicit approach plastic variables are updated during the non-linear global iterations. In270

the explicit approach, plastic variables are updated once per time step, i.e. after the global271

non-linear iterations. Models with cohesion strain softening exhibit the largest sensitiv-272

ity with regard to the type of implementation, Fig. 6A,B. The model with implicit strain273

softening features numerous secondary shear bands, Fig. 6B. In both cases the minimum274

cohesion (0 MPa) is reached within the shear bands. For friction softening, we have only275

considered a small decrease of the friction angle (5◦). This ensures a stable implicit time276

integration at each time step without requiring any form of adaptative time stepping.277

Both implementations deliver very similar shear banding patterns with most reduction278

of the friction angle occurring in the shear bands, Fig. 6C,D. For dilation softening, we279

also allowed for a 5◦ reduction of the dilatancy angle. Whatever the implementation, model280

results are virtually similar (Fig. 6E,F) and very much resemble the reference model, Fig.281

3B. A large part of the plastic region is not affected by shear localisation. Reduction of282

the dilatancy angle is also observed where shear bands do not develop. In all cases we283

observe that ’thick’ shear bands (i.e. several elements/cells wide) develop. This indicates284

that the regularising properties are preserved when strain softening is considered.285

5 Application to lithosphere dynamics simulations286

In order to demonstrate the practical use of the V-E-VP model, we have run long-287

term lithospheric deformation simulations (Fig. 7 to 10). The V-E-VP model was im-288

plemented in the thermo-mechanical code MDoodz that can handle tectonics deforma-289

tions [Duretz et al., 2016a; Kiss et al., 2019; Poh et al., 2020; Candioti et al., 2020] and290

accounts for composite rheological models [Yamato et al., 2019; Bessat et al., 2020] and291

a true free surface [Duretz et al., 2016b]. The model domain has a 300 km width and 100292

km height. The crust consists of three layers (15 km thick upper crust, 10 km thick mid-293

dle crust and 10 km thick lower crust). To seed the deformation, a weak elliptical inclu-294

sion is located within the lower crust. Its orientation will trigger either symmetric or asym-295

metric deformation patterns (10 km long axis, 2 km short axis, with a 0◦ dip for the sym-296

metric case and a 30◦ dip to the left for the asymmetric case). The underlying mantle297

is represented by a single material phase. For the mechanical problem, we consider con-298

stant normal velocities at the left (± 0.5 cm/y), right (± 0.5 cm/y) and bottom (± 0.31299

cm/y) faces of the model, and a free surface at the top. The transient thermal problem300
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was initialised with an equilibrated temperature field (shear and adiabatic heating are301

neglected in the initialisation step) and accounts for zero fluxes at the left and right sides,302

and constant temperatures at the top (0◦ C) and at the bottom (1450 ◦ C). We have used303

a linear viscoplastic model (nvp = 1.0). Strain softening was applied for crustal ma-304

terials only and was based on an explicit implementation (see the previous section). We305

have used an explicit marker advection scheme (4th order Runger-Kutta in space) with306

a variable time step (Courant number: 0.25). Governing equations and material prop-307

erties are given in Appendix C and Table C.1.308

5.1 Evolution of reference models309

5.1.1 The symmetric case310

In order to test the robustness of our algorithm, we first consider a case where both311

initial and boundary conditions are symmetric. The viscoplastic viscosity was set to 2×312

1020 Pa·s (nvp = 1.0), which corresponds to a reference overstress of 2 × 105 Pa. The313

spatial resolution was set to 187 m (1600×592 cells). To enforce symmetry, the dip of314

the weak elliptical inclusion is set to 0. After 1 My of extension, stress is built up and315

frictional deformation occurs in the brittle regions of the whole crust (Fig. 7A). After316

4.5 My, a symmetric neck has developed and the crust has thinned by a factor 3 in the317

center of the model. With exhumation, the mantle cools down which leads to embrit-318

tlement (Fig. 7B,C). At 7.6 My, the crust is hyperthinned and is about to break-up and319

locally reaches 1/8 of its original thickness (Fig. 7C). In compression, the yield stress320

is higher and more time is needed for fully buiding-up stresses. After 1 My, only the up-321

per crust is affected by frictional plastic deformation (Fig. 7D). At 4.5 My, the lithosphere322

has started to buckle and frictional deformation occurs throughout the entire crust (Fig.323

7E). After 7.6 My, the crust was locally thickened by almost a factor 2. It is striking that,324

either in compression or extension, all modelled structures are strictly symmetric despite325

the use of frictional strain softening.326

5.1.2 The asymmetric case327

Now we introduce asymmetry by initially tilting the weak elliptical inclusion. Again,328

models were run under either extension or compression for a total duration of 7.6 My.329

The viscoplasticty parameters and model resolution were similar to that of the previ-330
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ous example (187 m). After 1.9 My of extension, a graben has developed at the centre331

of the domain and is laterally limited by two conjugate crustal-scale shear bands. The332

500◦C isotherm is located at an average depth of 30 km. Asymmetry is inherited from333

the initial tilt of the elliptical inclusion. As a result, the right shoulder rises higher than334

the left one (Fig. 8A). After 4.4 My of stretching, the crust has necked down to a thick-335

ness of about 10 km and the 500◦C isotherm now coincides with the base of the thinned336

crust. The isocontour of strain reveals accumulated strain in the necked crust and at the337

base of the lithosphere (Fig. 8B). After 7.6 My, the crust reaches the stage of break-up338

and two margins can be identified. An asymmetry can be observed as the right margin339

is almost twice as wide as the left margin. The strain isocontour indicates that both plates340

are weakly deformed above 90 km depth (Fig. 8C). After 1.9 My of compression, a crustal341

scale pop-up structure develops in the centre of the domain. As in extension, asymme-342

try is inherited from the orientation of the perturbation. Hence, the thrust that has the343

closest orientation to that of the weak elliptical inclusion becomes the main thrust. The344

right part of the domain thus becomes the lower plate (Fig. 8D). After 4.4 My, the Moho345

of the lower plate reaches 60 km depth. The left plate starts to bend downwards and the346

plateau is slightly tilted towards the hinterland. A secondary thrust develops in the fore-347

land. The 500◦C isocontour is characterised by an upward deflection below the plateau348

(Fig. 8E). At 7.6 My, new thrusts have developed in the foreland and the tilt of the plateau349

reaches 10◦. The 500◦C isocontour has started to diffuse laterally and the lower plate350

Moho reaches a depth of 80 km. The accumulated strain contours reveal that foreland351

deformation was mostly accommodated by the two deeply rooted thrusts (Fig. 8F).352

5.2 Behaviour upon mesh refinement353

We have next studied the behaviour of the models upon mesh refinement. In ex-354

tension, the differences are minor when considering simulations for a low spatial reso-355

lution (200 × 72, Fig. 9A), a medium resolution (400 × 148, Fig. 9B), a high resolu-356

tion (800×296, Fig. 9C), and the reference case (1600×592, Fig. 8C). Invariably, two357

plates that are weakly deformed above 90 km depth were individualised in response to358

stretching. The margins exhibit similar morphologies and the stress distributions are in359

broad agreement. The maximum stress values are located in the frictional plastic regions360

of the lower crust of both plates (250-300 MPa).361
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In compression, the sensitivity of models to the spatial resolution is bigger. In par-362

ticular, the low resolution model (Fig. 9D) does not capture some important character-363

istics of the reference simulation (Fig. 8F). Instead, the upper plate is bent upwards, the364

plateau is not developed and the upper plate deformation is limited. These differences365

progressively diminish with increasing resolution. For example, the upper plate depicts366

a slight downward bending for the medium resolution (Fig. 9E). For the high resolution,367

the amplitude of bending reaches that of the reference model (Fig. 9F). The shape of368

the 500◦C isotherm also converges with increasing resolution. A stress of 500 MPa (and369

above) is reached in the frictional portions on the middle crust, lower crust and the man-370

tle lithosphere. The morphology of the frontal part of the wedge is the most critical re-371

gion with regard to mesh convergence. Strain isocontours indicate that plateau growth372

was mainly accommodated by two deeply rooted thrusts in both high and reference res-373

olution models. However, there are still important differences in terms of the number of374

secondary thrusts, which locally affect the topography.375

5.3 Effect of the reference overstress376

In V-E-VP models the rate-dependence of the plastic model is controlled by the377

viscoplastic viscosity. The subsequent overstress is thus expected to influence the results378

of numerical simulations. For example, setting a too small value of reference overstress379

(or too small ηvp) is equivalent to running a model in the rate independent limit (V-E-380

P). In this limit, the benefits of viscoplastic regularisation vanish and models will thus381

likely fail at satisfying a global force equilibrium. For a too large value of overstress, the382

computed stress will be well above the value predicted with the rate-independent Drucker-383

Prager. This will impede shear banding and strain localisation in the frictional domain.384

We have examined the impact of this parameter on the lithospheric extension and on385

the compression models for the medium resolution (800×296 cells). For the reasons men-386

tioned above, we have varied ηvp within a narrow range (1020 – 1021 Pa·s). In extension,387

the magnitude of the viscoplastic viscosity has little influence on the morphology of the388

margins and the timing of break-up (Fig. 10,A,B,C). Small values of ηvp promote strain389

localisation in the frictional plastic domain, enhances asymmetry as well as topographic390

gradients. However, the overall stress distribution and the stress levels are not affected391

strongly. The value of ηvp also has an influence on lithosphere compression models, in392

particular on the distribution of strain around the plateau. For example, we observe that393
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deeply rooted foreland-dipping thrusts are better captured for ηvp ≤ 4×1020 Pa·s (Fig.394

10D,E,F). Interestingly, we notice that variations of ηvp affect the bending of the upper395

plate in a similar way as the numerical resolution (see section above). However, the over-396

all stress distribution and the stress level, and also the topography, are influenced rather397

weakly by the value of ηvp.398

6 Discussion399

Geodynamic models generally rely on continuum mechanics and can, so far, at best400

achieve resolutions of 100 m scale [Naliboff et al., 2017; Petri et al., 2019]. Such resolu-401

tions are far larger than the actual width of fault zones that develop in the brittle part402

of the lithosphere [Shipton et al., 2006]. The latter could also be modelled using discon-403

tinuous representations [e.g. de la Puente et al., 2009]. However this approach does not404

seem suitable for large deformation tectonic models that should capture the self-consistent405

emergence and activation of frictional plastic shear bands. Moreover, such models will406

not be able to resolve fault zones dimensions, in particular their width, when a sufficiently407

high resolution will have come within reach. It is therefore essential to continue devel-408

oping geodynamic models based on a continuum approach that can capture frictional409

plastic strain localisation while providing stable and accurate numerical solutions.410

To this end we have used viscoplastic regularisation, which offers a simple and di-411

rect way to obtain convergence during the non-linear iterative process and vastly reduces412

mesh dependence. However, it also clear that viscoplastic regularisation is a time reg-413

ularisation and not a spatial regularisation approach [Wang , 2019], in contrast with non-414

local plastic models [Bažant and Lin, 1988], gradient-based models [de Borst and Mühlhaus,415

1992] or models based on Cosserat medium [Mühlhaus and Vardoulakis, 1987]. Viscoplas-416

ticity is thus not expected to resolve all mesh convergence problems. Future models should417

also consider spatial regularisation approach, which despite their algorithmic and com-418

putational cost become more and more affordable in the context of fully iterative solv-419

ing strategies (e.g. pseudo-transient chemes in Räss et al. [2019]). In particular, it will420

be interesting to consider models that include both temporal and spatial regularisation421

in the context of geodynamic modelling [Wang , 2019]. In general care has to be taken422

when selecting the value of the viscoplastic viscosity which controls the overstress, since423

the evolution of lithospheric models can be affected by this parameter (see Supporting424

Information Figure S3). For the parameter range considered, these variations fortunately425
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appeared less important than variations caused by mesh refinement. In fact, even with426

regularisation and for converged flow and pressure fields, secondary shear bands still de-427

velop as the resolution increases. This is likely a limitation of viscoplastic regularisation.428

With viscoplastic regularisation, the main parameter that allows for obtaining non-429

linear convergence while preserving shear localisation is the reference overstress. We rec-430

ommend to select values in the order of, or below, 1 MPa. Local variations of the over-431

stress may become important in cases where strong localisation occurs. The above pre-432

sented power-law model appears as a suitable way to limit this drawback. We have also433

noticed that, in some cases, checkerboard-style shear banding patterns can arise (see Sup-434

porting Information Figure S6). This was observed for very low values of the overstress435

(σ̄ < 105 Pa), in the limit where viscoplastic regularisation becomes inefficient and where436

shear band can not be captured by the model resolution. This effect occurred in com-437

pressible models and is unrelated to the stability of the velocity-pressure discretisation.438

Further work is needed to investigate what controls this behaviour and to further im-439

prove the use of V-E-VP geodynamic models.440

The effects of elastic bulk deformation can be included in geodynamic models [e.g441

Poliakov et al., 1993; Gerbault et al., 1998; Popov and Sobolev , 2008; Choi and Petersen,442

2015]. Herein we demonstrate that variations in the bulk modulus (K) or in Poisson ra-443

tio (ν) within a realistic range can have a strong impact on the patterns and the inten-444

sity of shear banding. More intense strain localisation was obtained for high values of445

the elastic bulk modulus, in particular near the limit of elastic incompressibility. This446

can be explained by the fact that an increase of bulk modulus decreases effective elasto-447

plastic hardening, which can promote strain localisation. For a larger bulk modulus, the448

strength contrast between shear bands and their less deformed host is increased, which449

further contribution to localisation. A comparison of models involving or not the effect450

of elastic compressibility was presented in Choi and Petersen [2015]. In comparison to451

geoFLAC models (ν = 0.25), those based on the code 2DPIC (elastically incompress-452

ible, ν = 0.5) displayed larger accumulated strain inside shear bands at high resolution453

(their Fig. 2). This would also indicate that elastic incompressibility further contribute454

to strain localisation. This is however to be taken with care since the models presented455

in this study are based on fundamentally different algorithms. Models with a positive456

dilatancy angle exhibit a more diffuse localisation pattern than plastic incompressible457

models in agreement with the results of Choi and Petersen [2015]. The use of dilation458
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strain softening as suggested by Choi and Petersen [2015], for example, seems a reason-459

able choice to capture the initial volume changes due to frictional plastic deformation,460

while still promoting the localisation of strain. It is also in agreement with laboratory461

measurements [Zhao and Cai , 2010, e.g.].462

We have also demonstrated that for frictional plasticity a velocity-based Effective463

Viscosity Approach (EVA) can deliver the same results as algorithms more common in464

the engineering literature, which are based on a displacement formulation and which lin-465

earise a return-mapping scheme to compute the stresses in order to derive a consistently466

linearised tangent operator (see also Lemiale et al. [2008]). This is of course subject to467

the use of the same spatio-temporal discretisation. Moreover, it is also conditional on468

a proper derivation of the visco-elastic-viscoplastic viscosity ηvep and a proper differen-469

tiation of this quantity. This includes that (i) elastic deformations are taken into account,470

(ii) plastic incompressibility is not assumed a priori, and (iii) a proper loading-unloading471

criterion is utilised. It is noted that, at variance with these conditions, the original for-472

mulation [Willett , 1992] assumes the absence of elastic deformations, plastic incompress-473

ibility, and continued plastic loading. For the original formulation, identical results are474

therefore obtained only for a small subset of constitutive models.475

The cause for the generation of non-symmetric structures in geodynamic models476

is typically attributed to plastic strain softening [e.g. Huismans and Beaumont , 2003].477

In this study, strictly symmetric deformation structures arise from models with symmet-478

ric initial and boundary conditions, despite the use plastic strain softening (Fig. 7). In479

fact, it was necessary to introduce asymmetry in either the initial or boundary condi-480

tions to model the formation of asymmetric rifts and mountain belts (Fig. 8). Here, asym-481

metry is thus induced by either inheritance or far-field kinematics. This is provided that482

all discretisation elements (mesh, markers, stencils) are symmetric and that frictional483

plasticity is solved to reasonable accuracy (here, machine precision) at each time incre-484

ment. Given these conditions, we argue that monitoring the symmetry of structures can485

demonstrate the robustness of geodynamic models that encapsulate non-linear rheolo-486

gies upon large strain. A comparison with the models presented in Huismans and Beau-487

mont [2007] is provided in the Supporting Information. It shows that both symmetric488

and asymmetric deformation can be modelled using a either a linear or power-law V-E-489

VP model (Supporting Material Figure S1 to S3) and further confirms that the occur-490

rence of asymmetric deformation is controlled by the amplification of initial perturba-491
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tions (Supporting Material Figure S1). Our result hence confirm those of Huismans and492

Beaumont [2007] but also clarifies the role of strain softening which acts as a catalyser493

rather than a source of asymmetry.494

Numerical geodynamic models often exhibit lack of global non-linear convergence495

[Spiegelman et al., 2016] and the consequences of this is debatable. Here we have used496

viscoplastic regularisation to obtain global convergence in geodynamic models. We have497

observed that when the internal dynamics of the model is not entirely controlled by fric-498

tional plastic strain localisation, the evolution of models is not very sensitive to the con-499

vergence of global equilibrium (see Supporting information Figure S9). This is a posi-500

tive outcome which is particularly true when the plastic layer (i.e. the crust) is consid-501

ered as a passive stress limiter or when the internal dynamics is controlled by a mesh-502

convergent strain localisation phenomenon (e.g., shear heating in [Schmalholz et al., 2014]).503

However, the propagation of frictional plastic shear bands is affected by the convergence504

of global equilibrium (see Supporting information Figure S9). This can become prob-505

lematic in cases where frictional plastic shear banding is the essential ingredient of a model.506

It is therefore important to keep on developing aspects related to frictional plasticity and507

to continue improving the reliability and robustness of future geodynamic models.508

7 Conclusions509

We have designed and tested new aspects of a frictional viscoplastic rheology for510

geodynamic modelling, with emphasis on viscoplastic regularisation. Elastic compress-511

ibility, power-law viscoplasticity, plastic dilatancy, non-associated plastic flow and strain512

softening can be all combined, and incorporated in a numerical approach that is com-513

mon in geodynamic modelling, i.e. a velocity-pressure formulation with an Effective Vis-514

cosity Approach. Moreover, since we accounted for elastic deformation and compress-515

ibility, the approach can deliver results which are as accurate as those in computational516

engineering. We have shown that elastic volumetric deformations, usually neglected in517

geodynamic modelling, can have a noticeable impact on patterns and intensity of shear518

banding. Power-law viscoplasticity can be used to limit the overstress inherent in vis-519

coplastic modelling. Finally, we have shown successful applications of the visco-elastic-520

viscoplastic (V-E-VP) model in the context of state-of-the geodynamic simulations. Hence,521

viscoplastic regularisation may be used for practical purposes when modelling long-term522

tectonic deformations.523
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8 Figures524

Figure 1. A) Effect of power-law viscoplasticity exponent nvp on the magnitude of viscoplas-

tic overstress σ̂ for the variable viscoplastic strain rate ε̇vpII . B) Example of a non-linear harden-

ing/softening law. Effect of variable standard deviation σc on the evolution of cohesion c with the

viscoplastic strain εvpII .
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Figure 2. Simulation of shear banding using compressible elastic and plastic rheology. A)

Test 1 from Duretz et al. [2018]: shear banding in the elasto-plastic regime. B) Test 4 from

Duretz et al. [2018]: shear banding in the visco-elasto-plastic regime. C) Reference model from

Duretz et al. [2019]: shear banding in the elasto-viscoplastic regime. Lower panel plots show

comparison between measurements of the second deviatoric stress invariant (minimum, mean,

maximum). Solid lines are from published studies [Duretz et al., 2018, 2019] and are based on

incremental displacement-based consistent tangent formulation. The crosses correspond to this

study and are based on velocity-pressure effective viscosity formulation. The colour maps are vik

from Crameri [2018].
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Figure 3. Role of compressibility on crustal shear banding. A) Strictly incompressible model.

B) Model incorporating elastic volumetric deformations. C) Model incorporating both elastic

volumetric deformation and plastic dilatancy. For each model, the second invariant of deviatoric

strain rate tensor (logarithmic scale, left) and the pressure (right) are depicted. The colour map

is roma (inverted) from Crameri [2018]. Initial and boundary conditions are similar to those of

Duretz et al. [2020] excepted that we consider the top boundary to be a free surface (see text for

details)

–25–



A
cc

ep
te

d
 A

rt
ic

le

This article is protected by copyright. All rights reserved.  

 

 

 

 

 

 

 

Confidential manuscript submitted to Geochemistry, Geophysics, Geosystems

Figure 4. Effect of varying elastic compressibility and plastic dilation. A), B) and C) shows

models with different elastic compressibilities. E), F) and G) correspond to runs with different

dilatancy angles (constant). The colour map is roma (inverted) from Crameri [2018].
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Figure 5. Effect of power-law viscoplasticity. A) Compressible model (K = 5 × 1010 Pa,

ψ = 10◦) with linear viscoplasticity. B) Similar model as in A) but with power-law viscoplastic

exponent set to 1.5. C) Similar model as in A) but with power-law viscoplastic exponent set to

2.0. For each model, both the second invariant of deviatoric strain rate tensor (logarithmic scale,

left) and the viscoplastic overstress (right) are depicted. The colour map is roma (inverted) from

Crameri [2018].
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Figure 6. Effect of strain softening on crustal shear banding. The left column shows results

obtained with an explicit strain softening implementation. The right column correspond to an

implicit implementation of strain softening. A) and B) correspond to cohesion softening from 50

MPa to 25 MPa. C) and D) correspond to a friction softening from 25 to 20◦. E) and F) cor-

respond to a dilation softening from 10 to 5◦. The colour map is roma (inverted) from Crameri

[2018].
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Figure 7. Time evolution of the lithospheric models in extension and compression with sym-

metric initial and boundary conditions. The colour map corresponds to the magnitude of the

second deviatoric strain-rate invariant (logarithmic scale). Panels A, B, and C depict a model

undergoing extension, panels D, E, F correspond to compression. The black lines indicate the

location of the Moho, the dash-dotted line is the 500◦ isotherm.
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Figure 8. Time evolution of the reference lithospheric models in extension and compression

with a non-symmetric initial condition. The colour map corresponds to the magnitude of the

second deviatoric strain-rate invariant (logarithmic scale). Panels A, B, and C depict a model

undergoing extension, panels D, E, F correspond to compression. The black lines indicate the

location of the Moho, and the dash-dotted line is the 500◦ isotherm.
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Figure 9. Sensitivity of lithospheric models to numerical resolution. Extension to the left,

compression to the right. Three different resolutions are depicted (200 × 72, 400 × 148 and

800 × 296 cells). The model time is about 7.6 My for all six simulations. The colormap corre-

sponds the second deviatoric stress invariant (τII). The black lines indicate the location of the

Moho, the dash-dotted line is the 500◦ isotherm and the thin solid white is the 1.8 accumulated

strain contour.
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Figure 10. Influence of the viscoplastic viscosity on the evolution of lithospheric models in

both extension (left panels) and compression (right panels). Three values of ηvp were investigated

(1021, 4 × 1020 and 1020 Pa· s). Models were run up to about 7.6 My. The colormap corresponds

the second deviatoric stress invariant (τII). The black lines indicate the location of the Moho,

the dash-dotted line is the 500◦ isotherm and the thin solid white is the 1.8 accumulated strain

contour.
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Table 1. Model parameters used for Fig. 2. The friction and dilatancy angles were set to 30

and 10 degrees, respectively.

Parameter Test 1 Test 4 Model 1

Lx[m] 4000 4000 1

Ly[m] 2000 2000 0.685

nx × ny 100× 50 100× 50 100× 69

K [Pa] 2× 1010 2× 1010 2.0

Gmat [Pa] 1010 1010 1.0

Ginc [Pa] 2.5× 109 1010 0.25

ηmat [Pa.s] - 2.5× 1021 -

ηinc [Pa.s] - 1017 -

C [Pa] 3× 107 3× 107 1.75× 10−4

ηvp [Pa.s] - - 2.5× 102

ε̇BG [s−1] 10−15 10−15 5× 10−10

∆t [s] 1010 1010 104

A: The tangent operator: Newton linearisation of the effective vis-525

cosity approach (EVA Newton)526

The tangent operator needed for the global Newton-Raphson iterations is expressed527

as: D ≡ δτττ
δε̇̇ε̇ε , where τττ =

[
τxx τyy τzz τxy p

corr
]T

, ε̇εε =
[
εxx εyy εzz εxy v

′
k,k

]T
and may be528

explicitly written as:529

Deva =



∂τxx

∂ε̇′xx

∂τxx

∂ε̇′yy

∂τxx

∂ε̇′zz

∂τxx

∂ε̇′xy

∂τxx

∂v′k,k

∂τyy

∂ε̇′xx

∂τyy

∂ε̇′yy

∂τyy

∂ε̇′zz

∂τyy

∂ε̇′xy

∂τyy

∂v′k,k

∂τzz
∂ε̇′xx

∂τzz
∂ε̇′yy

∂τzz
∂ε̇′zz

∂τzz
∂ε̇′xy

∂τzz
∂v′k,k

∂τxy

∂ε̇′xx

∂τxy

∂ε̇′yy

∂τxy

∂ε̇′zz

∂τxy

∂ε̇′xy

∂τxy

∂v′k,k

∂pcorr

∂ε̇′xx

∂pcorr

∂ε̇′yy

∂pcorr

∂ε̇′zz

∂pcorr

∂ε̇′xy

∂pcorr

∂v′k,k


(A.1)

To construct the tangent operator matrix needed, we first reformulate the rheol-

ogy as:

τij = 2η
(
ε̇′ij , p

trial
)
ε̇′ij

pcorr = ptrial +K∆tvvp
k,k

(
ε̇′ij , p

trial
) (A.2)
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where η = ηve below the plastic yield and η = ηvep at the yield. Then, the compo-

nents of Deva can be computed as follows:

∂τij
∂ε̇′kl

= 2η

(
δikδjl + ε̇′ij

∂η

∂ε̇′kl

)
∂τij
∂vk,k

= 2ε̇′ij
∂η

∂vk,k

∂pcorr

∂ε̇′kl
= K∆t

∂vvp
i,i

∂ε̇′kl

∂pcorr

∂vk,k
= −K∆t

(
1−

∂vvp
i,i

∂vk,k

)
.

(A.3)

In case of visco-elastic creep or incompressible plastic flow, the partial derivatives of pcorr
530

vanish. Since we consider ptrial as our global variable for the pressure, it is necessary to531

express partial derivatives with regard to the trial pressure. The latter can be further532

computed using the chain rule as,
∂τij
∂ptrial

=
∂τij
∂vk,k

∂vk,k

∂ptrial
and ∂pcorr

∂ptrial
= ∂pcorr

∂vk,k

∂vk,k

∂ptrial
, where533

∂vk,k

∂ptrial
= − 1

K∆t .534

For completeness we also provide the partial derivatives of ηve and ηvep. Upon com-

pletion of the local iterations that determine the visco-elastic trial stress, the effective

viscosity is expressed as:

ηve =

(
1

ηv
+

1

ηe

)−1

with ηv = Cv τII
nv−1 . (A.4)

The partial derivatives of ηve take the following form:

∂ηve

∂ε̇′ij
=
∂ηve

∂τij

2ηve

1− 2
(
∂ηve

∂τxx
ε̇′xx + ∂ηve

∂τyy
ε̇′yy + ∂ηve

∂τzz
ε̇′zz + ∂ηve

∂τxy
ε̇′xy

) (A.5)

Differentiation with regard to τij yields:

∂ηve

∂τij
= −b(nv − 1) (ηve)

2
Cvτn

v−3
II τij , (A.6)

with b = 1 for normal components and b = 2 for the shear components. Note that the535

derivative of ηve with regard to ptrial is 0 since we consider that visco-elastic creep in pressure-536

independent in this study.537

In case of plastic flow, the partial derivatives of ηvep and vvp
i,i need to be determined.

The latter may be evaluated upon completion of the local iteration that determines the

values of λ̇ may be formulated as:

∂ηvep

∂ε̇′ij
= −

ε̇′ijτII

4
(
ε̇′II
)3 +

1

2ε̇′II

(
a
∂λ̇

∂ε̇′ij
+ λ̇

∂ηvp

∂ε̇′ij

)
∂ηvep

∂ptrial
=

1

2ε̇′II

(
sinφ+ a

∂λ̇

∂ptrial
+ λ̇

∂ηvp

∂ptrial

) (A.7)
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where a = H + ηvp +K∆t sinψ sinφ. The partial derivatives of ηvp are non-zero only

when nvp > 1. They are then expressed as:

∂ηvp

∂ε̇′ij
=

(
1

nvp
− 1

)
ηvp

λ̇

∂λ̇

∂ε̇′ij

∂ηvp

∂ptrial
=

(
1

nvp
− 1

)
ηvp

λ̇

∂λ̇

∂ptrial
.

(A.8)

and the derivatives of the plastic multiplier rate read:

∂λ̇

∂ε̇′ij
= −∂F

∂λ̇

−1
(
∂F

∂ε̇′ij
− λ̇∂η

ve

∂ε̇′ij

)
∂λ̇

∂ptrial
= −∂F

∂λ̇

−1 ∂F

∂ptrial
.

(A.9)

Finally, the partial derivatives of the yield function can be expressed as:

∂F

∂ε̇′ij
= bηve

ε̇′ij
ε̇′II

+ 2ε̇′II
∂ηve

∂ε̇′ij
∂F

∂ptrial
= − sinφ.

(A.10)

The derivatives of plastic strain rate are expressed as:

∂vvp
i,i

∂ε̇′ij
= −

(
∂Q

∂P

∂λ̇

∂ε̇′ij
+ λ̇

∂2Q

∂ε̇′ij∂P

)
∂vvp

i,i

∂ptrial
= −

(
∂Q

∂P

∂λ̇

∂ptrial
+ λ̇

∂2Q

∂ ptrial 2

) (A.11)

where the second order partial derivatives of Q are:

∂2Q

∂ε̇′ij∂p
trial

= cos(ψ)
∂ψ

∂λ̇

∂λ̇

∂ε̇′ij

∂2Q

∂2ptrial
= cos(ψ)

∂ψ

∂λ̇

∂λ̇

∂ptrial
.

(A.12)

In the case of Picard iterations, partial derivatives of effective viscosity and cor-

rected pressure with regard to ε̇̇ε̇ε are neglected, the tangent operator then simply reads:

Dpic =



2η 0 0 0 0

0 2η 0 0 0

0 0 2η 0 0

0 0 0 2η 0

0 0 0 0 −K∆t


, (A.13)

where η = ηve below the plastic yield and η = ηvep at the yield.538

B: The tangent operator: consistent tangent finite-step approach (Cons.539

Tangent)540

The consistent tangent operator can also be derived by differentiating a finite-step541

visco-elasto-viscoplastic relation, which is a customary approach in computational en-542
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gineering. However, this is generally done for a displacement-based approach. Geody-543

namic codes are usually based on a velocity-pressure formulation, and it is therefore use-544

ful to express an appropriate form of the consistent tangent operator.545

To this end we first formulate the rheology as:

τij = 2ηve
(
ε̇′ij

)[
ε̇′ij − ε̇′ij

vp
(
ε̇′ij , p

trial
)]

pcorr = ptrial +K∆tvvp
k,k

(
ε̇′ij , p

trial
)

= −K∆t

[
v′k,k − v

vp
k,k

(
ε̇′ij , p

trial
)]
,

(B.1)

where v′k,k = vk,k − p0

K∆t . Different from the preceding section, the viscoplastic strain

rates and divergence appear explicitly in the deviatoric stress update. There is no need

to define an effective V-E-VP viscosity as the trial visco-elastic viscosity will be used.

The constitutive relation can be recast further as:

τττ = Dve (ε̇εε− ε̇εεp) = Dveε̇εε− λ̇Dvem (B.2)

where m =
[
∂Q
∂τxx

∂Q
∂τyy

∂Q
∂τzz

∂Q
∂τxy

− ∂Q
∂ptrial

]T
, and thus contains derivatives with regard546

to the stress deviators as well as the pressure. Due to power-law viscous rheology, Dve
547

depends on the deviatoric strain rate, thus on ε̇εε, where τττ =
[
τxx τyy τzz τxy p

corr
]T

, ε̇εε =548 [
εxx εyy εzz εxy v

′
k,k

]T
. The operator Dve is expressed as:549

Dve =



2ηve 0 0 0 0

0 2ηve 0 0 0

0 0 2ηve 0 0

0 0 0 2ηve 0

0 0 0 0 −K∆t


, (B.3)

For generality, we will consider the case of power-law visco-elastic flow, so that ηve
550

is a non-linear function of the strain rate.551

We consider an infinitesimal perturbation of stress-strain rate relationship such that:

δτττ = Dveδε̇εε+ δDveε̇εε− δλ̇Dvem− δDveλ̇m− λ̇Dve ∂m

∂τττ
δτττ . (B.4)

The above expression can be recast as:

δτττ = E−1Dveδε̇εε+ E−1δDveε̇εεve −E−1Dvemδλ̇ (B.5)

where E =
(
I + Dveλ̇∂m∂τττ

)
and ε̇εεve = ε̇εε − ε̇εεp. The consistency condition implies that

δF = 0 during plastic loading, hence:(
∂F

∂τττ

)T
δτττ +

∂F

∂λ̇
δλ̇+

∂F

∂λ
δλ = 0. (B.6)
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The infinitesimal perturbation of plastic multiplier rate, δλ̇, can be obtained by intro-

ducing infinitesimal perturbation of stress-strain rate relationship into the consistency

condition:

δλ̇ =

(
∂F
∂τττ

)T
E−1Dveδε̇εε+

(
∂F
∂τττ

)T
E−1δDveε̇εεve(

∂F
∂τττ

)T
E−1Dvem− ∂F

∂λ̇
−∆t∂F∂λ

, (B.7)

where we have assumed that δλ = δλ̇∆t.552

Finally, the consistent tangent operator may be expressed by substituting δλ̇ into

expression B.5 and by letting Dctl ≡ ∂τττ
∂ε̇εε :

Dctl = E−1B + E−1Dve

I−
m
(
∂F
∂τττ

)T
E−1 (B + Dve)(

∂F
∂τττ

)T
E−1Dvem− ∂F

∂λ̇
−∆t∂F∂λ

 (B.8)

where B = ∂Dveε̇εεve

∂τ , which can be written explicitly written as:553

B =



2 ∂η
ve

∂ε̇′xx
ε̇ve
xx 2 ∂η

ve

∂ε̇′yy
ε̇ve
xx 2 ∂η

ve

∂ε̇′zz
ε̇ve
xx 2 ∂η

ve

∂ε̇′xy
ε̇ve
xx 0

2 ∂η
ve

∂ε̇′xx
ε̇ve
yy 2 ∂η

ve

∂ε̇′yy
ε̇ve
yy 2 ∂η

ve

∂ε̇′zz
ε̇ve
yy 2 ∂η

ve

∂ε̇′xy
ε̇ve
yy 0

2∂η
ve

∂ε̇′z
ε̇ve
zz 2 ∂η

ve

∂ε̇′yy
ε̇ve
zz 2 ∂η

ve

∂ε̇′zz
ε̇ve
zz 2 ∂η

ve

∂ε̇′xy
ε̇ve
zz 0

2 ∂η
ve

∂ε̇′xx
ε̇ve
xy 2 ∂η

ve

∂ε̇yy
ε̇ve
xy 2 ∂η

ve

∂ε̇′zz
ε̇ve
xy 2 ∂η

ve

∂ε̇′xy
ε̇ve
xy 0

0 0 0 0 0


, (B.9)

The partial derivatives of the trial viscosity with regard to effective deviatoric strain554

rates are given in the previous appendix section. In practice, one may further reduce the555

size of systems to 3×3 by introducing constraint on out-of-plane deformation. The in-556

verse of the matrix E can then be computed analytically.557

The continuum tangent operator (Cont. Tangent) can formulated by neglecting the558

second order derivatives of the plastic flow potential (∂m∂τττ = 000) and thus setting E =559

I.560

C: Governing equations for lithospheric models (MDoodz6.0)561

The models presented in Sec 5.1 were intended to show the evolution of a V-E-VP

in a state-of-the-art geodynamic simulation, thus involving large deformations and com-

–37–



A
cc

ep
te

d
 A

rt
ic

le

This article is protected by copyright. All rights reserved.  

 

 

 

 

 

 

 

Confidential manuscript submitted to Geochemistry, Geophysics, Geosystems

posite rheological modelling. The following set of thermo-mechanical equations were solved:

∂τij
∂xj
− ∂p

∂xi
= −ρgi,

1

K

dp

dt
= −

(
vi,i − vvp

i,i − v
th
i,i

)
ρcP

dT

dt
= − ∂qi

∂xi
+HR +HS +HA,

(C.1)

where T is the temperature and ρ, cP, k and α are the density, the heat capacity at con-562

stant pressure, the the thermal conductivity, and the thermal expansivity, respectively.563

The term qi = −k ∂T∂xi
is the heat flux vector and vth

i,i = αdT
dt is the thermal divergence564

rate. HR is the radioctive heating, HS = τij

(
ε̇ij − ε̇e

ij

)
is shear heating and HA = αT dp

dt565

is adiabatic heating.566

The deviatoric stress rate includes term arising from advection, rotation and stretch-

ing:

τ̆ττ = τ̇ττ − vvv∇τττ −∇vvvT · τττ − τττ · ∇vvv (C.2)

In the current implementation, this operation is split such that the update is semi-implicit.

At each time step, the deviatoric stress tensor is advected and rotated using the veloc-

ity and stress field obtained after convergence of the non-linear solver. The rheological

model is composite and is based on an additive decomposition the different creep strain

rates. Such rheological model is used to represent the creep mechanisms in the lithospheric

mantle (dislocation, diffusion and Peierls). The different mechanisms are combined within

local rheological iterations and allow for determination of trial visco-elastic stress (See

Popov and Sobolev [2008] and Sec. 13). Diffusion and dislocation creep are expressed as

power-laws, such that:

ηDif,Dis = CDif,Dis ε̇II

1

nDif,Dis−1 d
mDif,Dis

nDif,Dis (C.3)

where d is the grain size, m is the grain size exponent, n is the stress exponent. The fac-

tor C is expressed as:

CDif,Dis =

2FDif,Dis
(
ADif,Dis

)− 1
n

exp

(
QDif,Dis + PV Dif,Dis

nDif,DisRT

)−n
Dif,Dis

(C.4)

where Q is activation energy, V is activation volume, F is the correction factor for con-

version of experimental data to invariant formulation (see Schmalholz and Fletcher [2011])

and R is the gas constant. Peierls creep is implemented using the effective power-law for-

mulation of Kameyama et al. [1999], the subsequent Peierls effective viscosity is thus ex-

pressed as:

ηPeierls = CPeierls ε̇II

1

nPeierls−1 (C.5)
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Table C.1. Material parameters used in the lithospheric simulations. Additional parameters

for Peierls creep are γ = 0.1 and σPeierls = 8.5 × 109 Pa. Thermal expansivity, heat capacity, bulk

modulus, shear modulus are assumed constant for each phases (α = 3.2 × 10−5 K−1, cP = 1050

J.kg−1.K−1, K = 2 × 1010 Pa, G = 3 × 1010 Pa ). Softening of the friction angle (upper and

middle crust) occurs within an accumulated plastic strain of 0.5. Flow law parameter are taken

from Hansen and Carter [1983] for the upper crust, Rybacki Mackwell et al. [1998] for the lower

crust, Hirth and Kohlstedt [2004] and Goetze and Evans [1979] for the lithospheric mantle.

A [Pa−n.s−1] Q [J.mol−1] V [m3.mol−1] n m C [Pa] φ [◦] ψ [◦] ρ0 [kg.m−3]

Upper crust 3.1623× 10−26 186.5× 103 0.0 3.3 0.0 2× 107 30→ 10 5 2700

Middle crust 3.9811× 10−16 356× 103 0.0 3.0 0.0 2× 107 30→ 20 5 2750

Lower crust 5.0477× 10−28 485× 103 0.0 4.7 0.0 2× 107 30 5 2800

Inclusion 1.1× 10−16 530× 103 11× 10−6 3.5 0.0 106 0 0 3260

Mantle Diffusion 1.5× 10−15 375× 103 4× 10−6 1.0 3.0 107 30 5 3260

Mantle Dislocation 1.1× 10−16 530× 103 11× 10−6 3.5 0.0 107 30 5 3260

Mantle Peierls 5.7× 1011 540× 103 − − - 107 30 5 3260

where nPeierls is formulated as

nPeierls =
QPeierls

RT
qγ (1− γ)

q−1
(C.6)

and

CPeierls = APeierls
(
γσPeierls

)−nPeierls

exp

(
−Q

Peierls

RT
(1− γ)2

)
(C.7)

where QPeierls, γ, σPeierls are material parameters (see table below).567

The density is assumed to be pressure and temperature dependent and follows the

equation of state:

ρ = ρ0 exp

(
−αT +

P

K

)
(C.8)

where ρ0 is the reference density.568
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