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[11 Models of oceanic crustal accretion should be able to reproduce both petrological and geological
observations from ophiolites and geophysical observations from active spreading ridges. We have
developed thermal models of crustal accretion at fast spreading ridges that incorporate petrological
variation and allow for a variable vertical distribution of crystallization. Including petrological variation
has a major effect on the distribution of melt within the crust and the consequent interpretation of
model results in terms of geophysical observables. In particular, the narrow melt lens imaged by
seismic reflection surveys can be produced by the presence of large-scale compositional stratification
within the crust, such as that observed in the Oman ophiolite. Controlling the vertical distribution of
crystallization allows a range of crustal accretion mechanisms to be tested, including the many sills
and gabbro glacier models. Both gabbro glacier and many sills models can broadly match the
geophysical observations, but the preferred model is a hybrid, where the uppermost 25% or more of
the lower crust forms in a gabbro glacier and the lowermost 25% or more of the lower crust forms by
crystallization in situ. The success of all models is dependent on the strength and distribution of
hydrothermal cooling.
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1. Introduction

[2] It is broadly accepted that the oceanic crust
forms by crystallization of basaltic mantle melts at
mid-ocean ridges. However, the details of this
oceanic crustal accretion process are not well re-
solved, and have been the subject of much debate
over the last 30 years. One key problem is deter-
mining the distribution of crystallization at spread-
ing ridges, specifically constraining the range of
depths over which crystallization occurs. A number
of approaches have been used to address this prob-
lem, including the acquisition of geophysical, geo-
logical and petrological observations from both
active spreading ridges and ophiolites and the de-
velopment of thermomechanical models of crustal
accretion. However, the observations and results of
the models have not yet allowed a consensus to be
reached on the accretion process, and a number of
different conceptual models have been proposed.

[3] One class of models, referred to herein as
gabbro glacier models, was initially proposed
partly in response to geological observations from
ophiolites [Sleep, 1975; Dewey and Kidd, 1977;
Quick and Denlinger, 1993] and was developed
further in order to account for geophysical obser-
vations from fast spreading ridges such as the East
Pacific Rise (EPR) [Henstock et al., 1993; Phipps
Morgan and Chen, 1993]. The essential feature of
these models is that melt is supplied directly from
the mantle to a shallow melt lens (Figure 1la).
While some of the melt is fed upward from the
lens to produce dykes and lava, most of it crystal-
lizes at the level of the lens. In order to generate the
full thickness of the oceanic crust, this dominantly
solid residue of crystallization must flow down-
ward from the lens.

[4] Interpretation of geological and petrological
observations from the Oman ophiolite, however,
has led to the development of a different class of
crustal accretion models, which is referred to as the
many sills model herein [Boudier et al., 1996;
Kelemen et al., 1997b]. In contrast to the gabbro
glacier models, the key feature of the many sills
models is that crystallization takes place within the
lower crust, so that a substantial portion of the lower
crust may be produced in situ (Figure 1b). In the

end-member case where crystallization takes place
evenly with depth throughout the crust there is no
requirement for vertical flow of solidified material.

[s] Although petrological stratification is known to
exist within the oceanic crust [Cann, 1974], it has
so far been neglected in thermal modeling studies.
Nevertheless, the inclusion of petrological varia-
tion has a significant effect on the predicted distri-
bution of melt within the crust [Sinton and Detrick,
1992]. Since the geophysical observations are
strongly sensitive to variations in melt fraction it
is necessary to include compositional variation in
thermal models in order to relate the results of
these models to the observations. Furthermore, the
presence of large-scale petrological variation is one
of the observations from ophiolites that have been
used to constrain the oceanic crustal accretion
process.

[6] In this paper we develop new models of crustal
accretion that include the effects of petrological
variation and that are flexible enough to allow for
various distributions of crystallization. After intro-
ducing the geophysical, geological and petrological
observations that are critical to the problem, we
proceed to the theoretical development of the new
models. The flexibility of the modeling framework
then allows the results of a range of models
(including gabbro glacier models, many sills models
and hybrid models) to be tested for compatibility
with observations.

2. Geophysical Observations From the
East Pacific Rise

[7] Geophysical surveys of the fast spreading EPR
have provided several observations that can be used
to constrain the distribution of melt within the crust
and therefore the crustal accretion process. The
presence of melt beneath the ridge axis was first
revealed by seismic reflection surveys [Herron et
al., 1980; Hale et al., 1982; Detrick et al., 1987].
Further surveys of the EPR have commonly found
reflections thought to be caused by a magma lens
sitting at depths of 1 -2 km beneath the seafloor and
with an across-axis width of 0.5—-2 km [Kent et al.,
1993a, 1993b; Hooft et al., 1997; Babcock et al.,
1998; Carbotte et al., 2000]. While the lens is often
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a) Gabbro Glacier

b) Multiple sills

lava
dykes
gabbro / ‘ \
Moho __—__/ \
solid flow  ——( melt flow  Ce—— melt lens Q
Figure 1. Crustal accretion models redrawn from Korenaga and Kelemen [1998]. (a) Gabbro glacier model where

all crystallization of the lower crust takes place in the shallow melt lens [e.g., Quick and Denlinger, 1993]. (b) Many

sills models as proposed by Kelemen et al. [1997b].

continuous for tens of kilometres along axis, its
depth and width can vary dramatically over shorter
lengthscales. Further investigation of the lens prop-
erties on the southern EPR has indicated that it is less
than 100 m thick and may contain either pure melt or
partially crystalline mush [Collier and Singh, 1997,
Singh et al., 1998, 1999]. The lens was inferred to
have a near-solid roof and floor and transition zones
from the lens into these boundaries are less than 50 m
thick. The discovery of the shallow melt lens, and
the lack of reflections associated with deeper melt
bodies, led to the development of the gabbro glacier
models.

[8] Measurements of the seismic velocity structure
of ridges using wide-angle seismic data has also
been used in support of the gabbro glacier model.
The results of early one-dimensional modeling
indicated that the melt lens lay at the top of a
crustal low velocity zone [Harding et al., 1989;
Vera et al., 1990], and a detailed three-dimensional
crustal tomographic model of the 9°30'N region of
the EPR recovered a low velocity zone in the lower
crust with a full across-axis width of 5—8 km
[Dunn et al., 2000]. These authors showed that
the low velocity zone can be generated if small

melt fractions (<20%) are present in the axial crust.
The limited across-axis extent of this zone has been
attributed to cooling of the crust in the flanks of the
zone by deep hydrothermal circulation.

[s] The physical properties of the lower crust can
also be constrained by the use of seafloor compli-
ance measurements. These measurements are con-
sistent with the presence of a zone of small melt
fraction in the lower axial crust with an across-axis
width of 10 km or less [Crawford and Webb, 2002].
Near 9°30'N these workers additionally found a
thin, melt-rich region present near to the base of
the crust, perhaps reflecting a second melt lens at the
Moho. The presence of a melt body at the Moho has
also been inferred from observations of converted
seismic waves [Garmany, 1989]. These observa-
tions are not consistent with gabbro glacier models,
as they indicate that melt ponds and may crystallize
in locations other than the shallow melt lens.

3. Geological Observations From the
Oman Ophiolite

[10] Geological observations from the Oman
ophiolite have been important in the development
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of models of crustal accretion at fast spreading
ridges. This ophiolite is believed to have escaped
extreme deformation during emplacement, and
therefore provides the best means available for
determining the large-scale structure of fast spread-
ing ridges [Cann, 1974; Nicolas, 1989; Nicolas
and Boudier, 1995]. Strong layered fabrics are
present in gabbros in the Oman ophiolite, with
layering in the lower part of the lower crust being
near parallel to the Moho, while fabrics present in
the region beneath the dyke zone are perpendicular
to the Moho [Pallister and Hopson, 1981; Boudier
et al., 1996]. It was originally proposed that this
variation in the attitude of layering was due to
crystal accumulation on the margins of a large
magma chamber with a flat Moho-parallel base
and Moho-perpendicular sides [Cann, 1974;
Pallister and Hopson, 1981]. After the presence of
such large magma chambers at fast spreading ridges
had been discounted using the geophysical obser-
vations, the layering was subsequently interpreted
as being the result of subsidence of solid material
from a shallow melt lens, that is, due to a gabbro
glacier [Sleep, 1975; Quick and Denlinger, 1993].

[11] Further investigation of these fabrics has
shown that there is more than one origin of
layering. Gabbros close to the base of the crust
exhibit modal layering on the scale of centi-
meters to meters, so that the base of each layer
is rich in mafic minerals while the top has a
greater abundance of plagioclase [Pallister and
Hopson, 1981; Browning, 1984]. In contrast, the
foliated fabric of gabbros that lie in the upper
part of the lower crust is caused by the align-
ment of elongate plagioclase crystals [MacLeod
and Yaouancq, 2000]. The foliation and layering
do not appear to be physically continuous
[Kelemen et al., 1997b]. The differing origin of
the fabric is not consistent with the simplest form
of the gabbro glacier models since there is no
obvious way of converting the foliated fabrics
into modal layering during deformation of solid
gabbro [MacLeod and Yaouancq, 2000].

[12] Detailed mapping of the Moho Transition
Zone (MTZ) of the Oman ophiolite has revealed
the presence of layered gabbroic bodies that are
encased within and share igneous contacts with

dunites [Boudier et al., 1996; Kelemen et al.,
1997b]. These dunites are compositionally, textur-
ally and physically continuous with mantle dunites
and harzburgites found beneath the MTZ [Kelemen
et al., 1997b]. The contact relationship between the
gabbro and the dunite cannot be produced by
continuous deformation of the overlying gabbro
pile and indicates that these MTZ gabbros formed
in situ near the base of the crust. These observa-
tions led Boudier et al. [1996] to propose a hybrid
model where the foliated gabbros are formed as
part of a gabbro glacier, and the layered and MTZ
gabbros are produced in situ near the base of the
crust.

4. Petrological Observations

[13] The argument that the MTZ gabbros and lower
layered gabbros share a common petrogenesis is
consistent with petrological observations. While
mineral compositions and modal mineralogy vary
within the MTZ and layered gabbros, they both
have the compositions of the solid residues of
fractional crystallization of basaltic magma. In-
deed, Kelemen et al. [1997b] demonstrated that
many of the MTZ and lower gabbros have the
compositions of solids that are in equilibrium with
the basaltic melts that constitute the dyke and lava
sections of parts of the ophiolite. The petrological
and textural similarities between the MTZ and
layered gabbros prompted Kelemen et al. [1997b]
to devise the many sills model as it is shown in
Figure 1b. Within this model the bulk of the lower
crust is produced by fractional crystallization in
situ, and the evolved liquids are expelled to higher
levels within the crust. While many foliated gabbro
samples have mineral compositions that are similar
to those found in the layered gabbros, a thin layer
of gabbros with the compositions of basaltic melts
has been found just beneath the dyke-gabbro
transition, implying that melts were not effectively
expelled after the onset of crystallization of these
gabbros. This layer is only a few tens of meters
thick, is compositionally and texturally diverse,
and MacLeod and Yaouancq [2000] have sug-
gested that it may correspond to the level of the
melt lens imaged at fast spreading ridges. Evidence
that such petrological stratification is present in
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oceanic crust formed at the EPR comes from
observations of compositions of both mid-ocean
ridge basalt at the EPR and of gabbroic samples
from the Hess Deep [Sinton and Detrick, 1992,
Hekinian et al., 1993]. Fine-scale correlation of the
mineral chemistry within lower layered gabbros
has been used to constrain the flux of melt through
intergranular porosity in the gabbros [Korenaga
and Kelemen, 1998]. These authors inferred that
only a few percent of the total melt flux is trans-
ported by porous flow in the gabbros, and reasoned
that the limited extent of deformation of observed
in the lower gabbros could not have resulted from a
gabbro glacier model where small intergranular
porosities were present.

5. Previous Thermal Models of

Oceanic Crustal Accretion

[14] All models of oceanic crustal accretion are
similar in that they have to provide a mechanism
for the removal of the latent and specific heat
released during cooling and crystallization of rising
mantle melt [Sleep, 1975]. Conduction, advection
and hydrothermal cooling are the principal means
of removing this heat, and the different models that
are described below implement the cooling in
different ways. The models described are all two-
dimensional and steady state, having been devel-
oped to simulate behavior at fast spreading ridges
where along-axis variations in axial morphology
and the distribution of melt in the crust are rela-
tively modest.

[15] Some of the earliest images of axial melt
lenses at mid-ocean ridges prompted the develop-
ment of the thermal model of crustal accretion of
Morton and Sleep [1985]. These authors modelled
the thermal structure of the ridge by balancing the
latent and specific heat supplied by magma that is
injected at the ridge axis with heat loss by conduc-
tion and by hydrothermal activity. While the mass
of magma was supplied evenly at the ridge axis,
latent heat release was concentrated in the upper
half of the crust. By varying the model spreading
rate and the strength of the hydrothermal circula-
tion Morton and Sleep [1985] were able to match
the depth of the observed melt lenses.

[16] When wide-angle seismic results became
available, however, they indicated that the lower
crust at the ridge axis is predominantly solid. These
observations led to the development of thermome-
chanical models which were devised to reproduce
the shallow melt lens, near-solid lower crust and
the attitude of the gabbro layering from Oman
[Henstock et al., 1993; Phipps Morgan and Chen,
1993]. Instead of providing an even supply of melt
to the ridge axis, the melt is fed directly from the
mantle to a shallow melt lens where crystallization
of the lower crust takes place. The lower crust is
then advected to its final depth in a gabbro glacier.
These models included the effect of hydrothermal
cooling by allowing for regions of increased con-
ductivity, by up to a factor of 10, in parts of their
models. These modelers were able to successfully
match the depth of the melt lens reflector and the
limited melt fractions within the axial lower crust.

[17] After the initial development of these gabbro
glacier thermal models it became clear that the
vertical distribution of crystallization that they
entailed was at odds with the observations from
Oman. In response to these geological observations
and the seafloor compliance measurements, Chen
[2001] developed an extension of the gabbro
glacier model where crystallization was allowed
to occur both within the shallow melt lens and
within a melt lens at the Moho. The model results
indicated that if more than 10% of the lower crust
formed by crystallization in the Moho melt lens
then a large melt zone would be generated at the
base of the crust, having a full across axis width of
over 4 km and a thickness of over 1 km. There is
no geophysical evidence that a melt zone of this
size exists at the base of the crust, leading Chen
[2001] to reemphasise the importance of the shal-
low melt lens in the crustal accretion process.

[18] While the existing thermal models success-
fully reproduce the broad geophysical observations
from active ridges, there remain a number of
outstanding problems. The first is that none of
these models has been specifically developed to
reproduce the thermal structure that would result
from the many sills accretion model as proposed by
Kelemen et al. [1997Db].
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Figure 2. (a) Compositional profile of a section through the Oman ophiolite at Wadi Abyad [MacLeod and
Yaouancq, 2000]. The height shown is stratigraphic height above the Moho and the composition is expressed as bulk
rock Mg#, that is, molar Mg/[Mg + Fe**]. Lower crustal gabbros compositions are shown as blue diamonds, gabbros
from the varitextured layer just beneath the dykes are red circles and dyke compositions are shown as black crosses.
The column to the left shows the lithostratigraphy, through layered gabbros (LG) and foliated gabbros (FG) in the
lower crust through to the varitextured gabbros (VG), dyke root zone (unmarked) and sheeted dyke complex (SD).
The horizontal bars at the base of the plot show the composition of Moho Transition Zone (MTZ) rocks from the
Magsad Massif [Korenaga and Kelemen, 1997; Koga et al., 2001]. These bars show the compositional range of
olivine compositions from gabbros (blue bar) and wehrlites (green bar) in the MTZ and represent minimum estimates
of bulk rock Mg#. The vertical pink bar at the top of the plot shows the average varitextured gabbro composition, and
the vertical blue bar shows the average lower gabbro composition. (b) Equilibrium melting/crystallization behaviour
of average varitextured gabbro (red solid line), lower crustal gabbro (blue dashed line) and wehrlite (green dotted
line) from (a). The curves were calculated using the MELTS algorithm with a model pressure of 0.1 GPa and an
oxygen fugacity one log unit beneath the fayalite-quartz-magnetite buffer.

[19] A second major problem is that previous  1992]. The reason for this control is that the
thermal models have neglected the effects of pet-  geophysical observations are sensitive to the dis-
rological variation. There are several reasons why  tribution of melt, and, in order to estimate the melt
this omission is problematic. Firstly, the presence  fraction present in the crust both the local temper-
of petrological variation within ophiolites indicates ~ ature and composition must be known.

that large-scale melt-crystal separation took place,

and this separation may alter the distribution of  [20] The importance of compositional variation in
latent and specific heat release within the crust.  controlling the melting and crystallization behavior
Secondly, observations of petrological variation  of crustal rocks is shown in Figure 2. Thermody-
have played an important role in the development  namic modeling indicates that rock having the
of conceptual models of crustal accretion, so the  composition of average lower crustal gabbros in
petrological observations should be used either to ~ Oman is solid at temperatures of 1210°C and less.
constrain or test the thermal modeling. Finally, the  In contrast, a rock with the average composition of
incorporation of petrological variation is important ~ the gabbros found within ~100 m of the gabbro-
because composition controls the relationship be-  dyke transition zone is over 90% molten at this
tween the temperature structure and the predicted  temperature. At 1210°C rocks with these two
geophysical observations [Sinton and Detrick,  different compositions will have quite different
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Figure 3. Geometry of model. Only one half of the ridge is modelled, and reflected symmetry across the ridge
axis, at x = 0, is assumed. In this case only the right-hand side of the ridge is shown. For definitions of symbols see

Tables 1 and 2 and the text.

seismic properties, with the seismic P and S wave
velocity of lower crustal gabbro being up to 3 kms ™'
higher than that of the varitextured gabbro
[Mainprice, 1997]. Previous thermal models of
crustal accretion have neglected the effects of
petrological variation, but as these results show,
the presence of such variation can enormously
affect the geophysical observables interpreted
from a thermal structure. Incorporating petrological
variation within the modeling process is thus of
primary importance in testing model results for
compatibility with field observations.

6. New Thermal Models of
Crustal Accretion

[21] The modeling approach taken in this paper
differs from previous studies in three main ways.
Firstly, intrusion of melt is modelled as taking place
over a range of horizontal positions, rather than just
at the ridge axis, in order to reproduce the across-
axis width of the axial zone observed by geophysical
surveys. Secondly, petrological variation is explic-
itly taken into account. Thirdly, the models are
designed so that the distribution of crystallization
with depth can be specified directly and varied in a

straightforward and flexible fashion. This flexibility
allows the thermal structures resulting from differ-
ent distributions of crystallization, such as the gab-
bro glacier or many sills models, to be determined
and compared with the available observations. We
restrict attention to two-dimensional steady state
models.

6.1. Model Geometry

[22] The model geometry, shown in Figure 3, is
split into two regions: an axial region and an oft-
axis region. Intrusion of melt is modelled as taking
place uniformly across the axial region, which is of
width 4 (see Tables 1 and 2 for details of the
notation used), and both melt and solid are allowed
to flow vertically through this region. Large-scale
fractionation of melt and solid can also take place
in the axial region, allowing compositional varia-
tion to be generated. The temperature structure
within the axial region is one-dimensional, varying
with depth only, and satisfies an ordinary differen-
tial equation derived by balancing mass and heat
flowing in and out of the region at each depth.
Within the off-axis region, all material is advected
horizontally at the half spreading rate of the ridge,
U. The temperature structure is two-dimensional,
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Table 1. List of Parameters
Symbol Quantity Value Unit Dimension
Spreading half-rate 19 x 107° ms™ ! LT!
p Density 2.9 x 10° kg m~> ML
p Specific heat capacity 1.085 x 10° Jkg 'ec™! L>’1T20"!
Ly Latent heat capacity 5.06 x 10° Tkg™! LT
k Thermal conductivity 2.52 Wm!°c! MLT?*60!
K= p% Thermal diffusivity 8.0 x 1077 m?s”! |l
z. ¥ Crustal thickness 6.0 x 10° m L
Zm Depth to melt lens 2.0 x 10° m L
z Depth of horizontal isotherms 2.0 x 10* m L
Zg Depth to base of mantle melting region 1.0 x 10° m L

satisfying an advection-diffusion equation with
source terms due to hydrothermal circulation and
latent heat release [Morton and Sleep, 1985]. The
depth of the base of the crust is z., and crystalli-
zation only occurs within the crust. The depth of
the shallow melt lens is fixed at z,,. In order to
simulate the petrological effects of rapid cooling in
dykes or lava flows, no separation of melt and solid
occurs shallower than z,,. For models which in-
volve an uneven vertical distribution of crystalli-
zation within the crust, such as the gabbro glacier
models, z,, is also the depth where crystallization is
focused, and thus acts as the source for the down-
flowing solid material of the gabbro glacier. This
overall geometry is a gross approximation of the
flow field, which in reality is likely to be complex
[Chenevez et al., 1998], but the details of the actual
flow geometry are poorly known. The simple flow
field nevertheless captures the essence of the prob-
lem, and allows flexibility in the specified distri-
bution of crystallization.

6.2. Input Distributions

[23] Three distributions control the thermal struc-
ture, compositional structure and distribution of

Table 2. List of Variables

melt predicted by the models. These distributions,
which are described below, are varied in order to
obtain the results shown in section 7.

6.2.1. Distribution of Crystallization

[24] The difference between gabbro glacier and
many sills models lies in the vertical distribution
of crystallization within the axial region. Focussing
of crystallization at a given depth within the crust is
tied to the flux of melt and and solid and controls the
release of latent heat and advection of heat within
the axial region. The distribution of crystallization is
modelled through the introduction of a function 6(z),
defined as the proportion of the lower crust at depth
z that has crystallized in the upper melt lens at z,,.
Defining the flux of fluid through the axial region as
Fiz) Z, and the flux of solid by F(z) z (where Z is a
unit vector with z increasing downward), a simple
mass balance gives the equations

47, i

=0, —=—-0u. ()

The boundary conditions are that Ffz.) = —Uz.
(enough melt must be supplied at the Moho to form
the entire crust) and F(z.) = 0 (no solid is advected

Variable Meaning Unit Dimension
T Temperature °C (C)
T; Intrusion temperature °C ]
A Width of axial intrusion region m L
H Hydrothermal heat extraction W m™ ML2T
0 Fraction of crust made in melt lens - 1
o) Fraction of crystallization melt has undergone - 1
v Crystal fraction of lower crust produced in melt lens - 1
o Crystal fraction of lower crust produced in sills - 1
T Total crystal fraction of crust - 1
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into the mantle), and so these equations can be
solved to give

F@=-v [ “0de, @)

File) = Uz —U / 8(0) d, (3)

which are then used in the thermal balance
described in section 6.3.

6.2.2. Style of Crystallization

[25] In order to generate large scale (100s—1000s
of meters) compositional stratification within the
crust it is necessary to include magmatic differ-
entiation through separation of melt and crystals
in the models. This is realized through a function
d(z), which tracks the extent of fractional crys-
tallization that a batch of magma has undergone
before it intrudes at depth z. At the base of the
crust & = 0, since no crystallization has taken
place. The subsequent evolution of &(z) with
depth depends on what is referred to here as
the style of crystallization.

[26] Two styles of crystallization are permitted
within the models, and these are shown in
Figure 4. When melt is frozen rapidly on intru-
sion, no large scale separation of melt and
crystals can take place. Therefore the bulk com-
position of the solidified material will be the
same as that of the original intruded melt. This
style of crystallization is called dyke style crys-
tallization (because that is what would be
expected to occur in dykes), although it may
equally correspond to freezing in lava flows or
any rapidly cooled intrusion. A model where all
of the crust is made by dyke style crystallization
is shown in Figure 5a. Since melt is supplied
directly from the mantle to all levels in the crust,
and therefore has not undergone any fractional
crystallization before it arrives at its final depth,
& = 0 throughout the crust.

[27] The second permitted style of crystallization
is sills style crystallization, where separation of
melt and solid is rapid compared to crystalliza-
tion. During fractional crystallization the compo-

sition of the solid material produced is different
to that of the original melt, so the composition of
the melt evolves during crystallization. Therefore
when melt arrives at a given depth it undergoes
an increment of crystallization, deposits the solid
products of crystallization and then moves to
shallower levels in the crust to continue crystal-
lizing. This separation of liquid and melt allows
the models to reproduce the large scale compo-
sitional stratification observed in ophiolites,
where the lower crustal gabbros are the solid
residues of fractional crystallization, and the
upper crust has the composition of melt that
has risen through the crust. The sills model in
Figure 5b has 6 = 0 everywhere, and so ¢
increases uniformly from zero at the Moho to
one at the seafloor, reflecting the fact that crys-
tallization proceeds uniformly throughout the
crust, and that an increment of mass is lost from
the melt by crystallization at each depth before
the melt rises to shallower levels.

[28] In the model shown in Figure 5c¢ the crust
at depths shallower than z,, is formed by dyke
injection. Below this depth crystallization takes
place in sills and there is a single composition
generated at each depth. Within the dyking
region all material is supplied directly from a
depth z,, and so ¢ is constant. The value of
the constant can be determined by noting that
any material that goes into making the upper
crust must already have undergone enough crys-
tallization to form the lower crust, and as the
lower crust occupies a fraction 1 — z,/z. of the
total crust, ¢ = 1 — z,/z. throughout the dyke
section.

[29] In the gabbro glacier model shown in
Figure 5d melt is fed directly from the mantle
to the shallow melt lens, and therefore arrives at
z, with & = 0. This melt then has to loose
enough mass through crystallization to generate
the lower crust and so before melt can supplied
from the melt lens to shallower levels, the
fraction crystallized, ¢, must equal 1 — z,/z.
Therefore in models where crystallization is fo-
cused in the shallow melt lens, a discontinuity is
present in ¢ at z,,. In general terms, when part of
the lower crust crystallizes in situ and the rest is
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Figure 4. Style of crystallization. Parts (a) to (c) show dyke style crystallization, while (d) to (f) show sills style
crystallization. The compositions of the melt and solid produced are colour coded, with blue being high Mg# (that of
the first cumulates produced), red being intermediate (close to that of mantle melt), and orange being that of evolved
melt. Melts are shown as colour fill, while solid is shown as a grey fill with appropriate colour of cross overlaid.
(a) Intrusion of primitive magma. (b) Rapid closed-system crystallization occurs without separation of the melt. (c) At
solidification, the bulk composition of the solid intrusion is that of the original melt, but on the local scale
compositional variation may result from the closed system fractional crystallization. (d) Intrusion of melt. (¢) Crystals
separate rapidly from the melt, generating a cumulate layer (blue crosses) with a different composition to that of the
melt (orange fill). (f) Evolved melt separates from solid and moves to shallower levels in the crust. This leaves a layer
of high Mg# cumulates at depth, with little compositional variation.

Figure 5. Relationship between distribution of crystallization with depth, compositional structure, melt input
temperature and melting behaviour. The first column of plots shows the distribution and style of crystallization for
four models. (a) Dyke style crystallization with a uniform distribution of crystallization with depth. (b) Sill style
crystallization with a uniform distribution of crystallization. (c) Lower crust formed by sills, upper crust by dykes,
with a uniform distribution of crystallization. (d) Lower crust formed in a gabbro glacier and upper crust formed in
dykes, with all of the lower crust formed by crystallization at 2 km depth. The grey shading in the first column show
regions where no vertical separation of melt and solid takes place after fractional crystallization (dyke style
crystallization). The red line shows the value of ¢, the fraction of the original mantle melt that has been lost through
crystallization before the melt reaches a given depth. The blue dotted line is 6, the fraction of solid at a given depth
that has been generated by crystallization in the shallow melt lens at z,,. The second column of plots shows the
average bulk Mg# of the predicted crustal composition (red line) and the range of Mg# generated by fractional
crystallization (grey shaded area). The third column shows the melt input temperature (red line), the crustal solidus
and liquidus (blue dotted lines) and the melting range (grey shaded area).
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Figure 6. Mass and thermal balance within the one-dimensional axial region. Advective terms, shown in orange
and red, are included in the mass balance. Hydrothermal heat removal (for the upper crust), in blue, and conduction,
in green, are also included in the thermal balance. Latent heat and specific heat is carried by the advective terms in the
thermal balance. The balance is carried out for elements of infinitesimal height dz.

6.2.3. Hydrothermal Cooling

[30] The distribution of hydrothermal cooling is an
important control on the calculated thermal struc-
ture. This cooling is included in the models as a
series of heat sinks [Morton and Sleep, 1985].
Hydrothermal cooling is varied by changing the
axial hydrothermal heat flux at the seafloor,
the maximum off-axis hydrothermal heat flux at
the seafloor and the decay length for off-axis
cooling. Hydrothermal heat removal is treated in
different fashions for on-axis and off-axis cooling.
Heat removal in the axial region occurs over a
temperature interval of 300—600°C, which is con-
sistent with observed black smoker temperatures
[Von Damm et al., 1985] and thermodynamic argu-
ments [Jupp and Schultz, 2000]. The heat removal
over this temperature interval is distributed as a
cosine shaped bell, centered around 450°C, and the
total depth integrated rate of heat removal per unit
across axis area must be equal to a constant H
which is set in the modeling. In the off-axis region
the distribution of heat sinks, H(x, z), is chosen to
be set in a slightly different way, which is de-
scribed in detail in Appendix A. The maximum
vertically integrated rate of heat removal is set at
the axial edge of the off-axis region, and then
decays exponentially away from this edge. The

vertical distribution of heat sinks is then chosen
according to the calculated temperature and melt
fraction within the axial region, so that the off-axis
hydrothermal cooling is strongest where melt is
present. The physical meaning of using heat sinks
to model hydrothermal cooling has been discussed
by Sleep [1991], and corresponds to time-averaged
cooling where hydrothermal convection cells are
not stable over long time periods and heat ex-
change does not occur between rising hydrother-
mal fluids and their surroundings.

6.3. Calculation of the Thermal Structure

6.3.1. Axial Region

[31] The thermal structure within the one-dimen-
sional axial intrusion region is calculated using a
mass and thermal balance. At each depth mass
conservation is used to equate the vertical inflow of
melt and solid to the vertical outflow of melt and
solid and the horizontal outflow of material to the
off-axis region. The horizontally outflowing mate-
rial leaves the axial region with speed U, the half-
spreading rate, at all depths. The vertical flow of
material at crustal depths can be calculated once
the distribution of crystallization, 6(z), has been
specified, as shown in (1).
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[32] A differential equation satisfied by the tem-
perature structure, 7(z), in the one-dimensional
axial intrusion region can be obtained from a
thermal balance (Figure 6). Heat transport takes
place by either conduction or advection (of both
liquid and solid), while the crystallization of the
crust releases latent heat, and hydrothermal circu-
lation cools the crust by acting as a heat sink.
Balancing the heat flows generated by these pro-
cesses gives the differential equation for the tem-
perature structure of the axial region.

[33] By balancing advection of heat by melt and
solid, latent heat release during crystallization, and
conduction and using the mass balance relation-
ships in (1) gives the differential equation (5).

d’r dr dr d
@—pcpfs—-i-Pthx v—pch(l -0)T
dr; oT

dz dz dT
= pc, Fi & —pep,U(1 = 0)T; — pLyUa(1 —0) fkaA.

(5)

This equation must be solved in order to
determine the temperature structure 7(z) within
the lower axial crust, where it is assumed that no
hydrothermal heat removal takes place. The
parameters and variables that feature in this
equation are listed in Tables 1 and 2 while its
derivation is given in Appendix B. The first term
on the left hand side corresponds to wvertical
conduction, while the last on the right hand side
is horizontal conduction of heat to the off-axis
region. The other terms involving the melt and
solid fluxes, F; and ¥, and the half-spreading
velocity, U, account for the advection of latent
and specific heat both vertically within the axial
region and horizontally to the off-axis region.
Evaluation of the function 7;, the melt input
temperature, and the crystal fractions y and o is
outlined in section 6.4.

Ak

[34] In the upper crust, at depths shallower than z,,,,
hydrothermal circulation can act to cool the crust,
providing an additional term in the heat balance.
For all models considered later on in the paper, it is
furthermore assumed that in the upper crust the
vertical solid flux is zero, and the fluid intrusion
temperature is constant (7°), as is expected for
emplacement of the upper crust in dykes or lava

flows. Under these assumptions, the temperature
equation for the upper crust is given by

d&r or
Ak~ — Upc,T = —Up(cp TP + 7Ly) — k—=—| + AH, (6)

dz? Ox |,
with the hydrothermal cooling incorporated in the
final term on the right hand side, and the crystal
fraction T evaluated as described in section 6.4.

[35] In calculation of the temperature structure of
the mantle it is assumed that the input tempera-
ture gradient is that which results from melting
that produces a crustal thickness of z. [McKenzie
and Bickle, 1988]. This gradient is then matched
to the melt input temperature at the onset of
crystallization. The temperature equation used for
the mantle is then derived by a heat balance
which neglects vertical motion of melt and solid,
and instead assumes that melt is supplied rapidly
to the Moho at the ridge axis, giving

dzT 8T
Ak = UpeyT = —Up|e,Ti + (1= 1)Ly — koo E (7)

The effect of the melt extraction style on mantle
temperatures has been studied by Asimow [2002]
who showed that varying the steady state melt
extraction mechanism can lead to variation in the
Moho temperatures of up to 20°C.

[36] In the models which simulate focused crys-
tallization in a shallow melt lens the depth of the
lens is set to be z,. The crystallization and
cooling that takes place at this depth acts as a
source of heat and must be accounted for in the
models. Heat is bought into the melt lens by
liquid at temperature 7y(z,,), with flux —F(z,,),
and is removed upward from the melt lens by
liquid with temperature 7,°, and flux U z,,. Solid
flows downward from the melt lens with flux
Fi(z,), temperature 7(z,) and crystal fraction
Y(1(z,,)). The rate of heat release in the melt
lens is calculated from the change in latent and
specific heat carried into and out of the lens, and
is thus given by

— pcpF1(zm) Ti(zm) — pcy Uz, T,p — pcpFy(zm)T (zm)
+ oLy F s (2n)V(T (21))- ®)
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The heat source can be taken into account by
adding a delta function of this size acting at z,, as a
source term to the differential equation for
temperature.

[37] Equations (5), (6) and (7) provide a second
order differential equation that 7{(z) satisfies at all
depths. Once the style and distribution of crystal-
lization, ¢(z) and 0(z), have been specified, the
equations can be solved, using a numerical relax-
ation scheme described in Appendix C, for a depth
range 0 <z <z, (where z, is the depth to the bottom
of the mantle melting region), subject to the
boundary conditions 7(z,) = T{z,) and T(0) = 0.
This relaxation scheme has the advantages of being
rapid and allowing resolution of features of vertical
extent of 10 m or less, in contrast to the numerical
cost and low resolution of previous finite differ-
ence [Henstock et al., 1993] or finite element
[Phipps Morgan and Chen, 1993] models.

6.3.2. Off-Axis Region

[33] In the off-axis region the temperature field
T(x, z) satisfies an advection-diffusion equation,
with a constant horizontal advection velocity U
[Sleep, 1975; Morton and Sleep, 1985]:

2 2
U%—ﬁ(%-ﬁ-%):H(x,z)—Q(T,z). 9)
The two source terms on the right hand side of this
equation represent heat removed by hydrothermal
circulation and latent heat released by crystal-
lization. Equation (9) is solved in the region x > A4,
0 < z < z, where z; is a depth at which isotherms
are approximately horizontal. The boundary con-
ditions that are applied are that: (1) 7(4, z) matches
the temperature structure found from the one-
dimensional calculation in the axial region; (2) 7(x,
0) =0; (3) T(x, z;) = T;, where T is the temperature
in the axial region at depth z; (4) T — Tzz/z; as
x — 00, so that far from the ridge the temperature
approaches a conductive profile.

[39] Latent heat is assumed to be released uniformly
as crystallization proceeds, so that O(7, z) is given by

o= Yot (10)

¢, Ox

The nature of Q means that (9) is nonlinear, and so
it is solved using an iterative scheme of the form

oT; PT, T,
Ox

U——k W—FW):H(X,Z)—Q(I},I,Z). (11)

At each stage of the iteration the right hand side of
this equation becomes a known function Q(x, z). In
a similar fashion to the treatment of Morton and
Sleep [1985], each inhomogeneous equation in the
iterative scheme is solved by the use of a Fourier
sine series expansion

nea) =4 S pman("E). )

as explained in Appendix D. In order to join the
axial and off-axis regions, it is necessary to use
another iterative scheme. The temperature in the
axial region was calculated and then used as the
boundary condition 7(4, z) for the off-axis region.
The resulting temperature field for the off-axis
region was then used to calculate the horizontal
heat conduction at x = 4, which is used as an input
for the axial calculation. Convergence of this
scheme usually takes two or three iterations.

6.4. Composition, Input Temperatures and
Melt Distribution

[40] A crucial part of the model formulation is the
incorporation of petrological variation. After hav-
ing defined the input variables 0(z), &(z) and H(x, z)
in section 6.2 and the equations used to calculate
the thermal structure in section 6.3, we now
describe how the compositional structure of the
crust can be determined from 6(z) and ¢(z), and
how this compositional structure and the tempera-
ture field are used to calculate the melt distribution
within the crust. Knowledge of the relationship
between melt temperature, extent of crystallization
and the composition of the melt and the crystalliz-
ing solids is also required for calculation of the
thermal structure due to the presence of the melt
input temperature, 7;, in (5) and (6).

6.4.1. Compositional Structure

[41] All crustal solids are taken to be formed as the
products of fractional crystallization, and it is thus
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Figure 7. Results of a MELTS fractional crystallization model for an estimated primary mantle melt composition.
(a) The accumulated fraction crystallised as a function of temperature. (b) Bulk Mg# of the instantaneous products of
fractional crystallization at any temperature. The large drop in Mg# just above 1100°C is caused by iron-rich oxides
joining the liquidus assemblage. The composition of the primary mantle melt used was that of KG1 given by
Korenaga and Kelemen [1997] calculated for 14% polybaric incremental batch accumulated melting of depleted
mantle [Kinzler and Grove, 1992]. The composition in wt% oxides is: SiO, 49.0; TiO, 0.88; Al,05 16.8; FeO 7.85;
MgO 11.6; CaO 11.9; Na,O 1.92; K,O 0.05. The model oxygen fugacity was set at 1 log unit beneath the fayalite-
quartz-magnetite buffer and the pressure of crystallization was set at 0.1 GPa, equivalent to a depth of about 3 km.
Increasing the crystallization pressure increases the temperature of the onset of crystallization by less than 10°C. The
grey lines show the temperature and composition reached after 67% crystallization of the initial mantle melt.

important to understand the compositional evolu-
tion during fractional crystallization of a primary
mantle melt. This behavior can be calculated using
the MELTS algorithm [Ghiorso and Sack, 1995;
Asimow and Ghiorso, 1998], and the results of a
calculation for fractional crystallization is shown in
Figure 7. The calculation shows the fraction of
melt crystallized as a function of temperature,
together with the evolution of the composition of
solid products of crystallization as a function of the
extent of crystallization.

[42] The composition only varies with depth in the
models, and can be calculated using the style and
distribution of crystallization and the relationship
in Figure 7b. For sills style crystallization, the bulk
composition of the solid formed at z is the instan-
taneous composition of the product of fractional
crystallization after the appropriate extent of frac-
tional crystallization of the primary melt. Therefore
the composition is controlled by ¢(z), and can be
evaluated directly using the relationship in
Figure 7b. Where dyke style crystallization occurs

there is no further large scale separation of melt
and solid, so the bulk composition of the final solid
is the same as that of the melt that was originally
intruded (Figure 4). This composition is a function
of the ¢(z) of the melt at the depth of intrusion.
During the fractional crystallization of this trapped
melt at depth z the composition of the crystallizing
material may vary. If local chemical separation of
melt and solid occurs, as in closed system frac-
tional crystallization, then a range of compositions
from that expected for &(z) through to that
expected for the final increment of crystallization
(Figure 7b) may be generated on a scale of milli-
meters to meters.

[43] When crystallization is focused at z,, then the
composition of the material that is fed downward
from the lens can be calculated if the extent that
melt has crystallized when it enters the melt lens,
o, and the extent of crystallization when melt
leaves the lens to supply the upper crust, ¢;, are
known. These terms can be calculated from 6(z) as
described in section 6.2.2. Therefore the range of
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compositions in the solid material fed downward
from the lens will be from that produced at ¢q
through to ¢;, and the bulk composition can be
calculated from a weighted average of these com-
positions. When this material is fed downward the
average composition of the material at any depth
can be calculated from 6(z) and the composition
both of the material produced in sills in the lower
crust and of that generated in the melt lens. Both
the bulk composition and the range resulting from
a number of different ¢(z) and 0(z) are shown in
Figure 5.

6.4.2. Melt Input Temperatures

[44] A knowledge of d(z) allows the calculation of
the melt injection temperature, T4(z). If a fraction ¢
of the crust has crystallized below a given depth,
then the input temperature at that depth will corre-
spond to the temperature of the melt after a fraction
¢ of the original mass of primary mantle melt has
been solidified during fractional crystallization.
The melt input temperature is thus given by

Ti(z) = Ty ((2)), (13)

where T;(¢) is the fractional crystallization curve
shown in Figure 7a.

6.4.3. Distribution of Melt

[45] The melt fraction present within the crust can
also be calculated with a knowledge of &(z). For
material that undergoes dyke style crystallization the
melting behavior will be determined by the T, (¢)
fractional crystallization curve shown in Figure 7a.
Material that has already undergone a fraction ¢, of
crystallization will be completely molten at temper-
atures above its input temperature, 7y (¢p), and will
be completely solid at temperatures below 7 (1), the
melting temperature of the composition with the
lowest melting point. The crystal fraction of this
material is therefore given by

0 T> Tf(d)D)v
(1,2 ={! T <), (14)
% Otherwise,

where Ty (¢7) = T for Ty (1) < T < Ty (dp).

[46] When sills style crystallization takes place at a
given depth, the material added to the crust at this
depth has the composition of the solid residue of
fractional crystallization. This material has differ-
ent melting and crystallization behavior to that of
the melt that separates (Figure 2). The composi-
tions and remelting behavior of the solid residues
of fractional crystallization were calculated using
MELTS. The residues of fractional crystallization
are, as expected, solid at the temperature of melt
separation, and have a melting interval of 60—
600°C. For simplicity, we model the melting be-
havior of the solid residues of fractional crystalli-
zation with a linear melting interval, M, of 200°C
starting from fully solid at 7; for the depth of
interest, so that the crystal fraction of the residues,
o, is given by

1 Tr<T;

o(T,2) = 1= (T=T)/M T, <T<Ti+M, (15

0 T>Ti+M.

Note that o(7, z) is implicitly a function of
composition because 7; is defined as a function
of ¢ in (13). When generation of the lower crust
takes place via crystallization at z,,, as in Figure 5d,
the melting behavior is modelled by considering
that the solid residues of fractional crystallization
were generated over a range of temperatures and ¢.
In order to calculate the remelting behavior of this
material the following average over the composi-
tions that crystallize in the melt lens must therefore
be used:

o
V(D) = 1% A o(T,z) do. (16)
[47] The melt fraction within the axial region also
includes a contribution from melt flowing through
the crust. This melt may not necessarily reach
thermal equilibrium with its surroundings. An
estimate of the corresponding contribution to the
total melt fraction can be made by approximating
the porosity required for this melt transport as

Fi
Aw’
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where w is the vertical melt transport velocity. The
total melt fraction within the axial region is then
given by

F=1-1+1, (18)

while in the off-axis region the melt fraction is
given by

F=1-m, (19)

since there is no vertical motion of material in that
region. It should also be noted that an equilibrium
time-averaged melt fraction need not be present for
melt to travel through the crust if melt supply is
episodic (e.g., dyking events).

7. Model Results

[4s] The flexibility and efficiency of the model-
ing method allowed the exploration of a wide
range of parameters for several styles and distribu-
tions of crystallization, including many sills and
gabbro glacier models. In the favored models,
which are described here, the half-width of the
one-dimensional axial intrusion region, A4, is set
at 1 km. This value was chosen to match the
geophysical observations described in section 2.
The half-width was kept constant with depth
because the introduction of a depth varying
A greatly increases the complexity of the models.
The half-spreading rate, U, was set at 60 mm yr~ ',
similar to that of the EPR in the 9°N region. A
crustal thickness, z.., of 6 km was used for all of the
models, and z,,, the depth where crystallization can
be focused in the models, is set at 2 km. The
upward melt velocity within the crust, w, is set at
50 m yr ', in broad agreement with melt transport
rates estimated from geochemical or geological
arguments. [Kelemen et al., 1997a; Maclennan et
al., 2002].

7.1. Many Sills Models

[49] The results of a many sills model are shown in
Figure 8. The distribution of crystallization is shown
in Figure 5d, as is the resulting compositional
structure. The compositional structure matches that
observed for Oman (Figure 2) in that the lower crust
is composed of the residues of fractional crystalliza-

tion, whereas the upper crust is compositionally
variable but has an average composition similar to
that of basaltic melt. The results of the modeling are
also broadly consistent with the geophysical obser-
vations. A melt body is produced at 1-2 km depth
and the melt fraction remains low in most of the axial
lower crust save a region of >20% melt near the
Moho. Despite the crystallization of the lower crust
in sills in situ the lower axial crust has melt fractions
between 0.3% and 10% apart from in a thin region at
the Moho. This result shows that many sills models
can be consistent with the geophysical observations,
as long as the hydrothermal circulation can remove
sufficient heat from the flanks of the axial region
down to Moho depths. The effect of the hydrother-
mal cooling is to create high thermal gradients which
allow significant conductive heat transfer out of the
axial region. Thermal balance models, such as that in
(B6), can be used to estimate that the horizontal
thermal gradient at the edge of the axial region must
exceed around 2°C m™ " in order for the axial lower
crust to be solid.

[s0] Horizontal variations in P wave velocity were
calculated from the temperature and melt fraction
using the method of Dunn et al. [2000], for the case
where anelasticity is not important and melt occurs
in spheres. This prediction gives the smallest P wave
speed anomaly for variations in melt fraction or
temperature. Variation in water depth was calculated
using a simple one-dimensional water-loaded
isostatic balance using a reference solid crustal
density of 2900 kg m >, a reference melt density
of 2720 kg m >, a reference mantle density of
3200 kg m > and a thermal expansion coefficient
of 3 x 107> °C™'. These isostatic variations in
bathymetry are broadly consistent with the observa-
tions of ridge axis morphology, with bathymetric
drops of 300—400 m occurring within 10 km of the
ridge axis. However, due to flexural effects, it is
unlikely that such isostatic models will be able to
reproduce the detailed morphology observed at the
EPR axis [Shah and Buck, 2003].

[s1] The sensitivity of the many sills model to
changes in the intrusion width and hydrothermal
circulation can be investigated by varying param-
eters from those used to produce the model in
Figure 8. These tests indicate that there is a strong
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Figure 8. Many sills model using distribution of crystallization shown in Figure 5¢ and an axial intrusion region
width of 4 = 1000 m. (a) Vertically integrated heat removal due to hydrothermal circulation with H = 5.6 W m™2,
Hypox = 120 Wm ™2, X\ =200 m, A = 100 m. (b) Distribution of hydrothermal heat removal, H(x, z), throughout the
crust. (¢) Temperature structure. (d) Bathymetric variation predicted using isostatic model. (e) Calculated melt
fraction within the crust. (f) Horizontal P wave velocity anomaly predicted from temperature and melt fraction. See
text for details.
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Figure 9. The results shown in the first row are for the crystallization distribution shown in Figure 5c¢ with the
hydrothermal circulation from Figure 8b. The first column shows axial temperature. The second column shows the
axial temperature on a colour plot of melt fraction as a function of temperature and depth. The colour scale for melt
fraction is shown at the base of the column. Melting behaviour changes with depth where crustal composition
changes with depth. The third column shows the resulting distribution of melt. The results in the lower row are for the
crystallization distribution in Figure 5a with the same distribution of hydrothermal cooling as for the upper row.

trade-off between the parameters, particularly the
width of the axial intrusion region and the strength
of on-axis hydrothermal cooling, and that it is
possible to produce numerous many sills models
that are broadly consistent with the geophysical
and petrological observations. When the strength
of hydrothermal cooling is increased, so that H is
over 10 W m 2, no melt is present in the axial
crust.

7.1.1. Petrological Variation and
Generation of the Shallow Melt Lens

[s2] The model generates a melt lens overlying a
near-solid region because compositional variation

is present. Figures 5 and 9 show that this compo-
sitional step corresponds to a change in the remelt-
ing behavior of the crust. In Figure 9 the axial melt
fraction from the sills model of Figure 8 is com-
pared with that expected for the crystallization
distribution in Figure 5a, where all of the crust
forms by intrusion of dykes at the ridge axis. This
figure highlights the role of petrological variation
in generating the melt lens. While the temperature
structures shown in Figures 9a and 9b are similar,
the dyke model in Figure 9b is slightly cooler in
the lower crust due to differences in the pattern of
heat release. The major difference between the
models is that of the remelting behavior. The sharp
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step in the style of crystallization in the many sills
model, which generates cumulate gabbros by frac-
tional crystallization in the lower crust and trapped
melt compositions in the upper crust, leads to a sharp
step in the melting behavior. Thus a melt lens with a
sharp base can be produced in the many sills model,
in agreement with the seismic reflection observa-
tions. A second melt body forms near the Moho due
to the difficulty of extracting heat from the lower-
most axial crust and the high values of d7;/d¢ at the
onset of crystallization (Figure 5¢) which enhances
the specific heat release. In contrast, the dyke model
in Figure 9b produces no petrological stratification
so there are no steps in melting behavior and
therefore no melt lens is produced.

[53] In previously published thermal models,
where no compositional variation was allowed,
the axial structure of melt lens overlying near-solid
lower crust was produced by variations in temper-
ature [Phipps Morgan and Chen, 1993; Henstock
et al., 1993]. A zone of high temperatures in the
upper crust was thought to correspond to the
shallow melt lens, and lower temperatures at
greater depths produced a near-solid axial lower
crust. In order to produce a transition zone of less
than 100 m thickness between the melt lens and its
near-solid floor, as inferred from seismic reflection
results, it is necessary for either petrological vari-
ation or thermal gradients of 1°C m™' or more to
be present. Such gradients must be produced by
extensive hydrothermal cooling in the region di-
rectly beneath the melt lens. None of the previous
thermal models have reproduced such high thermal
gradients. The results of our models that include
petrological variation indicate that there is no need
for decreasing temperatures with depth or exten-
sive hydrothermal circulation beneath the melt lens
in order to produce a thin shallow melt lens
overlying a near-solid lower crust.

7.2. Gabbro Glacier Models

[s4] The results of a model of crustal accretion
where all the lower crust forms in the shallow melt
lens are shown in Figure 10. This model result
shows a thin shallow melt lens overlying a near-
solid axial lower crust, in agreement with the
geophysical observations. The distribution and

style of crystallization, ¢ and 0, for this model
were taken from Figure 5d and result in a compo-
sitional stratification that resembles that observed
in Oman. Both many sills and gabbro glacier
models can therefore match the large-scale geo-
physical and petrological observations.

[ss] The predicted melt fraction shows the pres-
ence of a thin melt lens formed at the depth where
focused crystallization takes place. The molten
region with over 10% melt has a thickness of about
120 m, and a very small region of pure melt is
present at the center of the region. While the upper
boundary corresponds to a region of high geother-
mal gradient caused by the balance between hy-
drothermal heat removal and latent heat release, the
lower boundary reflects a compositional change.
The form of this melt lens is similar to that inferred
to exist from seismic reflection studies, while the
melt bodies of over 1 km thick predicted from the
sills models of Figure 8 are much larger than those
observed on the EPR. The lower axial crust in the
gabbro glacier model of Figure 10 contains
between 1% and 5% melt.

[ss] The distribution of hydrothermal heat removal
used in this model is very different to that shown in
the sills model of Figure 8. In the gabbro glacier
model of Figure 10 over 50% of the total hydro-
thermal heat loss takes place above the shallow
melt lens, while in the many sills model this figure
is 18% because the bulk of the hydrothermal
cooling takes place in the flanks of the axial region.
These differences reflect the amount of latent heat
that must be removed from the upper crust; in the
many sills model only a third of the total latent heat
is released in the upper crust, while in the gabbro
glacier model all of the latent heat release takes
place there. While a number of different distribu-
tions of hydrothermal cooling can produce gabbro
glacier models that are broadly consistent with the
geophysical observations, the difference in the
distribution of hydrothermal heat removal between
successful many sills and gabbro glacier models is
robust. If the value of / is increased to 26.4 W m 2
in the gabbro glacier model of Figure 10 then
the shallow melt lens disappears, but when H =
164 W m 2 or less the melt lens thickness is
greater than 1.5 km.
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Figure 10. Gabbro glacier model using distribution of crystallization shown in Figure 5d and an axial intrusion
region width of 4 = 1000 m. Vertically integrated heat removal due to hydrothermal circulation with H = 24.4 W
m 2, Hpax = 18 W m™2, X\ = 2000 m, A = 100 m. Arrangement of plots as for Figure 8.

[571 The gabbro glacier model of Figure 10 shows
no second melt lens at the Moho. In order to
produce an increase in melt fraction toward the
bottom few hundred meters of the crust it is
necessary to restrict the vertical range of off-axis

hydrothermal cooling to the upper half of the lower
crust. For instance, if H =20.4 W m~? and off-axis
circulation is restricted to the top 3 km with H,,,,, =
6 W m 2 then a zone of 200 m height with melt
fractions of over 20% can be produced at the base
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Figure 11. Distribution of crystallization in the hybrid model. Symbols are the same as those for Figure 5.

of the crust. However, this zone has much
broader boundaries than the lower crustal melt
lens shown in Figure 8 and the transition zone
between 15% melt and 20% melt is over 500 m
thick in contrast to the 100 m thick zone in the
sills model. The cause for the difference in
thickness is that higher thermal gradients exist
near the Moho of the sills models than that of
the gabbro glacier model.

7.3. Hybrid Models

[ss] Both many sills and gabbro glacier models can
broadly match the geophysical observations of melt
distribution at active ridges and the petrological
structure observed in Oman and inferred for the
EPR. However detailed geophysical observations,
such as the form of the shallow melt lens and its
boundaries, or the presence of a near-Moho melt
body, are not both easily reproduced using these
extreme models. Furthermore, the textural varia-
tions in the Oman gabbros have been attributed to
the operation of hybrid crustal accretion mecha-
nisms where part of the lower crust is generated in a
gabbro glacier fed by the shallow melt lens and the
rest forms in the lower crust [Boudier et al., 1996].
The many sills accretion model proposed by
Kelemen et al. [1997b] that is shown in Figure 1b
also involves a limited amount of downward solid
subsidence in the uppermost part of the lower crust.
In order to investigate this proposal a number of
hybrid models were run to determine the details of
the melt distribution when the proportion of the

lower crust that is formed in the shallow melt lens
varies as a function of depth.

[s9] The distribution of crystallization for an ex-
ample of a successful hybrid model is shown in
Figure 11, and the model results are shown in
Figure 12. In this model the lower third of the
lower crust is produced by crystallization in situ,
and the top third of the lower crust is all made in a
gabbro glacier. The middle third forms a transition
zone between these two mechanisms. The model
results show that an upper melt lens of 180 m
thickness is produced with a near-solid roof and
floor, that melt fractions are between 1% and 10%
in much of the lower axial crust and that a 200 m
thick Moho melt body is generated. This hybrid
model not only produces the large-scale geophys-
ical observations of a shallow melt lens overlying a
near-solid lower crust but also more detailed obser-
vations such as the melt lens thickness and the
presence of a Moho melt body. Pure gabbro glacier
models cannot recreate realistic Moho level melt
bodies, while pure many sills models produce thick
shallow melt lenses. Hybrid models therefore pro-
vide better matches to the geophysical observations
than the pure gabbro glacier or many sills models.

[60] A number of hybrid models were run in order
to constrain the proportion of the lower crust that
must crystallize in the shallow melt lens in order to
maintain a lens that is of similar thickness to those
inferred by seismic reflection studies. The thick-
ness of the lens and its upper boundary are con-
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Figure 12. Hybrid model using the distribution of crystallization shown in Figure 11 and an axial intrusion region
width of 4 = 1000 m. Vertically integrated heat removal due to hydrothermal circulation with H = 16.4 W m 2,
Hppax = 85 W m ™2, X =200 m, A = 100 m. Arrangement of plots as for Figure 8.

trolled by the thermal gradients within the model,
which is determined by the balance between latent
heat release and hydrothermal heat loss in the
region above the melt lens [Lister, 1995; Chenevez
and Nicolas, 1997]. For steady state models the
thickness of the conductive boundary layer above

the lens is inversely proportional to the strength of
hydrothermal heat removal. When less than about
1/4 of the lower crust is formed in the shallow melt
lens the predicted thermal gradients are not high
enough to produce a melt lens with over 25% melt
and a thickness of under 250 m.
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[61] These models do not include the heat transfer
that is likely to be caused by convective motions
within the melt lens, nor by stoping of the roof of
the lens [Coogan et al., 2003]. Since convection
generates higher heat flow through the top of the
melt lens its presence will encourage the formation
of a small melt lens with thin boundaries. It may
therefore be possible to reproduce the geophysical
observations with less than 1/4 of the lower crust
forming in the shallow melt lens. The deeper melt
body that has been observed near Moho depths can
be reproduced in models when the lowermost
800 m of the crust forms by crystallization in sills
at the base of the crust.

[62] These results indicate not only that hybrid
models of crustal accretion can account for some
of the more detailed geophysical observations from
the EPR but also that a wide range of hybrid
models are permitted. Models where between
25% and 75% of the lower crust forms by crystal-
lization in the shallow melt lens certainly provide a
successful match to both the large-scale and de-
tailed geophysical observations, and our limited
understanding of the nature of convection in
magma chambers and of the details of the distri-
bution of melt in the melt lens [Ponce-Correa et
al., 1999] and Moho region means that an even
wider range of models may be permitted.

8. Discussion

8.1. Models and Observations
of Hydrothermal Cooling

[3] The model results show that both many sills
and gabbro glacier models can reproduce the broad
scale geophysical observations from the EPR and
petrological observations from Oman. However,
this agreement is strongly dependent on the distri-
bution of hydrothermal heat removal from the
crust, which was varied in order to reproduce the
observations. In the case of the many sills or hybrid
models it is necessary to remove heat from the
flanks of the axial intrusion zone right down to
Moho depths in order to produce a distribution of
melt that is consistent with the geophysical obser-
vations. In the models shown in Figures 8 and 12
the heat removal in the off-axis lower crust takes

place over a range of temperatures between 600
and 900°C. These temperatures are higher than
those of black smoker fluids but are in agreement
with with geochemical estimates of the temperature
of formation of hydrothermal mineral veins in both
ophiolite sections and oceanic crust [Gillis, 1995;
Manning et al., 1996; Coogan et al., 2002b;
Nicolas et al., 2003]. A direct numerical simulation
of hydrothermal flow has been used by Cherkaoui
et al. [2003] in order to examine cooling behavior.
When their model permeability exceeds about 4 x
10~"* m? then hydrothermal circulation cools the
entire crust efficiently and produces almost vertical
isotherms in the lower crust, similar to those shown
in Figures 8 and 12. Their model results show that
when the lower crust is cooled in the flanks of the
intrusion zone then the ratio of advective (hydro-
thermal) to conductive heat flux at the seafloor
within 12 km of the ridge axis is approximately 10.
The ratio of hydrothermal heat loss to conductive
heat loss in the successful models shown in Figures
8, 10, and 12 is between 3 and 7. The differences
between these values and those of Cherkaoui et al.
[2003] are likely to be due to the incorporation of
petrological variation and a finite-width intrusion
zone in our models.

8.2. Limitations of the Modeling Scheme

[64] As previously noted, the solid and melt flow in
our models is extremely simple (section 6.1).
Dynamical models of flow at the ridge axis have
been developed by Chenevez et al. [1998], who
were able to successfully reproduce the flow field
inferred from geological markers of strain in the
Oman ophiolite. The simplicity of the flow field in
our models prevents them from matching such
observations. More generally, our models do not
include any of the dynamics of flow which must
ultimately govern the relative movement of melt
and solid in the crust and the nature of the
hydrothermal flow. The geometry of our problem
is specified, including the depth of the melt lens, so
we cannot make predictions about this depth.
Rather, we seek to find models that are consistent
with both geophysical observations from ridges
and the large scale petrological stratification ob-
served in ophiolite crust. A further type of obser-
vation that our models cannot match in detail is
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that of small-scale compositional variation that has
been found in gabbros from Oman [Korenaga and
Kelemen, 1997; Coogan et al., 2002c]. The models
cannot reproduce such observations because at
present liquids of more than one composition
cannot coexist at the same depth in the axial region
of the model. Our many sills models also show a
monotonic drop in the Mg# of the gabbros with
decreasing depth, while the many sills model of
Kelemen et al. [1997b] involves layering because a
finite extent of crystallization takes place in sills of
finite height before the melt is fed to higher levels.
In common with previous models, we have made
no attempt to model time dependent or three
dimensional effects.

8.3. Future Observational and Modeling

[6s] The present modeling scheme and the obser-
vations used here do not place strong constraints on
the proportion of the lower crust that forms by
crystallization in the shallow melt lens. A number
of observational and modeling techniques may
provide stronger constraints on the cooling and
crystallization, including measurements of hydro-
thermal heat flow [Baker et al., 1996], studies of
the composition of vent fluids [Von Damm et al.,
1985], isotopic studies of altered crustal rocks
[Teagle et al., 2003], petrological estimates of the
temperatures of hydrothermal vein formation in the
lower crustal gabbros [Coogan et al., 2002b;
Nicolas et al., 2003], and textural studies of these
gabbros [Boudier et al., 1996; MacLeod and
Yaouancq, 2000]. Below we discuss three addi-
tional techniques that may be incorporated into our
modeling framework in a straightforward fashion
to provide further information about the crustal
accretion processes.

[66] Petrographic [Garrido et al., 2001] and petro-
logical [Coogan et al., 2002a] observations from
Oman gabbros have been used to estimate their
cooling rates. Both of these studies have shown
that cooling rates decrease with depth in the crust,
but at present the technique only permits study of
relative variations in cooling rate.

[¢7] A number of studies have shown that the axial
bathymetric and gravity structure of fast spreading

mid-ocean ridges can be used to investigate the
cooling behavior of the crust [Cochran and Buck,
2001; Shah and Buck, 2001, 2003]. In particular,
Shah and Buck [2003] developed a mechanical
model of a ridge axis with a simple thermal
structure, and found that their model results best
matched the observed bathymetric profile when
hydrothermal cooling penetrated the lower crust
within 2 km of the ridge axis.

[6s] At present three-dimensional (3-D) seismic
tomography models provide weak constraints om
the porosity of the axial lower crust, the size of the
melt pockets and the width of the low velocity
zone. Detailed studies of the form of the shallow
melt lens have been carried out using seismic
reflection data and such studies provide constraints
on the degree of focussing of melt into the shallow
melt lens. However, this kind of analysis has only
been applied to data from a limited number of
locations. A better knowledge of the distribution of
melt at the axial crust, and therefore the crustal
accretion process, may be achieved by carrying out
3-D wide-angle and reflection seismic surveys in
tandem with compliance and controlled source
electro-magnetic measurements, and by objective
modeling of the data.

9. Conclusions

[¢o] Thermal models of oceanic crustal accretion
incorporating petrological variation, intrusion of
melt over a range of widths and a variable
distribution of crystallization with depth have
been developed in order to reconcile geophysical
observations of the melt distribution at mid-ocean
ridges with petrological and geological observa-
tions from the Oman ophiolite. Petrological var-
iation has a first order control on the predicted
distribution of melt within the crust and since
geophysical observations are particularly sensitive
to this distribution, petrological variation must be
taken account of when the results of thermal
models are compared with those of geophysical
surveys. Petrological observations from ophiolites
and geophysical observations from ridges can be
related through thermal models that include pet-
rological variation. In models where the large-
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scale ophiolite compositional structure is repro-
duced a shallow melt lens with a near-solid floor
can be generated. This feature is reproduced
because the solidus temperature of the upper
layer is lower than that of the lower layer.
Letting intrusion occur throughout a region of
nonzero width allows a high temperature zone
several kilometers wide to be developed in the
lower crust under the ridge axis. Steep isotherms
may then be generated in the flanks of this
region by hydrothermal cooling.

[70] The model results show that many sills
crustal accretion models, where all of the lower
crust forms by crystallization at its final depth
and no vertical advection of solid material takes
place, can be consistent both with the petrolog-
ical observations from Oman and with the large-
scale distribution of melt at the EPR inferred
from geophysical observations. In order for these
models to successfully reproduce the geophysical
observations approximately 80% of the total
hydrothermal cooling must take place at the
flanks of the axial intrusion region, and this
hydrothermal heat loss must operate down to
Moho depths.

[71] Gabbro glacier models of crustal accretion,
where all of the lower crust is formed by
crystallization in a shallow melt lens before it
is advected downward to its final depth, can also
be consistent with the broad-scale geophysical
and petrological observations. In this case, less
than 50% of the hydrothermal heat loss occurs at
the flanks of the axial region, and only modest
amounts of heat need to be removed from Moho
levels.

[72] While both many sills and gabbro glacier
models can reproduce the large-scale geophysical
and petrological observations, a hybrid model of
crustal accretion is preferred where the upper-
most part of the lower crust forms in the shallow
melt lens and the lowermost crust forms by
crystallization in situ. This distribution of crys-
tallization allows detailed geophysical observa-
tions to be reproduced, such as the limited
vertical extent of the shallow melt lens and its
boundaries and the presence of melt bodies at

Moho depths. However, these features can be
reproduced by a wide range of hybrid models,
certainly including models where between 25%
and 75% of the lower crust forms in the shallow
melt lens. More detailed observations, both of the
melt distribution at active ridges, and the petro-
logical structure of ophiolites will be required in
order to differentiate between gabbro glacier and
many sills dominated models.

Appendix A: Distribution of
Hydrothermal Heat Removal in the
Off-Axis Region

[73] Similarly to Henstock et al. [1993], the verti-
cally integrated rate of heat removal, H(x), decays
exponentially away from the edge of the axial
region as

H@z[ﬁmqa
0 A<x<A+A,

A+A—
M) > A+A,

Hmax exp ( )\

(A1)

where H..x is the maximum rate of heat
removal, A is a small distance (typically 100 m)
introduced to control the temperature range over
which heat is removed, and X is a scaling length.
The strength of hydrothermal circulation is
chosen to vary with depth in an ad hoc way
by first calculating a solution for the temperature
structure and melt fraction in the axial region
with no off-axis hydrothermal circulation present,
and then setting

Hma:Mm@@/Aﬂﬁmq, (A2)
where
[T — (T; — 200)]c, + (1 —7) T > T; — 200,
x(z) = {
0 T < T, — 200.
(A3)

The hydrothermal circulation is strongest at
depths where melt is present because T is the
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equilibrium predicted melt fraction at a given
depth in the axial region.

Appendix B: Details of
Thermal Balance in Axial Region

[74] The rate of heat flow into a volume element of
the axial region of (infinitesimal) thickness dz due
to vertical advection of fluid is given by the
expression

—d[Fi(2)p(cpTi(2) + Ln)]

dF; dT;
=— pE(cpT; + L) + pFicy - |4 (B1)

This expression accounts not only for the specific
heat carried by the melt, but also the latent heat
released by the melt which crystallizes within the
volume element. Here Tj(z) is the injection
temperature of the melt. The rate of heat flow into
the volume element due to vertical advection
(again taking into account possible latent heat
release if the downgoing material is not completely
crystallized) is given by the expression

— d{F(2)p[e,T(2) + (1 = ¥(T(2)La] }

dF, dr d
& (cpT+ (1— 'y)Lh) + pFs <cpa fath)] dz.

=—1p
(B2)

The horizontal motion of the extruded crust also
produces advective heat transfer, and gives a rate of
heat flow into the volume element of

—Up|e, T+ (1 = 1)Ly dz. (B3)

The expression for the rate of heat flow into the
volume element due to vertical conduction of heat
through the axial region is given by

7 &7
—d{—AkE} = Ak & (B4)
while horizontal temperature gradients in the off-
axis region mean that heat is also conducted
horizontally with a rate of heat flow into the
volume element of

oT

k— . B5
Ox Adz (BS)

The partial derivative in this expression is
calculated using the off-axis temperature solution.

[7s] Within the axial lower crust, where no hydro-
thermal heat removal is permitted, the sum of
expressions (B1)—(BYS) is zero, giving the differ-
ential equation

d&’T a7 dF,
Ak@ — pFscp @ pEcpT — Upc, T

d d oT

=% (pcp FiT;) — &(PthsV) — UptLy — ka B (B6)
[76] Substitution of the mass balance relationships
(1) in (B6) gives (5). If hydrothermal circulation
acts to cool the crust then an extra contribution of
is added to the heat balance, producing a term +4H
on the right hand side of (6).

Appendix C: Method of Solution
for Axial Thermal Structure

[77]1 Equations (5), (6) and (7) are used to deter-
mine the axial temperature structure for 0 <z < z,.
Once the style and distribution of crystallization
have been defined along with the crystallization
behavior of the mantle melt, 7)(z), 0(z), y(7) and
7(7, z) become known functions. Assuming that we
also have an estimate for the horizontal conductive
flux kOT/Ox at x = A, these equations define a
second order boundary value problem for 7(z). The
boundary conditions that must be satisfied are

7(0) = 0, (C1)

T(Zg) = Ti(zg)v (€2)

/ “HG)de =, (C3)
0

Boundary condition (C3) expresses the fact that the
total depth integrated rate of heat removal by
hydrothermal circulation is constrained to be H.

[73] Within the axial region, we choose to define
the hydrothermal circulation as function of temper-
ature. We therefore introduce a parameter o (which
acts as an eigenvalue) such that

H(z) = o (T(z)) (C4)
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where

) , (w(T —450)
a(T) = cos (7300 300 < T < 600 (C5)
Otherwise

The functional form of H(T) is such that hydro-
thermal circulation acts at temperatures between
300°C and 600°C, with peak effect at 450°C. The
parameter o acts as a scaling factor to ensure that
boundary condition (C3) is satisfied, and must be
solved for at the same time as we solve for the
temperature structure.

[79] To solve the differential equation we define a
constant W as

W= 7pcp]:l(zm)Ti(Zm) - pCpUZmT,'O7 (C6)
and introduce variables yy, ,, 3 and y,, defined by

yl:T7 (C7)

dr
Ak —
dz

z <z,

ar
v = Ak 0F Ly = T + W 2y <z<z, (C8)

dr
Aka“’ w zZ >z,
/ZQH(T(Q)) d 0<z<z,,
=9 (€9)
/ O (T(Q)) dC <<z
0
Y4 = Q. (C10)

The apparent jump in > of pF () [LiV(TE)—
c,I(z,y)] + Wat z = z, is exactly balanced by the
step change in Akd7/dz required by the delta
function source (8). Thus y, is continuous at z =
z,, and, furthermore, is continuous at z = z,. since
Fy(z.) = 0. It is clear from their definitions that the
variables yy, y3 and y, are continuous everywhere,
and so all the variables defined by equations (C7)—
(C10) are continuous with depth. The boundary
conditions (C1)—(C3) become

11(0) =0, yi(z) = Ti(z), (C1)

13(0) =0, y3(z) =H. (C12)

[so] Differential equations for the variables y;, vy,
y3 and y, can be obtained by differentiating defi-
nitions (C7)—(C10) and using equations (5), (6)
and (7). Thus in the upper crust, for z < z,,, we have

dyl _ 1
E—Em (C13)
b, T (C14)
dz dz?
. or )
= pc, UT — pc, UT; — pLUT(T, z) —kg + AaH(T)
y
(C15)
. or i
= pepUyt —pepUT; = pLaUT(y1,2) =k | + AvaH (1),
A
(C16)
dys 7
=2 = yuH 1
o 1), (C17)
dyy
— =0. C18
&= (C18)

Similarly, in the lower crust, for z,, < z < z., we
have

d 1
= D = R L) —pem) = W], (C19)

dy, &Er dF, dT [ dy

< Ak—dz2 + Cr (Liy — & T) + p]"_;E (L/, T

(C20)

dar drT;
= pcpFs—+pc,U(1 = 0)T + pcp Fr— — pc, U (1 — 0)T;

dz dz
dT dy aT
7pthsaﬁprhUO'(l 79) 7k§A
dT dy dr
— pLyUby 4 pc, UOT + PthsE T pcp]-}a
(C21)
d7;
= pc, UT + pcpfla —pc,U(1 = 0)T;
—pLpU(o(1 —0) +v6) (C22)

it
Ox |,
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dT;
= pc, Uyt + pe, Fi(2) —— az

aT
8

—peU(1 = 6(2))Ti(2)

—pLyUT(y1,2) — (C23)

A

(C24)

da_y, (C25)

Finally, in the mantle, for z, < z < z,, we have

dy 1

), (€20
b _ &7 (C27)
dz dz2
oT
= pc, UT — pc, UT; — pLy U (1 — 1) — k—— (C28)
Ox |,
oT
=0 Unt = peUTi(2) = pLyU(1 = 7(1,2)) — k|
X4
(C29)
dys
— =0 C30
Vo, (c30)
dy4
— =0. C31
o ()

The differential equations have therefore been
written entirely in terms of known functions of
V1, ¥2, V3, V4 and z. Together with the boundary
conditions, these differential equations constitute
a standard two point boundary value problem.
The desired complementary functions show
exponential decay, and so the equations are
solved numerically using a relaxation method
[Press et al., 1992].

Appendix D: Fourier Sine Series
Solution for Off-Axis Temperature
Structure

[81] The equation to be solved at each stage of the
iteration is

Uaf = 0(x,z), (D1)

aT PT 0T .

((9)(2 +@)
for x > A4, 0 < z < z, subject to the boundary
conditions 7(4, z) = T(z), T(x, 0) =0, T(x, z;) = T;
and T — Tjiz/z; as x — oo, where T(z) is the one-
dimensional temperature solution in the axial
region and 7; = T4(z;). The solution is calculated
as the sum of two parts: T, the solution of the
homogeneous problem satisfying the given (in-
homogeneous) boundary conditions, and 7j, the
solution of the inhomogeneous problem which
vanishes on all boundaries.

[s2] The solution to the homogeneous problem is
written as

which automatically satisfies the boundary condi-
tions at z = 0 and z = z, Substitution into the
governing equation shows that the £, satisfy

_ = =0 (D3)
dx? Kk dx 2
and so
In(x) = Ape=D 4 B, ebn=A), (D4)
where
U 4m?2R2
ay=— (1= 1+, (D5)
2&( UZZIZ )
U 4m22k2?
by=— |14 1+ 2250, (D6)
2&( U2zl2 )

Since 7 decays as x — oo, we reject the
exponentially growing solution by setting B,, = 0.
The boundary condition at x = 4 gives

TIZ+ iA sm( - ) (D7)
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2
pa— / (TA () — T—’Z) sin <@>dz (D8)
21 Jo z] Z]

2 (e o

mm  Z Z]

[s3] To solve the inhomogeneous equation we
follow Morton and Sleep [1985] in parameterizing
the continuous heat source field Q(x, z) as a
discrete sum of point sources:

O(x,2) = > 05d(x — x:)8(z — 7). (D10)
iy

Since the boundary conditions are homogeneous we

can calculate the total solution by superposition of

the solution for each term in the sum. Representing
the solution for the delta function at (x;, z;) as

s = - gulo)sin ("),

m=1

(D11)

which again satisfies by construction the boundary
conditions at z = 0 and z = z;, we find that

21

dzgm U dgm m>m? ZQIJ . [ mTz;
m - - 6 - i)-
dx? Kk dx 2 & Kz; s (o = xi)

(D12)

The solution to this equation which satisfies
gnu(4)=0and g,(x) — 0 as x — oo is

gn(x)

205 (T [eh,,,w) ,eamu%)]efh,ﬂ(x,— ) x<nx,
w21 (bm — am) z

205 g (””‘Z/) [e—am,—A) _ e—bn.(x,—A)} et s
Kz (b — ap) z

(D13)

This expression is in a suitable form for numerical
calculation, and the Fourier series sums (D2) and
(D11) can be efficiently carried out using an FFT
implementation of the discrete sine transform [Press
etal., 1992].
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