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SUMMARY

We present a new method for modelling 2-D elastic media with the application of
the wavelet transform, which is also extended to cases where discontinuities simulate
geological faults between two different elastic media. The basic method consists of
the discretization of the polynomial expansion for the boundary conditions of the 2-D
problem involving the stress and strain relations for the media. This parametrization
leads to a system of linear equations that should be solved for the determination of the
expansion coefficients, which are the model parameters, and their determination leads to
the solution of the problem. The wavelet transform is applied with two main objectives,
namely to decrease the error related to the truncation of the polynomial expansion and
to make the system of linear equations more compact for computation. This is possible
due to the properties of this finite length transform. The method proposed here was
tested for six different cases for which the analytical solutions are known. In all tests
considered, we obtained very good matches with the corresponding known analytical
solutions, which validate the theoretical and computational parts of the project. We hope
that the new method is useful for modelling real media.

Key words: elastic media, modelling, wavelet transform.

1 INTRODUCTION

We propose, in this work, a new method of modelling 2-D elastic media. Associated with this new method, we use the wavelet
transform to minimize truncation errors and to reduce the size of the system of linear equations that results from the application of
the method. Despite the fact that the media we study are 2-D bodies, the result of the application of this new method can be viewed as
an approximate solution to some specific 3-D problems.

Among the motivations for developing this method are possible geological applications (that is, the study of tectonic plates and
geological faults) and simulations of the elastic behaviour of materials in several other fields of science.

We know that any given 2-D body may be subject to stress and displacements, which may be due to an external perturbation and
whose behaviour depends on the geometry and the physical properties of the body. According to de Veubeke (1979), the stress field
for such a plane body is related to the displacement components through a system of differential equations of two variables (x, y).
The solution to this system can sometimes be obtained analytically. Once this system is solved, we obtain expressions for the stress
and for the displacement components, which depend on two analytical functions, F and H, of the x and y variables.

The basic principle of the method is the discretization of the boundary conditions on the x and y space coordinates. These
conditions are imposed on the stress and displacement components along a given boundary contour of the medium. In order to make
the method feasible, the boundary conditions, which depend on the F and H analytical functions, have to be chosen in a way that
allows the problem to be solved in the simplest manner. With this in mind, assume that F and H are given by

M m

F(x,y) = Z am (X, ) and H(x,y)= Z bingm(x, ).

m=0 m=0
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Modelling elastic media with the wavelet transform 455

Note that Fand H are linear functions of terms containing constants a,, and b,,,, which are the model parameters. This means that the
boundary conditions are also linear combinations involving these constants. When we make these boundary conditions discrete
by taking sample points (x,, y,,) along a contour, this results in a system of linear equations whose unknowns are the expansion
coefficients of the F and H functions, namely f,, and g,,,, respectively. Once we have solved this system of equations, we can determine
which are the tension and the displacement components at any given point along the contour we are considering. This is useful to
simulate how the medium will behave in terms of its stress field and its deformations when an external perturbation is applied.

However, we have not yet considered the whole modelling problem. It remains to decide which type of expansion we will use. We
anticipate here (this will be discussed in detail below) that the expansion adopted will consider that F and H are polynomials. The
main reason for this choice is the simplicity we have for the related analytical solutions to the stress and displacement components,
although this is not a limitation to the use of other expansion functions in the method.

The digital signals we consider here, the stress and the displacement components are polynomial functions in the (x, y) 2-D
space. In order to make the analysis simpler, assume first that these signals are only functions of x, and that the equation for the
displacement component u has the following form:

M

U=y Aux". (1)
m=0
In order to determine the 4,, (m=0, 1,... M) coefficients, we have to match, in the space or frequency domain, eq. (1) with

another function at some points, say U(x,,), in the time domain or FTU,, (where FT is the discrete Fourier transform operator) in
the frequency domain, as shown below:

M
Ulxa) = Amx)) n=0,1,...,N, Q)
m=0
_ M
FTUn:ZAmA/m.n, nzo,l,...,N. (3)
m=0

Note that in both cases we have a system of N+ 1 linear equations such that we can have, at the most, N+ 1 unknowns. This means
that, in both eq. (2) and eq. (3), we have to truncate the summation to a maximum of N+ 1 terms, which will generate a truncation
error that will affect the solution to A4,,. Since the signals considered here all have their energy mainly concentrated in the
low-frequency components, the truncation error due to eq. (3) will be smaller than the error due to eq. (2), which will justify
the application of the Fourier transform, which is the basis function transform commonly used in this kind of problem (e.g. Aki &
Larner 1970).

According to our comments above for the determination of 4,,, we can match the displacement component given by eq. (1) in
the space or in the frequency domain with a known function. Assume now that we have a basis function transform available that
combines both domains (space and frequency). It seems that there would be a greater flexibility in the matching described above
because we would use both domains to match the two functions. The truncation error may thus be smaller than that due to the
matching in the frequency domain alone. In fact, these transforms (which combine two domains) exist and are known as wavelet
transforms (Daubechies 1992; Vetterli & Kovacevic 1995). Another reason for using the wavelet transform instead of the Fourier
transform is the fact that the former concentrates more energy of the signal in a few basis functions than the latter, which can make
the truncation error smaller.

We also have problems when we face cases where the polynomial function used is larger than necessary. This will not introduce
errors, but will make the size of the matrix equation much larger than necessary, making the computation slower and the computer
memory space required larger. From this, we get the idea of using the wavelet transform, which can concentrate the energy of a given
signal in a few basis functions and make the system of equations more compact. This will allow the method to zero those coefficients
that are much smaller than the largest one established for a given signal.

Another major source of error in this type of solution to the problem is that included in the pseudo-inverse that we will use here.
This is an inversion technique based on the least-squares minimum of the difference between data and fitted results, on the basis of the
singular value decomposition of the matrix that we want to invert. We cannot do much about avoiding this type of error. We can only
try to estimate it, since this inversion method is among the methods available for dealing with problems of ill-conditioned matrices
and for the solution of overdetermined systems of equations. Fortunately, despite the fact that the rank of the matrices obtained in
the example cases we show here is always incomplete, it was always possible to establish one numerical rank without any ambiguity,
which allowed us to have small error levels.

So, the main objective of this paper is the development of a new method of modelling that takes into account plane elastic bodies.
We use wavelet transforms in order to reduce truncation errors and to make the resulting system of equations more compact.

In order to make the method useful for the study of geological models, or for the study of materials in other fields of science, it is
necessary to validate the method through application to models with very simple geometry, whose analytical solutions are known and
with more complex geometries, which take into account media with different elastic properties and include faults. The results for
these cases prove that this is a very simple and useful method for modelling plane elastic media.
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Figure 2. Contour of a cell including the local coordinate system.

\ - X

i-th cell
Figure 1. Definition of the geometry of the general system.

2 MODELLING THE GENERAL SYSTEM

Parts of the original development of this work are presented in the Appendix for the sake of clarity in the present text.

We define in Fig. 1 the general (arbitrary) system. The general system is composed of a region divided into 7 cells. These cells are
named using an index, say i (=1, 2,..., I). Each cell is homogeneous and elastic, defined by coefficients G; and v; (rigidity and
Poisson’s ratio). They include a central point with coordinates (x?, y?) with respect to the main coordinate axis system (X, Y). We
also introduce a specific coordinate system for each cell (Fig. 2),

x=X-x"
0’ “
y=Y-y
and a vector of coefficients x,, which has the following components:
xF = () 60 o) al) s a6 p g, Bl ) )

This vector contains the coefficients that describe the state of stress and displacement through the polynomial functions (A7),
(A8), (A9), (A10) and (A11), where M is the order of the polynomial function used. Once we know these coefficients, we can calculate
the stress (o, 0,, Ty,) and the displacement («, v) components.

According to the above, each cell has a set of coefficients that range from zero to order M. On the other hand, it is not possible
to determine the coefficients for each cell separately since there is interaction among the cells determined by the internal contours
of the model (that is, determined by those contours that separate each pair of neighbouring cells). Note that, according to eqs (5),
(A7), (A8), (A9), (A10) and (A11), each cell has its own stress and displacement fields, indicating that each will be deformed in its own
way. It is also important to remember that there may or may not be displacement of one cell with respect to another given cell of the
model. This will depend on how we define the boundary conditions of the internal borders among the cells. If we allow displacement
to exist between two given cells, the interface between these cells can be considered as a fault.

We now define the contour of each cell assuming that it encloses the centre of coordinates of the local coordinate system (x, y)
(Fig. 2). We also define a vector n(n,, n,) normal to the contour line. Then, the traction components to the contour is given by
eqgs (A22) and (A23), which we rewrite as

Ix = OxNyx + TNy
ty = Tyyhy + oyny,

The x-component of the traction, z,, is defined as the force per unit of area in the x-direction that is applied by the side of the
boundary that contains the vector normal to the other side, n. The definition of #, is analogous to the definition of #,.

We then introduce the contour segments that divide the contours into appropriate sections. We number the contour segments
using two indices: the first defines the number of the cell we are considering, while the second indicates the border along the contour in
the counterclockwise direction (Fig. 3).

The starting point of segment (i1) is labelled P(i, 1) and has coordinates (x;;, y;1), the starting point of segment (i2) [which is
the endpoint of the segment (i1)] is called P(i, 2) and has coordinates (x,», ¥,»), and so on.

Some of the segments are along the external boundary of the system, and others are along the internal boundaries. If the segment
we are considering is an internal one, the same segment is also part of a neighbouring cell. We apply a boundary condition to the
external segments and one continuity condition (or fault condition, if this is the case) to the internal segments. The external boundary

© 2001 RAS, GJI 146, 454488
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PG,D) P (i,4)

/(&)

contour
segment (i,))

i-th cell

(x".57)

il i3

Line connecting P(i,j) &
P(i,j+1)
P(i,2)
i
(x(5:)0(8)
i
Figure 3. Parametrization of a contour line into segments (or borders) Figure 4. Parametrization of a given contour.

and the convention used to number these segments.

condition will be imposed on the traction, or on the displacement we observe, on the boundary we are considering. In cases of internal
segments, the continuity boundary condition is imposed on the traction (¢, ¢,) and on the displacement (u, v). The fault boundary
condition (when this is the case) consists of a discontinuity on the displacement and on the continuity of the traction.

Before we start analysing the boundary conditions, we should specify how we consider any given segment (i1) in this problem
(Fig. 4).

2.1 Contour parametrization

For any given (i, j) segment we define the discrete variable &;;, which has known values along the straight-line segment shown in
Fig. 4. These values are taken in the counterclockwise direction with respect to the local axis of coordinates of the cell. Note in Fig. 4
that the real contour of the cell is different from the straight contour we consider. The difference between these two is given by the
function f;;(£;;), which is measured in the direction of the normal to the cell, as shown in Fig. 4.

We need the locations of the points on the contour we are considering (x;(¢;), y;(£;)) and the external normal to the real contour
on each of these points. With this in mind, we define the following:

the starting point of the (i, j) segment, P(i, j)=(x;, y;);
the endpoint of the (i, j) segment, which is the starting point of the next (i, j) segment, P(i, j+1)=(x; j41, Vi j+1);
the distance between the starting and the endpoints, d;; (which is the length of the straight line between the two points).

The procedure is as follows.

(i) First we draw a line connecting P(i, j) and P(i, j+1). The coordinates of each point on the straight line segment are

e N+ X
X (&) = x4+ & %
‘ ij
( ) (6)
¥(ey) = v+ &y T
i
The corresponding normal vector to the real contour is given by
n, (v dyz izj d-xl dyi)z
U dfz/ dgl/ déif
@)
Sy dxi(&y) dxi\*  (dvi\’

In this way we know the positions of the points and the normal to the (7, j) segment as a function of &;.

(i) Now we have to find the coordinates of the points on the real contour. In order to do this, we draw a line normal to the
segment, from (x,‘-’(&jl-]-), yfl(é!-,-)), and find the coordinates of the point of intersection of this line with the real contour. We write
the coordinates {x;({;), y:(¢;)} of this point of intersection (Fig. 4).

© 2001 RAS, GJI 146, 454-488
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458 J. W. C. Rosa et al.

After all the segments have been discretized and one segment (i, j) has been specified, we find the point on the contour
1xi(&y), vy} ={x(, j, n), y(i, j, n)}. This point will be part of a table of coordinates (x, y) with three indices that has to be supplied
by the user. The three indices are

i=1,2...1 (cell number),
j=12...50) (number of the segment in the ith cell),

n=12...N; (number of the point on the jth segment) .

Note that {x(i, j, n), y(i, j, n)} is another way of representing {x(&;), ¥(&;)}.

2.2 External boundary conditions when the displacement is given

In this case, we obtain the external boundary conditions with respect to the displacement. Consider one condition in one segment on
the external border, where the displacement (u, v) is given. Consider the jth segment of the ith cell, and find the points on the contour
going from P(i, j) to P(i, j+1),
n

(X(f,]),y(él])>, él]:ﬁdy and n:O, 1, ...,N,‘.

1
The u and v displacement components are functions of x and y, but, in order to make the notation simpler, we will only use the
variable ;. Suppose that the external boundary condition is given by

“(51‘1‘) = U(ffj),

v(xiy) = V(&)

where

— M - - - -

O(E5) =3 e (E5)al) + el (E5)bf) + el Epld + e (E)ald | ®)
m=0

— M . - - -

V(&) =D [A0E)a) + 1 B +15Epl) + 15 E)al) ] ©
m=0

We then take the wavelet transform (operator WT) of both sides of eq. (8) with respect to &; (which is the variable that is used
when we discretize a contour to parametrize the 2-D problem with respect to the x, y-coordinates) and we obtain

M
WTU(E) =) [WTeﬁ?)(fzi)afi) +WTell) ()bl + WTell) (&)pll) + WT@fﬁ”(f;’/)Qﬁ?] - (10)
m=0

A similar equation can be obtained for the representation of (9).

2.3 External boundary conditions when the traction is known

We now consider the boundary conditions on the external border of the model, where the traction t(z,, #,) is given instead of the
displacement conditions.

Assume that the jth segment of the ith cell is in an external contour, and that the external traction (7', 7)) is given. Following the
discretization procedure of the contour described in Section (2.1), we sample the contour between points P(i, j) and P(i, j+ 1),

n
(x(é,]),y(f,j)), él]:ﬁdy and n:O, 1,...,N,’.
In this case, we also need the normal to each of these points,
. n
(nx(i,j),ny(gl/)), flj:ﬁdl] and l’l:o, 1,...,Ni.

Assume that the external boundary conditions are given,
tx(éij) = Tx(gyy) 5
ty(é,;/) = Ty(fij) :

© 2001 RAS, GJI 146, 454488
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In this case, we consider that the internal traction components, . and ¢,, are known (equal to the external traction applied) on the
(i, j) contour, and that they are given by T, and 7. Then,

M

Tu(Ey) = > { P Ey)am + 2 (E9)bm + P Eom + P2 (E5)atm } an
m=1
M

Ty (&) = > {0k (E)am + @) (E5)bm + 48 (E)om + 088 (E)ain } (12)

m=1

where we have the following expressions for p,, and ¢,,:
P (E) = melE)el) (&) + my(Erii) (&)

aw (&) = ne(E)rd (E5) + my(E)h (&) -

We then take the wavelet transform, with respect to n, of both sides of eq. (11),

M
WTT(&) = > { WP (E)am + WTpL ()b + WP (€ + WD (E5)ain | (13)

m=1

An equation similar to (13) is obtained for 7).

2.4 Internal boundary conditions assuming continuity of the displacement

In this case we obtain the boundary condition equations for the internal segments, assuming that there is no displacement between
two cells. The internal segment is divided into two contours, (i, j) and (k, /), which are the contours seen by the ith and kth cells,
respectively. An example is shown in Fig. 5.

Assume that the segment defined by P(i, j))—>P(i, j+ 1) is the same as that defined by P(k, [)— P(k, [+1). We consider the
matching of u, v, t,, t, for each point along the segment.

We first consider the matching of u. In eq. (8) we express u(i, j, n) of the jth segment of the ith cell as

M

u(Ey) = Y [t (Ey)af) + e (E)bY) + e (&l + e (E5)ald]

m=0

The same can be done for the /th segment of the kth cell,

M
u(éu) = Z {e%)(ékl)ay;) + el ()bl + el (&Pl + eg)(ikl)qz(v];)} ,
m=0

where &= d,, é,]

continuity of u along the contour can be expressed as
u(&y) = u(Su) -

Taking the wavelet transform on both sides, we have

M
Z WTel? (&)a) + Z WTel®) (¢,)b1) + Z WTel) (&;)pl) + Z WTel?) (&,)qD — Z WTeld) (E)ald — >~ WTel) (&)
m=0 m=0 m=0 m=0
—Z WTeld (é)p Z WTel? (&g = 0. (14)

m=0 m=0

Now we consider the continuity of the traction (¢, #,) along the internal contour, shared by segments P(i, j)—P(i, j+ 1) and
P(k, )= P(k, I4-1) . The continuity is expressed as t.(7, j, n)=t.(k, [, n’), where n'= N(k, ])—n, which means &;;=d;—¢; (Fig. 6).
On the other hand, n({;) = —n(d;—¢;) and n,(&;;) = —n,(d;;— &), since the external normal of a segment is opposed to the external
normal to another segment. The continuity condition for 7, will be, from eq. (11),

me él} +me él/ m +2pm pm +2pd qm Zp ikl m me Ck/

m=0 m=0 m=0

- Z P (E)py) Z P ()l = 0. (15)

m=0 m=0

© 2001 RAS, GJI 146, 454-488
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PG+ Pk

S,

i;—t "onz

J~al |l

P(i,j) P(k,I+1)

Figure 5. Convention used for an internal segment of the problem.

Taking the wavelet transform of the above equation, we obtain

Z WTp@ (¢;)all) + Z WTp (&)%) + Z WTpL) (&,)p) + Z WTpD (&g — Z WTp (&)a

m=0 m=0 m=0 m=0

- Z WTpL (&,)pk) Z WTp (&)gl = 0.

m=0 m=0

2.5 Internal boundary conditions for cases of faults

Figure 6. Continuity condition for an internal boundary.

&) ZWTp (&b

(16)

The displacement discontinuity (Figs 7 and 8), that is, the effect of the fault itself, is imposed on the parallel displacement

component Up,

u[’(iij) =+ up(ékl) = _ktp 5

(17

where the constant k is inversely proportional to the friction between the two cells. This means that the higher the value of the
constant k, the easier it is to have displacement along the fault, and that the lower the value of the constant k, the more difficult it is to

have displacement along the fault.
The other boundary conditions are related to continuity on the medium,

un(éij) + “n(ékl) =0,
(&) + 1y (Sk) = 0,

1,(&y) + 1y(Sk) =0

P(i,j+1)  P(k,)

() ()

cell i cellj

P(.))  P(k,))

Figure 7. Internal boundary segment for the case of a fault.

(18)
(19)

(20)

>
X

Figure 8. Normal displacement vector on a fault model.
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3 MATRIX EQUATION FOR THE DETERMINATION OF THE MODEL PARAMETERS

We now show how to obtain the matrix equation that is used to calculate the parameters of the model. First, consider the vector x;,
defined by eq. (5): we rewrite it as

X; =

We gather all the x; vectors together in a single vector, defined as

X1

X2

X7
The matrix equation for the determination of the x vector is written as
Ax=Db, (21)

where 4 and b are known. As an example, we rewrite the set of eq. (11) in its matrix form,

M
Tk(il]) = Z {pgj)(éu)am +p£;l1))(élj)bm +p£;;>(cflj)pm +pl(:ll)(élj)qm} . (22)

m=1

Recall that a set containing all coordinates (x(;)y(E;), &= (n/Npdyand n=0, 1,..., N;is equivalent to {x(i, j, n), y(i, j, n)}. We can
then represent eq. (22) by

M
Tulisjon) = Y {p G o wan + P20 fs b + ) G o ) + 2 G o M)} (23)
m=1

The purpose of this change of notation is to improve our understanding of the set-up of the 4, matrix. If we hide the 7 and j indices,
the 4; matrix can be written as

r b c d b c d T
py0) PPy PO p0) o P P10 p©0) PP
a b c d a b c d
A0 A P01 py Py P Py PO
A; = . (24)
a b d a b d
Lo (V) PV () Py () (V) pSIN) RSN PN PP ()
On the other hand, the b; vector is written as
T.(i,, 0)
T.(i,j, 1)
b, — , (25)
T’C(iaj’ N)

© 2001 RAS, GJI 146, 454-488
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462 J. W. C. Rosa et al.

Note that the application of the wavelet transform to the above subsystem with respect to n is equivalent to applying the wavelet
transform with N basis functions to the column vectors (p, ..., p{?) that make up the 4, matrix and to the right-hand side column
vector b;.

Note that the boundary condition considered above was an external one, and that the components of the b; vector may or may
not be null. If the boundary conditions were internal ones, however, these conditions would all be null.

The total number of unknowns in the system of eq. (25) is 4(M + 1) x I, where I is the number of cells. The number of equations
of this system is given by the number of sample points multiplied by the number of boundary conditions: N(i, j) x [2(number of
external boundary segments) +4(number of internal boundary segments)]. Note that we have two boundary conditions for each
external segment, and four boundary conditions for each internal segment.

4 COMPUTATION OF THE MODEL PARAMETERS

For the computation of the model parameters for a plane elastic medium, it is necessary, according to the modelling method
presented above, to find a vector x € # such that Ax=b, where 4 € #” " and b e #" are given, and m>n (such that we have an
overdetermined system). In this section, the solution of this overdetermined system of linear equations is obtained in the least-
squares (LS) sense. This solution is represented by x; =4 "b, where A" is the pseudo-inverse of A. The pseudo-inverse of A4 is based
on the SVD (singular value decomposition) of 4. Furthermore, the calculation of the rank of matrix 4 is also performed using the
SVD of 4.

The algorithm we used is the one from Golub & Reinsch (1970). It first reduces the matrix A to an upper bidiagonal form using
householder matrices. According to Golub & Van Loan (1985), this is the best way of treating problems of deficient rank throughout
the computation of the SVD. Due to this, we emphasize here the ability of the SVD to manipulate the difficulties of deficient rank in
least-squares problems, even if there are round-off approximations. Then, given 4= UXVT, the SVD of 4 is

r

XLs = Z (ll,-Tb/Gi)Vi,

i=1
where r=rank(4). We represent the computed versions of U, V and =diag(s;) by U, V and £ =diag(é;). We can then show
(Golub & Van Loan 1985) that

U=W4+AU, where W'W =1, and |AU|,<e

V=Z+AV, where Z'z=1, and AV, <e,
=WV A+AA)Z, where|Ad|,<e|A|,,

where ¢ is a small multiple of the machine precision limit. In this way, the SVD algorithm calculates the singular values of the
approximated matrix 4+ AA.

The U and ¥ matrices are not necessarily approximated to their exact counterparts U and V. On the other hand, it can be shown
that 6, is similar to ;. This implies that near rank deficiency in 4 is detected when the SVD of 4 is computed.

We now discuss the condition number. Assume that the 4 matrix has incomplete rank (r<n). It is natural to least square
problems fixing the last n —r singular values as zero. We then have the question of how the calculated solution varies with respect to
perturbations in 4. This question can be answered in terms of the condition number,

g1
K (A) = o
If x,(A) is large, then the 4 matrix is said to be ill-conditioned, that is, there are singular values that should be treated as zero.

However, in the ill-conditioned least-squares problems, the observation of small singular values alone does not settle the decision
about the value of rank(4). One way to avoid this difficulty is to use a parameter J >0 and consider the hypothesis that 4 has
numerical rank 7 if 6; satisfies

G1>...26;>0=2011>...>0p.
Whenever this is the case, we can consider

' §Th
X = E — V;
Oi

i=1

as an approximation of xpg.

The ¢ parameter would be consistent with the machine precision limit, for example,  =u||4||. On the other hand, if the level
of the relative error on the data is larger than u, then 6 would be correspondingly larger, for example, d=10"2|4|. Given
that|/x;|,~1/6:<1/0, 6 can be chosen with the intention of producing a least-squares solution with a conveniently small norm.
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If ;> 9, then we have reasons for not worrying about the X, solution, because the 4 matrix can be considered, without
ambiguity, as a matrix of rank 7. On the other hand, {44, ..., 6,} may not be clearly divided into subsets of large and small singular
values, which will make the determination of 7 somewhat arbitrary. Fortunately, this is not the case for the problem we are
considering.

5 APPLICATION OF THE METHOD TO SIMPLE CASES

In this section we apply the modelling method described above to three cases of a single cell (this means that there are no internal
boundary conditions involved in the problem) for which the analytical solution is known. The analytical solutions for all three cases
considered here were obtained from the use of mathematical equations presented by de Veubeke (1979).

5.1 Geometry 1

5.1.1 System definition and expected results

Consider the problem shown in Fig. 9. The theoretical solution is easily obtained when we compare the boundary conditions to
the general expressions for ¢, o, and t,,, which are given by eqgs (A9) (A10) and (A11), respectively. In this way, we obtain the
theoretical solutions

Oy = 0y =d
Ty =0

and a; = P/2. Since the only non-zero coefficient is a; = P/2, the equations for u and v (eqs A7 and A8, respectively) result in

Guz(l_ﬂ)alx
14+ u
_(=p

Gv = TFu ary

which will yield the deformed shape of the body shown in Fig. 10.

5.1.2  Application of the method

The first step in the application of the method is the definition of the system, which was given in Section 5.1.1. It is important to
highlight some points of that definition. First, there is only one system of local coordinates, which is the same as the main coordinate
axis, because there is a single cell in our model. There is only one coefficient vector, which is given by

1 1 1 1 1 1 1 1
T = (2 80, 0 4, ol . 0, o2

Given that the model has a square shape, the segmentation of the contour of the body is obvious. There are four contour segments,
which correspond to the four square sides.

0.6

=P
Ty (1,4) on
4
Tttt _
«— : —> F— Y
+— H —» o,=P 0
— i = 1
O I e = o2
] : —> (1,3) 04
o,=P : — —_—
W BT : o5
(12) o,=P X
Figure 10. Expected solution for the problem (calculated using the
x- and y-components of the displacement field and P=1).
1

Figure 9. Problem geometry, including the boundary conditions. The
elastic constants are G;=1 and pu=1/3.

© 2001 RAS, GJI 146, 454-488

2202 UoIe #0 UO 150nB AQ 612019/¥S1/2/9% L /lomelB/woo dno-olwepese)/:sdyy Woly papeojumoq



464 J. W. C. Rosa et al.

In order to discretize the contour, the procedure is also very simple since the segments are all straight lines. In this way, we obtain

{x(1, 1, n), y(1,1,n)} = {-0.5,0.5— n/N} for the (1, 1) contour, withn=0,1, ..., N,
{x(1,2,n),y(1,2,n)} ={-0.5+n/N, — 0.5} for the (1, 2) contour, withn=0,1, ..., N,
{x(1,3,n), y(1,3,n)} = {0.5, —0.5+n/N} for the (1, 3) contour, withn=0,1,..., N,
{x(1, 4, n), y(1,4,n)} = {0.5 —n/N, 0.5} for the (1, 4) contour, withn=0,1, ..., N

Regarding the above boundary conditions, we know the tractions that are applied to the external contours. We have the
following.

For contour (1, 1)

to(l,1,n)=—-P ne(1,1,n) = -1
and .
(1, 1,n)=0 ny(1,1,n) =0

Then, from eq. (11) we obtain

M
> [0 1o mal)) + g (1, L mb) + g (1 L)) + g (1,1, mal))| = P (26)

m=1
and from eq. (12) we have

M
> [0 1)l 4 A L) 4 (1, gl 401 )] = 0. @)

m=1

For contour (1, 2)

t(1,2,n) =0 ny(1,2,n) =0
and
P ny,

t,(1,2,n) = — (1, 2,nm)=—1
Then,
M
Z[ )(1 2, n)ay, (1) +rm)(1 2, n)b( r,(;')(l,Z, n)p,(,p—i-rﬁf)(l,Z, n)q,(,p] =0, (28)
m=1
M

m=1

For contour (1, 3)

to(1,3,n)=P ne(1,3,n) =1
and .
Iy

(I,3,n)=0 ny(1,3,n) =0

Then,

M

S [0 3 mall) + g1 3, mpl) + gl (1, 3. mply + g1, 3, mal))] = P, (30)
m=1

M

Z [r” (1,3, m)al) +rO(1, 3, n)bV) + r(1, 3, n)pll) + (1, 3, n)qg)] =0. (31)
m=1

For contour (1, 4)

t(l,4,n) =0 ny(1,3,n) =1
and .
Iy

(I,4,n)=P ny(1,3,n) =0
Then,
M
> [ 4 mal) + D 4 mb) 4 mpl) D (1 4wl | =0, (32)
m=1
M

[ (14, m)aly) + (L4 b + (1L 4, mp) -+ 1) (1,4, m)gly)| = P (33)
m=1
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The next stage is the construction of the matrix equation from eqs (26)—(33),

gLy g0 g0 g’y gl g gl gl o]
Ay Lan a2y L ddaony an dYan fd9a
1,2 a2 a2 d02) L a2 a2 W2 fd9a,2)
, b’ (1,2) b{’(1,2) BP1,2) w1,2) ..o n@1,2) b)1,2) w2 w2
ey @0 003 g3 o g0 L) g3 €903
01,3 3 a3 B3 L 903 a3y Aoa,3) f@a, 3)
e e faa 004 0 s aa e 9, 4)
[bg”(1,4) b(1,4) b(1,4) w"(1L,4) . B 4) RGO 4) W14 B4 e

Note that each of the column vectors of the A matrix has N components. There will thus be 8N lines in the 4 matrix, which
means, 8N+ 8 equations. The number of unknowns is given by the number of columns of A, which is 4(M + 1). The vector b has
the following form:

[Pl ]
(UR
(UR
[Ply
(Plx i
(U
(UR

—[P}le- 8N x 1

and finally,

X =

Ldwm d a1y <1

Now we have to apply the wavelet transform with N basis functions to each of the vectors that comprise 4 and to the b
right-hand-side vector.

After we have applied the method and found the equation Ax =b, we calculate the model parameters. We make the number of
equations greater than or equal to the number of unknowns in the problem [§(N+1)>4(M+1) or N> (M —1)/2]. For this case, as
well as for the others treated here, we use M =7 and N=8. The solution to the matrix problem is then x=A4%b, where 4™ is
the pseudo-inverse of A. This is the solution of the system of linear equations in the least-squares sense considering the SVD of the
A matrix.
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Figure 11. Singular values obtained in the solution of the problem.

Performing the singular value decomposition of the 4 matrix, we obtain k.(A4)=0c/0, is of order 10'°. The 4 matrix is thus of
incomplete rank. Since the last singular values are much smaller than the others (Fig. 11), we can say that the rank of this matrix is 28,
and not 32 (=4M +4). This matrix will thus be inverted using the pseudo-inverse with a  value (the tolerance value) equal to 1071,
so that the small singular values are treated as zero. After the 4 matrix has been inverted and the vector x=4*b has been computed,
we obtain the coefficients shown in Fig. 12.

We have considered coefficients up to seventh order, but they were all nulls, except the coefficient ¢; =0.5. Since P was fixed as 1,
then the result obtained is the same as the theoretical result. We have also computed the deformation values (through the displace-
ment values) using the general equations (A7) and (A8) and the above coefficients, resulting in the geometry shown in Fig. 13. If the
result obtained with the application of the method developed here is compared with the expected result (Fig. 10), we see that they are
identical.

We also tried to make the 4 matrix compact in order to check the results. For this, we recall that the wavelet transform was
applied to each of the vectors comprising 4 and b. For each of these transformed component vectors we zeroed those coefficients for
which the absolute values were smaller than tol x max(component vector), where tol is a tolerance value, which is selected by the user.
The results presented in Figs (12) and (13) were obtained for tol =0. The results shown in Figs 14 and 15, however, were obtained
with a tolerance value of tol=0.9.

0.6 x10° x107'°
4
05 o

a

o N & O ®» D
o
o

04

03

0.1

T
o

-0.1
0

&

)
N
*0
*»
®
o
[N)
»
@
-]

15
10
5x

Figure 12. Coefficients obtained in the solution of the problem.
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0.6 .., .................................. T ;
02
0.2 E-
eonpenemeessessssssmmnmeeeeee S

x

Figure 13. Result obtained from the application of the method. The body represented by the solid line is the original one, and that represented by the
dotted line is the deformed one.

Before the compression of the matrix, the percentage of non-zero elements of the matrix was 75 per cent. After the compression,
this rate dropped to 9.8 per cent. If we superpose Figs 15 and 13 we obtain Fig. 16. Note that the two results (compact and non-
compact systems) are basically the same and comparable to the analytical solution of the problem, which makes the compact version
valid for this case.

5.2 Geometry 2

5.2.1 Definition of the system and expected results

Consider now the problem shown in Fig. 17. The theoretical solution is obtained when we compare the boundary conditions for a,,
o, and 1., with eqs (A9), (A10) and (All), respectively. We obtain

oy = 2a5x
o, = 6arx
Ty = —2a2)
0.5 o 2)(10'3 0.01
0.4 ® o o ° o o o o o 0 o o0 O
03 2 -0.01
: - -0.02
am02 b p m
m
01 6 -0.03
-8
o © o © 0 o o ° -0.04 °
-10
0.1 ° -0.05
2 4 6 8 12 0 2 4 6 8
0 2 4 6 8
m m
m
0.01
[1e o o o o
-0.01 °
q o
m
-0.02
-0.03
-0.04 o
0 2 4 6 8
m

Figure 14. Coefficients obtained with the compact matrix.
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0.6 Feo========== - - 06
!
0.4 J 04
0.2 0.2
Y
Y 0 . 0
-0.2 1 -0.2 1
-0.4 ] 0.4 1
1
H |
B 5 g" % 0.4 -0.2 ) 0.2 04 0.6
-0.5 0 .

X

Figure 15. Deformation result obtained when we use the compact

A matrix and the compact form of the b vector.

X
Figure 16. Superposition of the results presented in Fig. 13 (normal
system) and those from Fig. 15 (corresponding to the compact system
solution).

With respect to the displacement, the expected result will be

{ Eu=ay(1 = 3u)x* — ar (5 + p)y*

Ev=2(3 — p)azxy

which will produce the deformed body shown in Fig. 18.

5.2.2  Application of the method

The application of the method is identical to that presented in Section 5.1.2. We will thus only emphasize the calculation of the

coefficients and the results.

After the 4 matrix is built, we calculate the its singular value decomposition (Fig. 19). We fix the value 10~ as the limit for the

same reasons as given in the previous case. Inverting

the matrix using this tolerance value, we obtain the coefficients shown in Fig. 20.

According to the coefficients obtained, we can consider that only the coefficient a, =0.5 is different from zero. Using this we obtain

the result shown in Fig. 21.

With the compact system, the percentage of non-zero elements dropped to 10.6 per cent in this case, and the computer memory
size dropped to 2768 bytes. Before we made the system compact, the percentage of non-zero elements was 64.8 per cent, and the size
of the matrix in the computer memory was 16 384 bytes. The results with and without the use of the compact version of the problem
are shown in Fig. 22, together with the original (undeformed) body. Note that again we have a very good match of the two results.

{

—_—t—
~ o~
‘e L3
o n
T
<

nn
(=2
—

«
3
_’

\‘

t, = - T, =-P
=
ty=3Px o, =3Px

e — {t,-p . {a,=p
T l“_‘: t,=-Py T, =-Py
T ':: n,—l
N — R n, =

3Px

Q
I

Figure 17. Geometry of the problem and associated boundary conditions.
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Figure 18. Analytical solution of the problem compared with the

original square form.
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Figure 19. Singular values from the decomposition of the 4 matrix.
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Figure 20. Coefficients obtained in the solution of the problem.
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Figure 21. Result obtained. The body represented by the solid line is
the original and that represented by the dotted line is the deformed one.
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Figure 22. Result obtained with and without the use of the compact
matrix and right-hand side vector of the problem compared with the

expected analytical solution.
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n, =
n, =
A
Y s X [t,=-3Py o, =-3Py
t, =3P = — B
i y o.=-3Py & % |, =P T, =
t, = r = S— —
xy P T-—F\ =1
— —b, *
x = -1 Y —, =
S +— y
= 0 +— [

Figure 23. Geometry of the problem and associated boundary conditions.

5.3 Geometry 3

5.3.1 Definition of the system and expected results

Consider the case shown in Fig. 23. The theoretical solutions to this system are

gy = —6byy
o, = —2byy
Txy = 2b2X

and b, = P/2. The only non-zero coefficient is b, = P/2 so the expressions for the displacement components u and v are

(3-n)
Gu = — b
T Y
5+ (1-31) 5
Gv=»h = 2H
B (7 A TR

The solution, in terms of the displacement components, is shown in Fig. 24.

5.3.2  Application of the method

Using the same procedure as in Section 5.1.2, we obtained the results shown in Fig. 25. There are four small singular values; this
means that the rank can be considered deficient and equal to 28. After calculating the pseudo-inverse, the coefficients obtained from
the solution of the problem are those shown in Fig. 26. In terms of deformation, the solution is that of Fig. 27. The result calculated
by this method is again identical to the theoretical result.

Using the compact version of the method, the percentage of non-zero elements dropped to 10.7 per cent, and the computer
memory size of the matrix dropped to 2768 bytes. The corresponding values for these two variables before the application of the
compact version of the method were 64.9 per cent and 16 384 bytes. Note that, once again (Fig. 28), there is a very good match
between the theoretical and computed solutions.

6 MODELLING ELASTIC MEDIA WITH FAULTS

We now consider systems that are better suited to demonstrate and test the method, based on the initial theory of de Veubeke (1979),
for models with internal contours. The contours considered in the previous cases were somewhat limited because they were all straight
lines and they were all external boundaries to the bodies considered. Those cases were intended to prove the validity of the method.
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Figure 24. Expected result from the known analytical solution of the . ) )
problem. Figure 25. Singular values obtained from the singular value
decomposition of the 4 matrix.
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Figure 26. Coefficients obtained from the solution of the problem.
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Figure 27. Result obtained from the application of the method. X

The body represented by the solid line is the original system and that

represented by the dashed line is the deformed body.
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Figure 28. Result obtained for the deformation of the body compared

with the deformation computed from the known analytical solution of
the problem.
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We will now treat cases that involve two cells whose geometries (Fig. 29) are the same. The differences between the cases we now
consider are in the elastic properties of the cells and the amplitude of the sinusoidal boundary that represents the internal contour. We
treat three cases, which are as follows.

(1) Sinusoidal maximum amplitude at the boundary F=0.1, the same elastic properties for both cells (G;=G,=1 and
U = =0.5) and displacement continuity for the internal contour. This means that the friction between the two cells is infinite.

(2) Same as case (1), but with different elastic properties for the two cells (G, =10, G, =1, u; =p,=0.5).

(3) Sinusoidal amplitude is null, F=0 (the fault is a straight line), the same elastic properties for both cells (G;=G,=1
and p;=p,=0.5) and continuity of the displacement components on the internal contour of the model.

6.1 Definition of the system

Consider the system defined as shown in Fig. 29. Since there are two cells, there will be two local coordinate axis systems and we
will have two vectors of coefficients, given by

1 1 1 1 1 1 1 1
xlT = (a(() ), b(() ),pé ), q(() ), R asw), wa)’PSw)» qM)> ,

2 .2 (2 (2 2) L2 2 (2
xg = (a(() ), b(() ),p(() ), q(() ), e asl,,), bsw),psw), qsw)> .

6.2 The boundary conditions and their discretization

The second step of the modelling method is the identification of the contour segments. There are six contours in the system, three for
each cell. The sinusoidal interface separating the two cells is treated as the (1, 3) contour for cell 1 and as the (2, 3) contour for cell 2.
In this way, we can require displacement between the two cells. The displacement will be controlled by a sliding factor k. If the cells
are welded together, then k=0. If k#0, then the internal contour segment is a fault.

The discretization of the external contours is simple because these are straight lines. For the internal contours, the discretization
is not so straightforward, but it is also simple. The discretization of the contours results in sets of coordinates {x(;), y(¢;)} (where
i represents the cell we are considering, j represents the contour and &;; is the variable that is used for the discretization and for the
parametrization of the (i, j) contour). These sets of coordinates, as well as the corresponding boundary conditions, are shown below
for each case.

Contour (1, 1)

The boundary coordinates are

x(&y) = -0.25

y(En) =075 =&y,

ne(én) = -1 . "
n(é) =0

Gi=g 1. n=01...N

The boundary conditions are
ty=0
. (35)
1, =0
Contour (1, 2)

The boundary coordinates are

x(&12) = <12 —0.25

(&) =—0.25

Ny =0 . (36)
n, = —1

o=l m=0L...N
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The boundary conditions are

where 7, and ¢, are given by
Iy = OxNyx + Ty,
ty = NxTyy + 1,0y .

Contour (2, 1)

The boundary coordinates are

x(&1) =0.25

y(&a) = =075+ &y

ne=1

n, =0

ﬁﬂ:%l, n=01,...,N—1

The boundary conditions are

Contour (2, 2)

The boundary coordinates are

X(&n) =025 —¢n

V(&) =025

ne(xn) =0

ny(&x) =1

gnz% . n=0,1,... . N-1

The boundary conditions are

{txzo
ty=—p

Contour (1, 3)

We have
ij _ Yij+l = Vi
nl =—=——"=
d;;
. Xij+1 — Xij ’
n = LJ g

¥ d;

The coordinates of a point on the real contour are given by

xi(&y) = x{ (&) +nl £ (&)

J’i(fij) = xfl(fij) + ngfij(é;’;’)
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(37

(38)

(39)

(40)

(41)
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If we use f(&3) =F sin[(2n¢;3)//2] and F=0.1, we obtain

x1(&13) =0.75 - @+M

V2 V2
yi(éi3) =—-025— f/liJFf(é\/lj) : (42)

n
513:N\/§, n:O,l,...,N—l

Substituting eq. (42) into

dyi&y) [ [(dxi\ (i)}
n),,(élj) dé!l / <d§ﬁ> +<dél’j)

(&) dx, dx, dyi)2
! dé,, dfzf d@'f

we obtain

B 1+ancos( \/Q )
o (o2 (2252))

1 — V27F cos <2n

2né
2( 1+ 2F2?n2 cos? ( 13))
Vo "

Contour (2, 3)

(43)

&f‘
o
S~—

ny, =

It is not necessary to use

i Yij+1l — Vi
n, =—"——7"
2 dlj
ni = Xi,j+1 — Xijj
y dij

and the fact that the coordinates of a point on the real contour are given by
xi(&y) = x{ (&) +nl £y (&)
yi(&y) = x{ (&) +nl f(&y)

to obtain the points on the sinusoidal contour seen by cell (2), because the local coordinate axis for cell (2) is translated from the local
coordinate axis of cell (1) by 0.5 in both the x- and y-directions,

{ X2(&23) = x1(€23) — 0.5
V(&) = »1(é3) — 0.5 '

Regarding the components of the external normal, it is not necessary to apply

f dyl dxl dyi :
g df; dfz dfi'
y y y

) dxi\* [ dyi\?
ny, (Cj) = Tag (dq’,«j) +(dé,-,)

to obtain the components of the normal direction because they are opposed to those from the (1,3) contour when the same point is
considered,

ny, (&3) = —ny, (V2 = &13),
ny, (&13) = —ny, (\/f —&i3).

(44)

(45)
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The boundary conditions for (1, 3) and (2, 3) are

lg(l)(xl, yl) + t§c2>(x25 yz) =0 5 (46)
0 (xr, 1) + 167 (x2, 32) = 0, (47)
) (x1, p1) + ul) (52, 32) =0, (48)

1

D (x1, 1) + ) (2, y2) + ki) (x1, 1) = 0, (49)

p

Boundary conditions (46) and (47) correspond to the continuity of ¢, and f,. Boundary condition (48) corresponds to the
displacement discontinuity for the normal component and boundary condition (49) corresponds to the constitutive relation of
the fault for the internal contour. Recall that, for this case, k=0.

The next step is to write the boundary conditions in their polynomial form. We need the following equations:

M

u(x, y) = Z [en? (X, y)am + er(ﬂ (X, »)bm + e;(;) (X, ¥)pm + ef(’ll;l) (x, y)‘]m} >
m=0
M
006 3) = D 008, D)+ 1 (6, 3o + 1505 )i+ S5 (X, )]
m=0
M
ou(x9) = D [ (6, ¥)atm + 80 (5 )b + 885 (5 )pm + 288, V)]
m=0
M
0y 3) = D [0 06, y)am + W2 (3. 3+ K (. )+ B (5, ¥)a]
m=0
M
To(x ) =Y {r,(;‘) (x, Y)am + 1 (x, )by + 19 (3, Y)pm + 1 (i, y)qm] :
m=0

Then, for contour (1, 1)

M
Z{g/(;)(ill) )+ g (&11)b,) +g()(Cvll)Pﬁ»:)ngg)(éll)qw}:Oa (50)
m=1
M
Z{ (él ) m +rm (611) m +rm (éll)pm +rm (éll) }:0 (51)
m=1

For contour (1, 2)

M
Z {V;(;f)(flz)a,g) + )by + i (En)ply) + rfﬁ’(éu)qﬁ,})} =0, (52)
m=1
M
S (M0 E)all) + B E)bD + K Ea)pl) + KD ()} =p- (53)

m=1

For contour (2, 1)

M

> {gen)ad) + g (@b + 8l (0p + g (G } =0, (54)
m=1

M

Z{ (621) m +rm (621) m +rm (éZl)pm +rm (621) } =0. (55)
m=1

For contour (2, 2)

M

Z {r(“)(ézz)a,(f) ) ()b + ) (En)ply) + V,S‘f)(ézz)qﬁf)} =0, (56)
m=1

M

D (M o))+ W (E)b2) + H) (€a)ply) D (G | = . (57)

m=1
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For contours (1, 3) and (2, 3)

M
S (o (Ermdaly) + el ) + ) Enaply + o0 (Era)al) + ) (Eaal) + o) (E)b) + o) (E)ply) + ) (€] } =0,

m=1

where,

ol (&5) = e (E5)840 () + my, (E)r (&)

M
(B Emal) + B b + B (E)ply) + B (E)aly) + B (Em)ald) + B ()b + B ()2 + B (E)aly) } = 0

[;ﬁs)(fij) = an(fi/')rr(;)(éij) + ”y,'(fij)h,(ﬁ)(fy) ,

M
> {H@aly) + 9D @b + 3 Epty) + 95 (E)aly) + 28 (E)ald + 30 (E)bD + 398 (Em)pp) + 9 (Em)aP b =0,

m=1

7 (&) = (&)l (&) + my (G0 (Ey)
M
> {o(@mal) + oD (&b + ol (E)ply) + Pl (E13)aly) + ol (Exs)a?) + pli(Exs)b) + ol (E )Y + Pl (Ex3)ay

[0 (Eald + D G + 0 Gl + v G|} = 0.
Finally,
P () = na (EA (Eg) + m(Ei)eld) (E)
WE(E) = ny (&) B (E5) — my, (7)ol (&)

6.3 The matrix equation for the determination of the model parameters

(58)

(59

(60)

(61)

The boundary conditions (eqs 50-61) are linear with respect to the coefficients (which are the model parameters). As a result, the
system of equations, which is composed of the boundary conditions, is linear and can be represented by a matrix equation whose

solution is a vector, where the elements are the parameters we are interested in. The matrix equation is given by
Ax=Db

where the matrix A is

(o) &) g e’CG o gl@n o 0 0 0 .. 0 ]
e e e fDen o AP eEn) 0 0 0 0 0
) ) nE) W) o ) 0 0 0 0 .. 0
b () B (En) h(En) () L (&) 0 0 0 0 0
0 0 0 0 .. 0 glG) g @) &) . g
. 0 0 0 0 0 b (&) b (&) () (&) . nP () |
0 0 0 0 . 0 ) W) ) @) )
0 0 0 0 0 b (&) B (En) B(En) hP(En) ... hP(En)
o () 0’ (Cn) af'(@3) (&) . d(En) ol (Es) @) (&) @) (En) ol (&) o e (&)
B (&) BY(C) B Cn) B (G o B B (G B (En) B () B (En) . B (E3)
i’ (G W) w G w0 o @) 1 G @) @) ) o i ()
L7 ) (G w (&) e T En) a ) ey (Es) e () e (Es) o P (E) ]

(62)

(63)
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where
o (E13) = o) (&n3) + k) (G13) -
The vector b is
U
Oy 1
Oy 1
[=Ply 1
On 1
Onx1 .
Oy x1
(=Pl x1
O 1

Oy 1

Oy x1

0N><1

Given 4 and b, we can calculate the vector of coefficients

Each component vector of 4 contains N+ 1 elements. There are thus 12(N + 1) lines in matrix 4, which means 12(N+ 1) equations in
the system. The number of unknowns is 8(M + 1). The system has to be solved for 12(N+1)>8(M + 1) unknowns.

If we examine eqs (A7) and (A8) for the components of the displacement in the x- and y-directions, respectively, we can conclude
that the ay and b, coefficients are related to the displacement of a rigid body, b,, which is related to the rotation, and both py and ¢
will mean simple translations. Then, from the systems presented here, ay=by =0 for both cells. Furthermore, we can say that 51 =0
for all cases where the elastic properties of the two cells are the same.

In order to finish the application of the method to the cases that we consider in this paper, we modify the system of equations in a
similar fashion to what was first used in seismology by Aki & Larner (1970) with the Fourier transform by applying the wavelet
transform (Daubechies 1992; Vetterli & Kovacevic 1995), with N+ 1 basis functions, with the boundary conditions with respect to &.
This is equivalent to applying the wavelet transform with N+ 1 basis functions to each vector component of 4 and b.
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7 ANALYSIS CRITERIA

The faults modelled in this work present such complexity that there is no analytical solution for them. For these cases, we will use two
ways of looking at the results. The first criteria is a tentative estimate of the degree of contamination of the solution by errors
introduced by the inversion method. We assume that the system is described by the matrix equation Ax =b, where 4 and b are known
and A4 is ill-conditioned. The least-squares solution for this system, using the singular value decomposition of A4, is given by

X1s = A+b 5

where A7 is the pseudo-inverse of 4. Bearing in mind that with the least-squares method we obtain a solution x; g that minimizes
pLs = || Ax s —b||, we can use, as a measure of the error, the value of p; 5. However, this is an absolute measure; a relative measure of
the error would be more convenient for us.

Define an error vector relative to the external applied force, P:

_ ‘AXLS — b|
P P .

Define also the error vector relative to the lateral length of the square:

oy 1 b
y @2
a3 ! T '
s | Y4 _ 1
0.75] >\ >} e : ]
1) @.1) L :
0.25 L (23) " ]
0l 0.25 075 "N o :2
R INARRANARNRNRARAIR %

12) :] . Y

Figure 29. Definition of the system geometry, which will also be used 0 2 © © © 100

to validate the modelling method. Singular value index

Figure 30. Singular value decomposition of A

x10™

09} 4
08} E
0.7F .
06} ]
e, [n] osl ]
04} 1
03} ]
0.2} g
00\"’/\’\"‘2‘0 40 60 8‘0

100

n
Figure 31. Relative error in the traction and displacement components.
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Figure 32. Model parameters for (a) cell 1 and (b) cell 2.

Considering that both P and U are unity, we can define a relative error vector,

_ ‘AXLS —b|
€, —f .

(O]

oft

05,

04

03

0.2

01

0

O o o O o O 0O 0o O O©

o

O o 0 OO0 OO 0 0 O
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Since the only boundary conditions that are related to the displacement are the last two elements in the vector, the 2(N + 1) lines of the
vector e, contain the normal and the parallel displacement errors relative to the length of the square. The other lines contain errors in
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the traction determined along the segments of the contour relative to the applied external traction. We then fixed the order of the
maximum relative displacement and the traction errors to be 103, If the error introduced by the inversion method is not significant
or acceptable (e, <107?), then we use the second criterion, which is the subjective analysis of the results.

However, the inversion method used is not the only source of errors in the problem. There are also errors due to the truncation of
the polynomial order. This problem can be avoided if we combine two methods. The first is the use of the wavelet transform to
minimize such errors. The second consists of remodelling the system with a polynomial of higher order. If the solution obtained with
the model that uses a higher-order polynomial, say M5, is the same as that obtained with the model that uses polynomials of order M,
(M, < M>), then we can consider that the method that uses polynomials of order M| describes the system considered totally, that is,
the truncation error is zero. Note that this strategy does not say that using polynomials of order M is best; that is, there can be
polynomials of even lower order that totally represent the system considered. We highlight the fact that the results obtained by
using higher-order polynomials are not presented because we would have a redundancy of data, given that the solutions obtained
by higher-order polynomials, would be similar to those shown here.

8 FIRST FAULT MODEL

After we have built the system of equations Ax=b, where 4 and b are known, we calculate the vector of coefficients x
(model parameters). The system is that defined by Fig. 29 with G;=G>=1, u; =pu,=0.5 and the fault amplitude F=0.1. Modelling
the system with polynomials of order M =11 and with N =7 discretization points, we obtain a matrix 4 with 96 lines (12N + 12) and
96 columns (8 M + 8). From the singular value decomposition of 4 (Fig. 30), we note that matrix 4 has an incomplete numerical rank
equal to 89.

Note that a few singular values (treated here as zero) are much smaller than most of the singular values considered. According to
the above discussion, we can thus trust the solution obtained, because the 4 matrix can be considered, without ambiguity, as having a
rank equal to 89. In fact, the relative error on the determined traction and displacement components (Fig. 31) is almost of the same
order as the double precision used in the computer program for the solution of the problem (i.e. 10~ '¢). The solution, in terms of
coefficients, is shown in Fig. 32.

Using the coefficients presented in Fig. 32, we calculated the deformation (using the displacement values) of the system. This
result is shown in Fig. 33. In this case, note the symmetry on the deformations suffered by the system. This was expected intuitively
because the elastic properties of the two cells are identical and both are welded together, that is, the system works as if it was a
single body.

When we compress matrix A, we reduce the computer memory size required to store it. In this case, it was reduced from 73 728 to
25 488 bytes. The percentage of non-zero elements was reduced from 59.03 to 22.7 per cent. Although the result is not shown here, the
deformation sustained by the system, when we use the compressed version of the matrix, is very close to that shown in Fig. 33.

9 SECOND FAULT MODEL

The system modelled in this section is also that shown in Fig. 29, considering the elastic properties G, =10, G,=1 and y; =u,=1/3.
Furthermore, the maximum amplitude of the sinusoidal interface is F=0.1. The system described above was modelled using

0.8

0.6 S s ittt bl 4

I
|

0.4

0.21

Pig

)
1 »,
[ ——

m————————————
/

o
N

_0.4 i 1 1 1 1 — 1
0.4 -0.2 0 0.2 0.4 0.6 0.8 1

X
Figure 33. Solution of the problem. The dashed line represents the deformed body, while the full line shows the original body.
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Modelling elastic media with the wavelet transform 481

polynomials of order M=23 and N =15 discretization points for each contour segment. Having done this, we obtained a system of
linear equations represented by the matrix equation Ax=b. When solving such a system using the pseudo-inverse, we obtain the
parameters shown in Fig. 34.

Using such coefficients in the computation of the displacement and of the traction components, we obtained the relative error
vector (see Section 7 for more details) shown in Fig. 35. Keeping in mind that the errors are tolerable, we used the model parameters to
determine the deformation sustained by the system. The result is shown in Fig. 36. Qualitatively, the deformation experienced by the
system is very consistent. Note that cell 2 (the upper cell), was deformed more than cell 1. This was expected, since the rigidity of cell 1
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Figure 34. Coefficients of the model calculated using the pseudo-inverse. (a) Coefficients of cell 1; (b) coefficients of cell 2.
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Figure 35. Relative error as a function of the traction and displace-
ment components relative to the external traction applied and the
lateral length of the square, respectively.

Figure 36. Deformation undergone by the system considered due to
the application of an external traction, calculated using the model
parameters.

is 10 times greater than the rigidity of cell 2. Note also that cell 2 undergoes a rotation when deformed; that is, the right-hand side of
this cell is deformed more than the left-hand side. In fact, the right-hand side of the system consists mainly of elements corresponding
to cell 2, whose rigidity is smaller (Fig. 36).

10 THIRD FAULT MODEL

The third case consists of modelling the system presented in Fig. 29 with a sinusoidal internal segment with amplitude F=0. The
elastic properties of the two cells are the same and are given by G;=G,=1 and u; =p,=0.5. The system was modelled using
polynomials of order M =8 and N=7 discretization points, so we obtained a system of 96 equations (12N + 12) and 72 unknowns
(8M +8). The rank of the matrix is incomplete, but can be chosen, without any ambiguity, as being rank(4) = 64. Since the numerical
rank is very well determined (Fig. 37), we expect the relative errors on the traction and on the displacement components to be very
small. In fact, the numerical order of the error is equal to the precision used in the calculation of the pseudo-inverse (10~ '°). The
relative error is shown in Fig. 38.

Once we have computed the pseudo-inverse, we obtain the model parameters shown in Fig. 39. Note that the coefficients of
order higher than 2 all have null value, suggesting that polynomials of order 1 could have being used to model this system. Note that

x 1071
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Figure 37. Singular value decomposition of the 4 matrix. 0 20 40 60 80 10

n
Figure 38. Error related to the traction and the displacement (relative
to the external applied traction and to the lateral length of the square,
respectively). Both the original lateral length and the external traction
have values equal to one.
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Figure 39. Coefficients of the model computed using the pseudo-inverse. (a) Cell 1 coefficients; (b) cell 2 coefficients.

all contours are straight and that the traction, applied to the system on the upper and lower borders, is constant along the entire
segment. On the other hand, if we consider a system where the interface is sinusoidal, we need polynomials of higher order to describe
the sinusoidal behaviour, which is reflected in the observed traction and displacement components.

After we have obtained the model parameters, we determine the model deformation, which we show in Fig. 40. Note that the
system deforms in the same way as a single body, as in the first case (Fig. 33). In fact, the solutions obtained for the two cases are
identical.

This system was made compact and we obtained good results. With the compaction procedure, the percentage of non-null
elements changed from 56.48 to 15.89, and the size of the computer memory used was reduced from 55 296 bytes to 13 464 bytes. The
solution corresponding to the compact equation problem is superposed on the solution of the non-compact matrix problem in
Fig. 41, revealing a very close similarity between the two.
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Figure 41. Comparison of the solutions obtained for the system when
matrix 4 is in its compact form (dashed line) and when it is not compact
(full line) for the determination of the solution of the problem.

Figure 40. Deformed body solution compared to the original body.
The dashed line represents the deformed body, while the full line
represents the original body.

Why did this system show good results when the compact matrix was used when the solution of other systems (with a sinusoidal
interface, such as the first case, where the observed deformation is identical to that obtained for this case) did not? The reason for this
is related to the degree of complexity of the two systems. The system for which the internal interface is sinusoidal is more complex
than that with a straight line interface. As a consequence, the more complex system (with the sinusoidal interface) will show less
redundancy of information in the matrix than the less complex system (that with a straight line interface).

11 CONCLUSIONS

We introduced a new method for modelling 2-D elastic media with the application of the wavelet transform. The method proved to be
reliable and fast when we applied it to a set of six models for which we knew the analytical solution. Usage of the wavelet transform
reduces the associated computational errors when we truncate the polynomial expansion and makes the system of linear equations
more compact for the computation.

We expanded the method for modelling elastic media using the wavelet transform to cases composed of more than one elastic
medium, including the simulation of faults separating two distinct elastic media. The results of six different tests, involving cases with
relatively complex fault structures, proved that the method is suitable for modelling 2-D cases where the elastic constants of the media
involved are known. Although we cannot compare the results with analytical solutions to the problems including faults, the results
we obtain prove that the method is also effective when modelling such cases. We expect that this method will be useful in
modelling real cases with great success, due to the fast and compact solution to the problem we obtain when using the approach to
model 2-D elastic models.

ACKNOWLEDGMENTS

This work was funded by the Brazilian National Research Council (CNPq) under project number 300924/87-9 by the Brazilian
Ministry of Science and Technology (Programs RHAE/MA and PADCT-II), Federative Republic of Brazil.

de Veubeke, B.M.F., 1979. A Course in Elasticity, Springer Verlag,
New York.
Golub, G.H. & Reinsch, C., 1970., Singular value decomposition and

REFERENCES

Aki, K. & Larner, K., 1970. Surface motion of a layered medium
having an irregular interface due to incident plane SH waves,
J. geophys. Res., 75, 933-954.

Daubechies, 1., 1992. Ten Lectures on Wavelets, Society for Industrial
and Applied Mathematics, Philadelphia, PA.

least squares solutions, Num. Math., 14, 403-420.

Golub, G.H. & Van Loan, C.F., 1985. Matrix Computation, Johns
Hopkins University Press, Baltimore, MD.

Vetterli, M. & Kovacevic, J., 1995. Wavelets and Subband Coding,
Prentice Hall, Englewood Cliffs, NJ.

© 2001 RAS, GJI 146, 454488

2202 UoIe #0 UO 150nB AQ 612019/¥S1/2/9% L /lomelB/woo dno-olwepese)/:sdyy Woly papeojumoq



Modelling elastic media with the wavelet transform 485

APPENDIX A: GENERAL PLANE STRESS PROBLEM

Using the theory developed by de Veubeke (1979), we can express the stress and displacement components as functions of F and H,
which are analytical functions,

w= 5 AAG— WF (14 P + T}, (AD
v= 210 In{(3—wWF — (1 + wcF' + H'Y}, (A2)
oy = R2(1 +v)F' — (1 +)(F" + H"}, (A3)
oy = R{2(1 +V)F' + (1 +v){F" — H"}, (Ad)
Ty = Iw{ (1 +V){F" — H"}. (A5)

The determination of functions F and H is obviously related to the boundary conditions of the problem. We can usually distinguish
the case in which the surface stress components are specified along the borders (called the first fundamental problem) from the case
where the displacement components are specified there (called the second fundamental problem).

A1l Applications to the case where F({) and H({) are polynomials

The first analytical function that we look at is the polynomial function, which is a linear relationship including coefficients that allows
the set-up of a system of linear equations for the determination of these coefficients:

M
Z ap + iby) (x + iy)"
| i

(A6)
M
= Z (P + igm) (x + i)™
m=0
From egs (Al) and (A6), we obtain
2Gu(x, y) = —# ay + po + 2x L—n ay — —— by + xp1ya; + Z %{ {3 —H (x+iy)" — m(x2 -H’Z)(x — iy)m_z} am
1+p 1+ pn 1 + — 1+ pu
. 3 - - \m . N—
T e ) 200 "2+ = )" = ) | (A7)
From eqs (A2) and (A6), we obtain
3—p 1—pu 4x M 3—u Com s, - um2
2Gu(x, y) :1+H bo—qo +2y T+u a +m by — yp1xa +mZ:2 I y (x+iy)" —m(x"+y")(x — iy) m
.3_ﬂ . o\m 2 2 . Nm—2 . . \m
+i 1+#(X+ly) +m(x* 4+ 7 ) (x = )" by A [(x — 1) o — [i(x — )"l ¢ - (A8)
From eqgs (A3) and (A6), we obtain
M
o.(x,y) =2a; + p1 + 2xa; — 6yby + 2xp> — 2yg2 + Z Re{m|(3 = m)x* — (1 + m)y* + 4ixy)(x + iy)" a ’
m=3
+im[(3 = m)x® — (1 + m)y? + 4ixy](x + i)™ by + m(x + iy)"™ ' pp + im(x + )" g} - (A9)
From eqs (A4) and (A6), we obtain
M
oy(x, y) =2a; — p1 + 6xay — 2yby — 2xps + 2yq> + Z Re{m[(m + 1)x* + (m — 3)y* + dixy](x + " ay,
m=3
+ im[(m 4 1)x> + (m — 3)y? + 4ixy] (x + iy)" by — m(x + iy)" po — im(x + iy)milqm} . (A10)
From eqs (AS5) and (A6), we obtain
> 7 2 m— 3
Top(X, ¥) = — q1 — 2yas + 2xby — 2yps — 2xq> + Z Jm{m(m —D(x*+y )(x +1iy)
m=3
+im(m = 1) +37) (x + )" by — m(x + )" p — im(x + )" g} - (A1)
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We then define the following equations as a function of Cartesian coordinates:

M
u(x, ) = D e (5, v)an + ) (%, )b+ € (¥, V)i + € (%, 1)

m=0

M=

v(x,y) = [fn(f‘) (X, ¥)am + [0 (%, 9Vl + 15 G, 9w + 15 (x, y)qm] :

0

3
Il

(a)

b
[gm (b)

(x= y)am +&n (%, ¥)bm + gﬁ;? (X, Y)om + gﬁg) (x’ y)qm] s

M

ax(x,y) =

3
g

Mk

0, (6, 3) = D W0 (e, ¥+ ) (e, )b + B (5, 1P+ W 5, ¥

0

3
Il

S

Tl ) = D [ )+ 1 (6, 3o + 1505 V) + 1 (5, 3]

m=0

From eqs (A12) and (A7), we obtain the following set of equations:

e<“)7i3_v

0 722G 1+

(a)_ll—\/

TGty

) = 5 T Sl )"} o (2 )Rl (e~ )" mz)
m 2G 1+ 2G ’ -

o~

KO .

! G(1+v)

W= LIV i)y - I (2 DIl — )" mz2
m 2G 1 2G ’

m

1
(¢) = — )" >
e Ye Re{ (x —iy)"}, m=0

e = ZIGW{( )", m=0

From eqs (A13) and (A8), we obtain

5" =0

f,ﬁ”’:%f Pl (et )"~ (24 P (=) w22

i

f1<b>: 2 )x

f}ﬁ—i YA ") o (24 ) )Y mz2
2G 2G

ﬁi‘):%fm{(x—iy)m}, m=0

o) =~ Al — )"}, m20

(A12)

(A13)

(Al14)

(A15)

(A16)

(A17)

(A18)
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From eqs (A14) and (A9), we get the set of equations

@) = m {3 — m)x® — (1 +m)y? + dixy|[x + )"}, m>3

e = —m I {[(3 — m)x® — (1 +m)y? + dixy|[x + ">}, m>3
g’ =1

géc) =2x

&) =mBA(x+ i)"Y, m>3

g = —mIn{(x+ )"}, m=3

Comparing eqs (A15) and (A10), we obtain the set of equations

WY = m A1+ m)x® — (m = 3)y* + dixy|[x + iy]" >}, m>3
AP =0
W = —2y

WY = —m I {[(1 +m)x® — (m = 3)y* + 4ixy|[x + )"}, m>3

W =ma{(x+iv)" '}, m=3

B =man{(x+in)" "V, m>3
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y

A

[ 1,
o

Figure Al. Definition of the normal reference vector to the contour
used.

From eqs (A16) and (A11), we obtain the set of equations

e =m(m— D)In{ (2 +)2)(x+ )"}, m=3

b — (m — DR [x2 + y][x + iy]" "}, m>3

1 = —mIn{(x+iy)""Y, m=3

mD = —mA{(x+ )"}, m>3

o.asin@

rwas1n0

‘ny acosf & acos o

Figure A2. Definition of the x- and y-components of the traction
vector.

(A21)

Finally, we obtain the equations for the case of the internal stress field. Define n(n,, n,) as the normal to the external contour
(Fig. Al). The traction, t(z,, t,), is an internal force per unit area in the direction of the normal vector n (Fig. A2). We thus obtain

Ly = Oxly + Tyl (A22)
1, = Nty +ny0, (A23)
Substituting eqs (A14) and (A16) into eq. (A22), we obtain
Ix= Z{ ’Cgm —O—I’l} m am} +Z{ ’Cgm +n} m bm} +Z{ ng +n Vm pm} +Z{ ng +n} m )qu} (A24)
m= m=1 m=1
Substituting eqs (A15) and (A16) into eq. (A23), we obtain
M
ty = Z {(nr\? + nyh DYy, } + Z{ ner® 4+ h )b, )+ Z{ nrl + nhp,} + Z{ ner'® ), ) (A25)
7 m=1

m=1

m=1
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