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Abstract

Concentration fields of solutes in porous media often exhibit large fluctuations, driven by phys-
ical and chemical heterogeneity from the pore to the Darcy scale. For many applications, ranging
from reactive transport modeling to toxicology, the knowledge of mean concentrations is not suf-
ficient, and quantifying concentration variability is necessary. The probability density function
(PDF) of concentration quantifies the frequency of occurrence of concentration values throughout
a spatial domain. While evolution equations and analytical solutions for the concentration PDF
exist for conservative solutes, less is known about its evolution under the joint action of transport
and reaction. In this work, we investigate how dilution of a reactive plume by diffusion affects
the statistics of concentrations. While mixing has no effect on first-order reactions, its coupling
with nonlinear reactions leads to non-trivial effective kinetics relevant for a broad range of reac-
tive transport problems. We study the evolution of the concentration PDF under diffusion and
nonlinear reaction in one spatial dimension, which represents a critical step towards further cou-
pling with heterogeneous advection. We show that the dependence of the scalar dissipation rate
on concentration encodes the impact of diffusive transport on the concentration PDF and derive
a dynamical equation for its time evolution. Using a weak-coupling approximation for the reac-
tion and diffusion dynamics, we derive analytical predictions for the concentration PDF and its
moments. Our results provide new insights into how diffusion and reaction control concentration
variability and open new opportunities for coupling mixing models with chemical reactions.

Highlights

e We introduce a general framework quantifying the link between concentration PDFs and spatial
concentration profiles.

e We derive a dynamical equation for the evolution of the concentration PDF under diffusion and
nonlinear reaction in 1D.

e We derive analytical predictions for the concentration PDF and its moments using a weak-
coupling approximation.

1 Introduction

Quantifying the variability in solute concentrations in the subsurface is of primary importance to a
large range of applications, including reactive transport modeling (e.g., [1]), characterizing the natural
chemical signature of groundwater systems (e.g., [2]), and assessing human health risks associated with
contaminant transport (e.g., [3]). In particular, when reaction rates depend nonlinearly on available
concentrations, effective reaction rates can differ by orders of magnitude from reaction rates determined
under well-mixed conditions [4-7]. In such cases, knowledge of mean concentrations is not sufficient
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to predict overall reaction rates, which requires additional knowledge about the spatial variability of
concentration values and local reaction rates.

Concentration probability density function (PDF) methods aim to quantify transport and reaction
processes in terms of the spatial statistics (i.e., frequency of occurrence of given values) of transported
scalars [8-11]. These methods were originally developed in the context of turbulent flows, where they
have been extensively employed to model both conservative transport [12—-17] and reactive transport
with an emphasis on combustion [18-23]. More recently, these methods have gained popularity in the
context of porous media to study conservative [2, 24-33] and reactive [34—40] mixing. The statistics of
concentrations have been studied in relation to different types of fluctuations. The first approach is to
study concentration fluctuations with respect to an average transport model, such as the advection—
dispersion equation [24-26], in terms of a stochastic transport model such as the continuous time
random walk [28, 41]. Regarding, for instance, average concentrations at a given spatial position,
fluctuations typically arise from variability in particle transit times due to heterogeneity. A second
approach is to characterize uncertainty in concentrations due to uncertainty in model parameters, such
as flow velocities and reaction rates [29, 42-45]. These methods quantify the variability in concentra-
tions due to uncertainty in physical and chemical parameters. A third point of view is to consider
the variability in concentrations over the spatial extension of a solute plume which arises from known
transport and reaction processes. Even with homogeneous physical and chemical parameters, mean
concentrations and associated fluctuations evolve under the combined effect of transport and reaction.
In this context, the concentration PDF provides a useful tool to quantify the spatial frequency of
occurrence of different solute concentration values, and to provide information about the mixing state
of solute plumes without explicitly resolving the corresponding spatial profiles [31].

Here, we follow this last approach to study how the dilution of a reactive plume by diffusive mixing
affects concentration statistics (Fig. 1). In this context, evolution equations have been derived for the
conservative concentration PDF by quantifying the formation and interactions of lamellar structures
in concentration fields subject to advection and diffusion [30, 31, 46]. Recent developments have
extended these theories to mixing-limited bimolecular reactions [47]. Here, we consider a different
reactive transport problem in which mixing does not act to bring segregated reactants into contact
but rather to dilute a reactive plume. This system is relevant to a broad range of reactive transport
problems [6, 7], including situations where transported solute plumes react nonlinearly with a solid
phase as they get diluted by mixing. This leads to new dynamics that fundamentally differ from what
is known regarding mixing-limited reactions across diffusing or dispersing fronts [48-51].

We investigate the coupling of dilution by diffusive mixing with the nonlinear degradation of a sin-
gle species locally undergoing diffusion in one spatial dimensional and decaying at a rate proportional
to an arbitrary power of concentration (Fig. 1). We generalize the results of [7] for the evolution
of total mass and mean concentration to the evolution of the full concentration PDF, and we obtain
a dynamical equation for the latter in terms of the scalar dissipation rate [52-56], expressed as a
function of concentration. In addition to the mean concentration, the concentration PDF formulation
allows us to quantify higher-order concentration moments, such as the concentration variance, which
provides information about the variability in concentration values observed throughout a spatial do-
main. Building on the weak-coupling approximation developed in [7], we relate the evolution of the
concentration PDF and its moments to the evolution of the maximum concentration, and quantify the
resulting anomalous kinetics.

In the interest of developing and illustrating the new method proposed here, the class of reaction—
diffusion problems we analyze introduces significant simplifications. In particular, we consider a one-
dimensional problem and neglect heterogeneous advection effects. In addition, the weak-coupling
approach involves a Gaussian approximation for the solute plumes at late times. Although reaction
under diffusion or dispersion in the absence of advective heterogeneity has been studied in its own
right in the context of porous media [4, 57—61], these conditions may be seen as fundamental building
blocks in the theory of mixing in heterogeneous flows. In the presence of heterogeneous flow fields
characteristic of porous media, solute plumes are deformed into a collection of elongated structures
termed lamellae (Fig. 1) [31]. Using the Ranz transform [62], the resulting compression—diffusion—
reaction equation can be mapped onto a one-dimensional diffusion-reaction equation, which motivates
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Figure 1: Illustration of the reactive transport problem under consideration (adapted from a simulation
of transport at the Darcy scale in a heterogeneous permeability field [30]). We consider a plume of
reactive solute (green) that undergoes nonlinear decay either by reaction with the solid, with another
solute in excess everywhere, or with another solute that is well mixed inside the plume. The plume
is diluted by mixing with the non-reactive resident fluid (black) while it reacts, leading to non-trivial
effective reaction rates [7]. The latter are governed by the coupling of nonlinear reaction with the
diffusive flux along concentration gradients. Here, we study the one-dimensional diffusion-reaction
problem, which represents the first step towards solving the full advection—diffusion—reaction system.

the present study.

The paper is structured as follows. Section 2 introduces a general definition for the concentration
PDF associated with a given spatial profile and explores its key properties. In Section 3, in light
of these concepts, we derive a governing equation for the dynamics of the concentration PDF of a
solute undergoing diffusion-induced dilution in one spatial dimension and nonlinear reaction described
locally by a power-law decay of concentration. In this context, we also discuss the relationship between
this simplified one-dimensional problem and reaction—diffusion in the presence of heterogeneous flows
typically found in porous media, based on the Ranz transform. We then study the one-dimensional
problem and the associated effective kinetics in terms of the weak-coupling approximation in Section 4.
Conclusions and an overall discussion of the results are presented in Section 5. Some additional
technical derivations are provided in the Appendices.

2 The concentration PDF

This section is concerned with providing a general definition of the concentration PDF associated with
arbitrary spatial concentration profiles. We first present the general multispecies formulation, and then
discuss the single-species case. We provide a detailed discussion of the properties of the concentration
PDF, as well as of its numerical computation. The approach developed here, which forms the basis for
the subsequent sections, builds on that introduced in [63] regarding Eulerian velocity PDFs. The main
concepts behind the concentration PDF, which quantifies the spatial frequency of occurrence of different
concentration values, are illustrated in Fig. 2 for a one-dimensional, single-species concentration profile.

Before proceeding, we introduce some notation that will be employed throughout. The concentra-
tion C(x;t) at a given location x and time ¢, with C = (C1,...,Cy.), is defined so that C(x;t) dx is
the mass in an infinitesimal volume dx centered at ® = (x1,...,24) of each chemical species 1,. .., n,.
We use an underscore to denote quantities whose components relate to concentration species (of which
there are a number ng), and boldface to denote spatial vectors (which have components according to
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Figure 2: Illustration of the key concepts underlying the concentration PDF. (a): Example spatial
concentration profile, a Gaussian with unit variance and unit height, restricted to the spatial domain
Q = [-3,3] of size Q] = 6. (b): Corresponding concentration PDF. Given a spatial profile, the
concentration PDF quantifies the spatial frequency of occurrence of different concentration values
¢ = C(z) occurring at some position(s) . When concentration values are discretized into bins of
width Ac, the PDF value p(c) is approximated by the fraction of the domain of the domain where
the concentration c falls in this range, divided by Ac to obtain a probability density (bars in panel
b). The continuous PDF (solid line in panel b) is obtained in the limit of infinitesimal bin widths
de. Each infinitesimal region dx around a point where C(z) = ¢ contributes a probability density
(dz/de) /1 = 1/(|Q||dC(x)/dx|). This causes a divergence of the PDF at the maximum concentration
cy = 1, where the gradient is zero, and contributes to a large value at the minimum concentration
cm = C(3) = C(—3), where the gradient is small. These concepts are quantified and explored in detail
throughout the text.

the spatial dimension d). We denote by |A| the d-volume of a spatial domain A (volume for d = 3-
dimensional A, area for d = 2, length for d = 1, and number of points for d = 0). As usual, |a| for a
vector a denotes its Euclidean norm. We consider a spatial domain €(¢) where the concentrations are
defined for each time ¢, and denote by X (¢) a random variable with a uniform distribution over Q(¢).
The average with respect to X (t), i.e., the spatial average, is denoted by =. We also introduce, for
each time ¢, a random variable C(¢) taking concentration values according to their spatial probability
of occurrence, and denote the average with respect to it (i.e., over concentrations) by (-). As will be
discussed in more detail below, the two averages, while conceptually different, yield equivalent results.
That is, for an arbitrary function f(c,t) of concentrations ¢ and times ¢,

‘f@[X(tmD:@ / d f(CX (1), 1]) = / de f(e, Ople:t) = (f1C(0). 1), (1)
Q(t) 0

where, at each time ¢, p(+;t) is the concentration PDF, to be formally defined momentarily.

2.1 General formulation for a multispecies system

At each time t, the concentration PDF p(-;t) is defined so that p(c;t) dc is the probability, in the sense
of spatial frequency of occurrence, of finding a concentration in the infinitesimal vicinity dc = H?;l de;
of ¢ in the domain Q(t). According to this definition, we have

pleit) = e = CIX @] = ﬁ / dz dlc — C(@: 1)), (2)

Q(t)
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where 4(+) is the Dirac delta. Intuitively, this expression encodes the fact that the contributions to the
probability of having a value ¢ of concentration at time ¢ correspond to points & where C(x;t) = ¢,
which are “counted” by the Dirac delta in accordance with the continuous nature of concentrations
(for the general theory of PDFs as averages of Dirac deltas, see, e.g., [64]). This corresponds to the
continuum limit described in Fig. 2.

The concentration PDF contains information about the full structure of point statistical variabil-
ity of concentrations. According to the definition, Eq. (2), moments of concentration, such as the
component-wise mean concentrations (C(t)) and variances .2 = (C?(t)) — (C(t))? (representing not
a spatial variance but variability with respect to the mean concentration), may be computed given
knowledge of the PDF, and agree with those obtained from the spatial profile. In particular,

) = [ deepleit) = @f(ﬂf))' — X1, (3)

where the total component masses are given by

M(t) = / dx C(; 1). (4)

Q(t)

It is important to note that Q(t) may be time-dependent, but its size |[2(¢)| must be finite at all
times, because a uniformly-distributed random variable X (¢) does not exist in an infinite domain.
Intuitively, this is related to the fact that the concentration PDF is defined in terms of the spatial
frequency of occurrence of concentration values. Thus, if the total component masses are finite, most
regions in an infinite domain Q(¢) must have a vanishing concentration, and p(¢;t) = 0 for all ¢ # 0,
so that we must have trivially p(c;t) = 0(c) by normalization. In practice, as will be discussed in more
detail below, this means that in order to define a non-trivial concentration PDF we must consider
either a finite, fixed reference domain €2, or a minimum concentration threshold ¢, such that Q(¢) is
the region where concentrations are above this threshold. Finally, we note that, in an infinite periodic
system, the concentration PDF may be naturally defined over a single period. The previous argument
can be circumvented in this case because the total mass in such an infinite system is infinite, although
the mass per period is finite.

2.2 Single-species formulation

Writing the concentration PDF in a more useful analytical form requires changing variables in the
Dirac delta in Eq. (2), in order to identify the spatial points x that contribute to the integral for a
given value of concentration ¢. In other words, we must invert the relations C(x;t) = ¢, which form
a set of ng constraints in d dimensions. These constraints are not necessarily independent, and this is
a difficult problem in general from an analytical perspective. We now derive a simple analytical form
for the single-species case. We write C = Cy and ¢ = ¢; for the single species component. A numerical
computation procedure, also valid for the general multispecies PDF, is discussed in Appendix A.
Assuming C(+;t) to be smooth, the Dirac delta can be expressed as a simple-layer integral [65],

dle—Clast) = | ds<y>|g<g(yf;§, (5)

A(cst)

where dS(x) is the (d — 1)-area element at point & on the (d — 1)-surface consisting of the points
in the domain at time ¢ at which the concentration has value ¢, and which do not constitute a local
extremum (or zero-gradient inflection point). Formally, this surface is defined as A(c;t) = {x € Q(¢) |
C(x;t) = ¢ AN |[VC(z;t)| # 0}. Note that, for the one-dimensional example in Fig. 2, A(c) = 2 for all
concentrations strictly between the minimum and maximum values. This is discussed in more detail
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in Section 2.4. Substituting Eq. (5) in Eq. (2), we find

o 05(z)
e = [ QO INC (D] ©)

A(est)

This form corresponds to the intuitive notion of a change of variables mentioned above: it expresses
the contribution to the probability density of a given value ¢ of concentration as a spatial integral over
the spatial region where the concentration takes the required value (see also Fig. 2). This spatial region
has dimensionality one less than the full space due to the constraint C(x;t) = ¢. This result holds
for smooth, non-constant C(-;t). The contributions of concentrations found near spatial concentration
extrema and in extended regions of constant concentration are discussed below.

Equation (6) can also be expressed so as to highlight the role of concentration gradients associated
with a given concentration in determining the value of the PDF. To this end, consider the harmonic
average gp(c;t) of the concentration gradient magnitudes in A(c;t). By definition, it is given by

-1

N 1 dS(z)
gh(cv t) - |A(C; t)| / |VC($7t)| . (7)

Aest

Substituting this definition in Eq. (6) immediately yields the simple form

o Ast)]

PN = @lgu(en )
The proportionality to the inverse of a concentration gradient magnitude is a consequence of the
fact that p(c;t) is a density, i.e., a probability per unit concentration. Spatial regions where the
concentration gradient is low correspond to a higher density around the corresponding concentration
value due to the slow variation. To understand this, consider a surface A(c;t) over which the gradient
magnitude gp(c;t) = |VC| is homogeneous and therefore equal to its harmonic average. A small
variation dc of concentration occurs over a distance dz = dc/gp(c;t) along the concentration gradient.
The gradient is locally perpendicular to the surface of constant concentration, so that the spatial
volume associated with an occurrence of concentration in [c, ¢ + dc] is [A(c;t)|dz. Correspondingly,
the contribution to the probability p(c;t) de of concentration in this range is |A(c;t)| dz/|2(t)]. Thus,
its contribution to the concentration PDF p(c;t) is |A(c;t)|/[|2(¢)|gn(c; t)], in agreement with Eq. (8).
This is illustrated for a one-dimensional profile in Fig. 2. More generally, if the gradient is not constant
over the surface, the same argument can be applied locally, using the area element d.S introduced above
and the volume element dSdz. The inverse proportionality to the harmonic average then arises due to
the inverse proportionality of the local contributions to the inverse gradient magnitude, which must
be integrated over. This provides an intuitive explanation for Eq. (6) and recovers Eq. (8).

2.3 Extrema and constant-concentration regions

We now study the impact on the concentration PDF of local extrema of the spatial concentration
profile, at which |VC(x;t)| = 0. Near an extremum ¢y at position x¢ and time ¢, we have C(zo +
Ax;t) = ¢g + Ax - H(xo;t)Ax/2 and VC(x;t) = H(xo;t)Ax, where H(xp;t) is the Hessian matrix
of concentration at position &y and time ¢, with components H;;(xo;t) = V;V,;C(x;t)|q=a,. We find
that in d = 1 the PDF of concentration behaves in a vicinity Ac of ¢y as

) ®

to first order in |Ac| < ¢g, for Ac < 0 near a maximum and Ac > 0 near a minimum. This type
of divergent behavior due to a spatial maximum can be observed in Fig. 2. We note that this is an

0%2C (x;t)
o2

pleo + Ac;t) ~ <|Q(t)| A
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integrable divergence, that is, the integral of p(;t) converges near ¢y as necessary for a PDF. This
result is a direct consequence of the fact that for a smooth function near an extremum the behavior of
the function is quadratic, and the behavior of its derivative is linear. We have assumed the extremum is
non-degenerate, so that the second derivative is nonzero; otherwise, higher order terms are important
and the behavior is different.

In arbitrary dimension, we provide an argument based on dimensional analysis. First, note that
the qualitative behavior near an extremum is determined by the Hessian determinant |H| and the
distance |Az| to the maximum; thus, the gradient near an extremum obeys |VC| o |H|*/?|Az|, and
the concentration changes as |Ac| o« |Vec||Az| o« |H|'/¢Ax?. The second equation gives |Az| o
|H|~Y/CD|Ac|'/2, and substituting in the first leads to p(co + Ac) = |Alco + Ac;t)|/[|Q1)||VC|] o
|A(co + Ac; t)|/[|) || H|M CD | Ac|'/?]. Substituting [A(co + Ac;t)| o< |Azx|?~! for the (d — 1)-area of
the surface of concentration ¢y + Ac yields

‘Ac‘d/2—1

Ac:t _
N TOIIRE

(10)
Thus, there is no divergence in d > 2. In d = 2, extrema of the spatial concentration correspond to
extrema of the concentration PDF, and in d = 3 they correspond to zeros. As before, we have assumed
that the minimum is non-degenerate, i.e., |H| # 0. As a simple example of degeneracy, consider a
concentration field which is constant along the second and third dimensions, and exhibits a regular
extremum along the first dimension. As expected, the divergence as the extremum is neared then
depends only on the distance Az along the first dimension, and the square-root divergence of the
concentration PDF characteristic of d = 1 is recovered.

If C(-;t) is constant in space (i.e., the concentration is homogeneous), or if we relax the smoothness
assumption so that |VC(:;t)| may be zero in open sets by letting C'(-;¢) be non-differentiable at their
boundary (i.e, piecewise-smooth), these sets may contribute additional terms to the concentration PDF.
Consider first that the concentration is piecewise-constant. Each set €;(t) where the concentration
takes a given position-independent value ¢;(¢) at time ¢ is associated with a probability |, (¢)|/|2(2)].
Note that there must be a finite number N () of such constant-concentration sets at each time, and thus
a finite number of corresponding concentration values, because open sets have nonzero measure and
sets corresponding to different concentrations are disjoint, so that |Q(¢)| = Zi]\;(lt) |2;(t)|]. Therefore,

N o
ple) = 3 o=t (1)

The Dirac deltas express the fact that concentration takes a single specific value within spatially-
homogeneous regions. If the concentration is piecewise-smooth and non-constant over certain parts
of the domain, Eq. (8) may be applied separately to each such region, and the contributions of all
constant and non-constant regions summed over to obtain the full concentration PDF.

2.4 One-dimensional Gaussian profile

As a relevant example which will play a central role in Section 3, we consider a single-species Gaussian
concentration profile in d = 1 spatial dimension (Fig. 1), characterized by spatial variance o%(t) and
total mass M (t):

M(t) x?
Cx;t) = mexp {— 202@)} . (12)

The corresponding regions of constant concentration c are zero-dimensional, A(c;t) = {z|z = £z.(c;t)}.
Inverting C(x;t) = ¢ for z,

ze(c;t) = /207 () Infear (D)), (13)
where
_ M)
epm(t) = 27021 (14)
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is the maximum concentration at time ¢. The zero-dimensional area element on A(c;t) is a sum of
point measures concentrated at the two points +x.(c;t) where the concentration takes a given value,
dS(z) = (6[x + xc(c;t)] + 0]z — ze(c;t)]) da. For all ¢ < epr(t), |Ale;t)] = 2 because it consists of
two points. The gradient of concentration magnitudes at +z.(c;t) have the same value, so that their
harmonic average is equal to this value and given by

2
9n (1) = [VO(@5 )ty = 1| e (O)] (15)
o?(t)

As discussed in Section 2, we must consider a finite domain in order for the concentration PDF
to be well-defined. This can be conveniently achieved through one of two possible approaches. The
first considers a fixed (i.e., time-independent) reference domain € centered at = 0. In this case,
a time-dependent minimum concentration c¢,,(t) = cpr(t) exp{—|Q[?>/[802(t)]} is found at the fixed
domain boundaries. Alternatively, we fix a (time-independent) minimum concentration ¢,,, and con-
sider Q(t) = {z|C(z;t) > ¢}, the time-dependent spatial domain where concentration are above the
minimum value. In this case, ¢, can be thought of as a lower detection limit, and the concentration
PDF as being computed over the region of space where non-zero concentration is detected. In either

case, using Eq. (8) leads to the concentration PDF
p(eit) = Hlen(t) — cJHle — e ()]
2¢+/Infeas (t) /) In[ear () /em (t)]
where under the second approach ¢, (t) = ¢, is constant. This PDF is illustrated in Fig. 2, and it

agrees with the result reported, e.g., in [30]. By noting that |Q(t)| = 2z.[c;,(¢);t] and using Egs. (13)
and (14), we find

(16)

‘Q(f” _ QCJA\f((:)) ln[cM (t’])r/cm(t)] ’ (17)

and the concentration PDF can thus also be expressed as
M (t)H[ep(t) — c)H[e — em(t)]
[€0(t)|lecar (t) /7 Inferr () /]

Note that, for fixed ¢, setting ¢ = cps(t) — Ac and expanding to first order in Ac recovers the expected

Ac=1/? divergence due to the presence of a spatial maximum discussed in Section 2.3. For small

concentrations compared to the peak value, this PDF scales as 1/¢ with logarithmic corrections.
Using these results and Eq. (12), it can be verified by direct computation that the mean concen-

tration is given by (t) (t)
B —  M(t)  em(t W
<C(t)> = C(th) ~ |Q(t)| - 2 ln[CM(t)/Cm(t)]’ (19)

and for the second moment of concentration we have

e MOen ) _ 0 T
(C2(t)) = C2(X;t) V2|Q(t))| o M2 \/21D[CM(t)/Cm(t)]’ .

where the approximation corresponds to approximating the total mass M (t) in the infinite domain
by the mass within 2(¢), over which concentration is larger than c¢,,(t). Note that, in particular, this

approximation requires cps(t) > ¢, (), that is, the lower detection limit must be small compared to
the peak concentration. Under the same approximation, the variance of concentration is thus

y mc2,(t) 2Infem () /em(t)]
2(t) = 4ln[cMé\t4)/cm(t)] l\/ = 11 , (21)

plet) = (18)

g

or equivalently

t) . [2[ca(t)/cm(t)]
e N\/ M ~ 1. (22)
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Note that the mean and variance of concentration represent the mean value and the associated vari-
ability in the frequency of occurrence of concentration values found throughout the domain. They
differ from the more common metrics of mean plume position, which here is zero, and spatial or plume
variance, which here is o2(t).

3 Concentration PDF evolution under nonlinear reaction and
diffusion

In this section, we apply the concepts developed above to the single-species, one-dimensional reaction—
diffusion problem

oC(x;t)  9*C(x;t) '
o =D 5 —rlCit)], (23)

where the reaction rate as a function of concentration has the form

r(c) = ke, (24)

with 3 > 0 the order of the reaction and x the reaction rate constant in units of [C*~AT~!]. Under-
standing the role and dynamics of concentration statistics under one-dimensional reaction—diffusion
represents a fundamental first step towards treating more complex reaction problems in heterogeneous
flow fields. In this connection, we discuss the Ranz transform, which was developed to quantify mixing
and reaction in the context of turbulence and combustion problems [62, 66] and has more recently been
employed to study these phenomena in porous media [30, 67, 68]. The goal of the Ranz transform is to
exploit the fact that material elements in an incompressible flow tend to orient themselves according
to the principal directions of strain-induced stretching (Fig. 1), forming thin lamellar structures (lines
in 2D or sheets in 3D) [48, 69-74, 74-76].

Due to incompressibility, the thickness of such a material element along the principal axis of com-
pression is given by s(t) = s(0)A(0)/A(t), where A(t) is its area (or length in 2D). Assuming that local
compression is well described by a first-order Taylor expansion of the flow, and neglecting concentra-
tion gradients on the surface in comparison to normal gradients along the compression direction (, the
advection—diffusion-reaction equation becomes [30, 67, 74, 75]

aC _ ¢dsoC 92C
E__EE?C—FDTCQ_T(C) (25)

These approximations provide a very good description of transport at high Péclet number [30, 74, 75].
Applying the Ranz transform [62],

A (V) _s(0
r= [ =e¢ 2

reduces Eq. (25) to a diffusion-reaction equation in the new time 7 and rescaled transverse coordinate
&, which takes into account the history of advective deformation:

oC 0?C 2

5 = D ez Sgr(C’). (27)
Thus, the full advection—diffusion-reaction problem reduces to a collection of one-dimensional diffusion—
reaction problems over lamellae. Solving this problem remains highly nontrivial, as it requires deter-
mining the statistics of thicknesses s(¢) and those of lamella coalescence (overlapping) [30, 46, 67,
68, 77, 78], and the solution of the one-dimensional reaction—diffusion problem (27) for given s(7),
where the reaction rate becomes time-dependent according to a rescaling by s?(7)/s3. Treating the
full problem is beyond the scope of this work. Here, we restrict ourselves to the purely-diffusive case,
Eq. (23), which corresponds to setting s%/so = 1 in Eq. (27), with the power-law reaction rate (24).
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The dynamics remain nontrivial even under this simplified scenario. When the reaction is nonlinear
(order 8 nonzero and different from unity), the effective kinetics, representing the overall reaction rate
for a given amount of available mass, depend on the spatial variability of concentration. In other
words, the global reaction rate dM(t)/dt for the total mass is not given by xMP?(t), except when
B =1 or when the system is well mixed, i.e., uniformly characterized by a single concentration value.
Similar considerations apply to the reaction rate in terms of the mean concentration instead of the total
mass. Nonetheless, knowledge of the point statistics of concentration as encoded in the concentration
PDF is sufficient to fully characterize the global reaction rate, which can be obtained by integrating
Eq. (23) over the domain Q(¢). Using integration by parts, the diffusive term can be seen to contribute
2D|0C/0z| evaluated at the domain boundaries, which we neglect under the assumption of a small
lower detection limit ¢, as above, we obtain

(oo} (oo}

dM(t

dt( ) = —/dcr(c)p(c; t) = —m/dccﬁp(c; t), (28)
0 0

where in the last equality we have expressed the integral of the reactive contribution in terms of the

concentration PDF using its definition, Eq. (2).

In what follows, we will first derive a dynamical equation for the evolution of the concentration
PDF, in terms of a concentration-dependent scalar dissipation rate. We will then discuss and employ
the Gaussian spatial profile arising from the weak-coupling approximation of [7] to directly compute
the evolution of the concentration PDF using the results of Section 2.4, and compare it to the PDF
obtained from numerical solutions of Eq. (23).

3.1 Dynamical equation for the concentration PDF

The concentration PDF evolves under the combined action of transport and reaction processes. The
structure of the reaction—diffusion equation (23), where transport and reaction terms locally contribute
independently to the evolution of the concentration field, ensures that the same holds for the evolution
of the concentration PDF for each value of concentration. We thus seek to express its evolution as

dp(c;t)
ot

= App(c;t) + Apr(ct), (29)

where the two contributions respectively represent the effect of diffusion and reaction. Note that, while
this independence holds locally, the global reaction dynamics (i.e., the evolution of the total mass and
other global quantities such as the concentration mean and variance) are affected by the dynamical
evolution of the plume through the combined effect of transport and reaction. These dynamics will
be discussed in detail in Section 4 using a weak-coupling approximation. We focus in what follows on
the case of a fixed minimum detection limit ¢, and a time-varying domain Q(¢) where concentrations
are above ¢,,,. This choice avoids the introduction of an arbitrary domain devoid of physical meaning,
and corresponds more closely to real-world situations, where a lower detection limit always exists.
Nonetheless, note that the introduction of a fixed reference domain may be appropriate if one is in
fact interested in a specific spatial region, and the formalism can be easily adapted to that case.
As shown in Appendix B, the reactive contribution in Eq. (29) is given by

ar(c)p(c;t)

App(ct) = 9%

+ p(e; )p(em; t)r(em). (30)
Note that it is completely determined given knowledge of the concentration PDF and local reaction
rate as a function of concentration. The first term represents the net change in the probability density
of concentration ¢ due to reaction, and the second term guarantees the PDF remains normalized by
accounting for reactive decay of concentrations below the threshold value c,,.

It should be clear that, in general, knowledge of the frequencies of occurrence of concentration
values, as expressed by p(c;t), is not sufficient to determine their evolution under transport. This is
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because concentration fluxes due to advection and diffusion are sensitive to the spatial gradients in the
concentration profiles. Thus, without additional information, an equation for the concentration PDF,
which encodes only the point statistics of concentration, cannot be closed. However, it is possible to
express the concentration PDF’s evolution in terms of an additional mixing metric, which corresponds
to the scalar dissipation rate (see, e.g., [53, 54]),

Xa(w;t) = (VC) - (DVC), (31)

expressed as a function of concentration. We make the simplifying assumption that the initial con-
centration profile C(x,0) is symmetric about the origin and monotonically decreasing away from it
(as happens, e.g., for a Gaussian profile or a square pulse). In that case, these properties hold for all
times, so that a given concentration value is associated with a single concentration gradient magnitude,
simplifying the description. Under these assumptions, the concentration-dependent scalar dissipation
rate is given by

x(e5t) = xa[£z(c1);t] = Dgj (c;t), (32)
where the harmonic average gradient magnitude g is equal to the gradient magnitude at both points
+x. where the concentration is equal to ¢. As shown in Appendix B, we have for the transport

contribution:
] : (33)

where the first and second terms arise from the impact of diffusion on the concentration gradients
associated with a given concentration value, and the third term is due to the change in domain size
due to concentrations dropping below ¢, by diffusion.

Substituting Egs. (30) and (33) in Eq. (29), we conclude that the combined effect of transport and
reaction leads to

Op(et)  Or(e)p(et) n

10Inx(c;t) Ix(et)  10%x(et)  plemst) Ix(e;t)

4 Oc Oc 2 Oc? 2 Oc

App(c;t) = ple;t) [

19Inx(gt) Ix(et)  19°x(gt)
4 Oc Oc 2 Oc?

(- 320

ot Jdc

) p(cm; t)] p(c; t)' (34)

c=Cm

This equation shows that the dynamical evolution of the concentration PDF for this problem is fully
determined given knowledge of the local reaction rates r(¢) and the concentration-dependent scalar
dissipation rate x(c;t). The first (reactive) term on the right-hand side has the form of an advective
contribution: the reaction rate r(c) functions as an advective “velocity” (units of inverse concentration
per time) generating a net flux of probability towards lower concentrations. The remaining contri-
butions have the form of concentration-dependent sink/source terms. The first two terms in square
brackets, which are governed by the scalar dissipation rate, encode the impact on the PDF of changes
in concentration values and the associated gradients due to diffusive transport. The remaining terms
concern the reactive and diffusive fluxes of probability towards concentration values below the de-
tection limit. These affect the concentration PDF through the normalization across the remaining
concentration values, since fccf(t) dep(c;t) = 1 by definition.

As discussed in the introduction, the scalar dissipation rate has been studied in connection with
mixing in porous media. By clarifying its role in the evolution of the concentration PDF, this approach
provides a promising departure point for upscaling of reaction dynamics under transport.

4 Concentration dynamics under the weak-coupling approxi-
mation

The weak-coupling approximation developed in [7] simplifies the full reaction—diffusion dynamics of
Eq. (23) by assuming that, after a time on the order of the diffusion time, the concentration profile
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remains Gaussian as for the conservative problem, but with a spatial variance and mass that are affected
by reaction. We briefly review this approach before applying the theory and concepts developed here
to analyze the evolution of concentration statistics.

4.1 Problem setup and nondimensionalization

We will focus here, as in [7], on a rectangular pulse initial condition, corresponding to constant con-
centration ¢y = My/sg over a domain Q(t) centered at the origin and of initial width so = |2(0)|. This
setup correspond to a Dirac delta initial condition for the PDF, p(c;0) = d(c—cp). The initial condition
allows for meaningful direct comparison with the well-mixed batch problem in the domain ©(0), which
corresponds to the purely-reactive scenario in the absence of diffusion. In that case, D = 0, so that
the scalar dissipation rate xy = 0, and we denote the associated uniform solution for concentration as
a function of time as cp(t).

In addition, in order to meaningfully compare the behavior of the system across different parameter
values, it is convenient to nondimensionalize concentration according to the initial concentration cg,
position according to the initial width sg, and time according to the characteristic reaction time [7]
TR = /ﬁflc(lfﬁ . Thus, denoting nondimensionalized quantities by an asterisk, nondimensional time
is given by t./Tg, positions by x, = x/sg, and concentrations by C, = C/cg, seen as a function of
nondimensional times and positions. Functions of these quantities, such as the concentration PDF, are
nondimensionalized accordingly; further details may be found in Appendix D. In what follows, we work
exclusively in nondimensional units and drop the asterisks for notational brevity. The nondimensional
transport equation is given by

IC (z;t) 1 9%C(xst)

ot 2Da 022 rlC(z, )] (35)
where we have introduced the Damkohler number
2
TD S0
D - = —.
i ™=9D (36)

A large Damkdohler number corresponds to fast reaction compared to the diffusion time 7p associated
with the nondimensionalization lengthscale sy, and a low Damkdhler number to slow reaction. Note
that Eq. (34) for the evolution of the concentration PDF remains unchanged when all intervening
quantities are nondimensionalized.

4.2 Early times — Batch dynamics

Under the weak-coupling approximation, up to times on the order of the diffusion time, the concen-
tration distribution is approximated as not having deformed substantially with respect to the initial
condition, here a square pulse of unit width in nondimensional coordinates. Thus, up to nondimen-
sional time ¢t = Da, the system is taken to evolve according to reaction in a batch reactor. Since
variations in the spatial distribution up to this time are considered negligible and not resolved, under
this approximation the concentration PDF remains a Dirac delta for ¢t < Da, p(c;t) = d[c — cp(t)]. We
have (see also Appendix E):

dc

gf:—%. (37)
The special case § = 1 corresponds to linear reactions. Decay is then exponential, cg(t) = exp(—t).
In this classical case, reaction and transport dynamics are fully decoupled: the exact solution of the
full reactive transport problem is simply the conservative transport solution, multiplied by exp(—t) to
account for mass loss due to reaction. For nonlinear reactions, 5 # 1, integrating Eq. (37) yields

cp(t) =[1— (1- )77 . (38)

In nondimensional units, the total mass and concentration coincide for batch dynamics, because
the width of the pulse is approximated as constant and equal to the initial unit width in this time
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window. Thus, for ¢t < Da we approximate M (t) ~ cp(t). Note that for § < 1 the batch reaction is
fully depleted in a finite time

1

If t}g < Da, the full dynamics are thus simply treated as a well-mixed batch reactor.

4.3 Late times — Gaussian profile

For times ¢t < Da, [7] have verified that the dynamics are reasonably well approximated by a well-mixed
batch reactor, disregarding transport and spatial variability in concentration. We thus focus now on
times ¢ > Da, for which spatial concentration variability cannot be neglected. Starting at ¢ = Da, when
diffusion has had sufficient time to deform the concentration pulse, the weak-coupling approximation
consists in approximating the spatial profile as a Gaussian, whose properties are governed by the
combined effect of reaction and diffusion as detailed below. Consider first Eq. (34) for the dynamical
evolution of the concentration PDF. Under the Gaussian approximation, the scalar dissipation rate
can be computed analytically. From Eqgs. (12) and (13) for the Gaussian profile and (77b) for the
scalar dissipation rate, we find

x(et) = QWCM(]?;]\E[&J)W(Q/ g

Hlep(t) — c]H[e — em), (40)

where we have used Eq. (14) to express the spatial variance in terms of the mass and peak concentration.
Note that, expanding the logarithm in Taylor series for small Ac near the peak value, ¢ = cps(t) — Ac,
we find that the scalar dissipation rate approaches zero linearly with Ac. At low concentrations
compared to the peak value, it scales as ¢? with logarithmic corrections. Using Eq. (40), Eq. (34) for
the evolution of the concentration PDF becomes

ap(c;t) _ acPp(c;t) +{ 1+ 2Infep (t) /(]

ot Oc 21n[ep(t)/c]
#(1- 2w 2 ) et ”}W (1)

Consider first the conservative case, corresponding to omitting the reactive terms involving ¢” and
8. As explained above, we consider a Gaussian initial condition at ¢+ = Da, and take the detection
limit to be sufficiently low for the mass corresponding to concentrations above ¢, to be approximately
equal to the total mass for all times of interest. Then, M (t) = 1, and the peak concentration is given
by Eq. (14) with a spatial variance o?(t) = 02(0) + (¢t — Da)/ Da. Using Eq. (16) for the Gaussian
concentration PDF, it can be verified by direct calculation that Eq. (34) holds identically for all ¢ and
t. As a direct verification of the combined effect of reaction and diffusion on the concentration PDF,
consider the particular case of a linear decay reaction, r(c) = ¢, for which analytical solutions are
available. In this case, the concentration profile remains exactly Gaussian as before, but with a total
mass that evolves in time as M (t) = exp(—t). The spatial variance remains unchanged with respect to
the conservative case, and Eq. (16) remains valid with ¢z (¢) given by Eq. (14) as before. Once again,
direct computation of both sides of Eq. (41) shows that they are identical for all values of ¢ and .
Equation (41) quantifies the full evolution of the concentration PDF and sheds light on the fun-
damental governing processes. However, solving it directly is challenging. We will thus focus instead
on extending the weak-coupling approach to directly compute the concentration PDF and associated
quantities based on the evolution of the total mass M (¢) and the peak concentration cps(¢). This will
allow us to obtain additional analytical insights into the dynamics. [7] focused on the evolution of
the total mass and spatial variance. For the purpose of determining the concentration PDF, and in
particular the mean concentration above a detection threshold and the associated variability, it is more
convenient to quantify the dynamics in terms of the evolution of total mass and peak concentration,
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as the latter plays a central role (see Eqgs. (12), (19), and (21)). At time ¢t = Da, when we begin
approximating the concentration profile as Gaussian, the mass and peak are approximated as

M(Da) = cys(Da) = cp(Da) = [1 — (1 — 8) Da] 77, (42)

where cp(Da) is computed according to the batch solution (38). We note that in [7], instead of
matching the peak value to the batch dynamics at ¢ = Da, the spatial variance was set to match that
of the initial square pulse, 0?(Da) = 1/12. This leads to qualitatively similar results and makes no
difference at late times. The present choice enforces continuity of ¢ps(t) at ¢ = Da, while the previous
choice enforces continuity of o2(¢) instead. Due to Eq. (14), the approximation of a sharp transition
between batch dynamics and a Gaussian profile cannot enforce the continuity of both, and for the
current choice we have o%(Da) = 1/(2), roughly double the initial spatial variance.

The total mass dynamics are then obtained from the local reaction kinetics. That is, integrating
Eq. (35) in space for fixed time and using Eq. (12) for the Gaussian profile, neglecting mass present
at concentrations below the detection limit ¢,,, we obtain the mass evolution for 5 > 0 as

dM(t) _ MP(t) o 0152
T [2ma”(t)] 2 . (43)

In order to obtain an equation for the peak concentration, we employ Eq. (35) at = 0. This gives

dci\i/[t(t) = _2];;4(5?(75) - 054 (t). (44)

Using Eq. (14) to express the spatial variance in terms of the mass and peak concentration, we obtain

dAM(t) _ M) 54

dt = \/B M (t)’ (45&)
C '/T'C3
luld) ™ Aﬂég()t) — (1), (45D)

Note that Eq. (45a) for the overall reaction rate can also be obtained directly from the concentration
PDF by using Egs. (18) and (28). The result follows from setting ¢, = 0 in the lower integration
limit, which, for 8 > 0, is equivalent to neglecting the mass present at concentrations lower than c,,,
as was done for the spatial profile in Eq. (43). This confirms that, as expected, knowledge of the
concentration PDF directly determines overall reaction rates and mass evolution, without need for
additional detailed knowledge about the spatial profile.

Equations (45), with initial conditions at time ¢ = Da according to Eq. (42), fully determine the
evolution of total mass and peak concentration in this regime. Given knowledge of the mass and peak
concentration, the concentration PDF for ¢ > Da, based on the Gaussian assumption, is given by
Eq. (16). In the examples considered here, we fix the minimum concentration, corresponding to an
arbitrary lower detection limit, to ¢,, = 107°. Recall that, in nondimensional units, this refers to a
detection limit six orders of magnitude below the initial concentration characterizing the rectangular
pulse injection. The results are qualitatively similar for different ¢,,, so long as the peak concentration
¢ (t) remains large compared to ¢, for the times of interest. If ¢/ (t) approaches ¢, an appreciable
amount of mass loss will start occurring as it drops below the detection limit. The system will then
appear completely depleted, with all detectable mass and concentrations reaching zero.

In [7], good agreement was shown to hold between the total mass and spatial variance predicted by
the weak-coupling approximation and numerical simulations of Eq. (35). Here, we verify the predictions
of this approach, cast in terms of the total mass and peak concentration, for the full concentration PDF,
as well as the time-evolution of the associated mean concentration and concentration variance. To this
end, we first conduct resolved numerical simulations of the coupled diffusion and reaction problem,
Eq. (35). To compute the quantities associated with model predictions, we employ Egs. (45), which
constitute ordinary rather than partial differential equations and can be efficiently solved numerically.
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The numerical methods used for both these computations are detailed in Appendix C. Furthermore,
we obtain analytical predictions for late-time behaviors under the weak-coupling approximation.

In order to test the applicability of the Gaussian assumption for predicting concentration variability
at times t > Da, we note that the concentration PDF associated with a Gaussian profile, Eq. (16) can
be expressed in terms of concentrations rescaled by their (time-dependent) peak value, ¢’ = ¢/cps(t),
" H(L = ) H[ — ¢}, (0)

In[1/e, (t)]

P (c5t) = ear()plem ()5 1] = fo(c) : (46)

where ¢/, (t) = ¢ /e (t), and
1

2¢/\/In(1/¢)
The concentration PDF p’(¢/;t) of rescaled concentration is independent of time except through the
lower cutoff ¢/, (t) (on which it depends in terms of both its range and normalization). The func-
tional dependency f,(c’) on rescaled concentration under the Gaussian approximation is both time-
independent and independent of the system parameters 8 and Da. In order to compare this to the
resolved numerical results, below we compute the functional dependency according to Eq. (46), i.e., as
n[1/cl, ()]ear (E)plen (E)c; 1).

Similarly, to assess the quality of the Gaussian approximation regarding the scalar dissipation rate,

we consider the rescaled form (see Eq. (40))

fold) = (47)

Da M?(t
Vi) = 2D, e 1] = fol) O - B~ (1), (48)
mcy (t)
where the functional dependency on rescaled concentration is given by

fr(d)=c?In(1/). (49)

Below, we employ Eq. (48) to compute the functional dependency from numerical simulations, similarly
to the case above for the concentration PDF. Comparison of the concentration PDF functional forms
provides a metric for the performance of the Gaussian approximation regarding the relative frequency
of occurrence of different concentration values, and comparison of the scalar dissipation rate func-
tional forms provides complementary information about the approximation’s performance regarding
the gradient values associated with each concentration value.

As they correspond to qualitatively different regimes, we consider the cases § < 1, 1 < 8 < 3,
and 8 > 3 separately below. In what follows, we also discuss analytical approximations for late-time
behaviors. Before proceeding, we note that the starting point for these results is the fact that, for
t > Da, the concentration profile may be approximated as Gaussian with a spatial variance that
increases diffusively as 0%(¢) ~ t/ Da [7]. Substituting into Eq. (43) and solving the resulting equation,
we obtain an approximation for the mass evolution for ¢t > Da,

1

e =
M(t) ~ | M(Da)'~F — %7; :g (g;) [t*ﬂ - Da?’f}] , (50)

valid for 8 # 1,3. Recall that the case = 1, corresponding to a first-order decay reaction, can be
fully solved analytically. The case 8 = 3, which we do not analyze in detail here for brevity, behaves
qualitatively similarly to 8 > 3, although extremely slow (logarithmic) decay of mass occurs at late
times [7].

4.4 Reaction order § <1 — Full-depletion regime

For 8 < 1, reaction rates increase with decreasing concentration, leading to full depletion in finite
time. Under fully-mixed conditions, the depletion time t? is given by Eq. (39). Recall that for
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sufficiently large Da full depletion occurs before transport must be taken into account. We thus focus
on Damkdhler numbers such that Da < ¢

Under the combined effect of reaction and diffusion, mass is still fully depleted in a finite time ¢y,
different from tf. Setting M (t;) = 0 in Eq. (50) and solving for ¢, yields [7]

2
3-8

tf ~ (51)

1-8
3-8 3 — D 2
Da = +éB1§ (2:) [1—(1-B)Da]

For sufficiently small detection limit ¢,,, we expect this prediction to provide a good estimate of the
time at which the peak, mean concentration, and concentration variance reach zero. Interestingly,
the depletion time decreases with decreasing Da. This decrease is due to the fact that, because in
this regime reaction is faster at lower concentrations, stronger diffusion (smaller Da) leads to faster
depletion when compared to a system with the same reaction rate. For this reason, both mass and
peak concentration decay faster than the batch solution. In particular, for small Da < 1, we find a
simple power-law scaling with Da,

_(VB3-p TF /Da\ s
() () )

Note however that t;/Da increases with decreasing Da, meaning that with increasing diffusion the
depletion time occurs increasingly later than the time ¢ = Da at which the Gaussian approximation
kicks in.

0 ot=10Da ot=10Da s ot=1.0Da
10" F o t = 10.0Da 3 f ot=20Da N(l—c_’)_’l/ 3 fot=11Da 3
t=1.2Da

t = 30.0Da t =5.0Da

Conc. PDF dependency f,(c)
=

1 . .

10

108 10* 102 10° 10%  10* 1072 10 10%  10* 107 10°
Rescaled concentration ¢

Figure 3: Functional dependency of the concentration PDF in terms of concentration rescaled by peak
value, for 3 = 1/2 and (a): slow reaction, Da = 1072, (b): intermediate reaction, Da = 107!, and (c):
fast reaction, Da = 1. Colors stand for different times, with markers showing the results of resolved
numerical simulations of the fully-coupled reaction—diffusion problem (35). Solid lines represent the
analytical solution (47) under the weak-coupling model. The dashed lines show a pure 1/¢’ scaling for
reference at low concentrations and the scaling of the inverse-square-root divergence near the maximum
concentration value (see Egs. (9) and (47)).

To illustrate these results, we take 8 = 1/2 as a representative example. First, we compare the
functional dependency of the concentration PDF (see Eqs. (46) and (47)) under the weak-coupling
approximation to that obtained from resolved numerical simulations of Eq. (35) (see Appendix A
and Appendix C). We focus on times ¢ such that Da < t < t; (see Eq. (51)). Results for different
Damkdhler numbers and times are shown in Fig. 3. Overall, the Gaussian approximation provides good
estimates of the relative frequency of concentration values. Because, for § < 1, reaction is faster at
lower concentrations, lower PDF values compared to the Gaussian prediction are observed at low values
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Figure 4: Functional dependency of the scalar dissipation rate in terms of concentration rescaled by
peak value, for 3 = 1/2 and (a): slow reaction, Da = 1072, (b): intermediate reaction, Da = 10~!, and
(c): fast reaction, Da = 1. Colors stand for different times, with markers showing the results of resolved
numerical simulations of the fully-coupled reaction—diffusion problem (35). Solid lines represent the
analytical solution (49) under the weak-coupling model. The dashed lines show a pure ¢’ scaling
for reference at low concentrations and the linear approach to zero near the peak concentration (see
Egs. (40) and (49)).

of concentration. This discrepancy at low concentrations also leads to a corresponding overprediction
of higher concentrations, due to the normalization condition for the PDF. Although the bulk of the
mass distribution is generally well captured, as discussed below, high Da leads to significant depletion
at early times and results in a worse approximation.

Similar conclusions are reached from consideration of the functional dependency of the scalar dis-
sipation rate (see Egs. (48) and (49)), shown in Fig. 4. The Gaussian approximation again provides
good estimates, but higher scalar dissipation rates, corresponding to higher gradients, are observed at
low concentration values. The discrepancy is more pronounced in the same cases and for the same
reasons as discussed regarding the concentration PDF, although in this case normalization does not
play a role and thus no associated discrepancy at higher concentration values is observed.

Next, we turn to the evolution of the mass and peak concentration, shown in Fig. 5. As predicted
by the weak-coupling approximation, both quantities reach zero in finite time as complete depletion
occurs. However, due to the nonlinear nature of the reaction and the presence of diffusion, the peak
dynamics differ from the total mass dynamics, as captured by Eqs. (45). Note the onset of a diffusive
scaling of peak decay for low Damkdohler, showing that the dynamics are controlled by diffusion at
times ¢t ~ Da (corresponding to dimensional times on the order of the diffusion time). For late times,
as concentration becomes smaller, reaction becomes more efficient. The dynamics depart from the
diffusive scaling and full depletion eventually occurs. The slight underprediction of the depletion time ¢ ¢
by the analytical approximation compared to the numerically-computed weak-coupling approximation
results is due mostly to the breakdown of the linear variance growth approximation just before complete
depletion, as observed in [7]. When comparing the predictions of the weak-coupling approximation to
the resolved numerical simulations, we find overall good agreement. Regarding peak concentrations,
the approximation of a sharp transition between batch and Gaussian-profile dynamics at ¢ = Da
leads to some discrepancy at times ¢ ~ Da, which becomes more pronounced with increasing Da. As
the Damkdhler number increases and the depletion time approaches Da from above (t5/Da ~ 1, see
Eq. (51)), stronger discrepancies are observed for both the mean concentration and the total mass,
due to significant depletion before an approximately Gaussian profile is achieved. Nonetheless, the
predictions for t; still provide a reasonable approximation. Recall that, for higher Da > t? =2
(Eq. (39)), diffusion does not play a role before depletion the dynamics become well described by
simple batch kinetics.
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Figure 5: Temporal evolution of (a): total mass and (b): peak concentration for 8 = 1/2. Colors
stand for different Damkohler numbers, markers show the results of resolved numerical simulations of
the fully-coupled reaction—diffusion problem (35), solid lines are numerical results based on the weak-
coupling model (Egs. (45)), and dash-dotted lines show the purely-diffusive behavior. The vertical
dashed lines show approximate analytical results for the depletion time (Eq. (51)).

Note that defining a mean concentration in terms of a fixed, reference spatial region, as done
in [7], leads to a mean concentration scaling identical to that of the total mass, since in that case
(C(t)) = M(t)/|9| with constant domain size |Q|. Interestingly, when the mean concentration is
instead defined, as here, in terms of the temporally-variable region where concentration is above a
detection limit, the concentration mean and variance are instead fully controlled by the peak dynamics,
see Egs. (19) and (21). This leads also to a similar quality of the weak-coupling approximation when
compared to the resolved simulations, as shown in Fig. 6. In particular, for low Damkohler numbers,
our approach accurately predicts a transition from diffusion- to reaction-controlled dynamics, governed
by the peak behavior described above, for both the mean concentration and the concentration variance.

4.5 Reaction order 1 < § < 3 — Power-law-decay regime

In this regime, the interplay between reaction and diffusion leads to power-law mass decay at late
times. Indeed, for ¢ > Da, Eq. (50) reduces to [7]

2w 3 — 7T _ 3-8
M(t) ~ ’/ﬁa (‘/fﬁ_f) 12D, (53)

Substituting in Eq. (45b), and noting that, for 1 < 8 < 3, as the peak concentration decreases the
reactive term eventually dominates over the diffusive term, we have for late times

dem(t) 5

e~ (D). (54)
Solving this equation, we obtain the late time peak decay
en(t) ~ [(8 = 1)t) 7. (55)

This behavior is characteristic of reaction-dominated conditions, and identical to the late-time batch
dynamics, see Eq. (38). However, note that the total mass, Eq. (53), exhibits a different temporal
scaling, as it results from the reactive decay of Gaussian-distributed concentration values undergoing
diffusive spreading. This results, in contrast to the § < 1 regime, in slower asymptotic mass decay
than predicted by batch dynamics, because in this case reaction is slower at lower concentrations.
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on the weak-coupling model (Egs. (45)), and dash-dotted lines show the purely-diffusive behavior. The
vertical dashed lines show approximate analytical results for the depletion time (Eq. (51)).

We now take f = 2 as a representative example. Again, we start by assessing the performance
of the Gaussian assumption for the functional dependency of the concentration PDF (Fig. 7). The
approximation provides very good estimates of the frequency of occurrence of different concentrations.
A slight underestimation of low concentrations, and corresponding overestimation of intermediate con-
centrations, occurs at late times for large Damkdhler number. When considering the scalar dissipation
rate (Fig. 8), we again observe very good agreement, with a corresponding slight but more discernible
overestimation of concentration gradients at low concentrations. In this case, reaction is less efficient
at low concentrations, so these results are somewhat counter-intuitive. Indeed, reaction is stronger
and therefore has a more pronounced effect compared to diffusion at high concentrations. However,
when the corresponding spatial profile is compared to a Gaussian of the same variance and maximum
concentration, the latter underestimates the intermediate values but overestimates the tails. This is
illustrated in Fig. 9 for the case of Da = 10? at time ¢ = 10 Da. This effect is slight, but it is more
pronounced at the level of concentration gradients.

Next, we consider the evolution of total mass and peak concentration, see Fig. 10. The analytical
approximation captures the asymptotic scalings correctly, although it slightly underpredicts the mass
and overpredicts the peak concentration when compared to the numerically-computed weak-coupling
approximation results. These discrepancies result in this case from small corrections to the o?(t) a
t/ Da diffusive spatial variance growth approximation of [7], implicit in Eq. (50) for the approximate
late-time mass evolution. Again, the onset of a purely-diffusive scaling of peak decay is visible for low
Damkohler before the asymptotic regime is reached. The weak-coupling approximation provides very
good estimates of the resolved dynamics, even for Da ~ 1. As expected, the largest discrepancies occur
for times ¢ ~ Da, around which the approximation of a sharp transition between batch and Gaussian-
profile dynamics has the most impact. In addition, a sharp depletion of mass can be observed at
late times for the high-Da cases due to the detection limit. As expected, the transition from the
dynamics predicted by the weak-coupling approximation to this sharp depletion occurs when the peak
concentration becomes comparable to c,,.

As for the 8 < 1 case, the concentration mean and variance (Fig. 11) are controlled by the peak
dynamics, see Egs. (19) and (21). However, the changes in the size of the domain where concentration is
larger than the detection limit lead to logarithmic corrections to the purely-reactive power-law scaling
observed for the peak concentration. As for the mass and peak, the weak-coupling approximation
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concentration value (see Egs. (9) and (47)).

provides very good predictions of the full dynamics, with the quality of the approximation improving
for late times ¢t 2 10 Da. The discrepancies in the analytical vs numerical results for the weak-coupling
approximation result from the discrepancies in the computation of the peak concentration discussed
above.

4.6 Reaction order § > 3 — Incomplete-depletion regime

In this case, the substantial reaction slowdown associated with decreasing concentrations, enhanced
by diffusion-induced dilution, prevents the complete depletion of mass by reaction, even for arbitrarily
large times. Taking the limit ¢ — oo in Eq. (50) yields the leftover mass [7]

2
1+ (1 T (B —3) (27r)ﬁ_15> (8—1)Da

Substituting in Eq. (45b) as before, we now conclude that the late-time dominant contribution is
diffusive, so that

1
B—1

My ~ (56)

dem(t) mey,(t)
dt = DaMZ’

Solving this equation leads, for large times, to

e (t) wMoo\/%. (58)

As the mass becomes constant at late times, the decay of peak concentration exhibits the signature of
diffusive plume spreading. The mass in a well-mixed batch decreases asymptotically to zero, meaning
the diffusing system leads to less efficient reaction, as expected since the reaction slows down strongly
with decreasing concentration in this case. In contrast, however, the diffusion-governed peak decay is
asymptotically faster than the corresponding batch prediction, Eq. (38).

To illustrate this regime, we take 8 = 4 as a representative example. As predicted by the weak-
coupling approximation, reaction is sufficiently inefficient at low concentrations for diffusive spreading

(57)
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analytical solution (49) under the weak-coupling model. The dashed lines show a pure ¢’ scaling
for reference at low concentrations and the linear approach to zero near the peak concentration (see
Egs. (40) and (49)).

to completely arrest mass decay. This means that the system dynamics are essentially dominated by
diffusion. Correspondingly, both the concentration PDF and the scalar dissipation rate show excellent
agreement with the Gaussian prediction, as shown in Figs. 12 and 13, respectively.

Next, we consider the evolution of total mass and peak concentration, see Fig. 14. In this case, the
analytical asymptotic predictions provide very accurate estimates of the weak-coupling dynamics. As
expected from the analytical discussion, the results become indistinguishable from a purely diffusive
system for sufficiently low Da. However, when comparing to the resolved numerical simulations, we
find that the weak-coupling approximation underpredicts the asymptotic mass at higher Da. The main
reason for the discrepancy is that, because the reaction is particularly inefficient at low concentrations,
the system transitions to the Gaussian regime earlier in this case. Indeed, as shown by the dash-dotted
lines in Fig. 14, assuming the transition occurs at ¢ = Da /10 rather than at ¢t = Da leads to improved
estimates of the asymptotic mass. To obtain this prediction, we proceed as for Eq. (56) but set the
initial condition of the weak-coupling Gaussian regime at ¢t = Da /10 (see Eq. (42)), leading to

2.10%%" Da
B (1 ey <2w>ﬂ1/3> 7%

Note that the scaling of asymptotic mass with Da, and the relationship between asymptotic peak
dynamics and asymptotic mass, Eq. (58), remain unchanged.

The concentration mean and variance for this case are shown in Fig. 15. The considerations
pertaining to the 1 < 8 < 3 case regarding the scaling of concentration mean and variance in terms of
the peak concentration remain valid here, but in this case we observe logarithmically-corrected diffusive
rather than reactive scalings. Once again, the low-Da case is indistinguishable from purely-diffusive
dynamics. In addition, due to the low efficiency of reaction at low concentrations, the scaling behavior
of both mean concentration and concentration variance remains purely diffusive, even for large Da.
Overall, as for the total mass and peak concentration, the analytical approximation provides very good
asymptotic estimates of the weak-coupling approximation, but better predictions of the fully-resolved
dynamics are obtained by assuming the transition to the Gaussian regime occurs at time ¢ = Da /10
rather than at t = Da.

My =~

(59)
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profile computed from resolved numerical simulations of Eq. (35), and the dashed colored line shows
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5 Discussion and conclusions

We have presented a detailed discussion of the theoretical and numerical properties of the concentra-
tion PDF of a reactive plume evolving under the coupled action of dilution and nonlinear reaction. The
concentration PDF encodes the full point statistical variability of concentration values found through-
out a spatial domain, and is therefore of central interest to both fundamental and applied reactive
transport and risk assessment problems.

As a first step towards solving the full advection—diffusion-reaction system, we have conducted a
detailed analysis of nonlinear decay of a single solute undergoing one-dimensional diffusion. We have
shown that the weak-coupling approximation developed in [7] to quantify the evolution of total mass
and mean concentration in a fixed reference domain can be extended to quantify the evolution of
mean concentrations above a lower detection limit, along with the associated variability. In particular,
we have found that the late-time Gaussian profile approximation leads to good predictions of the
concentration PDF. Even for this simple one-dimensional diffusive system, the effective reaction kinetics
governing these quantities exhibit rich dynamics. In contrast to well-mixed batch kinetics, the decay
of concentrations at different Damkohler numbers can be dominated by diffusive or reactive effects
at different times. Late-time concentrations can exhibit complete extinction, power-law decay, or
complete arrest of reaction depending on the reaction order. The Gaussian approximation underlying
the weak-coupling approach allows us to predict the associated concentration variance. Remarkably,
the dynamics of the maximum concentration value, which provide the key control on the mean and
variance of concentrations above a given detection threshold, differ qualitatively from the dynamics of
total mass. In particular, for low Damkohler numbers, both the mean concentration and associated
variability exhibit diffusion-controlled decay for times on the order of the diffusion time, for any reaction
order. This diffusive control persists across all times and Damkdhler numbers for strongly superlinear
decay reactions (of order 8 > 3), whereas reaction is the fundamental mechanism controlling late-time
and/or large-Da dynamics for lower reaction orders.

We have also derived a dynamical equation for the evolution of the concentration PDF in the
nonlinear reaction—diffusion problem, showing that the impact of transport is encoded in the scalar
dissipation rate seen as a function of concentration. It is important to note that the generalization of
this equation to multiple dimensions, variable advection and/or diffusion tensor, and arbitrary reaction
rates, for which concentration is no longer necessarily monotonically decreasing, is not straightforward.
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Figure 10: Temporal evolution of (a): total mass and (b): peak concentration for § = 2. Colors
stand for different Damkohler numbers, markers show the results of resolved numerical simulations of
the fully-coupled reaction—diffusion problem (35), solid lines are numerical results based on the weak-
coupling model (Egs. (45)), dashed lines show approximate asymptotic analytical results (Egs. (53)
and (55)), and dash-dotted lines show the purely-diffusive behavior.

Nonetheless, we believe the approach developed here, highlighting the role of the scalar dissipation rate,
has the potential to form the basis for upscaling procedures in more complex systems. In particular, as
discussed in Section 3, the dynamics of reaction under advection—diffusion in heterogeneous flows, in
both two- and three-dimensional porous media, can be reduced to one-dimensional reaction—diffusion
equations along the principal direction of compression on a collection of lamellar structures. With this
in mind, further work will focus on the generalization of the approach developed here to the dynamics
of Gaussian profiles subject to stretching-enhanced diffusion over an ensemble of lamellae.
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A Discretization

When computing the concentration PDF numerically, discretizations are typically employed both spa-
tially and for the concentration values. As a simple example that highlights the central concepts,
consider a regular spatial discretization into a grid with constant cell volume V, with each grid cell
associated with the average concentration within it. According to the argument for constant concen-
tration regions developed in the previous section, for each fixed time t, the concentration PDF is then
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estimated as N
1 g

plest Ng) = Y dle—ci(t)], (60)
9 =1

where Ny = |Q]/V; is the number of grid points and ¢; is the average concentration in cell 4. Note that
the ¢; associated with different cells are not necessarily all different.

Further discretizing concentration into bins leads to a probability mass function with values for the
probability of concentration in each bin By = [¢(®), cF+D[, k > 0:

NEI
pit; Ng) =~ > Hlei(t) = P H[ETY — i(t)], (61)

=1

where H(-) is the Heaviside step function. This means that the probability of finding a concentration
value in bin k is the fraction of cells where the concentration falls within bin k. If we take concentration
bin widths Ac to be constant, ¢*) = kAc for k > 0, and approximate the PDF of concentration by
dividing probabilities by Ac (as in Fig. 2), we obtain

N,

N,Ac zg: Hici(t) — kAcJH[(k + 1)Ac — ¢;(t)]. (62)

ple;t; Ny, Ac) =

These discretization procedures generalize directly to a multispecies system. In that case, concentration
bins refer to the simultaneous attainment of concentration values of each species. The associated
probabilities are computed as above by counting spatial cells where these values occur simultaneously.
The procedure also generalizes directly to non-uniform and/or time-dependent spatial cell sizes and/or
concentration bins. More involved techniques employing kernel reconstructions of the concentration
field may be formalized in a similar manner [80-82].

The maximum resolution of the discretized concentration PDF described above is given by 1/(N,Ac),
and the maximum PDF value is 1/Ac. We now discuss the impact of local spatial extrema, which
can be associated with divergences of the continuous PDF as discussed in Section 2.3, on the dis-
cretized computation. It is also important to note that sources of error typically come into play in the
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Figure 12: Functional dependency of the concentration PDF in terms of concentration rescaled by
peak value, for 8 = 2 and (a): slow reaction, Da = 1072, (b): intermediate reaction, Da = 1, and (c):
fast reaction, Da = 102. Colors stand for different times, with markers showing the results of resolved
numerical simulations of the fully-coupled reaction—diffusion problem (35). Solid lines represent the
analytical solution (47) under the weak-coupling model. The dashed lines show a pure 1/¢’ scaling for
reference at low concentrations and the scaling of the inverse-square-root divergence near the maximum
concentration value (see Egs. (9) and (47)).

determination of the spatial concentration field. For example, if the latter is computed based on a par-
ticle tracking simulation of some transport and reaction dynamics, fluctuations arise due to the finite
number of particles, whereas in a standard Eulerian simulation the spatial discretization impacts the
determination of the true concentration field. We focus here on the error resulting from concentration
discretization Ac, which is dominant given a sufficiently-resolved spatial concentration field.

Consider first a region of constant concentration. A delta peak d(c—co)|€20]/|€?] in the concentration
PDF, associated as discussed above to a subdomain € of volume |Qo| where C(z;t) = ¢o, corresponds
under sufficiently fine spatial discretization to a discretized contribution |Qq|/(]€2]Ac). Thus, halving
the concentration discretization Ac leads to a doubling of the numerically-computed peak. More
generally, refining the discretization as Ac — aAc, a < 1, yields p(co;t; Ny, aAc) = ap(co;t; Ac).
On the other hand, smooth extrema correspond to divergences only for spatial dimension d = 1, for
which they lead to an inverse-square-root divergence, as shown in Section 2.3. In this case, averaging
the concentration over a range Ac near the spatial extreme value ¢q yields p(co;t; Ac) o« 1/ VAc,
so that p(co;t;alc) = y/ap(co;t; Ac). Thus, observing these behaviors in a numerical computation
is a signature of the presence of a spatial extremum, and the scaling behavior with concentration
discretization refinement indicates its type.

B Dynamical equation for the concentration PDF

In this appendix, we provide a detailed derivation of the dynamical equation for the concentration PDF
discussed in the main text, Eq. (34), by explicitly determining the diffusive transport and reaction
contributions in Eq. (29). We first consider the effect of diffusion, App(c;t). For one-dimensional
diffusion and nonlinear concentration decay, assuming a symmetric initial condition about the origin
and monotonically decreasing with distance from the latter, the spatial concentration profile retains
these properties for all times. Therefore, we have |A(c;t)| = 2 for all concentrations within the range
observed at time ¢, corresponding to the two points x = tz.(c¢;t) where C(z;t) = c¢. Furthermore, the
concentration gradient magnitude is the same at +x., so that its harmonic average is simply gy, (¢c;t) =
VC[—z.(c;t),t] = =VClxc(c;t),t]. Using Eq. (8) and the fact that |A(c;t)]| is time-independent within
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Figure 13: Functional dependency of the scalar dissipation rate in terms of concentration rescaled by
peak value, for 3 = 2 and (a): slow reaction, Da = 1072, (b): intermediate reaction, Da = 1, and (c):
fast reaction, Da = 102. Colors stand for different times, with markers showing the results of resolved
numerical simulations of the fully-coupled reaction—diffusion problem (35). Solid lines represent the
analytical solution (49) under the weak-coupling model. The dashed lines show a pure ¢’ scaling
for reference at low concentrations and the linear approach to zero near the peak concentration (see
Egs. (40) and (49)).

the concentration range observed, we can write the change in the concentration PDF as

op(e;t) [0 |Qt)] | Olngn(ct)
o~ PEl| T ot

(63)

If a fixed reference volume is considered, the term corresponding to the change of |Q(¢)| in time is
zero. As discussed in the main text, we focus here on the case of a minimum detection limit ¢, and a
time-varying domain §2(¢) where ¢ > ¢;,.

In order to compute the terms in square brackets, we consider the time evolution of quantities on
a given concentration surface (in one dimension, at the points +x.(c;t)). By definition, the change in
time of concentration over such a surface is zero, so that

OCx(c;t);t]  [Ozc(c;t) OC(x;t) n oC (x; 1)

ot | ot oz ot =0 (64)

r=xz.(c;t)

Taking into account that, at = x., 9/0x = —gp(c; t)0/de, the changes associated with transport lead
to

Ozc(c;t) 1 dx(e;t)
ot 2gn(c;t) dc (65)

where x(c;t) = xz[£zc(c;t);t] = Dgi(c;t) is the concentration-dependent scalar dissipation rate. The
same approach for the variation of the concentration gradient leads to

Ognlcit) _ _ [Ozeleit) 8°Clast) | 0 9C(x3t)

ot ot Ox2 ot Ox ’

r=xz.(c;t)

(66)

and we find

Olngp(c;it)  19%x(¢;t)  10Inx(ct) Ox(ct)

ot 2 92 4 Oc dc

The change in domain volume Q(t) = 2z.(c,;t) due to dilution of concentration below the detection
limit ¢,,, obeys

(67)

Q| _ , Oe(emst)

ot ot (68)
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Figure 14: Temporal evolution of (a): total mass and (b): peak concentration for = 4. Colors
stand for different Damkohler numbers, markers show the results of resolved numerical simulations of
the fully-coupled reaction—diffusion problem (35), solid lines are numerical results based on the weak-
coupling model (Egs. (45)), and dashed lines show approximate asymptotic analytical results (Egs. (56)
and (58)). Dash-dotted lines show analytical results assuming the transition to the Gaussian regime
occurs at time ¢t = Da /10 rather than at ¢ = Da (Eq. (59)).

Using Eq. (65), this leads to

ot gn(cm;t)  Oc B ’
so that, dividing through by |Q(¢)| and using Eq. (8),
Ol |Q(t)]  plem;t) Ox(e;t)
ot N 2 oc B (70)

Using Eq. (63) for the transport contribution, these results lead to

4 Oc Oc 2 Oc? 2 Oc

10Inx(c;t) Ox(et)  10x(et)  plemst) Ix(e;t)

App(e;t) = ple;t)

]. (71)

We now turn to the reaction term, Apgr. Consider a small change dc in the concentrations due to
reaction only, over a small time interval dt. The probability p(c;t + dt) de of finding concentrations in
the infinitesimal vicinity de of ¢ decreases due to reaction at rate r(c) away from ¢, and increases due
to decrease in nearby concentrations towards c. Thus,

[p(c;t + dt) — p(e;t)] de = ZS[T(C + de)p(c + de;t) — r(c)p(c; t)] dt. (72)

j=1
Expanding the first term on each side in Taylor series, and dividing through by dt and dc, we obtain

dp(c;t)  Or(c)p(c;t) . (73)

ot Oc

When a fixed minimum concentration detection limit is considered, as discussed above, it is necessary
to take the change in volume (in one dimension, length) |2(¢)| due to reactive decay of the minimum
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Figure 15: Temporal evolution of (a): mean concentration and (b): concentration variance for 8 =
4. Colors stand for different Damkohler numbers, markers show the results of resolved numerical
simulations of the fully-coupled reaction—diffusion problem (35), solid lines are numerical results based
on the weak-coupling model (Egs. (45)), and dashed lines show approximate asymptotic analytical
results (Egs. (19) and (21), using Eqgs. (56) and (58) for the peak concentration). Dash-dotted lines
show analytical results assuming the transition to the Gaussian regime occurs at time ¢ = Da /10
rather than at t = Da (Egs. (19) and (21), using Egs. (58) and (59) for the peak concentration).

concentration into account. Using the same techniques as before, we obtain for the change in the
domain size due to reaction: o1 [0()|
n |$2(¢
Y 7p(cm§ t)r(cm)' (74)
ot
Thus, the complete effect of reaction is

Ir(c)p(c;t)

Apgr(ct) = 9%

+ ple;t)p(em; t)r(cm)- (75)
Note that integration of the right-hand side from ¢ = ¢,, to ¢ = oo yields zero, which ensures the
reactive contribution conserves probability for arbitrary r(c). Substituting the effects of transport
and reaction, Egs. (33) and (33), in Eq. (29) leads to the dynamical Eq. (34) for the evolution of the
concentration PDF under one-dimensional diffusion and nonlinear decay.

C Numerical methods

In this appendix, we provide details on the numerical methods used to integrate the weak-coupling
equations (45) and the reaction—diffusion equation (35). Regarding Eqs. (45), which are ordinary differ-
ential equations, we implemented a standard fourth-order Runge—Kutta method in the C++ language.
This method was chosen for its simplicity of implementation and high accuracy, and also because, as
an explicit method, it provides a convenient approach to integrate these nonlinear equations without
requiring numerical root-finding methods. We employed a time step At = 1072 min{Da, 1/ Da} for
the temporal discretization, which we verified led to consistently converged results.

For the fully-coupled reaction—diffusion problem, Eq. (35), we employed the py-pde open-source
Python package for solving partial differential equations [79]. We used a regular finite difference
discretization of a one-dimensional domain of half-width L and second-order centered differences for
the spatial derivative approximations. For the time integration, we employed an explicit Forward
Euler scheme. We set reflecting boundary conditions at the edges of the computational domain, but
we verified that the latter was sufficiently large that no appreciable mass reached the edges, rendering
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Table 1: Discretization parameters used in computing solutions of Eq. (35) to determine the mass and
concentration peak, mean, and variance. For these computations, we employed a temporal discretiza-
tion At = amin{Da,1/Da} and a spatial discretization Az = by/At/Da. The corresponding values
of (a,b) for different reaction orders 5 and Damkohler numbers Da are given in the table.

B\ Da 102 1071 10° 10! 102
1/2 (1074,1) (1074,1)  (5-1077,1) - -
2 (1072,1) (1072,1) (1072,1) (1071,2) (10,4)
4 (1073,1) (1072,1) (1072,1) (1071,1) (1071, 1)

Table 2: Discretization parameters used in computing solutions of Eq. (35) to determine the concentra-
tion PDF and scalar dissipation rate. For these computations, we employed a temporal discretization
At = amin{Da, 1/ Da} and a spatial discretization Az = y/At/Da. The corresponding values of a
for different reaction orders § and Damkohler numbers Da are given in the table.

B8\ Da 102 107! 10° 10! 102
1/2 10~4 10~4 5-1076 - -

2 10-3 — 10~* - 1072

4 1074 - 1074 - 1071

the choice of boundary conditions irrelevant. Since the late-time variance growth is approximately
diffusive, L = 104/t,,/ Da, where t,, is the maximum simulation time, may be used as a simple
estimate of necessary domain size. However, because of the lower detection limit ¢,, = 107 used in
the computation of the quantities of interest, we found that in practice it was never necessary to use
L > 1500 for the simulations conducted here. We note that, for 5 < 1, where complete depletion of
concentrations can happen in finite time, the increase of reaction rates with decreasing concentration
values can lead to numerical issues, because very low concentrations can drop below zero within a time
step. We avoid this issue by setting negative concentrations to zero before computing reaction rates.
We chose the spatial and temporal discretizations so as to ensure good accuracy while maintaining
reasonable simulation times. The discretization parameters for different system parameters 8 and Da
are summarized in Table 1 for the mass and concentration peak, mean, and variance calculations, and
in Table 2 for the concentration PDF and scalar dissipation rate.

The concentration PDF was obtained by counting discretized spatial locations where the concen-
tration value fell within prescribed bins (see also Section A). In order to accurately resolve both low
and high concentrations, we employed n, logarithmically-spaced concentration bins for concentrations
between the lower detection limit ¢,, and 2¢ps(t)/3, where the time-dependent peak value cps(t) was
determined from the numerical concentration profiles, and ny linearly-space bins for the remaining
concentrations between 2cps(t)/3 and cas(t). For the lower, intermediate, and higher time examined
in each case, we employed (ng,np) = (20,10), (15,8), and (10, 6), respectively. The scalar dissipation
rate was calculated according to Eq. (77b) by numerically computing the spatial derivative at each dis-
cretized spatial location (in the rising limb of the symmetric concentration profile), using second-order
central differences. The corresponding concentration values at each spatial location were recorded and
used to obtain the scalar dissipation rate as a function of concentration.
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D Problem setup and nondimensionalization

This appendix provides additional details on the nondimensionalization used in Section 4. Denoting
nondimensionalized quantities by an asterisk, we have
C(So+, TRtx)

Cy(zy;ts) = S e— ru(cy) = Z—IZT(COC*) =" (76)

o L . . _ 1— P . .
where the characteristic reaction time 7 = k7 '¢; # The minimum and maximum concentrations
ey (t) and ¢, (t) are normalized in the same manner. Similarly, the nondimensional spatial variance
02(t.) = 0?(7rt.)/s3. The concentration PDF and scalar dissipation are then nondimensionalized

accordingly as

P«(ca;ti) = cop(cocs; Trtx), (77a)
TR 1 OC, (T4, t4) 2
X (C ) C% X(COC " ) 2Da ( O, zx=zc(c)/s0 ( )

with the Damkohler number Da = 7 /7g.
Note that, in nondimensional units, the pulse initial condition is given by a unit-width rectangle
centered at the origin,
Cu(r4;0) =H (1/2 —z,) H (1/2 + x.), (78)

which implies p.(c.;0) = d(c. — 1). The batch concentration cp(t) for the well-mixed problem is
nondimensionalized as above, and cp.(0) = 1.

E Batch dynamics

Here, we provide some details on the equations governing the well-mixed batch problem discussed in
Section 4 and its relation to the concentration PDF. Noting that p(c;t) = d[c — c¢g(t)] for the batch
problem, where cp(t) = C(x;t) is the homogeneous concentration over the domain, and assuming
cp(t) > cm, Eq. (34) becomes

Op(c;t) _ or(e)p(c t). (79)

ot oc

Multiplying through by ¢ and integrating over ¢ (using integration by parts on the right hand side),
we recover the standard well-mixed rate law for the batch concentration as a function of time,

dCB(t) .
B2 — rles (1) (80)

Substituting Eq. (76) for the rate yields Eq. (37).

Once cp(t) drops below ¢, at some time ¢,,, the domain Q(¢) where concentrations are above this
detection limit becomes empty, and the concentration PDF becomes ill-defined. By convention, we
can set cg(t > t,) = 0 and p(c¢;t > t,,) = 6(c¢), which conveys the meaning that concentrations are
zero everywhere (below the detection limit).
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