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Can high-order moments be meaningfully estimated from experimental turbulence measurements?
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F-45071 Orléans Cedex 2, France
(Received 8 December 2003; revised manuscript received 7 September 2004; published 18 November 2004

Although high-order moments are widely used in the study of fully developed turbulence, their statistical
properties remain poorly known. It is well known that beyond a given order, moment estimates based on finite
samples cannot be trusted. We provide an empirical criterion for determining that order and illustrate it using
a long record of boundary layer turbulence. The results show that even with modest levels of intermittency,
structure functions in the inertial range of turbulence cannot be meaningfully assessed for orders as low as
5 or 6.
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For several decades, the modeling and the experimentaicrements are normalized versus their standard deviation
measurement of moments have been a key problem in turbgbefore taking the absolute valyso thatu is dimensionless.
lence researchil,Z]. The attention has progressively shifted  Theqth order moment of the velocity increments is better
to high-order moments, as these can help discriminate corknown as the structure function, whose formal definition and
current models of turbulent cascades. Yet, these develon;rnpiricm estimate are, respective|y,
ments are often pursued without substantiating evidence that
such moments can actually be measured experimentally. - q

More than three decades ago, Tennekes and Wyngahrd =] puutdy, (1)
warned against the danger of inferring high-order moments 0
from experimental data. Although many pitfalls can, nowa-

days, be overcome by adequate experimental set up and suit- .1 X 0

able data processing, two basic problems remain: the lack of S NZ u. (2
ergodicity and the finite sample size. Both have been over- =1

looked, if not neglected, in the literature. Here, p(u) is the probability density ofi. In Fig. 1, the

The validation of moment estimates is indeed a difficultestimated probability density is compared to a Gaussian dis-
task; analytical results only exist for distributions that aretripution with the same mean and same variance. A weak
close to Gaussia#]. Tennekes and Lumlefp] introduced @  geparture from Gaussianity is apparent, which may be an
method for determining the uncertainty ofgéh order mo-  jngjication for short-scale intermittency.
ment by using knowledge of thegth order moment and the  Tennekes and Wyngaaf@] suggested validating the mo-
mte_gral time scale. Their approach, howe\_/er,l requires goothent estimates by plotting the integraptlud for various
estimates of the low-order moments. Qualitative insight carygersq, The surface spanned by this integrand equals the
be gained by investigating the probability density of the datga|ye of the corresponding structure function. This is illus-
[3.6], an approach that has been used by several offie#s  trated in Fig. 1[discrete functions are plotted, since histo-
Other approaches involve the central limit theorgk@], as-  grams were used to estimatéu)].
sume an algebraic decay c_)f the distribut[dﬂ], or consider For low orders(q<4), the surface spanned by each inte-
the problem from a dyngmlcal system point of vigie]. W.e rand is regular and well bounded. As the order increases,
shall focus here on finite sample size effects and derive afj,\ever, so does the contribution of rare events until the

emplrl_cal criterion for evaluating their impact. boundary becomes too ragged for the surface to be well de-
To illustrate our approach, we consider velocity measure i

ments que by hot wire anemometry in a turbulent b(_)undary Arﬁong the reasons for this degradation are the large un-
layer. This data set has already been analyzed in Refg,tainty associated with rare events and the unavoidable

2172;1&" The air velocity is refcgrdedoa;t a C.O”ISta’.“ rate ofncation of the integral in Eq1). We conclude from Fig. 1
5 kHz, giving a strindu;} of data. Of particular interest .+ ihe highest accessible order should be aroyné, a

for turbulence studies are the wave-field velocity increments 5 e that is quite small as compared to what one would

Ui=[vis,~vil, SO we shall concentrate on the statistical prop-gynect from such a long time series. Our objective is to es-
erties of the string of incrementsi};Z;. Let us consider a timate this quantity more objectively.

time lag 7 of 12 sampling periods to start with, as this value i, |et us reorder the array of velocity increments and
falls right Wif[hin the inertial range; the length of the string of rank them in decreasing ordem;=u,=---=uy. The em-
increments is theM=442 349. In what follows, all velocity pirical structure function of ordeq is still given by Eq.(2)
but with reordered indices, notekl As before, the area
spanned by the serigsf}}; converges for largé\ toward
*Electronic address: ddwit@cnrs-orleans.fr the value of theqgth order structure function. This area is

1539-3755/2004/16)/0553024)/$22.50 70 055302-1 ©2004 The American Physical Society



RAPID COMMUNICATIONS

T. DUDOK DE WIT PHYSICAL REVIEW E 70, 055302R) (2004

10° 10

p(u)

—_

04t /™ 9=3 i x 10°

_ x 10

A 10

80 q=7

_2

% 40 10 0 2 4 6
< 10 10 10 10
@ 20 e e k

0 2 P * ;5 P 10 FIG. 2. From top to bottom: the string of velocity increments
u {u;} vs their indexi, the string of ranked velocity incremenis,}
with linear and logarithmic axes. A least-squares fit over the range
FIG. 1. The integrand of Eql) for various orderg| as mea- 10<k=1000 gives the scaling exponent0.128+0.004(slope
sured(doty and as calculated from a Gaussian distributitine) shown by thin ling.
whose mean and variance equals that of the measurements. The top
panel shows the probability densityertical axis is logarithmig In ~ Which are strictly Gaussian were found to exhibit a clear
the next panels, the value of the empirical structure function equaléleparture from this scaling. Such distributions, however, are
the area spanned by the dots. The probability density was estimateaf marginal interest here. We compared a variety of data sets
using a histogram with 100 equispaced bins; the time lagri$2  obtained from experimental and simulated neutral fluid and
sampling periods. Here, and in all following plots, velocities are inplasma turbulence, using various lags all of them con-
dimensionless units. firmed the robustness of this power-law scaling. We shall
therefore take the existence of this scaling as our main work-
displayed in Fig. 2. It can be divided into two parts: a longing hypothesis.
linear tail that is dominated by velocity increments belonging Let us then assume that the ranked velocity increments
to the bulk of the distribution, and for smalla sharp peak ©obey a power-law scaling for thel <N first elements. The
that is made of rare events. The accuracy of our structur@€xact value oM is not essential for what follows; we merely
function estimate largely depends on our ability to properlyintroduce it to separate the velocity increments into two

capture the surface of that peak. classes. The empirical structure function can be rewritten as
It turns out that the peak in Fig. 2 is remarkably well LM N
described by a power law, S==Sul+— 3 ul,
9 Nist ¥ Nime1 © (4)
k\~Y
uk"“(ﬁ) ‘ @ AR I
—S ] += 3wl
as evidenced by a representation with logarithmic axes. Such Nizt  \N Ni=pt+1 ()
a scaling invariance would priori be expected only from 1) )
Sq N

distributions that exhibit algebraic asymptotic decay, such as R
Lévy-type distributions. What we observe recalls the empiri-Rare events contribute tcsgl), and the bulk of the

cal Zipf law [15,16, which appears with astonishing ubig- gistribution to S?. One can readily show that the second
uity in rank-ordered statistidd7-20. The origin of the scal-  term in Eq.(4) does not significantly depend d, as uj
ing invariance we observe, however, is essentially rooted in. (1 —k/N)/p(u=0). The first term can be rewritten as

the statistical properties of the extremes in a ranked distribu- "

tion [21], and SO does not necessanl_y reflept some property ASJ” = QNP o

of the underlying physics. Indeed, this scaling holds almost = :
regardless of the true probability density of the record.

Among the physically meaningful distributions, only those For 0<qy<2, this is well approximated bj22]

(6)
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FIG. 3. The maximum ordey,,,, as computed for various time FIG. 4. Scaling of the maximum ordegp,,,with the sample size

lags 7 from the same data sétlots. The normalized fourth-order N, for r=12. For each value dfl, nonoverlapping sequences were
structure functiom:&(r)/ﬁ(r) or kurtosis is shown as a measure taken from the same time series. Error bars represent +1 standard
of deviation from Gaussianityfull line). For a Gaussian process, deviation ofgmay

the expectation of the kurtosis is (8lashed ling Time lags are

expressed in units of sampling periods. The inertial range approxi- Clearly, the more significant the tails of the probability
mately spans fromr=8 to 7=70. density are, the smaller the threshold ordgg, will be. Be-

cause of that, the maximum order will depend on the time
lag 7, usually increasing with it until the distribution of the
%n - anq'y—l<l 1 [1- (rN)l—qy]> ) velocity increments becomes Gaussiaee Fig. 3. As a con-
12 1-qy ' sequence, high-order moments are easier to estimate at large
lags, when the distribution is close to Gaussian. The non-
where we introduced=M/N<1. This estimate, to be con- monotonic increase we observe in Fig. 3 is not generic and is
sistent, should converge toward its expectation Nasn- most likely due to the lack of exact self-similarity in the
creases. The parametersr, andy only weakly depend on inertial range.
N. A simple consistency criterion thus consists of determin- These results can be extended to the case of signed veloc-

ing whether SV converges or diverges for increasimg ity increments, the only difference being that both wings of
Equation(7) shows that divergence occurs fpp>1, with a  the probability distribution must be treated separately, possi-
limiting case forqy=1. We conclude that the maximum or- Ply giving rise to different values Qfipax
der of the structure function estimate is essentially a function Finally, let us investigate how the maximum order de-
of the scaling indexy of the ranked distribution. pends on the sample si2é To do so, we estimatg,, from

In practice,q must be an integer, so the maximum ordernonoverlapping subsets of various lengths, taken from the

for which a structure function can be meaningfully estimatedsa@me record, for a given lag-12. Figure 4 shows the aver-
from a finite data set should be age value ofy,;cand its standard deviation versus the length

N of the subsets. The increase®f,, with N is rather slow
{1J and we conclude that in the inertial range of this particular
Omax=|—|— 1, (8) data set, moments with orders larger than 10 are practically
Y beyond reach.
To summarize, we found a simple and empirical criterion
for determining the maximum order for which one can rea-
' : . ) sonably estimate moments of a given data set. It is based on
maximum order O.n=6’ n ful! agreement W't.h the previous the observational evidence that the ranked distribution of
qualitative analysis. Its application to a variety of data_l S€l34re events tends to follow a power law. Even for weakly
always gave an excellent agreement with the quallt""t'v‘furbulent fields and long records, the lack of sound statistics

analysis, even when the power scaling could be applied 10 g, a6 events shows that the inference of moments as low as
small fraction only(typically a few tens of sample®f the 5 or 6 can be a meaningless task

data set. : o : . Note added in proofA nonparametric estimator of heavy-
The main asset of this criterion is its self-consistency, |r;ja

where| | denotes the integer part.
Applying this criterion to our boundary layer data gives a

; ; iled distributions, based on wavelet transforms, has re-
the_ sense that no assumptions need to be made elthe_zr on tly been proposed by Gongalves and Ri2f].
validity of the central limit theorem, or on the functional
dependence of the tails of the distribution. The main hypoth- | gratefully acknowledge Fabien Anselm&RPHE,
esis is the power-law scaling of the ranked increménis  Marseille) for providing the data and the dynamical systems
for smallk. team(CPT, Marseillg¢ for many stimulating discussions.
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