Alberto Sesana 
email: alberto.sesana@unimib.it
  
Natalia Korsakova 
  
Manuel Arca Sedda 
  
Vishal Baibhav 
  
Enrico Barausse 
  
Simon Barke 
  
Emanuele Berti 
  
Matteo Bonetti 
  
Pedro R Capelo 
  
Chiara Caprini 
  
Juan Garcia-Bellido 
  
Zoltan Haiman 
  
Karan Jani 
  
Oliver Jennrich 
  
Peter H Johansson 
  
Fazeel Mahmood Khan 
  
Valeriya Korol 
  
Astrid Lamberts 
  
Alessandro Lupi 
  
Alberto Mangiagli 
  
Lucio Mayer 
  
Germano Nardini 
  
Fabio Pacucci 
  
Antoine Petiteau 
  
Alvise Raccanelli 
  
Surjeet Rajendran 
  
John Regan 
  
Lijing Shao 
  
Alessandro Spallicci 
  
Nicola Tamanini 
  
Marta Volonteri 
  
Niels Warburton 
  
Kaze Wong 
  
Miguel Zumalacarregui 
  
Unveiling the gravitational universe at µ-Hz frequencies

Keywords: Space gravitational wave detector, Micro-Hz band, Massive black hole binaries, Multimessenger and multiband Astronomy, General relativity and beyond, Cosmology and cosmography, Milky Way science

à la diffusion de documents scientifiques de niveau recherche, publiés ou non, émanant des établissements d'enseignement et de recherche français ou étrangers, des laboratoires publics ou privés.

Introduction: the GW landscape post-LISA

As we enter the era of gravitational wave (GW) astrophysics, the Universe unfolds by revealing the most extreme and energetic events abiding by the laws of gravity. In the first and second observing runs, the Laser Interferometer Gravitational-wave Observatory (LIGO) and Virgo detected cosmic whispers from several colliding black hole binaries (BHBs, [START_REF] Abbott | Virgo Collaboration: GWTC-1: A gravitational-wave transient catalog of compact binary mergers observed by LIGO and Virgo during the first and second observing runs[END_REF][START_REF] Abbott | Binary black hole mergers in the first advanced LIGO observing run[END_REF]) and from a neutron star (NS) binary (NSB, [START_REF] Abbott | GW170817: Observation of gravitational waves from a binary neutron star inspiral[END_REF]), this latter accompanied by spectacular electromagnetic (EM) emission visible at all wavelengths [START_REF] Abbott | Multi-messenger observations of a binary neutron star merger[END_REF]. We now know that BHBs form in great numbers and routinely merge along the cosmic history, and that their dynamics in the strong field is consistent (within measurement errors) with general relativity (GR) [START_REF] Abbott | Tests of general relativity with GW150914[END_REF]. We know that colliding NSs are the engines of short gamma-ray bursts, they give rise to radioactive decay powered kilonovae, and they pollute the interstellar medium with heavy elements (e.g. [241,258]). In short, GWs broke onto the stage, bringing the promise of revolutionizing our understanding of astrophysics, cosmology and fundamental physics [START_REF]Mass and Motion in General Relativity[END_REF]. This revolution will be completed in the next two decades, when observatories on the ground and in space will survey the GW Universe across the frequency spectrum, from the kilo-Hz down to the nano-Hz. In the 0.3-10 4 Hz window, third-generation (3G) ground-based detectors, such as the Einstein Telescope (ET, [206]) and Cosmic Explorer (CE,[214]), will detect millions of stellar-origin compact object (CO) binaries (BHBs, NSBs, and NS-BH binaries) out to z > 10. At 10 -4 < f < 0.1 Hz, the Laser Interferometer Space Antenna (LISA, [START_REF] Amaro-Seoane | Laser Interferometer Space AntennaarXiv[END_REF]) will: observe the coalescence of massive black hole (MBH) binaries (MBHBs) in the mass range 3 × 10 3 < M < 10 7 M everywhere in the Universe; probe the population of double white dwarfs (DWDs) in the Galaxy; capture COs slowly inspiralling onto MBHs, mapping out their geometric structure; and pierce through the cosmic microwave background (CMB) to probe the physics of the early Universe [START_REF] Amaro-Seoane | Lowfrequency gravitational-wave science with eLISA/NGO[END_REF][START_REF] Babak | Science with the space-based interferometer LISA. V. Extreme massratio inspirals[END_REF][START_REF] Bartolo | Science with the space-based interferometer LISA. IV: probing inflation with gravitational waves[END_REF][START_REF] Caprini | Science with the space-based interferometer eLISA. II: Gravitational waves from cosmological phase transitions[END_REF]155,160,252]. At even lower frequencies, pulsar timing arrays (PTAs,[271]) and the square kilometre array (SKA, [START_REF] Dewdney | The square kilometre array[END_REF]) will probe the 10 -9 < f < 10 -7 Hz window, unveiling the adiabatic inspiral of the most massive BHs in the Universe, inhabiting the cores of the most massive galaxies at z < 1 [144, 209]. The panorama will be completed by advanced polarization experiments such as the Probe of Inflation and Cosmic Origins (PICO, [131]) and the Cosmic Origins Explorer (COrE,[261]), attempting to probe the B-mode polarization imprinted by a relic stochastic GW background (SGWB) of cosmological origin onto the CMB.

In parallel, new advanced facilities capturing EM radiation in all bands will be operational on the ground and in space. Thirty-meter class optical telescopes, such as the Extremely Large Telescope (ELT, [121]) and Thirty Meter Telescope (TMT,[223]), will reveal the assembly of the first galaxies out to z > 10; the next generation of X-ray missions, like the ESA L2 Advanced Telescope for High Energy Astrophysics (Athena,[189]) and the proposed NASA Lynx [115], will probe the emergence of the first quasars; the James Webb Space Telescope (JWST, [114]) and the Roman Space Telescope (previously known as WFIRST, [246]) will pierce through the first billion years of galaxy formation, and will potentially unveil the nature of dark energy; the SKA itself will probe the ionization history of the Universe with 21cm tomography. Light and gravity will work together to unveil the intimate nature of ultradense dark matter (DM) in NSB mergers, multimessenger observations of NSBs will offer a new way to measure the geometry of the Universe, perhaps we will catch EM signals from merging MBHBs out to moderate redshifts, gaining new insights into the galaxy and MBH assembly processes as well as the interplay between dynamic gravity and relativistic plasma.

Yet, the foreseeable achievements of the coming two decades of exploration of the Cosmos will inevitably leave unanswered questions and bring new challenges. In the context of the Voyage 2050 program, 1 we explore in this White Paper, the possibility of a μ-Hz space-based GW mission, bridging the gap between the milli-Hz and nano-Hz frequency windows surveyed by LISA and PTAs, respectively. By the 2040s, this will likely be the largest gap in the coverage of the astrophysically relevant GW spectrum, and open questions related to a variety of topics, ranging from the emergence of the z > 7 quasars to the physics of over-contact binaries, may well find their answer in there. In Section 2, we sketch the sensitivity of a possible detector extending the range of space-based interferometry to ≈ 10 -7 Hz and highlight its most relevant observational capabilities. We refer to those to construct a detailed science case in Section 3 and present a more detailed strawman mission concept in Section 4.

The observational potential of a μ-Hz space-based detector

To support the case for a μ-Hz detector, we anchor our discussion to a specific heliocentric constellation of satellites, that will be described in more detail in Section 4. The main idea is to place three spacecraft in a nearly Martian orbit, forming an equilateral triangle, thus allowing the construction of two independent Michelson interferometers operating via time delay interferometry (TDI,[263]), analogue to LISA. Ideally, the instrument will feature a second identical constellation, at an angle with respect to the ecliptic. The rotation of the two constellations in different planes with a 1.8 year period, will allow sky localization via Doppler modulation at a LISA level, if not better. From now on, we will refer to this detector as μAres. The observational potential of μAres described below is based on a 10 year mission duration.

Figure 1 shows the μAres sensitivity, together with a detailed overview of expected and potential sources. With nearly 400M km armlength, μAres can achieve a characteristic strain sensitivity of h c ≈ 10 -18 at f = 10 -6 Hz, with more than two orders of magnitude frequency gain compared to LISA. Note that, due to the enhanced laser power (see Section 4), its sensitivity is only ≈ 3 times worse than LISA at f > 0.01 Hz, and ≈ 3 times better around 0.003 Hz, being limited by Galactic DWDs at lower frequencies. Although the milli-Hz range is not the specific focus of this proposal, we note that μAres might in fact outperform LISA 'in the bucket', Fig. 1 μAres sky-averaged sensitivity curve (thick black curve; dashed: instrument only; solid: including astrophysical foregrounds), compared to LISA (thin solid black curve) and SKA (solid black line at the top left). Sources in the SKA portion of the figure include individual signals from a population of MBHBs (pale violet), resulting in an unresolved GWB (jagged blue line) on top of which the loudest sources can be individually resolved (dark blue triangles). The vast diversity of μAres sources is described by the labels in the figure. For all Galactic sources (including DWDs, BHBs, and objects orbiting SgrA * ), the frequency drift during the observing time has been assumed to be negligible. We thus plot h √ n, where n is the number of cycles completed over the mission lifetime, assumed to be 10 years. In this case, the signal-to-noise ratio (SNR) of the source is given by the height of its marker over the sensitivity curve. Extragalactic sources (including BHBs, MBHBs, EMRIs, and IMRIs) generally drift in frequency over the observation time. We thus plot the standard h c = h(f 2 / ḟ ). In this case, the SNR of the source is given by the area enclosed in between the source track and the sensitivity curve. In both cases, when multiple harmonics are present, SNR summation in quadrature applies offering as a potential bonus a deeper view onto extreme mass ratio inspirals (EMRIs) and stellar-origin BHBs.

We now enumerate the observational potential of this design, separating sources in Galactic, and extragalactic, proceeding in order of increasing 'cosmological distance' to the observer. When population models for specific sources are available, we list expected detection numbers, whereas for more speculative sources we highlight the reach of the detector.

The Milky Way as a GW factory

-O (10 5 ) resolved Galactic DWDs, down to f ≈ 10 -4 Hz (model from [169]); -O(100) resolved Galactic BHBs, down to f ≈ 10 -5 Hz (model from [168]); -thousands of mixed (CO + main sequence star), contact, and over-contact binaries, mostly in the unexplored 10 -5 -10 -4 Hz frequency range; -COs with masses down to ≈ 10 -3 M orbiting SgrA * out to distances of several AU, including up to O(100) stellar BHs and many more brown dwarfs.

Astrophysical sources, from the local Universe to the dawn of galaxy formation

-O( 103 ) extragalactic BHBs, improving by an order of magnitude over LISA; -EMRIs around MBHs in the mass range 10 5 -10 6 M out to z > 3; -intermediate mass ratio inspirals (IMRIs) involving 10 3 -10 4 M intermediate mass black holes (IMBHs) inspiralling onto 10 7 -10 8 M MBHs out to z 6; -≈ 50 inspiralling MBHBs with M 1 < 10 6 M in dwarf galaxies at z < 0.5 (model from [START_REF] Bonetti | Post-Newtonian evolution of massive black hole triplets in galactic nuclei -IV. Implications for LISA[END_REF]); -O(100) merging MBHBs along the cosmic history with high SNR (model from [START_REF] Bonetti | Post-Newtonian evolution of massive black hole triplets in galactic nuclei -IV. Implications for LISA[END_REF]); -O( 103 ) inspiralling MBHBs at z < 10, some of them caught thousands of years from coalescence (model from [START_REF] Bonetti | Post-Newtonian evolution of massive black hole triplets in galactic nuclei -IV. Implications for LISA[END_REF]); -bursts from M > 10 6 M direct seed formation out to high redshift.

Stochastic signals; astrophysical foregrounds and cosmological backgrounds

-characterization of the DWDs confusion noise over two decades of frequencies, with SNR> 1000 and detection of confusion noise from contact binaries with periods ranging from few days to few hours in the 10 -5 -10 -4 Hz frequency range; -unresolved foreground arising from unresolved MBHBs at 10 -7 < f < 10 -5 Hz; -unresolved foregrounds arising from extragalactic BNSs and BHBs (similar to LISA); -cosmological SGWBs down to h 2 Ω gw ∼ 6 × 10 -17 at 2 × 10 -4 Hz (nearly four orders of magnitude more sensitive than LISA).

Early source localization Besides detection at high SNR, extending the sensitivity to low frequencies crucially implies that merging MBHBs will be detected early in their inspiral and localized in the sky well before merger. Assuming two triangular noncoplanar constellations, μAres will localize merging SMBHs at z < 5 to better than 10 deg 2 a year before final coalescence (see Fig. 4 and discussion in Section 3.2), opening avenues in multimessenger astronomy which will still be impracticable with LISA.

Science goals

With a general overview of the detector sensitivity and of the observable sources, we now describe the core science enabled by a μAres-like detector. We define five main themes:

1. the MBH Universe; 2. multimessenger and multiband view; 3. general relativity and beyond; 4. cosmology and cosmography; 5. the Milky Way.

The following subsections describe in detail individual specific themes, with the main science goals summarized in the boxes at the end of each subsection.

The massive black hole Universe

The emergence of high redshift quasars

Quasars (QSOs) are among the brightest sources of EM radiation in the Universe and they are currently observed as far back as z = 7.5 ( [START_REF] Bañados | An 800-million-solar-mass black hole in a significantly neutral Universe at a redshift of 7.5[END_REF], see also [102,187,282]). These sources are powered by supermassive black holes (SMBHs) 2 on typical mass scales of 10 9 -10 10 M , characterized by luminosities up to 10 47 -10 48 erg s -1 , and are currently observed at cosmic epochs up to about 800 Myr after the Big Bang, while theoretical models (e.g. [START_REF] Barkana | In the beginning: the first sources of light and the reionization of the universe[END_REF]) and observations (e.g. [START_REF] Bowman | An absorption profile centred at 78 megahertz in the sky-averaged spectrum[END_REF]) suggest that the first stars and black holes started forming 100-200 Myr after the Big Bang. It is thus very remarkable that the mass assembly of the first MBHs occurred very rapidly, in less than ∼ 600 Myr. Although the direct detection of the first stars and black holes is not yet feasible, it is a primary goal for any future surveys. In fact, observing these primordial objects is a crucial step towards constraining the properties of the very early Universe (see, e.g. [130,196]).

The MBHs powering these quasars should have grown from initial "seeds", formed at z = 10-30, and their assembly histories over cosmic time is the end result of many different mechanisms, often acting at the same time: seeding, accretion, and mergers (see Section 3.1.2). Hence, the accelerated assembly process needed for the high-redshift QSOs must rely on enhancing either the initial seed mass, the growth rate, or the merger rate. In either case, non-conventional physical mechanisms are required: either an accelerated growth of BHs, well above the Eddington limit (e.g. [START_REF] Begelman | Can a spherically accreting black hole radiate very near the Eddington limit[END_REF]140,175,195,275]), the emergence and eventual collapse of a supermassive star, formed as a result of unusually rapid accretion [127,137,211], an extremely massive black hole seed formed by relativistic "dark collapse" of a supermassive cloud bypassing the supermassive star stage [183], a major contribution from MBHB mergers 2 Massive and supermassive black holes (MBHs and SMBHs) are interchangeably used in the literature to refer to black holes with M > 10 6 M . Here we use SMBH only when referring to the M > 10 9 M systems powering quasars. We instead use MBH and MBHB when referring to those systems as GW sources for μAres.

despite ejections caused by anisotropic emission of GWs [128], or formation channels with much more massive seeds related to topological defects or large-curvature perturbations in the early Universe [START_REF] Bramberger | Cosmic string loops as the seeds of super-massive black holes[END_REF][START_REF] Carr | Primordial black holes as generators of cosmic structures[END_REF] (see also Section 3.2.1).

More generally, the complementarity of accretion and mergers extends beyond the exceptional, but rare, high-redshift quasars. All MBHs in the Universe are expected to experience both, and to grow through these processes. The crucial question is: what is the most relevant process as a function of cosmic time and environment? The contribution of accretion can be traced by EM observations, converting the emitted energy into the mass that created such energy: this is Sołtan's argument [243]. GW observations detect mergers of black holes and thus measure their contribution. Only the powerful combination of these two probes can provide a complete census of how MBHs obtained their mass. Theoretical models suggest that the growth by MBHB mergers becomes more important at low redshifts and for masses higher than 10 8 M , as cold gas dwindles in the most massive galaxies [START_REF] Dubois | Black hole evolution -III. Statistical properties of mass growth and spin evolution using large-scale hydrodynamical cosmological simulations[END_REF]165,179].

It is fundamental to extend the observing capabilities in GWs to cover the mass and redshift range between LISA and PTA: this range corresponds to the peak of the quasar epoch and probes the golden age of MBH growth. In fact, disentangling different growth mechanisms is a very difficult task, as their imprint is blurred as time elapses. By extending the observation window down to the μ-Hz range, not only μAres will detect mergers of MBHBs at high SNR at z ∼ 7-15, but it will also provide a large statistical sample of O( 103 ) inspiralling MBHBs out to z ≈ 10 (see Fig. 2). This will allow us to infer the mass distribution of MBHs, as a function of redshift, when the signature of the different scenarios is dominant. For instance, Fig. 2 Example distributions of MBHBs detected with SNR > 8 by μAres, assuming 10 years of observations. The sample comes from model HS-delayed of [START_REF] Bonetti | Post-Newtonian evolution of massive black hole triplets in galactic nuclei -IV. Implications for LISA[END_REF]. A total of ≈ 10 3 sources are detected (blue histograms); of those, ≈ 250 merge in the detector band within the mission lifetime (red histograms) and ≈ 750 are observed during the adiabatic inspiral over the whole mission duration (green histograms) super-Eddington accretion onto light seeds, as opposed to Eddington-limited accretion on seeds that start 3-4 orders of magnitude larger in mass, could reveal itself through a different evolution of the high end of the mass distribution at such early epochs. Conversely, many of these scenarios, since they are designed to grow MBHs very quickly above 10 6 -10 7 M , would not be probed, and thus will not be disentangled, at the higher detection frequencies at which LISA will work. Hence, the power of a low-frequency GW detector is in its ability to probe the demographics of MBHs across masses and redshifts all the way up to the masses of high-redshift QSOs.

Host galaxy identification can provide even deeper insights into the emergence of QSOs and MBHs. In fact, the hosts of the 10 6 -10 7 M MBHs are very dissimilar in different seeding models -in particular, in "stellar-seed" models, the hosts at this BH mass stage are typically well-developed 10 11 -10 12 M galaxies [126], whereas in the "direct collapse" models, the heavy seeds form in 10 7 -10 8 M DM halos, which, after an order of magnitude growth in BH mass, still typically remain < 10 9 M sized dwarf galaxies [273]. Although LISA might provide enough information to identify the counterparts of relatively massive binaries at z 3, the superior low-frequency performance of μAres will greatly enhance EM-GW synergies, as we further describe in Section 3.2.

Testing massive black hole formation scenarios

MBHs have grown from initial "seeds", formed at z = 10-30, usually categorized as light (up to 10 2 M and formed as stellar remnants [178]) and heavy (up to 10 4 -10 6 M , formed via the collapse of a supermassive star or the runaway collapse of a dense star cluster -see, e.g. [281] for a review) seeds. Other, more exotic possibilities for the initial seeds range from primordial black holes (PBHs) (e.g. [START_REF] Bean | Could supermassive black holes be quintessential primordial black holes?[END_REF]) to DM-powered massive stars [109]. The subsequent mass assembly is likely the result of a complex interplay between accretion and mergers, as mentioned above. Although LISA (in combination with 3G detectors) will be already well placed to disentangle several 'standard' seeding models (e.g. the 'Pop III stars vs direct collapse' dichotomy, see [235]), μAres will provide further insights onto alternative scenarios, involving particularly high-mass/high-redshift seeds that might be especially relevant to the formation of high-redshift QSOs.

Bursts via direct collapse One of the ways by which MBH seeds might form is via direct gas collapse. There are various pathways to BH formation in direct collapse [281], the common aspect being that (1) no conventional star (Pop III) forms and (2) the resulting black hole seed is massive (> 10 3 -10 4 M , with the upper limit highly dependent on the specific scenario). Some of the models involve the formation of supermassive protostars/stars (M > 10 5 M ) which later collapse into a BH once hydrostatic equilibrium cannot be maintained any longer or once the pulsational relativistic radial instability sets in [127,138]. Early analytical work by [108], for example, showed that the progenitor mass must be > 10 6 M in the presence of rotation, which has been confirmed by further theoretical considerations [281]. In an even more 'extreme' scenario, a > 10 6 M MBH seed can directly form by relativistic collapse of a supermassive cloud formed following a gas-rich galaxy merger [183].

While for stellar progenitors up to 10 6 M the signal should be within the detection capabilities of LISA, for larger masses of the progenitors the signal shifts to frequencies below 10 -3 Hz, and the strain drops below 10 -19 if the source is at z > 6 [222]. Given that one needs to be able to detect such signals at very high redshift, when BH seeds should form, it follows that higher sensitivity at and below the lowest frequencies accessible to LISA will be needed. In particular, the emergence of supermassive stars, which undergo direct collapse to form MBHs, requires special conditions of rapid mass inflow in pristine, very metal-poor gas. This phase likely occurred very early on (with the typical such event at z = 15-20) and will make a detection by LISA quite challenging.

An even richer sequence of signals might arise if, as suggested by some numerical relativity work [213], the progenitor undergoes a non-axisymmetric global instability (e.g. a bar instability) just before the radial instability becomes the dominant mode. In this case, like in standard protostellar collapse, fragmentation into two or more supermassive stars would arise, which would produce a collapse signal (burst + ringing) followed by a short duration inspiral + merger signal, as at least one binary might form at such small separation such that the merger will be prompt. Again, since this will be more likely for high progenitor masses, low-frequency sensitivity should be beneficial also for the detection of the inspiral + merger signal.

Build-up from primordial black holes through EMRIs/IMRIs

The same inflationary mechanism that generates large-scale fluctuations in the CMB and the large-scale structure of the Universe (galaxies and clusters) also generates fluctuations on small scales. Some inflationary dynamics predict that thirty e-folds before the end of inflation large curvature fluctuations were generated, which then collapsed upon horizon re-entry to form black holes during the radiation era [113]. These PBHs are made out of photons which cannot escape the gravitational collapse of largecurvature perturbations generated from quantum fluctuations during inflation. They have masses ranging from values typical of planets (10 -6 M ) to MBHs (10 6 M ), and may have arisen due to sudden changes in the relativistic fluid's radiation pressure, as particles decouple or condense throughout the thermal history of the Universe [START_REF] Carr | Cosmic conundra explained by thermal history and primordial black holes[END_REF].

PBHs accreting from the intergalactic medium (IGM) would distort the temperature and polarization anisotropies of the CMB. This limits the total mass density in PBHs in the 10 5 -10 6 M range to a small fraction of the DM density [START_REF] Ali-Haïmoud | Cosmic microwave background limits on accreting primordial black holes[END_REF]204]. However, depending on the details of the geometry of the accretion, the limit allows a PBH density up to that of present-day MBHs (e.g. [284]). Therefore, massive PBHs remain viable as seeds of rare early quasars. In the matter era, these MBHs act as seeds for structure formation [START_REF] Carr | Primordial black holes as generators of cosmic structures[END_REF][START_REF] Clesse | Massive primordial black holes from hybrid inflation as dark matter and the seeds of galaxies[END_REF]. They could form discs very early and grow via gas accretion to gigantic sizes (10 9 -10 11 M ) during the age of the Universe. Their growth occurs mainly through gas accretion, but there is a possibility that they merge to form massive clusters of PBHs with a wide mass distribution, segregated in mass with the most massive at the centre due to dynamical friction, and the least massive orbiting or even evaporating from these clusters and thus constituting a diffuse uniform component of DM. In that case, one expects a large rate of hyperbolic encounters [112] as well as multiple EMRIs and IMRIs, at high redshifts, which are primary targets of the sub milli-Hz frequency band probed by μAres (see IMRI tracks in Fig. 1).

Population of MBHs in low-redshift dwarf galaxies

While MBHs are found to inhabit all massive galaxies, both at low and high redshift, their presence in low-mass systems has not been confirmed yet, with only some candidates detected to date as low-luminosity active galactic nuclei (AGN, e.g. [185,212]). These objects represent the low-mass end of the MBH luminosity function, with masses of about 10 4 -10 5 M , and perfectly sample the halo mass regime where different seeding scenarios predict strong variations in the BH halo occupation fraction (e.g. [START_REF] Bellovary | The first massive black hole seeds and their hosts[END_REF]125,274]).

Because of the typically low gas densities and the low accretion rates onto the MBH in low-mass galaxies, those systems likely keep their memory of the initial seeding process, and their mass distribution nowadays would closely resemble the initial one. However, because of their mostly quiescent life, their detection via EM radiation would be very challenging. A unique opportunity to reveal their presence is represented by GW emission when they inspiral and coalesce with similar or more massive companions. Recently, [255] investigated the MBH pairing in dwarf galaxy mergers by means of extremely high-resolution numerical simulations, finding that the DM distribution plays a crucial role in the MBH evolution, with cored profiles resulting in the MBHs stalling at a few hundred pc separations. Nevertheless, we are still far away from a clear picture, especially because of the missing gas (and star formation) physics, that could strongly affect the inspiral (e.g. [105,174,244,254,269]).

Given the relatively quiet evolution of dwarf galaxies, it is quite likely that the overall cosmic merger rate of the MBH they host is 1 yr -1 at low redshifts, thus escaping detection at milli-Hz frequencies. Conversely, μAres increased sensitivity at low frequency will allow detection of equal-mass inspiralling 10 5 (10 4 ) M binaries at z = 0.1 already 10 4 (10 3 ) years before the merger, offering the unique opportunity of detecting several such systems in the local Universe even if they merge at a rate that is 1 yr -1 . A practical example is shown in Fig. 3. In this specific population model, ≈ 50 [START_REF] Alexander | Stellar dynamics and stellar phenomena near a massive black hole[END_REF] inspiralling MBHBs with primary mass < 10 5 (10 4 ) M are detected at z < 0.5. Note that the coalescence time is > 10 years for all of them and none would be detected by LISA. The detection of such a population will provide crucial information on the number of MBHBs in dwarf galaxies, putting constraints on the main seeding scenarios. Accurate measurements of the GW phase evolution will also allow to test the presence of DM spikes/cusps, which are predicted by cold DM models to gradually build-up undisturbed over a Hubble time in the quiet surroundings of MBHs hosted in dwarf galaxies [123].

The physics of MBHB pairing

The detailed physics of MBHB pairing is in itself very uncertain. It is generally accepted that following galaxy mergers, MBHs are delivered to the centre of the merger remnant by dynamical friction [START_REF] Chandrasekhar | Dynamical friction. I. General considerations: the coefficient of dynamical friction[END_REF], eventually forming a Keplerian binary on ∼pc scales ( [START_REF] Begelman | Massive black hole binaries in active galactic nuclei[END_REF]; for recent works, see, e.g. [START_REF] Callegari | Pairing of supermassive black holes in unequal-mass galaxy mergers[END_REF][START_REF] Capelo | Growth and activity of black holes in galaxy mergers with varying mass ratios[END_REF]152,199]). Further hardening Fig. 3 Primary MBH mass vs observed frequency (top) and time to coalescence (bottom) for an illustrative local (z < 0.5) inspiralling MBHBs population detected by μAres with SNR> 8, from model HS-delayed of [START_REF] Bonetti | Post-Newtonian evolution of massive black hole triplets in galactic nuclei -IV. Implications for LISA[END_REF] of the binary, down to ∼millipc scales, is required to reach final coalescence via GW emission. The underlying physics driving this process is poorly understood (see [START_REF] Dotti | Massive black hole binaries: dynamical evolution and observational signatures[END_REF], for a review). In recent years, three-body scattering against the stellar background has been established as a viable route to coalescence (e.g. [150,205,208]). Similarly, in gas-rich environments, the formation of a massive circumbinary disc can extract energy and angular momentum from the binary, driving it to final coalescence (e.g. [START_REF] Cuadra | Massive black hole binary mergers within subparsec scale gas discs[END_REF].) If the aforementioned mechanisms fail, subsequent galaxy mergers will eventually bring a third MBH into play, prompting the formation of MBH triplets, that have been shown to drive the pre-existing binary to the GW emission stage in a large (≈ 30%) fraction of cases [START_REF] Amaro-Seoane | Triplets of supermassive black holes: astrophysics, gravitational waves and detection[END_REF][START_REF] Bonetti | Post-Newtonian evolution of massive black hole triplets in galactic nuclei -II. Survey of the parameter space[END_REF]221]. MBHB pairing and coalescence can also be prompted by the inspiral of IMBHs hosted in star and globular clusters [202]. The interplay and relative importance of the aforementioned mechanisms is hardly known, leaving a number of outstanding questions unanswered.

How efficient are stellar and gas dynamics in driving the binary to coalescence? Stellar hardening critically depends on the refilling rate of the binary loss cone and, especially in massive galaxies featuring low density cores, can proceed on characteristic time-scales up to Gyrs [209,233,270]. On the other hand, MBHBs evolving in spirals and dwarf elliptical galaxies are expected to merge efficiently within few hundred Myrs due to rotation and higher central stellar densities of their hosts [151]. When it comes to gas dynamics, even the understanding of the detailed physics establishing the sign of the gas torques exerted by the disc (i.e. whether the binary inspirals or outspirals), is incomplete. In fact, the net torque arises from a small asymmetry in the shape of the gas distribution near the edges of the minidiscs ahead of and behind the MBHs [217], which are hard to resolve properly. According to recent studies, the binary inspiral time can be of a few million years for disc densities corresponding to an accretion rate normalized to 0.3 times the Eddington value [256]. However, given the dependence of this result on the small asymmetry in the gas distribution near the BHs, one has to keep in mind that 3D effects, radiation pressure, winds, etc. are likely to modify this time-scale significantly. Likewise, apart from additional physical effects, the subtlety of the torques also make them susceptible to numerical issues. Several works recently found positive torques, resulting in widening, rather than shrinking, the MBHB orbit [186,188,256].

How often do triple (and multiple) systems form and what is their role in the MBH build-up?

This depends critically on the ratio between the typical time elapsed in between galaxy mergers and the lifetime of MBHBs. If binary shrinking time-scales are long, formation of multiple MBH systems might be the norm, with consequences for galactic core scouring and MBH ejection in the galaxy outskirts and IGM [START_REF] Bonetti | Post-Newtonian evolution of massive black hole triplets in galactic nuclei -IV. Implications for LISA[END_REF]221].

Can IMBHs be effectively delivered to the centre of massive galaxies and what is their role in MBH build-up? Galaxies are known to host from hundreds (for Milky-Way (MW) sized galaxies) up to thousands of star clusters (for massive ellipticals). According to numerical simulations, up to 20% of such clusters could harbour an IMBH [120]. Clusters forming in the inner region of a galaxy, ∼1 kpc, can spiral toward the galactic centre via dynamical friction [266], releasing the central IMBH in the dense galactic nuclei. This mechanism has been advocated to explain MBH seeding and growth [START_REF] Ebisuzaki | Missing link found? the "Runaway" path to supermassive black holes[END_REF]. This scenario predicts the unavoidable formation of binaries, triplets, or even multiplets comprised of a MBH and several IMBHs (e.g. [START_REF] Arca-Sedda | The MEGaN project II. Gravitational waves from intermediate-mass and binary black holes around a supermassive black hole[END_REF][START_REF] Arca-Sedda | Gravitational wave sources from inspiralling globular clusters in the Galactic Centre and similar environments[END_REF]181]). Clearly, the number of IMBHs that can get close to a MBH depends critically on several assumptions, like the clusters' formation efficiency, the IMBH formation probability, and the galaxy structure. For a MW-sized galaxy, one can expect that, out of O(100) clusters, only ∼20-30 have the conditions to seed an IMBH [START_REF] Arca Sedda | MOCCA-SURVEY Database I. Intermediate mass black holes in Milky Way globular clusters and their connection to supermassive black holes[END_REF], and only 1-2 can reach the centre, undergoing efficient merger within ∼1 Gyr. In massive elliptical galaxies, instead, the number of IMBHs that can be packed in the centre of a galaxy can be as high as O(10-100). Massive galaxies are expected to host MBHs, with M > 10 7 M . Therefore, these systems might host the formation of MBH-IMBH pairs with a mass ratio q < 10 3 . These EMRI/IMRI-like systems can form at relatively low redshift, and can constitute loud GW sources in the 10 -5 -10 -4 Hz frequency band.

A μ-Hz GW detector like μAres is best placed to answer these questions, by catching MBHBs already during the early adiabatic inspiral (bottom right panel of Fig. 2), where their coupling with the environment can still leave distinctive signatures . First, each shrinking mechanism is expected to produce different eccentricity distributions [START_REF] Bonetti | Post-Newtonian evolution of massive black hole triplets in galactic nuclei -IV. Implications for LISA[END_REF]216], which can be easily measured during the inspiral with 10 -4 precision [193]. Second, in the case of gaseous drag, it might be possible to directly measure the effect of gas drag on the GW waveform. This should be the case especially for stellar-mass BHs or IMBHs merging with a MBH, for which the lighter companion results in a lower chirp mass and weaker GW torques, but stronger gas torques [START_REF] Derdzinski | Probing gas disc physics with LISA: simulations of an intermediate mass ratio inspiral in an accretion disc[END_REF]. At the high SNR measurements expected from μAres, the magnitude and frequency-dependence of the deviation from vacuum waveforms can be easily disentangled from uncertainties in the MBH binary parameters, allowing precise measurement of the effects of dynamical friction, disc migration and accretion [START_REF] Barausse | Can environmental effects spoil precision gravitational-wave astrophysics?[END_REF]158]. Finally, MBH-IMBH of 10 8 M +10 4 M at z < 2 can be in principle detected with high SNR thousands of years prior to coalescence (see tracks in Fig. 1). This leaves the intriguing possibility of observing directly in the waveform the complex dynamics generated by the inspiral of multiple IMBHs into a SMBH.

Summary of MBH science goals:

-probe the emergence of the high-redshift quasars; -establish the relative importance of accretion vs mergers in growing MBHs; -disentangle seed formation models at the high-mass end of the seed spectrum; -probe the population of inspiralling MBHs in low-redshift dwarf galaxies; -pin down the physics of MBHB dynamics, including stellar hardening, gaseous drag, triplets, and multiplets MBH interactions; -probe the formation and dynamics of IMBHs in galactic nuclei.

Multimessenger and multiband view

One of the major strengths of a μ-Hz GW detector lies in its unparalleled potential for multimessenger and multiband science involving BHBs across the entire mass spectrum, as detailed below.

Multimessenger observations of MBHBs

Unlike stellar-origin BH mergers, mergers involving MBHBs are expected to occur in the gas-rich central regions of galaxy mergers, and to produce copious EM signatures. Such EM signatures, combined with GWs, can deliver much more science than either one by itself. Roughly, the gains can be divided for "astrophysics" and for "fundamental physics". On the astrophysics side, tracing out the merger history of MBHs, together with their specific host galaxies, will shed light on the co-evolution of MBHs and galaxies -a long-standing problem [159]. This requires unique identification of the host galaxy for each merger, for a large population of merger events, which is unlikely to be fully accomplished by LISA. Also on the astrophysics side, the GWs will yield precise system parameter estimates. This will enable an unprecedented study of (binary) accretion onto MBHs whose masses, spins, and orbital parameters are known ab initio. On the fundamental physics side, a measurement of the redshift from the EM spectral observations will enable the cosmological use of chirping MBHBs as standard sirens, in a way that is highly synergistic with corresponding Type Ia supernova standard candles, see Section 3.4.2. A comparison between Hubble diagrams from standard sirens (with distances based on graviton measurements) and purely EM standard candles will serve to probe long-range deviations from standard GR (such as extra dimensions) since in models beyond GR, these Hubble diagrams can disagree (e.g. [START_REF] Belgacem | Testing modified gravity at cosmological distances with LISA standard sirens[END_REF][START_REF] Deffayet | Probing Gravity with Spacetime Sirens[END_REF]). A determination of a time delay between the arrival of gravitons and photons will constrain massive gravity theories (see also Section 3.3), since the graviton speed, and hence the time delay, depends on the graviton's rest mass. The frequency-dependence of this time delay would probe Lorentz invariance [157].

In principle, merging MBHs can have several distinct EM signatures, before, during, and after the merger. Prior to merger, a promising signal is a quasi-periodic EM "chirp", tracking the phase of the GWs [129,257]. Because of copious shock-heating, gas near the MBHs is expected to be unusually hot [START_REF] Bode | Relativistic mergers of supermassive black holes and their electromagnetic signatures[END_REF][START_REF] Bowen | Relativistic dynamics and mass exchange in binary black hole mini-disks[END_REF]239]. The corresponding UV/X-ray emission would have different (harder) spectra, with possible signatures of a disc cavity, and display periodicity on the orbital time-scale of days to minutes (years to days prior to merger). Doppler effects could increase variability over time, tracking the GW chirp [129,227]. At merger proper, the energetic burst of GWs may be accompanied by a luminous X-ray flare from the tidal "squeezing" of gas (e.g. [START_REF] Armitage | Accretion during the merger of supermassive black holes[END_REF][START_REF] Cerioli | Gas squeezing during the merger of a supermassive black hole binary[END_REF][START_REF] Chang | Fossil gas and the electromagnetic precursor of supermassive binary black hole mergers[END_REF]), EM signatures of the turn-on of a relativistic jet, or other flares from any direct coupling between the GWs and the surrounding plasma [149]. Finally, in the coalescence aftermath, any circumbinary gas is expected to develop strong prompt shocks after the merger of the binary, due to the effectively instant mass-loss and centre-of-mass recoil of the remnant MBH. These should lead to a bright afterglow, whose nature depends on the amount and configuration of the nearby gas. In the case of a thin circumbinary disc, the afterglow should display a characteristic increase in both spectral hardness and overall brightness, on time-scales of weeks to years (e.g. [START_REF] Corrales | Hydrodynamical response of a circumbinary gas disc to black hole recoil and mass loss[END_REF]171,218,226]).

In the absence of an ab-initio understanding of binary accretion and the corresponding spectral evolution properties of the above signatures, the most robust is likely to be the pre-merger periodic modulations, which are inevitably caused by the binary's orbital motion (the exception is if the binary is surrounded by optically thick gas, with the photosphere well outside the binary). In order to allow a measurement of the coincident EM chirp, and phasing it relative to the GWs over several hundred cycles, the sources need to be localized on the sky weeks to months prior to merger (depending on the chirp mass). Since most merging binaries will also be at high redshift and faint, ideally the localization should be good enough to fit in the arcminute field of view of sensitive instruments (rather than the degree field of view of less sensitive survey telescopes). This is beyond the capability of LISA as currently planned.

By operating for a decade down to μ-Hz frequencies, μAres can monitor up to thousands of inspiralling and hundreds of merging binaries with high SNR (see Fig. 1). Inspiralling systems can be observed slowly chirping for the whole mission duration, yielding precise information on f and ḟ , besides measuring the binary masses and luminosity distance within ≈ 10% and the location in the sky within <100 deg 2 . Conversely, merging systems with M > 10 5 M at z < 5 can be localized within 1 deg 2 up to a year before final coalescence. Figure 4 shows the median sky localization accuracy that a μAres-class instrument can achieve on selected Fig. 4 Median sky location precision as a function of time to coalescence for selected systems, as labelled in the figure. Each curve is generated by simulating 1000 systems with random sky localization, inclination, polarization, and spin parameters. Results are obtained in the Fisher Matrix approximation, using the inspiral-only waveform described in [154], which includes spin precession and higher harmonics. Sky localization at merger is rescaled with the gain in SNR squared computed by using IMR PhenomC waveforms [224]. Caveat: these curves have to be considered as illustrative only. In fact, the Fisher Matrix calculations coupled the μAres sensitivity curve shown in Fig. 1 with the LISA time dependent response function, as a consistent one for μAres was not yet available. We stress, however, that μAres' two constellations, at an angle with respect to each other, allow us to disentangle the two GW polarisations instantly regardless of the location of the source in the sky, and the Martian orbit offers a Doppler modulation comparable to that of LISA. We therefore expect the same level of information to be encoded in the μAres response function MBHBs as a function of time to coalescence. Most sources at z < 5 will be localized at O(10 deg 2 ) precision several months before mergers, allowing continuous monitoring with instruments such as the Rubin Observatory (previously knows as LSST) or SKA. Typical sky location at merger are generally known better than 100 arcmin 2 , which will allow pointing with ultra-sensitive X-ray telescopes of the Athena and Lynx class.

Multiband at the two ends of the BH mass spectrum

μAres will connect the milli-Hz window probed by the first generation of spacebased detectors (i.e. LISA) with the nano-Hz regime probed by PTAs. By the late 2040s, it is conceivable that SKA will be operational at full sensitivity for about 20 years. SKA will pierce through the low frequency SGWB produced by MBHBs, constraining their merger rate and possibly their dynamical properties [START_REF] Chen | Probing the assembly history and dynamical evolution of massive black hole binaries with pulsar timing arrays[END_REF]. It will likely also allow the detection of several particularly massive and/or nearby systems, possibly allowing for a decent sky localization of O(100) deg 2 [234]. A μ-Hz GW detector will complement these findings with a precise estimate of the SGWB at 3 × 10 -7 < f < 10 -5 Hz, and by detecting several massive low-redshift systems down to f < 1 μHz (see Fig. 1). These complementary observations will provide a full characterization of the MBHB population and their environment including, in the case of counterpart detection, how the host properties change across the mass spectrum and redshift. There is even a small chance that a source observed by SKA will inspiral and merge to be detectable in the μAres band within the detector lifetime [245].

At the opposite end of the spectrum, a mission on a Mars orbit, will even allow a comparative better sensitivity at few milli-Hz compared to LISA (see Fig. 1). This allows a 10-fold increase in the number of extragalactic stellar-origin BHBs detectable at those frequencies. Larger statistics of individually resolvable objects will facilitate the discrimination of different formation channels based on the eccentricity of the sources [START_REF] Breivik | Distinguishing between formation channels for binary black holes with LISA[END_REF]194], which can be combined with 3G findings to provide a complete view of the cosmic BHB population. We note that a few sources will also cross to the 3G band to become genuine multiband systems. The same holds true for any system involving IMBHs. This specific piece of multiband science, however, is better addressed with a deci-Hz detector, as exposed in a companion White Paper [START_REF] Arca Sedda | The Missing Link in Gravitational-Wave Astronomy: Discoveries waiting in the decihertz range[END_REF], and is not further considered here.

Summary of multimessenger and multiband science goals:

-identify the characteristic signatures of inspiralling MBHBs, providing the key to search for them in millions of AGN spectra and lightcurves; -investigate the interplay between gravity, matter, and light in the dynamical spacetime of inspiralling/merging MBHBs; -establish the connection between MBHBs and their hosts; -provide a unique sample of standard sirens out to z 5; -fully characterize the MBHB population at low frequency, in connection with PTAs.

General relativity and beyond

Strong lensing Strongly lensed GWs may be detected via frequency-dependent effects, such as diffraction and interference [225]. These wave effects can help identify the properties of the gravitational lens as the source's frequency increases toward coalescence [249]. A μ-Hz mission like μAres will be able to detect wave effects for lenses with 10 7 < M/M < 10 10 (for f ∼ 1μHz -10mHz), extending the range accessible to LISA towards higher masses. Lens characterization (redshifted mass and impact parameter) can be improved by at least a factor ∼ 2 with respect to LISA based on the sensitivity curve. Based on the estimates for LISA, for which a few strongly lensed signals can be detected [231], μAres could detect dozens or more strong lensed MBHBs including systems well before merger, thanks also to the longer mission duration, and would have sensitivity to detect wave effects for more massive haloes due to the lower frequency range. Detecting strong lenses has potential applications for probing the matter substructure and the expansion of the Universe [232].

Due to the motion of the detectors, multiple 'images' from the same GW event arriving at different times will have different localisation patterns. Combining the information from different images can reduce the uncertainty in localisation significantly [236], potentially by three orders-of-magnitude. More stringent localisation constraints will enable better tests of GR through polarization measurements [250], and will help us to perform cosmography up to z ≈ 10 [232].

Memory effect Another interesting target for a low-frequency space-based detector is the so-called GW memory, i.e. the permanent relative displacement between two probe masses following the passage of GWs. There are two types of memory effects: linear [START_REF] Braginskii | Kinematic resonance and the memory effect in free mass gravitational antennas[END_REF]285] and nonlinear [START_REF] Blanchet | Hereditary effects in gravitational radiation[END_REF][START_REF] Christodoulou | Nonlinear nature of gravitation and gravitational-wave experiments[END_REF]. The nonlinear memory effect originates from the non-linearities in the Einstein field equations and therefore provides a direct test of GR in the strong regime. The nonlinear memory effect can be physically interpreted as the signal generated by the gravitons radiated from the system [262]. It is possible to detect the build-up of the memory during the evolution of the MBHB [104]. A 4-year LISA mission may detect at most 1-10 memory events with SNR larger than 5 (see [141]), but more numerous, higher-SNR events would be possible with a lower-frequency detector (see Fig. 5). A detection of the memory effect would have important implications for theoretical physics, because it has recently been shown that there are deep connections between gravitational memory, BMS supertranslations, Weinberg's formula for soft graviton production, and the black hole information paradox (see e.g. [START_REF] Compère | Infinite towers of supertranslation and superrotation memories[END_REF]132,248]). Dipole radiation/modification of GR Low frequency detectors provide new opportunities for detecting deviations from GR in the propagation of GWs [101]. μAres will be able to perform these tests beyond the capacity of LISA [START_REF] Belgacem | Testing modified gravity at cosmological distances with LISA standard sirens[END_REF]. Graviton mass bounds from the modified dispersion relation would benefit both from the lower frequency and increased SNR [START_REF] De Rham | Graviton mass bounds[END_REF]. A μ-Hz mission has the potential to constrain the graviton mass to a precision of m g 10 -29 eV, two orders of magnitude better than LISA. Many alternatives to GR predict GW oscillations, an effect similar to neutrino flavour oscillations [182]. A lower frequency would improve tests of GW oscillations considerably, with a precision factor gain comparable to that of the graviton mass. There are other effects beyond GR that affect GW propagation in a frequencyindependent manner (e.g. GW speed and damping). A μ-Hz detector will constrain those effects at a lower energy scale, well below the cutoff scale for dark energy effective theories [START_REF] De Rham | Gravitational rainbows: LIGO and dark energy at its cutoff[END_REF].

In GR, quadrupole radiation is the leading-order GW effect for an inspiralling binary. In modified theories of gravity the strong equivalence principle is generally violated [278], allowing for the existence of dipole radiation [START_REF] Barausse | Theory-agnostic constraints on black-hole dipole radiation with multiband gravitational-wave astrophysics[END_REF][START_REF] Berti | Testing general relativity with present and future astrophysical observations[END_REF]. For example, depending on the detailed field/curvature couplings in the scalar-tensor gravity, black holes [START_REF] Barausse | Gravitation-wave emission in shift-symmetric horndeski theories[END_REF]283] and neutron stars [START_REF] Barausse | Neutron-star mergers in scalar-tensor theories of gravity[END_REF]197,279] can acquire scalar charges, even in a nonperturbative way [START_REF] Damour | Nonperturbative strong-field effects in tensorscalar theories of gravitation[END_REF][START_REF] Doneva | New gauss-bonnet black holes with curvature-induced scalarization in extended scalar-tensor theories[END_REF]238,240]. Because dipole radiation affects the waveform phase at a lower post-Newtonian order than the quadrupole radiation, very low-frequency observations with a space-based GW detector can either reveal it or yield very tight constraints. For a massive black hole binary, the improvement in the low-frequency band greatly improves parameter estimation, by providing much better sky localization, mass measurements, and so on [START_REF] Berti | Estimating spinning binary parameters and testing alternative theories of gravity with LISA[END_REF]. This is important because strong-field effects (such as black hole scalarization, see e.g. [240], depending on the theory parameters, in principle can happen in specific mass ranges, and dipolar radiation would mostly affect gravitational radiation at low frequencies. The prospects to obtain more accurate tests of modified gravity also apply to other types of gravitational-wave sources [START_REF] Chamberlain | Theoretical physics implications of gravitational wave observation with future detectors[END_REF], including DWDs [172].

Black-hole spectroscopy GW emission during the post-merger "ringdown" phase is a superposition of damped-oscillation modes called quasinormal modes (QNMs). The spectrum of these modes depends only on the geometry of the final BH, and therefore the QNM spectrum is a unique fingerprint of the remnant. While LISA can "hear" ringdown from 10 9 M BHs only for z < 1 [START_REF] Baibhav | Multimode black hole spectroscopy[END_REF], μAres will see very large ringdown SNRs (∼ 1000) even at redshifts as large as 10. This will allow precise measurements of the remnant's spin and mass with fractional errors as low as O (10 -3 ) at z = 10. The quadrupole mode will still dominate the emission, but μAres will also see a large number of higher harmonics (up to l = 7). These higher-order modes will significantly improve sky localization and distance estimation, and they will also provide incontrovertible evidence that these supermassive objects are indeed Kerr black holes: in GR the QNM frequencies depend only on the BH's mass and spin, and the consistency between different mode frequencies would break if the modes were to depend on any other parameters of the source.

Summary of General relativity and beyond science goals:

-probe DM substructures and the Universe expansion via strong GW lensing; -detect non-linear GW memory with high SNR from merging MBHBs; -improve sensitivity to graviton mass and other deviations from GR by more than two orders of magnitude with respect to LISA.

Cosmology and cosmography

Early-Universe cosmology

GWs can carry unique information about the state of the Universe at energy scales far beyond the reach of EM cosmological observables. GW sources operating in the early Universe generate an SGWB. Its characteristic frequency today can be related to the Hubble factor at generation time

H * [63] f = k 2π a * a 0 = 2.6 × 10 -8 Hz k H * g * (T * ) 100 1/6 T * GeV ( 1 
)
where a * and a 0 are the scale factors at generation and today, T * and g * (T * ) the Universe temperature and the number of relativistic degrees of freedom at generation (the second equality holds in the radiation dominated era). k is the physical wavenumber at the time of GW production, which for causality reasons must satisfy k < H * . Apart from the factor k/H * which, as we will see, depends on the details of the GW source, (1) relates the temperature of SGWB production epoch to the signal frequency, showing that GW observatories in different frequency ranges probe GW emission from different energy scales in the early Universe. There are mainly two classes of SGWB sources operating in the early Universe: those related to inflation and subsequent processes (such as reheating), and those related to primordial phase transitions.

Inflation A SGWB is generically expected in the standard slow-roll inflationary scenario, extending in frequency with a slightly red-tilted spectrum from the horizon scale today to the one corresponding to the energy scale of inflation, i.e. 10 -19 < f < 10 11 Hz (assuming inflation is occurring at the highest energy scale allowed by CMB observations, i.e. 10 16 GeV -for a review, see e.g. [START_REF] Caprini | Cosmological backgrounds of gravitational waves[END_REF]). Even though this signal interests the frequency detection range of all present and future GW detectors, measuring it is extremely challenging because of its low amplitude. At low frequencies f < 10 -16 Hz, this SGWB is also the target of CMB experiments, through the measurement of the B-mode polarisation (for a complete treatment, see e.g. [START_REF] Durrer | The cosmic microwave background[END_REF]). The present upper bound by the Planck satellite on the tensor to scalar ratio is r < 0.07 [201], translating into h 2 Ω gw < 3 × 10 -16 (assuming no spectral tilt). This is expected to improve in the near future. The timescale for CMB ground-based experiments is such that the Simons Array [START_REF] Aguirre | The Simons Observatory: Science goals and forecasts[END_REF] might bound r < 2 × 10 -3 by 2021 -2025 (the dates bound the start of taking data and the availability of results), and CMB stage IV [2] might reach r < 10 -19 (corresponding to r = 10 -4 ), which is far below the sensitivity of any GW mission under study. Note that there are scenarios, going beyond standard slow-roll inflation, in which the predicted SGWB spectral tilt becomes blue at high frequency, thereby opening up the possibility of a direct GW detection of the inflationary SGWB (e.g. [START_REF] Cook | Particle production during inflation and gravitational waves detectable by ground-based interferometers[END_REF]; for a review, see [START_REF] Bartolo | Science with the space-based interferometer LISA. IV: Probing inflation with gravitational waves[END_REF]). This would constitute a major discovery, as it amounts to probing the inflationary potential near the end of inflation, which is observationally unconstrained. Consequently, it would bring extremely relevant information about inflation and the high energy physics model underlying it. On the other hand, among the proposed scenarios, none provides a signal specifically compelling for μAres.

Phase transitions

The situation is different for sources connected to primordial phase transitions. In particular, a first order phase transition in the early Universe can generate a SGWB via collisions of true-vacuum bubbles and the subsequent bulk motion in the Universe plasma (see e.g. [START_REF] Caprini | The stochastic gravitational wave background from turbulence and magnetic fields generated by a first-order phase transition[END_REF]122,135,136,148,163]). In this case, the SGWB is expected to peak at a frequency scale set by the size of the bubbles when they collide R * ∼ v w /β [START_REF] Caprini | Science with the space-based interferometer eLISA. II: Gravitational waves from cosmological phase transitions[END_REF], where v w is the bubble wall speed and 1/β denotes the duration of the phase transition (therefore k/H * ∼ 2πβ/(v w H * ), c.f ( 1)). Two phase transitions (PT) certainly occurred in the early Universe, the Quantum ChromoDynamics (QCD) one at an energy scale of T * ∼ 100 MeV and the electroweak one at T * ∼ 100 GeV. In the context of the standard model of particle physics, they are both crossovers rather than first order [START_REF] Csikor | Endpoint of the hot electroweak phase transition[END_REF]146,247]. However, the order of the QCD PT depends on the baryochemical potential, and there are hints that it might become first order if the lepton asymmetry is large in the early Universe, as expected when e.g. a sterile neutrino is the DM [START_REF] Boyarsky | The Role of sterile neutrinos in cosmology and astrophysics[END_REF]230]. The SGWB from a first order QCD PT has been analysed in the context of PTA [START_REF] Caprini | Detection of gravitational waves from the QCD phase transition with pulsar timing arrays[END_REF]. Since the frequency range of PTA observatories corresponds to k ∼ H * at the energy scale T * = 100 MeV (see ( 1)), PTA can only probe very slow QCD PTs featuring β/H * of O [START_REF] Abada | FCC-hh: the hadron collider[END_REF] or smaller. A weaker and briefer first order PT instead seems more likely [START_REF] Bauswein | Equation-of-state Constraints and the QCD Phase Transition in the Era of Gravitational-Wave Astronomy[END_REF][START_REF] Capozziello | The quark chemical potential of QCD phase transition and the stochastic background of gravitational waves[END_REF]103,170]. A detector operating in the μ-Hz range would vastly improve our capability to investigate the cosmological QCD PT, as it would be sensitive to much wider regions of the PT parameter space, covering 10 β/H * 10 9 . With a power law sensitivity reaching down to h 2 Ω gw ∼ 6 • 10 -17 (see Fig. 6), μAres has the potential to measure the SGWB from a weakly first order QCD PT with vacuum energy density of the order of 3% of the radiation energy density in the Universe, happening e.g. if β/H * = O(100) and v w = O(0.1).

Similarly, the EWPT is not necessarily a crossover. Well motivated scenarios beyond the standard model (BSM) predict a first order EWPT, often together with baryogenesis processes [START_REF] Bernon | A new insight into the phase transition in the early Universe with two Higgs doublets[END_REF][START_REF] Bruggisser | Baryon asymmetry from a composite Higgs Boson[END_REF][START_REF] Bruggisser | Electroweak phase transition and baryogenesis in composite Higgs models[END_REF][START_REF] Caprini | Science with the space-based interferometer eLISA. II: Gravitational waves from cosmological phase transitions[END_REF][START_REF] Chala | Unified explanation for dark matter and electroweak baryogenesis with direct detection and gravitational wave signatures[END_REF][START_REF] Chala | Gravitational wave and collider probes of a triplet Higgs sector with a low cutoff[END_REF][START_REF] Dorsch | A second Higgs doublet in the early universe: Baryogenesis and gravitational waves[END_REF]147,164,184]. The detection of the EWPT SGWB would be an unquestionable proof that there exists BSM physics at the TeV scale. μAres may provide such a proof not necessarily after a BSM discovery at colliders. Both the Future Circular Collider and the International Linear Collider will be unable to fully test the parameter space leading to the first order Fig. 6 μAres power law sensitivity (PLS) curves to SGWBs, obtained following the procedure outlined in [START_REF] Caprini | Reconstructing the spectral shape of a stochastic gravitational wave background with LISA[END_REF], assuming a threshold SNR= 10 for detection. μAres reaches down to h 2 Ω gw ∼ 6 × 10 -17 at 2 × 10 -4 Hz, for comparison LISA is expected to get to h 2 Ω gw ∼ 2 × 10 -13 at 3 × 10 -3 Hz EWPT [START_REF] Abada | FCC-hh: the hadron collider[END_REF]111]. So, independently of the collider findings, a strong EWPT will still be a compelling case in 2050.

A first-order PT, not connected to the EWPT, can be also one of the few smoking guns of DM. The ongoing DM searches are indeed cornering most of standard DM paradigms, motivating scenarios where the DM particle lies in a hidden sector. In this case, the interaction between DM and the SM particles is negligible, killing any hope to detect the DM particle via its non-gravitational effects. The detection of (or constraints on) a phase transition occurring in the hidden sectors would thus unveil some key features, e.g. the mass scale of the DM sector. Interestingly, the first order phase transition occurs both if the hidden sector has a QCD-like structure (with different parameters in the Columbian plot [229,247]), or a BSM Higgs-like potential (with the electroweak scale replaced by the hidden-sector scale) [START_REF] Caprini | Science with the space-based interferometer eLISA. II: Gravitational waves from cosmological phase transitions[END_REF]. μAres has the capabilities to probe hidden sectors when their energy scales are in the 10 -2 -10 6 GeV range. In view of the hidden PTs, μAres is a particularly valuable experiment succeeding SKA and LISA: if LISA observes a SGWB from PT, μAres reconstructs the signal in a broader frequency band and with higher accuracy (see e.g. [START_REF] Caprini | Reconstructing the spectral shape of a stochastic gravitational wave background with LISA[END_REF]106]); if SKA detects the PT signal, μAres measures the high-frequency tail of the signal encoding the particle physics interactions in the plasma; and if neither LISA nor SKA measure the PT signal, μAres has still the chance to detect it by accessing a wider parameter space (e.g. around two orders of magnitude in β/H ).

A primordial phase transition can also lead to the formation of topological defects [153]. Among these, local cosmic strings are the most interesting in this context, as they can be powerful SGWB sources (see e.g. [268]). However, the SGWB spectrum peaks at a frequency scaling as f peak ∝ (Gμ) -1 (μ being the string linear energy density). From this scaling, it appears that low frequency detectors are less powerful in constraining Gμ.

It is extremely important to remark, that above we have assumed the absence of a SGWB foreground of astrophysical origin, masking the cosmological signal. The detection of an astrophysical SGWB, for example from stellar-mass BBH and/or NSB, would also constitute a major discovery, but it is expected to occur on a shorter timescale, by Earth-based interferometers and/or LISA. In the context of later detectors, it is important that the data processing provides an efficient "cleaning" of astrophysical SGWB foregrounds. Otherwise, the above-mentioned science would not be lost, but the efficiency in constraining models and their parameter space would be correspondingly reduced.

Late-Universe cosmology

The late time expansion of the Universe can be probed with standard sirens: compact binary coalescence for which an accurate measurement of both the luminosity distance (from GWs) and the associated redshift (from EM observations) can be obtained [228]. With these two quantities in hand, one can test the standard cosmological distance-redshift relation which in turn yields constraints on the cosmological parameters. Both stellar origin BHBs and BNSs are excellent examples of standard sirens. BNSs can be associated with an EM counterpart measurement, in which case a unique redshift can be associated with the GW event providing a single point in the distance-redshift diagram, as spectacularly demonstrated by GW170817 [START_REF] Abbott | A gravitational-wave standard siren measurement of the Hubble constant[END_REF]. Stellar mass BHBs instead are believed to not produce EM counterparts, in which case redshift information can be recovered only by cross-correlating the localization volume of the GW event with galaxy catalogues. For these sources thus one can only construct posterior distribution in the distance-redshift diagram, describing the probability of the redshift associated with the GW event based on the distribution of galaxies within the GW localization volume, as first demonstrated by GW170817 [107] and GW170814 [242].

At sub milli-Hz frequencies instead, the most powerful standard sirens that one might hope to exploit are MBHB mergers. These are already the main cosmological sources for LISA, which will be able to detect up to a few tens of them with EM counterparts, testing the expansion of the Universe at high redshift, up to z ∼ 10 [252]. The results obtained with simulations for LISA shows that MBHBs will be ideal standard sirens to test deviations from CDM at high redshift, specifically in the range 2 < z < 5 [START_REF] Cai | Reconstructing the dark sector interaction with LISA[END_REF][START_REF] Caprini | Constraining early and interacting dark energy with gravitational wave standard sirens: the potential of the eLISA mission[END_REF]. They will not, however, be detected in sufficient number to yield competitive constraints on the Hubble constant or the equation of state of dark energy, but will be extremely useful to test deviation in the cosmological propagation of GWs [START_REF] Belgacem | Testing modified gravity at cosmological distances with LISA standard sirens[END_REF].

The low-frequency performance of μAres will improve the cosmological analysis performed with LISA mainly in two ways. On the one hand a large improvement with respect to LISA will come from the better measurements of the MBHBs parameters, due to the much longer observation of the inspiral phase (up to the mission duration of 10 years). Although the contribution of weak lensing will still dominate the distance error budget (3 -5% at z = 3 [198]), the determination of the sky position should be greatly enhanced, reducing the localization region of the GW event and thus increasing the probability of finding an EM counterpart (see Fig. 4). In the optimistic case in which all merging MBHBs will have associated EM counterparts, μAres will increase the number of standard sirens accessible to LISA by a factor of ten, dramatically improving the cosmological analyses. This will allow a measurement of the Hubble constant at the percent or sub-percent level and the placement of tight constraints on deviations from CDM and from GR at very high redshift. The improvement of the sensitivity at low frequency could moreover bring more detections at even higher redshift, specifically at z > 5. This will help in expanding the cosmological investigations performed with LISA to larger distances, and thus in particular to test deviation from CDM or from GR at even larger scales. On the other hand the number of non-merging MBHBs is expected to be much higher than the merging ones (see Fig. 2). Although for these inspiralling MBHBs the sky localization should be of O( 10deg2 ) only, with an associated luminosity distance relative error of ≈ 10%, continuous EM observations in the localization region could spot the hosting galaxy through some specific EM signatures, which might for example be constituted by some periodic variability or AGN transient activity, as envisaged in Section 3.2. Even though the true hosting galaxy is not identified, one might also be able to reduce the number of credible hosts within the localization region, possibly to a few tens or fewer galaxies. This would allow us to use them as dark sirens and thus apply the statistical method to extract cosmological information by cross-correlating with galaxy catalogues. In any case these considerations lead us to the possibility to have an additional set of MBHB standard sirens at high redshift, possibly up to thousands. μAres would therefore greatly exceed the cosmological potential of LISA, leading to strong constraints on the standard cosmological model and accurate tests of GR at very high redshift.

Beside MBHBs, also stellar origin BHBs [START_REF] Del Pozzo | Stellar binary black holes in the LISA band: a new class of standard sirens[END_REF] and EMRIs [177] can be valuable standard sirens. Both types of sources are best observed at f > 10 -3 Hz, where the μAres sensitivity can be ≈ 3 times better than LISA. It should be noted, however, that none of those sources is expected to generate a detectable EM counterpart and statistical methods to cross-correlate their localization volumes with galaxy catalogues in order to obtain redshift information, are needed [START_REF] Del Pozzo | Stellar binary black holes in the LISA band: a new class of standard sirens[END_REF]167]. Those methods are effective so long as localization volumes are significantly smaller than the typical scale over which the matter content of the Universe is approximately homogeneous, which applies only to relatively low z sources detected at high SNRs. Therefore, although μAres can potentially do better than LISA also on this ground, detailed calculations are needed to quantify whether the improvement is significant.

Summary of cosmology and cosmography science goals:

-investigate a vast region of the allowed parameter space of QCD phase transitions; -explore beyond standard physics by searching for an EW phase transition; -explore first order phase transitions in the hidden sector; -probe the geometry of the Universe, constraining deviations from CDM out to z ≈ 10 by means of O (10 3 ) MBHB standard sirens.

The Milky Way

A panorama of stellar binaries

The Milky Way is composed of roughly 100 billion stars, with a significant fraction close enough to a companion star to experience binary interactions throughout the evolution. Despite the ubiquity of binary systems, their signatures across the EM spectrum and recent detection of GW from mergers of compact binaries, major open questions remain unsolved (see [203] for a review). Current topics of research include the different mechanisms for mass transfer, its stability and outcomes, corecollapse supernova kicks, the nature of Type Ia supernova progenitors, mass and angular momentum loss and binary merger products [143,176,276]. The low frequency GW band is populated by a large variety of stellar-origin Galactic GW sources that will be crucial for understanding open issues in binary evolution. The μ-Hz GW band will open a new window to binaries composed of a CO with a non-degenerate (main sequence or brown dwarf) star, while also hosting binaries in which both stars are COs but remain undetectable in the LISA band (milli-Hz frequencies) due to longer orbital periods. Many of these are likely to have bright EM counterparts (those including NSs are even detectable in multiple EM wavebands) enabling new Galactic multimessenger studies. These studies will help to constrain binary evolution models and to pin down the formation of rare binary systems. Furthermore, this adds to the bigger open question of understanding the formation and evolution of COs and binaries in the global context of the evolution of galaxies, including the Milky Way. Contrary to EM surveys, the major advantage is that GWs are not hindered by dust extinction and crowding, making them ideal for driving Galactic studies of these sources as well as complementing EM studies at all latitudes [162,169]. Moreover, GWs from CO binaries can be observed throughout the entire Local Group facilitating multimessenger near-field cosmology [161], while circumbinary companions can be detected through GW radial velocity measurements [207,215,251,253,280]. Much like at the LISA milli-Hz band, the extreme number of sources detectable at μ-Hz will result in a strong Galactic foreground of unresolvable sources (see Fig. 1). This foreground can be useful as it contains an imprint of the overall properties and past history of the Galaxy.

Galactic double white dwarfs

The hundreds of millions of DWD that are currently present in the Milky Way emit across the entire GW spectrum. Population synthesis models predict DWD systems, that undergo binary interactions during their evolution, span a vast frequency range from 10 -7 to 10 -2 Hz [265] while optical observations typically cover 10 -5 -10 -2 Hz frequencies(e.g. [START_REF] Brown | The ELM survey. VII. Orbital properties of low-mass white dwarf binaries[END_REF]180]). At frequencies below 10 -5 Hz (corresponding to binary orbital periods longer than a few days) the intrinsic faintness of WD stars makes DWDs hardly detectable even by the future generation large telescopes [210]. Thus, low-frequency GW observations are crucial for constraining DWD formation models and relevant physical processes involved with mass transfer and the common envelope phases. These systems will also be one of the main contributors to the Galactic foreground in the μ-Hz band [191,220]. Although the LISA mission is expected to provide tens of thousands of new DWD in the milli-Hz band (e.g. [160,169]), μAres will greatly improve our understanding of these systems by leveraging on the individual identification of O (10 5 ) DWD and on the detailed characterization of the unresolved foreground down to 10 -5 Hz (see Fig. 1).

Binary systems with WD companions Among binary systems including a WD companion, WD+MS are expected to be the most numerous. Many systems have been discovered thanks to the bright main sequence (MS) star (e.g. [190]). However, optical telescopes are biased towards binaries with a low-mass WD, in which the MS star does not outshine the WD companion. Thus, being more sensitive towards massive WDs, low frequencies GW observations are the optimal method to study the full mass range of all systems, and will complement the optical surveys. The period and mass distributions of WD+MS binaries provides the most direct link to commonenvelope evolution (e.g. [264]). Cataclysmic variables (CVs) are semi-detached close binary systems in which a WD accretes material from a Roche-lobe-filling secondary, typically a MS star (but it can also be a brown dwarf) [277]. These systems represent outstanding laboratories for studying accretion onto COs. Their accretion flows are unaffected by relativistic effects or ultra-strong magnetic fields, making them ideal test systems for our understanding of more complex/compact systems, such as accreting NSs and BHs (e.g. [156]). WD+Helium star systems are less abundant compared to WD + MS stars, nonetheless they can be detected in the optical band out to a few kpc [118]. Recently, one of these systems, CD -30 • 11223 [117] has been confirmed to be a detectable GW source [166]. WD + Helium star systems represent direct progenitors of DWDs and AM Cvn stars because the Helium star is expected to become a WD without going through any more giant stages. Furthermore, these binaries also qualify as double degenerate supernova type Ia progenitors (e.g. [116]). Orbital periods of CD-30 • 11223-like systems are typically longer than 40 min, thus to fully characterise this population an instrument covering lower GW frequencies is required. In particular, because WD components are significantly less bright when compared to the Helium star companions, measuring the mass of the WDs is practically impossible with optical observations alone. The combination of EM observations with GWs in the 10 -5 -10 -4 Hz enabled by μAres represents a unique opportunity for recovering the intrinsic parameters of these systems.

Galactic double neutron stars (DNSs) Since the discovery of PSR J1913+16 [139],

DNSs have been the prime GW sources (e.g. [200]). The measurement of the change in orbital period of PSR J1913+16 due to GW radiation [260] started a process that recently reached a spectacular highlight. GW170817 was the first confirmed extragalactic DNS GW source discovered, which has been subsequently followed-up with observations in gammarays, optical/infrared, X-rays, and radio wavelengths [START_REF] Abbott | GW170817: Observation of gravitational waves from a binary neutron star inspiral[END_REF][START_REF] Abbott | Multi-messenger observations of a binary neutron star merger[END_REF]. Although only a handful of Galactic DNS can be detected at milli-Hz frequencies, several hundreds of thousands are expected to reside in the μ-Hz band [191,272]. The promise of μ-Hz GW observations for the study of NS binaries lies mainly in the determination of Galactic DNS merger rates and for establishing the properties of systems that can be related to previous binary evolution stages. However, if the EM signals of these systems are also detected, studies can be extended to investigate the details of the parent population and the ages of the mergers, probing the delay time between the formation of the double NS and the merger. Combined μ-Hz GW and EM observations will produce unprecedented large data sets and will enable increasingly accurate tests of the massive stellar binary evolution models.

Galactic black holes binaries (BHBs) Current stellar population synthesis models predict that about a million BHBs are likely to be present in the MW [100,168,191]. The most massive systems, which stem from lowest metallicity progenitors, will be present in the galactic halo, as they were formed in satellite galaxies that were then accreted by the MW. Several hundreds of these systems are likely to have μ-Hz GW emission [168]. However, given the probable lack of measurable ḟ (unless eccentricity is present) properly measuring the chirp mass and identifying these objects may be challenging. These objects are unlikely to be confused with DWDs as those latter have lower SNR due to their low masses, thus occupying a different region of the μAres GW strain-frequency space (see Fig. 1). Confusion with stellar binaries is possible, but EM follow-up will likely be able to distinguish those sources. If sky localisation is good enough, these could be prime candidates for EM follow-up (with facilities like SKA). This will give us an unique view on the formation conditions of these systems (low-metallicity environment, stellar cluster, etc) and accretion onto isolated BHs, which is yet to be found.

NSs/BHs + stellar companion (possible X-ray binaries) Tight binaries with a stellar and CO will be observable, particularly for high mass systems, which are the direct progenitors of mergers observed by LIGO/Virgo. To achieve periods < 1 day, these systems must have undergone significant shrinkage of their initial orbit, likely through a common envelope evolution. Some of these systems will display EM emission, and multimessenger detections will allow the distant component masses to be measured (e.g. with SKA). In comparison to EM observations, which often present biases, GW will produce a more complete view of these systems, placing constraints on binary evolution processes based on a population. NS accreting from a companion WD are also expected to be bright X-ray and loud GW sources [259] emitting at sub-milli-Hz frequencies accessible to μAres.

An unparalleled bird's eye view of SgrA *

What is the nature of the environment surrounding MBHs? Our own Galactic Centre provides a unique insight into this question [119] as it is close enough to allow for the direct observation of individual stars orbiting our MBH SgrA * (the celebrated S-stars [START_REF] Chu | Investigating the binarity of S0-2: Implications for its origins and robustness as a probe of the laws of gravity around a supermassive black hole[END_REF]) and even direct imaging of the BH itself [142]. This proximity also provides opportunities for GW observations. Theoretical models suggest that the inner 0.04 parsecs surrounding SgrA * should have a 'dark cluster' of compact remnants and faint low-mass stars [START_REF] Alexander | Stellar dynamics and stellar phenomena near a massive black hole[END_REF]. Recent work suggests that many of the latter, in the form of brown dwarfs, could be on highly relativistic orbits [START_REF] Amaro-Seoane | Extremely large mass-ratio inspirals[END_REF]. Fortuitously, the mass of SgrA * is just right so that if any of these bodies orbit sufficiently close to it they will emit GWs in the μ-to-milli-Hz band [110,124]. This will allow us to measure the orbital properties of any faint or dark objects that orbit very close to the MBHs that are invisible or near invisible to other techniques. This will provide invaluable information about the dense stellar cluster near SgrA * (and, by extrapolation, other Milky Way-like galaxies). These observations will also be complementary to efforts in the EM astronomy community which is also seeking to observe faint low-mass stars near SgrA * [START_REF] Do | Envisioning the next decade of Galactic Center science: a laboratory for the study of the physics and astrophysics of supermassive black holes[END_REF]. Searching for GWs from the Galactic Centre could also allow detection of more exotic objects, such as PBH [124].

Whereas LISA will only be able to observe objects in the very strong field of SgrA * , the low frequency capabilities of the μAres mission greatly increase the ability to detect objects orbiting further out. From Fig. 7 we see that a 1M object could be detected with an SNR ∼ 10 as far out as 8AU from the black hole with 1 year of observing time. A spectacular example of μAres capabilities, as shown in Fig. 1, is given by the possibility of detecting an inspiralling 10M BH onto SgrA * more than 100 Myr before the final plunge. Using a rough EMRI estimate of about 300 Gyr -1 for a MW-like nucleus (see [START_REF] Babak | Science with the space-based interferometer LISA. V. Extreme massratio inspirals[END_REF], and references therein), this means that μAres might detect O(100) EMRI progenitors in the Galactic Centre, revolutionizing our understanding of relativistic dynamics in galactic nuclei and dense stellar systems. Perhaps even more intriguing would be the detection of a pulsar orbiting SgrA * . An inspiralling NS can also be seen around SgrA * out to several AUs, many Myr before final plunge. If this happens to be an active pulsar detectable with SKA, precise timing will yield exquisite tests of gravity and of the nature of SgrA * [237]. Fig. 7 SNR accumulated over 1 year of observation for a 1M object on a circular orbit near SgrA * . For SgrA * , r 0 = 100M = 4.05AU . This plot was made using the SageMath kerrgeodesic gw package in the Black Hole Perturbation Toolkit (http://bhptoolkit.org/) Surprisingly, a GW observatory with the desired low-frequency sensitivity as outlined in Section 2 is feasible with technology realistically available within the next decades. However, such an observatory requires an arm length on the order of 100 million kilometers. The three LISA spacecraft will trail the Earth in an equilateral triangular formation separated by 2.5 million kilometers. The sheer size of the μAres constellation makes similar orbits impossible. The only viable alternative is a constellation with the Sun in its centre as outlined in [START_REF] Baker | Space based gravitational wave astronomy beyond lisa[END_REF]. Such a formation requires at least three spacecraft (triangular formation) although a higher number is easy to implement. Four spacecraft in a quadrilateral formation would not only increase redundancy but also improve sensitivity by means of orthogonal arms.

Orbits For the purpose of this paper, we limit ourselves to a traditional triangular formation. As mentioned in Section 2, two non-coplanar constellations are necessary for source localization. Table 1 shows arm length variations and line-of-sight velocities for three exemplary missions with orbit radii of 0.7 AU (Venus), 1.0 AU (Earth), and 1.5 AU (Mars) obtained from [145]. We chose a 10 year mission lifetime. The first constellation is within the ecliptic plane while the second one is tilted by 90 degrees for optimal source localization. 3 It is imperative to keep the line-of-sight velocity within reasonable limits as it directly impacts the heterodyne frequency of the interferometric readout. However, 3 An alternative would be to place a singular triangular constellation with spacecrafts positioned on the heliocentric orbits each having a small inclination to the ecliptic. In this case the orbit will be precessing and it will be possible to achieve a good sky localisation [192]. Fig. 8 The two μAres constellations (blue and green, 395 million kilometre arm length) alongside a toscale depiction of LISA (red, 2.5 million kilometre arm length). One μAres constellation is trailing Mars within the ecliptic plane while the other is in an equal orbit 90 degrees tilted with respect to the ecliptic even for constellations as large as 395 million kilometers, a detailed analysis of the Doppler frequencies using tools described in [32, p. 76] results in a very reasonable heterodyne frequency range of 2 MHz to 12 MHz for all six spacecraft. Since longer arms increase the low-frequency sensitivity of the observatory, we decided to analyze the overall feasibility of these Mars-trailing orbits. 4 These two μAres constellations are shown in Fig. 8 alongside a to-scale depiction of LISA (2.5 million kilometer arms). Within 10 years the spacecraft will complete 5.3 revolutions around the Sun. Despite the long arms the point-ahead angle stability of ± 0.3 μrad is even superior to LISA.

Experimental Astronomy

Mission parameters

To match the sensitivity outlined in Fig. 1 the total read-out noise in the interferometric signal must not exceed 50 pm/ √ Hz with an acceleration noise of 1 × 10 -15 ms -1 / √ Hz. Such values are perfectly realistic:

-The required acceleration noise is only two times lower than what has already been shown during the 2016 LISA Pathfinder mission [START_REF] Armano | Beyond the required lisa free-fall performance: New lisa pathfinder results down to 20 μHz[END_REF]. -The read-out noise level can be achieved with a received laser power on the order of 15 pW which results in a shotnoise limit of 35 pm. This leaves room for spurious influences from laser relative intensity noise (estimated at 5 × 10 -8 at 2 MHz) and electronic noise of the photodetector (estimated at 1 pA/ √ Hz and 1 pV/ √ Hz) given a local oscillator laser power of ≈ 0.2 mW. [START_REF] Barke | Towards a gravitational wave observatory designer: sensitivity limits of spaceborne detectors[END_REF] All these parameters are very similar to the LISA requirements. However, in order to receive 15 pW of laser power at the far spacecraft over a distance of 430 million kilometers, a significant increase in laser power and telescope diameter is necessary.

One possible combination would be a 1 meter telescope diameter paired with 10 watts of laser output power. This could be made possible by -a relaxed dimensional stability requirement of the opto-mechanical architecture (from 1 (LISA) to 10 pm/ √ Hz) due to the higher read-out noise limit compared to LISA, and -a relaxed phase fidelity requirement for the laser amplifier [267] (from 0.6 (LISA) to 6 μrad/ √ Hz) due to the lower maximum heterodyne frequency which results in an increase in tolerable timing jitter. This requirement is given with respect to 2.4 GHz clock-tone sidebands for the inter-spacecraft frequency distribution as described in [134].

Additionally, while an inter-spacecraft frequency distribution might still be necessary, the relaxed timing noise requirements may lead to the omission of a pilot-tone correction scheme for the analog to digital converters of the phasemeter. Power requirements for the increased laser power could be satisfied by either installing larger solar panels which in contrast to LISA can face the Sun directly, or alternatively a radioisotope power systems.

Feasibility

The outlined μAres mission concept would be less complex in many ways due to more stable orbits that could make some of the required subsystems in LISA obsolete (e.g. point-ahead angle mechanism, pilot tone correction). Furthermore, all dimensional and timing stability requirements are relaxed due to the lower maximum heterodyne frequency and a higher read-out noise level. This means that most other hardware developed for LISA will meet the μAres requirements with a margin. However, we identified a number of challenges that would require further research:

-Acceleration noise: LISA Pathfinder did measurements down to Fourier frequencies of 2 × 10 -5 . It is not yet obvious that a slightly improved acceleration noise compared to LISA Pathfinder can be achieved over the entire μ-Hz range. -Laser power: 10 watt laser fiber amplifiers are commercially available. It needs to be demonstrated that such amplifiers can meet the relaxed phase fidelity requirement at full output power.

-Laser power stability: LISA has a relative stability requirement of 1 × 10 -8 at 5 MHz. This noise increases towards lower frequencies and it needs to be shown that 5 × 10 -8 can be achieved at 2 MHz. -Orbit insertion: Upcoming launch vehicles like "New Glenn" by Blue Origin (7 meter fairing) or "Space Launch System" by NASA (8.4 meter fairing) are certainly large and powerful enough for the outlined μAres spacecraft. The planned "Starship" by SpaceX (9 meter fairing) should even be capable of transporting all spacecraft directly to a heliocentric Mars orbit. However, the delta-v required for 90 degree out of ecliptic plane orbit insertion could be extremely challenging. -Ranging: The μAres constellation requires knowledge about the absolute spacecraft distance of < 10 meters. Depending on the Deep Space Network positioning accuracy, the on-board ranging algorithm might need to be improved.

The overall concept benefits greatly from LISA technology heritage and upcoming cheap and powerful heavy-lift orbital launch vehicles. The compelling scientific benefits of the μAres mission concept demand a more detailed feasibility study which should include a more detailed look at the benefits and drawbacks of different orbits.

Even only a single μAres-like constellation within the ecliptic plane will allow us to observe the very rich landscape of μ-Hz gravitational wave sources in great detail.

Conclusions

In response to the ESA Voyage 2050 call, we presented a concept study for a space-based GW interferometer covering the milli-Hz to μ-Hz frequency band. We demonstrated that an instument operating in this window will add invaluable insights into a number of key unsolved issues in astrophysics cosmology and fundamental physics. Up to thousands of MBHBs will be caught early in their adiabatic inspiral, hundreds of years before merger, offering a unique sample for studing the evolution of MBHs in the universe, the emergence of high redshift quasars, and the elusive MBHs at the low end of the mass function, lurking at the center of dwarf galaxies. Detection of persistent sources in their inspiral phase, likely occurring in gas rich environments, will enable identification of EM counterparts, which will make possible to disentange the MBHB population still hiding in plain sight among the lightcurves of hundreds of millions of quasars. Hundreds of standard candles will probe the geometry of the Universe out to the early epoch of structure formation and strong lensing of several sources might enable host localization of MBHBs mergin at z ≈ 10. The MW will be surveyed well beyond LISA capabilities, which will allow, among other things, to directly study the physics of contact binaries and common envelope physics and the relativistic dynamics around SgrA * . Finally, the μ-Hz will open up a vast region of the allowed parameter space of QCD, EM and first order phase transitions. We showed that the required sensitivity can be achieved by an Heliocentric detector consisting of two triangular constellatios tilted with respect to each other. We specified the desing for a Martian orbit (μ-Ares, 1.5 AU radius), but similar performances can be obtained either with an Earth (1 AU radius) or Venusian (0.7 AU radius) orbits. We found that, surprisingly, the target sensitivity is feasible with technology realistically available within the next decades, greatly benefitting from LISA technology heritage.

By the 2040s, the μ-Hz to milli-Hz frequency band twill be the widest gap in the GW sky coverage provided by ground and space based instruments, including the Einstein Telescope and Cosmic Explorer, LISA, Pulsar Timing Arrays and possibly either the TianQin [173] or Taiji [219] space interferometers. μ-Ares, or a comparable instrument, bring the promise of filling this gap, to complete the exploration of the gravitational universe, a prospect that deserves consideration and a much more indepth feasibility study.
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Fig. 5

 5 Fig. 5 Example signals from the memory effect compared to the μAres sensitivity curve. The spectrum of the signals are calculated based on the derivations done in [141]. The value of the redshift was chosen to be z = 4. Both MBHBs were chosen to have components of equal mass. The green curve corresponds to the M = 10 7 M and the orange curve corresponds to M = 10 9 M . The values for the characteristic timescale of the memory rise is inverse proportional to the frequency at coalescence and were chosen to be τ = 100 s and τ = 10000 s for the green and orange curve respectively

  

  10 -4 , which is the lowest bound CMB experiments can technically reach. In the case of no positive detection by CMB before 2050, future direct GW detection should therefore do better than h 2 Ω gw ∼ 2×10

-3 by 2027 -2031. Concerning satellites, LiteBird [133] 

will reach r < 6 × 10 -4 by 2027 -2032, and proposed satellites such as PICO and COrE might reach r <

Table 1

 1 Arm length variations, line-of-sight velocities and resultant Doppler frequencies for three exemplary orbit radii over a 10 year mission lifetime

	Average orbit radius	0.7 AU	1.0 AU	1.5 AU
	Average arm length	187 million km	259 million km	395 million km
	Total arm length variations	185,000 km	105,000 km	492,000 km
	(in plane constellation)			
	Total arm length variations	176,000 km	217,000 km	65,700 km
	(out of plane constellation)			
	Maximum line-of-sight velocities	6 m/s	4 m/s	12 m/s
	Doppler frequencies at 1064 nm	5.5 MHz	4.0 MHz	11.0 MHz

https://www.cosmos.esa.int/web/voyage-2050

We analysed this orbit as a limiting case, however, placing the spacecraft on an Earth orbit will be even easier and it was addressed in[START_REF] Baker | Space based gravitational wave astronomy beyond lisa[END_REF].
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