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SUMMARY

We propose an approximate procedure for computing coupled S waves in inhomogeneous
weakly anisotropic media. The procedure is based on the first-order ray tracing (FORT) and
dynamic ray tracing (FODRT), which was originally developed for P waves. We use the
so-called common ray tracing concept to derive approximate ray tracing and dynamic ray
tracing equations, and an approximate solution of the transport equation for coupled S waves
propagating in laterally varying, weakly anisotropic media. In our common ray tracing, ray
equations are governed by the first-order Hamiltonian formed by the average of first-order
eigenvalues of the Christoffel matrix, corresponding to the two S-wave modes propagating
in anisotropic media. The solution of the transport equation for the coupled S waves leads
to a system of two coupled frequency-dependent, linear ordinary differential equations for
amplitude coefficients, which is evaluated along the S-wave common ray. For derivation of the
FORT and FODRT equations, we use the perturbation theory in which deviations of anisotropy
from isotropy are considered to be first-order perturbations. To derive the coupled differential
equations for S-wave amplitudes, we assume that the first-order perturbations are of order
O(w™"), where o is the circular frequency. This makes it possible to express the amplitude
coefficients in the coupled differential equations in terms of geometrical spreading and other
quantities related to the common ray. The proposed procedure removes problems of most
currently available ray tracers, which yield distorted results or even collapse when shear waves
propagating in weakly anisotropic media are computed. The first-order approximation leads to
simpler ray tracing and dynamic ray tracing equations than in the exact case. For anisotropic
media of higher-symmetry than monoclinic, all equations involved differ only slightly from the
corresponding equations for isotropic media. If the anisotropy vanishes, the equations reduce
to standard, exact ray tracing and dynamic ray tracing equations for S waves propagating in
isotropic media. The proposed ray tracing and dynamic ray tracing equations, corresponding
traveltimes and geometrical spreading are all given to the first order. The accuracy of the
traveltimes along S-wave first-order common rays can be increased by calculating a second-
order traveltime correction.

Key words: Body waves; Seismic anisotropy; Wave propagation.

1 INTRODUCTION

In our two recent papers, PSencik & Farra (2005, 2007), we proposed the so-called first-order ray tracing (FORT) and first-order dynamic ray
tracing (FODRT) for P waves propagating in smoothly varying weakly anisotropic media. We used the perturbation theory in which deviations
of anisotropy from isotropy were considered to be first-order perturbations. In this paper, we propose an extension of the above procedures to
coupled S waves propagating in smooth, laterally varying, weakly anisotropic structures. It removes problems of standard ray tracers, which
deal with S waves separately, and yield distorted results or even collapse. The main application of the proposed procedure will be in modelling
S-wavefields in inhomogeneous weakly anisotropic media. Further applications are expected in multicomponent seismic imaging, in Kirchhoff
migrations including S or PS waves, in tomography. In all these applications, the proposed procedure can simply substitute currently used
isotropic ray tracers.

Farra (2005) proposed FORT and FODRT equations applicable separately to each of the two S waves propagating in anisotropic media.
In inhomogeneous weakly anisotropic media, however, S waves are usually coupled. Coupling can be described by various techniques, for
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980 V. Farra and I. Psencik

example, by the ‘connection’ formulae (Thomson ef al. 1992) or by the coupling ray theory (Coates & Chapman 1990; Bulant & Klimes
2002). In the coupling ray theory, the S waves are calculated along a common ray. There are various simplified versions of the coupling ray
theory, one of them being the quasi-isotropic (QI) approximation (Kravtsov 1968; PSencik 1998). The basic idea of the QI approximation
is to seek the asymptotic solution of the elastodynamic equation as an expansion with respect to two small parameters of the same order: a
small parameter € (¢; ~ ™!, where o is the circular frequency) used in the standard ray series expansion (éerven}'/ 2001) and a parameter
€, characterizing differences of tensors of elastic parameters of the weakly anisotropic medium and of the nearby ‘reference’ isotropic
medium. The common ray for both S waves in the QI approximation is constructed in a reference isotropic medium. Along this S-wave
common ray, coupled amplitude coefficients are calculated by integrating two coupled frequency-dependent ordinary differential equations.
The QI approach has several limitations, leading to its lower accuracy. The most important of these limitations are the common ray traced in
the isotropic reference medium (such a ray may differ considerably from the trajectory along which the energy of the two coupled S waves
propagates in the anisotropic medium), the inaccuracy of the calculated traveltime and the geometrical spreading calculated along the reference
ray in the reference isotropic medium. To reduce these limitations, Bakker (2002) proposed the use of an artificial Hamiltonian obtained as the
average of the actual Hamiltonians of the two S waves propagating in an anisotropic medium. This approach led to an S-wave common ray,
which was traced in the studied anisotropic medium. In contrast to the rays of individual S waves (obtained from their actual Hamiltonians),
tracing the S-wave common ray in an anisotropic medium does not encounter problems in S-wave singular regions. In a way, tracing an S-wave
common ray is like tracing a ray of a P wave. A detailed review and analysis of S-wave common ray tracing and dynamic ray tracing can be
found in Klimes (2006b).

In this paper, we use Bakker’s (2002) approach to extend applicability of the QI approximation. As in the QI approximation, we consider
the two small parameters €, and €,. In the first step, we construct the common S-wave ray as Bakker (2002) did, by using averaged S-wave
eigenvalues of the Christoffel matrix. Instead of exact eigenvalues used by Bakker (2002), we, however, use their first-order approximations
as in PSencik & Farra (2005, 2007). We use the perturbation theory, in which the deviation of anisotropy from isotropy is considered to be a
first-order perturbation. In this way, we derive the FORT and FODRT equations along the common rays of coupled S waves. In the second
step, we derive coupled differential equations for the amplitude coefficients along the common rays. For their derivation, we assume that both
small parameters €| and €, are of the same order, O(w~"). Described two-step procedure leads to considerably more accurate approach than
the QI approximation, applicable to weakly anisotropic media of arbitrary symmetry. As in the case of P waves, the accuracy of the first-order
traveltime calculated along a first-order common ray can be increased by calculation of a simple second-order correction.

In Section 2, we review the basic equations of the ray theory used in the derivations in the following sections. In Section 3, an explicit
expression for the mean value of the first-order S-wave eigenvalues of the Christoffel matrix is given. The mean value is used in deriving the
first-order common-ray tracing for S waves. The formula for the second-order traveltime correction, which can be evaluated by quadratures
along the first-order common ray, is also given in Section 3. Section 4 is devoted to FODRT along the S-wave first-order common ray. It is
shown how the results of dynamic ray tracing can be used to determine the first-order relative geometrical spreading. Section 5 gives the
solution of the transport equation for a specific ansatz containing amplitude coefficients of the coupled S waves. The ansatz is very similar
to ansatzs used by Psencik (1998) and Bakker (2002). In Section 5, the basic formula of the paper, the system of two coupled ordinary
differential equations for computing the amplitude coefficients of the coupled S waves along the first-order common ray, is given. The paper
ends with a short concluding section. Appendix A contains expressions for weak-anisotropy (WA) parameters and for elements of matrix B,
which controls wave propagation in weakly anisotropic media. Appendix B contains expressions for averaged S-wave eigenvalues and their
derivatives for orthorhombic media and for transversely isotropic media with vertical axes of symmetry.

The lower-case indices 7, j, k, [, . .. take the values of 1,2,3, the upper-case indices /, J, K, L, ... take the values of 1, 2. The Einstein
summation convention over repeated indices is used. The index following the comma in the subscript denotes the partial derivative with
respect to the relevant Cartesian coordinate. The upper index [M] is used to denote quantities related to the S-wave common ray.

2 BASIC EQUATIONS
In the frequency domain, the homogeneous elastodynamic equation (without a source term) for an inhomogeneous anisotropic medium reads
(Cijuttns)j + pw’u; = 0. o

In eq. (1), cymw = cyu(x ) are elements of the tensor of the elastic moduli, p = p(x,,) is the density and o is the circular frequency. Symbol
u; =u;(x,,w) denotes the components of the sought displacement vector u. The solution of the elastodynamic equation (1) is sought in the
form of the zero-order term of the ray series:

Ui (Xm, @) = Ui (xm)explioz(x,)]. @)

Here i is the imaginary unit, t(x,,) is the eikonal, which also serves as the traveltime, and U;(x ,,) are components of the zero-order vectorial
amplitude coefficient U(x ,). By inserting (2) into (1), we arrive at

(i)’ N;(Uy) + iwM;(U,) + Li(U,) = 0. 3)
The differential vectorial operators N, M and L are given by the relations:
N:(U,) = ajjuUst, Tt — U; “4)

© 2008 The Authors, GJI, 173, 979-989
Journal compilation © 2008 RAS

22027 Yyote\ 0} uo sesn O1S| - SUND Ad 60£6€2/6.26/S/SL1L/81on4e/B/wod dno-olwspeoe//:sdiy woly pspeojumoq



First-order coupled S waves in weakly anisotropic media 981

MU, = p~(paijuUst)).; + aijuUeit, ;. (5)

L:(U,) = p_l(paijklUk,l),j (6)
(see Cerveny 2001). In egs (4)—(6), a gy are density normalized elastic moduli,
Aijkl = Cijkl/P . @)

Since eq. (3) should be satisfied for arbitrarily high frequency w, operators N, M and L should be zero. From N = 0, we get the Christoffel
equation,

Tix = 8i)Ur =0, (3
where
l_‘ik(xmv pm) = aijkl(xm)pjpl . (9)

Ineq. (9), I' ;i are the elements of the generalized Christoffel matrix I'. We call it generalized because it contains components p; =1 ; =n;/c
of slowness vector p instead of components 7 ; of unit vector n, used in the standard Christoffel matrix; c is the phase velocity. For the sake of
brevity, we call I'(x,,, p,,) the Christoffel matrix in the following. Each of the three eigenvalues G(x,,, p,) of the Christoffel matrix (eq. 9)
can be used in the eikonal equation G = 1 of the corresponding wave. The eikonal equation can be solved using the ray tracing equations, from
which the traveltimes of the considered wave can be determined. Equation M = 0, with M given in (5), yields the transport equation, from
which ray amplitudes along the corresponding ray can be calculated. Equations N = 0 and M = 0 are sufficient for the complete determination
of the displacement vector u in eq. (2). The magnitude of the operator L could be used to check precision of the approximate solution (2).

Below, we introduce the FORT and FODRT equations with which we can determine the S-wave common rays, the first- or second-order
common traveltime Tt or ™M1 + A7IMI and the corresponding first-order relative geometrical spreading £, a quantity important for
determining the ray amplitudes.

3 FIRST-ORDER COMMON RAY TRACING FOR S WAVES

To calculate the S-wave first-order common rays and ray amplitudes, we use a procedure similar to that used by PSencik & Farra (2005, 2007),
who obtained the FORT and FODRT, equations for P waves. Instead of using the largest of the three first-order eigenvalues of the Christoffel
matrix (9), GB! = GBI (x,,, p.), which refers to P waves, we use the mean value, GMM! = GIM(x,,, p,,), of the smaller first-order eigenvalues
G and G of the Christoffel matrix T', which refer to S waves. Farra & PSen¢ik (2003) and Farra (2005) give expressions for the first-order
S-wave eigenvalues G!'l, G?! and P-wave eigenvalue GP*!:

1 1
G = E(B“ + By + /D), GP = 5(311 + By — VD), GP = By, (10)
where
D = (B, — Bp)* +4B%,. (11)

In eqs (10) and (11), symbols B ;; are elements of the symmetric matrix B(x,,, p,,):
le(xnzv pm) = Fik(xnu p}ﬂ)e[L/]e]Efl]v (12)

(see Farra & P$encik 2003). Symbols e/’ denote the components of three mutually perpendicular unit vectors el', e and e, Vector el is
chosen so that e = n, where n is a unit vector specifying direction of the slowness vector p. Vectors el'l and /! can be chosen arbitrarily in
the plane perpendicular to n. Matrix B(x,,, p,,) [or B(x,,, n,,)] can be obtained by simple rotation,

B =R'BR, (13)
from matrix B(x,,, p,) [or B(x,,, n,,)], specified explicitly in Appendix A, eqs (A3) and (A4). Rotation matrix R has the following form:
cos® —sin® 0
R=|sin® cosd 0 |. (14)
0 0 1

In eq. (14), angle @ is the acute angle between the basis vectors elX] introduced above and the vectors &/%1 used in Appendix A (see eq. A5).
Matrices B and B are independent of the choice of the reference velocities o and S (see Appendix A). The reference velocities « and 8 appear
in the matrices B and B as a consequence of the use of & and 8 in definitions of WA parameters (see Appendix A, eq. Al). The reference
velocities can thus be chosen as arbitrary non-zero quantities. From eqs (12) to (14) it is easy to prove that terms B, + B, and B?; + B3,
are independent of the choice of vectors el!l and e!?.

Using egs (10) and (12), we can express the S-wave first-order mean value G in the following way:

1 1 1 1 1

GMl = 5 (G +G™) = 7 (Bi1 + By) = Erik (6,[1191[(” + e,[Z]e/[fZ]> = Erik (‘Sik - 91[3]61[3]> =3 [Tr(r) — GH1]. (5)
© 2008 The Authors, GJI, 173, 979-989
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982 V. Farra and I. Psencik

The FORT equations for S-wave common rays can then be expressed as follows:
dv, 139G dpi  19GM
dr — 2 ap dr = 2 ox;

Here G is given by eq. (15). In eq. (16), x; = x,(t) are the Cartesian coordinates of the trajectory of the first-order common ray of

(16)

an S wave. Symbols p; = p,(t) denote components of the first-order slowness vectors, p; = n;/c!™. Here n; are again components of
the unit vector n specifying direction of p, and ¢! = ¢M(x,,, n,,) is the S-wave first-order common phase velocity corresponding to
GMI; (M) = GMI(x,,, n,,). The parameter along the common ray, 7, is the first-order common traveltime /"), At each point along the
ray, the first-order slowness vector p determined from eq. (16) should satisfy the first-order eikonal equation

GM (s p) = [ s 1)] TG (s 1) = 1 (17)

The explicit expression for G could be obtained from eq. (15), using, for example, expressions for B, and B, given in
Appendix A, and exploiting the fact that By;(x,,, pm) + Bon(Xn, pm) = B11(Xms pm) + Boa(xXm, pw). Instead, we use the last term on the
right-hand side of eq. (15) and express the S-wave first-order mean value GI*(x,,, p,,) in terms of Tr(I") and GPl. The explicit formula for
the trace of the Christoffel matrix Tr(I") reads

Tr(T) = o?pipi + 20*[e, p? + 6,03 + .3

+ (€16 + €20)p1 P2 + (€15 + €35)p1p3 + (€24 + €3) P23 |

+ 2B pipr + €451z + €s6P1P3 + €56 P23

+v:(3 + p3) + v (ot + p3) + v (P + 7)) (18)
The explicit formula for the first-order P-wave eigenvalue G = B33 of the Christoffel matrix (9) can be found from Appendix A. For G,
eq. (15) then yields
GMI = B2[pipi + €sspipa + €asp1ps + €sspaps + v, (p7 + P3) + (P2 + p3) + v (] + p3)] = @ (pip) " e P3P} + P13

+n:p1p3 + (X: — €16)P102 (p% + p3 — P%) +(x: — Ezﬁ)Plpz(P% +p3— P%) + (X« — €24)P2P3 (Pf + p3 — P;)

+(t —a)pips (P + p3 — pi) + (e — €)paps (1 + p3 = p3) + (0 — &)pips (P + p3 — p3)]- (19)
Eq. (19) holds for weak anistropy of any symmetry. The coefficients of eq. (19) contain linear combinations of the WA parameters. For the
definition of the WA parameters and parameters 7,,7, and 7., see Appendix A. The S-wave first-order mean value G(x,,, p,,) and its
derivatives are independent of reference velocities a and B. Another interesting feature of eq. (19) is that, as in the P-wave case (see PSencik
& Farra 2005), GI™MI is expressed in terms of 15 independent coefficients, which are formed by 21 WA or elastic parameters. The S-wave
coefficients differ from the P-wave coefficients. As shown by Farra & PSencik (2003), the whole set of P- and S-wave coefficients can be used

for estimation of all 21 WA parameters.
The initial conditions for the ray tracing equations (16) for = 0 read:

0 0
x(0)=x7,  pi(0)=p;. (20)
Here, x? are the coordinates of source point x, and p? = n? /c([)M] are the components of the first-order slowness vector p° at the source.
Symbol c([)M] denotes the first-order approximation of the S-wave common phase velocity in direction n® at source point x°. Velocity c([)M] is

given by the square root of GM(x2, 1) (see eq. 17). Vector n° can be specified by two ray parameters, y), chosen as two take-off angles,
¢o and 8, so that

n? = CO0S ¢pg COS &y, ng = sin ¢y cos 8y, ng = sin dy. (21)

The explicit expressions for G and their derivatives, required in equation (16), for orthorhombic and VTI media, can be found in Appe-
ndix B. If the anisotropy vanishes, equations (16) reduce to the exact ray tracing equations for an § wave in an inhomogeneous isotropic
medium.

By integrating FORT system in eq. (16), we obtain the first-order common traveltime !, The accuracy of the traveltime can be simply
enhanced by calculating the second-order traveltime correction At along the first-order common ray (16):

1
ArMI =-3 / AGM(x,,, p,)dr. (22)
Qo

Here €2 denotes the first-order common ray of an S wave, x,, are its coordinates and p,, are the components of the first-order slowness
vectors along 2. Symbol AGI™M! denotes the difference between the exact mean value G(x,,, p,,) and its first-order approximation
G"™MI(x,,, p) along Q. To estimate G, we use the mean of the second-order expressions for the S-wave eigenvalues. The expressions for
the second-order S-wave eigenvalues given by Farra & PSencik (2003) lead to

1 B? , B? R
AG[M](xm, pm) — __ [C[M](x"“ nm)]z l3(xm sz) + 223(xm pm) ) (23)
2 Vi— V2
Inserting (23) into (22), we arrive at the final expression for the second-order traveltime correction:
2 2
ArM = 1 / [ M(x,,, 1) Bl3(xm2’ Pm) + Bzzs(xmﬁ Pm)dt (24)
4 Qo VP(xm) - Vs(xm)

© 2008 The Authors, GJI, 173, 979-989
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First-order coupled S waves in weakly anisotropic media 983

Quantities B3 and B3 in eq. (24) are elements of the symmetric matrix B (see eq. 12). Because the term B?; + B3, is independent of the
choice of vectors el!l and /!, we can use directly B2, + B3,, where B3 and B,; are elements of matrix B(x,,, p,,) given in eq. (A3).

Symbols V' p and V g in (24) denote the P- and S-wave velocities corresponding to the reference isotropic medium, closely approximating
the studied weakly anisotropic medium along ray €2,. Similarly to the case of P waves, we can use V% = (pyp)~" and V'3, = 3V2, where p;
are the components of the first-order slowness vector obtained in integrating the FORT system (eq. 16). The values of V' » and V' g determined
in this way vary along the ray (. The above specification yielded the most accurate results in the case of P waves and it is expected to do the
same in the case of S waves.

Note the difference in signs between eq. (24) and the corresponding second-order correction for the P-wave traveltimes (PSencik & Farra
2005, 2007). Obviously, the S-wave common traveltime correction is always positive. It agrees with the observation of Farra & Psencik (2003)
that the first-order S-wave eigenvalues are always larger than or equal to the exact ones.

4 FIRST-ORDER DYNAMIC RAY TRACING ALONG THE S-WAVE COMMON RAY

To calculate the amplitudes of the coupled S waves (see Section 5), we need to know the first-order relative geometrical spreading LIMI(R, S)
along the first-order common ray from source S to receiver R. For the sake of brevity, we shall call LIMI(R, S) the geometrical spreading
below. It is defined as

L:[M](R, S) = ‘X(l) x X(Z)‘]/Z.

(25)

Vectors X in eq. (25) and other important vectors Y, defined below, are determined from the FODRT system with especially chosen initial
conditions, given below (see also PSenéik & Teles 1996). If we denote the ray parameters specifying the S-wave common ray by y*), where
y) are the initial angles, ¢, and 8, specifying the orientation of vector n® (see eq. 21), the components of vectors X" and Y are:

3x,- a i
Xﬁ’) _ [ (0] ’ Yiu) _ [ Pu)] ) (26)
8 y T=const a y T=const

Quantities Xg” = Xﬁ”(r) and Y’ f.l) =Y ,(.1)(1) describe the variations along the wave front of coordinates x; of the first-order common ray and

of components p; of the first-order slowness vector due to the variations of parameters ). Values of Xﬁ” and Y f.l) can be found by solving
a system of linear differential equations obtained by differentiating the FORT equations (16) with respect to ). The resulting system of
differential equations is the FODRT system along the common ray of an S wave. It can be developed in the same way as for P waves (see
PSencik & Farra 2007):

dxi” 1 <3ZGW1(xm, ) iy, PG, i) Yg,)>

dr 2 dp;dx; J apidp; /
(1) 2 M| 2 M)
le — _l °G (xm7 Pm)X(.l) + 0°G (xms pm) Y(I) . (27)
dr 2 9x;0x; / 9x;0p; /

Here, G"MI(x,,, p,) is given in egs (15) or (19).

The explicit expressions for G and its derivatives, required in eq. (27), for orthorhombic and VTI media can be found in
Appendix B. If the anisotropy vanishes, equations (27) reduce to the corresponding exact dynamic ray tracing equations for an S wave
propagating in an isotropic medium.

We obtain the quantities Xf.J) required to calculate the geometrical spreading (see eq. 25), by specifying the initial conditions for the
FODRT equations (27) for T = 0 in the following way:

xP0)=0, ¥"0) =z — plvo I Zu. (28)
where

Zy = —singy, Zy =cos¢y, Z3 =0,

Zi» = —Ccosysindy, Z» = —singysindy, Zz = cosdy (29)

(see eq. (A.5) of Psencik & Teles 1996). In eq. (28), UOEM] denotes the components of the first-order ray-velocity vector of the common
S wave, v,.[M

Initial conditions of the FODRT equations for P waves, discussed by Psencik & Farra (2007), should be specified in the same way as the above

1= dx, /dt, at point S, at which t = 0. Symbols ¢ and §, in eq. (29) again denote the take-off angles introduced in eq. (21).

initial conditions for common S waves (see eqs 28 and 29).

As in the case of P waves, the solution of the FODRT equations (27) can be effectively used for two-point ray tracing. Quantities Xﬁ” can
be used to estimate ray parameters /) (take-off angles ¢ and 8) from the distance between the termination points of rays shot at a receiver
surface (surface containing receivers) and the receiver, at which the two-point ray should terminate.

5 SOLUTION OF THE TRANSPORT EQUATION ALONG THE COMMON RAY

In this section, we make use of an ansatz similar to ansatzs used by Psencik (1998) or Bakker (2002), in which both S waves are considered
as one wave computed along the S-wave common ray. As in the mentioned papers, we require that the ansatz satisfies, asymptotically, the

© 2008 The Authors, GJI, 173, 979-989
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984 V. Farra and I. Psencik

elastodynamic equation (1). Throughout this section, we assume that the small parameter €,, representing weak anisotropy perturbation,
€2 ~ |A ayyl/lagul, is of the same order as the small parameter €, that is, of the order O(w™"). This has important consequences. The
diagonal elements of the matrix B are of the order O(1), the off-diagonal elements are of the order O(w™"). The difference B, — B>, is also
of the order O(w™"), which implies that the deviations of the eigenvalues GI'1 and G'?! of the S1 and S2 waves from their mean value G,
corresponding to the S-wave common ray, are of the order O(w™"). Along the S-wave common ray, we seek the solution of the elastodynamic
equation (1) in the form of eq. (2) with

U(x) = AN, pr) + Bn)eP o, po)e T(xm) = TM(x,,). 30)

In eq. (30), A and B are scalar amplitude factors, t/*(x,,) is the first-order traveltime along the S-wave common ray, obtained by solving
FORT equations (16), x,, are the coordinates along the common ray and p,, are the components of the first-order slowness vector p along it.
Vectors el!l, el?] are the two mutually perpendicular unit vectors introduced after eq. (12). Our task is to find .4 and B so that (2) with (30)
satisfies, asymptotically, elastodynamic equation (1).

Inserting (30) into (2), the result into (1) and neglecting the terms of order O(1), O(w™") and less, we arrive at:

(i)’ (T — T)(Aet + Bell) + iwM(Aet + Bel?l) = 0. (31)

Ineq. (31), symbol M denotes the vectorial differential operator introduced in eq. (5), I denotes the Christoffel matrix, I' = I" (x,,, p,,), where
Ppw are the components of the first-order slowness vector.

To satisfy eq. (31), we require that the scalar product of its left-hand side with vectors el is zero for any of m = 1, 2, 3. We concentrate
here only on equations resulting from scalar multiplication by el' and e!?!. Multiplication by e!*! yields the equation for the so-called additional
component (PSencik 1998), which we do not study here. Using CelX] instead of Ael!l +- Bel?! in the term with (i )? in eq. (31), and multiplying
the result by el’!, we get

(T — 8:0)CeM e = C(By — 8k1). 32)

Symbol By, = Bki(x,,, pn) denotes again elements of matrix B (see eq. 12). Doing the same with the term with iw in (31) and taking into
account eq. (5), we get, after some algebra

MCNt = [~ (pague e ) +aga (e, — ol + a1+ ) @
J

As terms of order O(1) and less are neglected in eq. (31), the term (32) can be calculated to O(w™") and the term (33) to O(1). This means
that eq. (32) can remain as it is. Eq. (33) can be, however, simplified. With accuracy to O(1), we can rewrite the terms a,-jk,e,[(K]el[L] pi in the
following way

K] [L M
a[jkle,E ]e,[ ]pl = (SKLv][. 1 (34)

The remaining term in (33) can be simplified if we take into account that for the required accuracy it is sufficient to substitute a; by its
counterpart specifying isotropic reference medium:

ayia (el el p; — el Tel] p,) =21 — 8g1)el"? (e /dr) . (35)

Multiplication of eq. (31) successively by el!l and el?! and consideration of eqs (32)—(35) result in the following system of coupled linear
differential equations:

d.A/dT iw By — 1 B, A 1 pildiV(,OV[M]) 26[1] . de[z]/dr A (36)
dBjdr ] 2\ Byp Bn—-1)\B) 2\ 202 .deldr p-ldivievi™)y ) \ B’

The first matrix term on the right-hand side of eq. (36) is responsible for frequency-dependent coupling. If this term is small, the studied
S waves tend to decouple. This can occur either for low frequencies or for the case of a medium close to isotropic, for which B;; and B>,
approach 1 and B, approaches 0. Tendency to decoupling also occurs for high frequencies and/or stronger anisotropy. Coupling is strongest
for intermediate frequencies. See more detailed discussions of these phenomena in PSencik (1998) and Bakker (2002).

The off-diagonal elements el?! - del'l/dt of the second matrix term on the right-hand side of eq. (36) depend on the choice of vectors
elX]. We show later that the vectors e!®] can be chosen so that el?! - del'l/dr = 0. The diagonal elements p~'div(pvI*) are related to the
geometrical spreading £ given in (25). For details of this relation see sections 2.4.3. and 3.10.6 in Cerveny (2001). If we express the
amplitude factors A and B in the form common in the ray method (see also (PSencik 1998, eq. 37)):

Ao(7) By(z)
A() = o . B)= s , 37)
[p(D)cMI(D)] 7 LIM(z) [p(D)eMI(D)] 7 LIMI(z)
the coupled equations (36) simplify to

d.Ao/d‘L’ iow [ B — 1 B .AO 0 elll. de[z]/df .Ao (38)
dBo/d'E B 2 B]z Bzz —1 B() e[2] . de[']/dr 0 B() .

In (37), ™) and LM are the phase velocity (see eq. 17) and the geometrical spreading (see eq. 25), associated with the first-order mean
value GI*™ along the common ray of the S wave. We can see that coefficients A, and By in (38) are frequency-dependent. To solve the coupled
system (38), it is necessary to specify its initial conditions and how to calculate vectors elX1 along the ray.
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First-order coupled S waves in weakly anisotropic media 985

The initial conditions can be specified in the very same way as in PSencik (1998, eq. 39). Specifically, if the wavefield is generated by a
point force F acting at time t = 0, the comparison of eq. (37) with the corresponding expressions of PSencik & Teles (1996) yields the initial
conditions for eq. (38):

0)F Bu(0) P(0)F

12° 2
4 (poc([)M]) 4 <poc([)M])
M

Here ¢ ! again denotes the first-order approximation of the S-wave common phase velocity at the source, and p( denotes the density at the

Ay(0) = (39

same point.

If we specify the point force at point S as a unit vector oriented successively along all coordinate axes x,, that is, 'y = 8y, solve eq. (38)
with the initial conditions (39) along the common ray from point S to point R, and insert the results into eq. (37), we get frequency-dependent
coefficients A, (t) = A(t) and B,(t) = B(t). These coefficients can be used in the expression for the first-order common S-wave Green’s
function:

GM(R, S, w) = [An(r)ef”(r) + B,,(r)e{”(r)] exp [iTG(R, ) + iwt™MI(R, S)]. (40)

Here T9(R, S) denotes the complete phase shift due to the caustics along the S-wave common ray from S to R. All other quantities have been
defined above. To increase accuracy of the traveltime 7/, we can substitute it by I + AMI (see eq. 24).

There are several possibilities how to calculate vectors elXl; vector e = n is calculated automatically along the common ray. One
possibility how to calculate elX] is to specify them as the vectorial basis of the so-called wave front orthonormal coordinate system (see
Cerveny 2001, section 4.2.2; Klime§ 2006a). Cerveny (2001, eq. 4.2.17) gives differential equations, which in our notation read

[K]
% — (M (e/[{m%)pi. (41
Solution of eq. (41) along a selected ray yields vectors elX] at any point of the ray. Note that vectors el%] are perpendicular to the first-order
slowness vector p, and not to the ray as in the QI approximation of P§encik (1998). Note also that vectors eX] are calculated along an S-wave
common ray in the studied weakly anisotropic medium and not in a reference isotropic medium as in the QI approximation.

The use of the basis vectors of the wave front orthonormal coordinate system (41) yields elX1 . del’!/dr = 0 for K # L and it thus leads
to the coupled system of differential equations whose form reminds form of the QI coupled equations of PSencik (1998, eq. 38):

dA,/dz iw [ Bu—1 Bis Ay
=—— . 42)
dB,/dr 2 B,  Bp-—1 By
Matrix B(x ,,, p,,) used in (42) can be obtained by rotation (13) from matrix B(x,,, p.) given in Appendix A.

Vectors elX] define zero-order polarization plane of the common S wave. For greater accuracy of the formula (40), we can substitute them
by their first-order counterparts f 57,

f{K] _ e[K] _ BK}(xms nm)e[j,]. (43)
Vi— Vi

Vectors {51 are situated in the plane perpendicular to the first-order P-wave eigenvector f 1. Vector 31 is given by (see Farra & Psenéik

2003):

f[3] — B13(xmv nm)e[l] + Bz3()Cm, nm)e[z] + 6[3]. (44)
Vi-v: Vi— Vi

Symbols V p and V g in eqs (43) and (44) have exactly the same meaning as in eq. (24). Elements B3 and Bj; of the matrix B (x,,, ,,) can

be obtained by rotation (13) from B,5 and B,; given in (A4). Since B; are O(w™"), the differences between vectors f* and vectors el*] are

O(w™") too.

6 DISCUSSION AND CONCLUSIONS

The preceding sections describe an approximate procedure for computing S waves in inhomogeneous weakly anisotropic media. In such media,
the two S waves are coupled and must, therefore, be calculated together. We have used common ray tracing and dynamic ray tracing (Bakker
2002; Klimes 2006a) with the common ray situated in the studied weakly anisotropic medium. We have combined the S-wave common ray
tracing with the perturbation approach, which we applied recently to P waves (PSencik & Farra 2005, 2007) and obtained an approximate
procedure, which has similar advantages as FORT and FODRT for P waves and differs significantly from the standard QI approach (Kravtsov
1968; Psencik 1998). The most important differences from the QI approach are:

(1) The common ray is traced in the studied inhomogeneous, weakly anisotropic medium, not in a reference isotropic medium.

(2) The wave front orthonormal basis related to the common ray in the studied inhomogeneous, weakly anisotropic medium is used instead
of the basis related to the common ray in the reference isotropic medium.

(3) The accuracy of traveltimes can be increased by considering the second-order traveltime correction.
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986 V. Farra and I. Psencik

(4) The common geometrical spreading is calculated along the common ray in the studied inhomogeneous, weakly anisotropic medium,
not along the common ray in the reference isotropic medium.

The most interesting features and advantages of the first-order common ray and dynamic ray tracing of coupled S waves in inhomogeneous
weakly anisotropic media are:

(1) The FORT and FODRT equations are expressed in terms of the WA parameters, which represent a more natural description of a weakly
anisotropic medium than standard elastic moduli.

(2) The proposed S-wave common ray tracing procedure is regular everywhere. It avoids problems in S-wave singular regions, known from
tracing separate S waves in anisotropic media.

(3) The FORT and FODRT equations have a simpler structure than the exact ones, which leads to a reduction in the number of algebraic
operations involved.

(4) In the most general case, the FORT and FODRT equations for S waves depend only on 15 independent coefficients (which differ from
the coefficients of P waves).

(5) The FORT and FODRT equations allow S waves to be treated separately from P waves, as in isotropic media.

(6) The accuracy of the traveltimes calculated along S-wave common rays can be easily increased by introducing the second-order traveltime
correction (eq. 24).

(7) The procedure is applicable to inhomogeneous, weakly anisotropic media of arbitrary symmetry.

(8) The FORT and FODRT equations derived in this paper are applicable to inhomogeneous isotropic as well as anisotropic media. In
isotropic media they yield exact rays and exact dynamic ray tracing results for S waves; in anisotropic media, first-order approximations along
S-wave common rays.

(9) The procedure described above can be simply generalized for laterally varying, layered, weakly anisotropic structures.

(10) FORT and FODRT for inhomogeneous weakly anisotropic media of higher symmetry (orthorhombic, TT) represent a natural substitute
for ray tracing and dynamic ray tracing procedures in routine processing codes.
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APPENDIX A: WA PARAMETERS AND ELEMENTS OF MATRIX B

If we denote by « and g the P- and S-wave velocities of a reference isotropic medium, we can introduce 21 WA parameters in a way slightly

different from that of Farra & PSencik (2003):

All—dz A22—O{2 A33—O{2
€&x = —FH 5 = T A, s = T A5
202 7 202 202
Ay + 244 — o? Az +24s5 —o? Ay + 246 — o?
(Sx = b 8y = B 82 =
a? a?
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Arq +2A4s6 Azs + 2 A4 Asze + 245
XX=T, Xszﬁ XZ=T,
615=A—125, 616=A—126, 624=A—224, 626=A—226, 634=A—3247 635=A—325,
o o % o
oo Aw s Aw—f o As—p A 1)
ﬁz /32 /32 2/32 y 2[32 2/32

Please, note that parameters 8,48, and y,,y, are defined here differently from Farra & PSencik (2003) and PSencik & Farra (2005,
2007). In the text, the following variables are also used.

Ny =08 — €, —€, N, =08 —€—€, N.=0—¢6—¢,. (A2)
The matrix B(x,,, p,,) used in eq. (13) is related to the matrix B(x,,, ,,) by the relation
B, pu) = (M) B, m). (A3)
The elements of B(x,,, 7,,) read:
By =p*+ 20[2D72{”§ [(615 — e35)n3 + (24 — 30013 + (xx — €30)0305 + (xy — 635)”1”%]
+m3[(n: — 0 — mp)nind — nynt = nend + 2(e16 — x:Inina + 2eas — x-)min3 ]
+n3 [(635 — €15)n} + (€34 — €203 + (634 — x)niny + (€35 — )(y)”l”l‘g1
+Qess — xp — 615)"?”% + (€34 — xx — 624)"%"%]} + ZﬂzD*Z(yxné + )’yﬂ% + 645”1”2),
B, = azD‘z{ni[(Xx —ea)n} — (Xy — €35)n3 + (€35 + %, — 2€15)niny + Qers — xx — 634)”1”%]
+n3[(e16 — x=)n} — (€26 — x:=)n% + (0y — N + n)niny + (0, — 0 — n)nin3 + 3(exs — €16)nin3]
+ (€15 — xy)ninz + (xx — €24)n1n3 + (€15 — x,)n3n3 + (X« — €24)nin3}
+52D72{”3[2(Vx — yy)niny + €gsn — 645"%] + €a6n3 — €s6n3 + €46ning — 65(7”1”%}:
322 = ﬂz + 2,32072[’1%(%:7!% + J/yn% - 645”1”2) + n3(646n? + 656”% + 656”%”2 + 646”1”%)]
+20€2D_2{n3[(€24 — Xo)ning + (€15 — Xy)nlnﬁ] — n:nin3 + (€26 — €16)nin2 — (€26 — 616)’11"3} + ZBZyZ(nf + n%),
By = o> DY ni(esany + €35n1) + n3(nyn? + nend + 2x.n1n5)
+n3[(4xx — 3esa)niny + (4x, — 3ess)nind + (de1s — 3e3s)n] + (4eas — 3eaa)n3 |
+n3[(2n: — 0y — ny)nin3 + 2(2e16 — x:Ininy + 2(Q2e26 — X113
— it — neny + (6 — €nd + (6, — €)n3]| — xuniny — xymin3 — €sni — exn3},
By = o?D7! {n§(634n1 — €35713) + 13 [(nx — )iy + xoni — in%] + ns[(sz —3eis)ning — (2xc — 3€)nini + xonj — Xyn%]
+ 77:”?"2 - 77:”1”% + 3(€26 — 616)”%”% + 616”? — 626”3 + (e, — Gx)”lﬂz},
By =a?+ 2052[271%(634% + e3smy) + n%(ﬂyn% +nend 4 2x.n1n; + €,)
+2n;3 (xxn%nz + Xyn1n§ + 615n? + 624n§) + 6Xn% + 6yn§ + nzn%n% + 2616n?n2 + 2626}’!1}1%]. (A4)

The expressions in eq. (A4) correspond to the following choice of vectors ell:

el = D’l(nlng, nyns, ng - 1), e = DY =ny,n,0), &=n=@n,n,y, n), (AS)
where
D= (nj+ n%)l/z, n+ny+n3=1. (A6)

Symbols 7; denote the components of unit vector n specifying direction of the slowness vector.

APPENDIX B: EXPRESSIONS FOR GM AND ITS FIRST- AND SECOND-ORDER
DERIVATIVES IN ORTHORHOMBIC AND VTI MEDIA

The formulae for the ray tracing and dynamic ray tracing along an S-wave common ray simplify considerably in media with higher symmetry
anisotropy. Below we present formulae for the S-wave first-order mean value G and its first- and second-order derivatives, which are the
basic elements on the right-hand sides of the ray tracing (16) and dynamic ray tracing (27) equations. We present them for the two most
frequently used types of media, media of orthorhombic and VTI symmetry. We use the following notations,

po=pi+ps. pu=p+pi. pn=p;+p; (B1)
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B.1 Orthorhombic symmetry
In a medium of orthorhombic symmetry that has planes of symmetry coinciding with the coordinate planes, we have

Xx = Xy = Xz = €15 = €16 = €24 = €26 = €34 = €35 = €45 = €46 = €56 = 0. (B2)

Formula (19) for the first-order eigenvalue G then reduces to

G = B*(pipi + vepas + YVyD13 + ¥Y-p12) — o (prp)”! (mp%p? + UyP%P% + n:p?pi)- (B3)
The formulae for the first derivatives of G, which appear on the right-hand sides of eq. (16), read:
IGHM 2 2 -2 2 2 2.2
oy =P {B2(1+ v + 1) — &2 (pep) [ p2s (02 + 1:-03) — 020303}
1
Gt 2 2 -2 2 2 2.2
o 2B+ ve + v2) — 2 (pep) [ p1s (002 + 1:-07) — 0y 0303}
2
Gt 2 2 -2 2 2 2.2
e 2p3 (B2 + v + 1) — & (pepd) P2 (0203 + ny07) — n-p7p3 ]}
3
Gt 2 2 2 2 2 -1 2.2 2.2 2.2
o B [(vei + v-00P3 + (i + v=00PF + (Ve + v2.00P3 ) — (0epe)™ (064 P23 + 1yi DT D3 + 024 P1P3)- (B4)

The formulae for the second derivatives of GI™J, which appear on the right-hand sides of eq. (27), read:
P> 2 2 3 2 2 2.2 2
——— =281+ v, + ) — 22 (pepe) [ (ny 23 + 1:-P3) P23 — 0203 P3] (P23 — 3p}).

apt
32G[M] 2 -3 2.2 2 2 2 2
opopy —402 py pa(pipi) [z (P23 pis + pip3) + nep3(P3 — pis) + nyp3(PT — p23) ]
82G[M] 2 -3 2.2 2 2 2 2
Spimy = —402 p1 p3(pip) [0y (p3prz + pip3) + e p3 (P} — pr2) + n:03(P7 — p23) ]
82G[M] 2 2 -3 2 2 2.2 2
5 2821 + v + v2) — 222 (pepd) " [(nx 23 + 0:-07) 1z — myPi 3] (P13 — 3D3).
aZG[M] 2 -3 2.2 2 2 2 2
iy —40 py p3(pep) [0 (prspia + P2P3) + 1,03 (P3 — pi2) + 103 (P2 — p13)],
BZG[M] 2 2 -3 2 2 2.2 2
e 2821+ v + v) — 202 (pepi) [ (e P3 + 1y PY) P12 — 0:2103 | (P12 — 3P3).
82G[M] 2 2 —2 2 2 2.2
5 = 2p {B* (Vi + v=0) — (pepi) [ (00003 + 12003) P23 — 0w P3P3] )
X;0p1
BZG[M] 2 2 2 2 2 2.2
5 = 2p2{B* (i + v=) — & (pepi) (050 P3 + 1= PY) P13 — nyi i3]}
xX;0p;
82G[M] 2 2 2 2 2 2.2
onipy 2p3{B* (v + ) = (i) [ (ny.i P 4 1ciP3) P12 — 02001 3]}
92 GIMI
P B*(Vr.ij P23 + Vy.ij P13 + V=ij P12) — @2 (pip) ™ (Mxij PAP3 + 0y PL 3 + 025 PED3)- (BS)
1 J

The initial conditions for ray-tracing equations (16) and dynamic ray-tracing equations (27) are given by eqs (20) and (28). The square
of the first-order S-wave common phase velocity ¢/ appearing in the initial conditions reads:

(C[M])2 = ,32[1 + Y (n§ + n%) + vy (n% + ng) + )/z(n% + n%)] —ao? (r}xngng + nynfng + nzn%ng). (B6)

B.2 VTI symmetry

In a medium of a hexagonal symmetry with a vertical axis of symmetry, we have, in addition to conditions (B1),
1

€y =€y = 5527 O = 5y7 Nx =Ny, Nz = 0, Yx = Vy- (B7)
Formula (19) for the first-order eigenvalue G'*Y reads in this case:
G™M = B[ pipi + (s + v)P12 + 21 P3| — @2 (papn) ' 0xP1213- (B8)
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The formulae for the first derivatives of GI!], which appear on the right-hand sides of eq. (16), simplify to:

aG[M] 2 2 -2 4
e 20 [P+ v + v.) — & (pepr) *nepi]s
Gt 2 2 2 4
o 2p2[BA(1 + vu + v2) — & (prpi) 03
2
Gt 2 2 2. 2
e 2p3[ B+ 2y0) — & (pepi) 1P ),
Gt 2 2 2 -1 2
o = Blsi + v20pe + 2y p3] = o (pepd) neipiop3. (B9)
1
The formulae for the second derivatives of G, which appear on the right-hand sides of eq. (27), read:
3?GMI 2 2 . 2
o =281 + v« + v:) — 202 (pipi) 0 P3 (P23 — 313), o
1
2
92GMI 92GIMI 5
= 8o, 4 -3, = —8a’n. i p} = 5]
D0 o0 PLP2P5(PeP) P o0 pLP3(PkPE) T P2 2
G 2 2 4 2 2"
——— =221+ v +¥) — 22 (k) u P35 (P13 — 303). 3
op; 3
=0
PoM ) 3 -3 k=
3 = —8a’ 0. P2 p3(Pipi) " P12, @
P20p3 Ry
PGt 2 2 3.2 2 8
T =28°(1 +2y,) — 2a°(pi i)~ UxPn(Plz - 3173)» &
P3 3.
92 GIMI g
=2 2xi+ zi_2 k 72xi4s <
o0 1B (i + v=i) — & (pipi) 0 D3] 5
92GMI g
= 2p2[B* (Vi + V=) — @2(prpr) 20xi P4 ) S
8Xi 8172 =
PGt 2 2 2 2 5
=2 2 x0T k B x,i ) =3
o%.00n P3[2B°vei — & (pip) 0Pt &
PG 2 2 2 -1 2 §
P = B (Vrj + V=i))P12 + 2721 D3] — @2 (Papi) " Nxij P12 D3 (B10) 3
X ij (f‘
The initial conditions for ray-tracing equations (16) and dynamic ray-tracing equations (27) are again given by eqs (20) and (28). The %
square of the first-order S-wave common phase velocity [, appearing in the initial conditions, now has the following simple form: §
o
(C[M])z = ,32[1 + (e + y:)(n] + ng) + 2)/xn§] —a’n.(nf + ng)ng (B11) g
@]
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