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Recent studies show that an intermediate mass black hole (IMBH) may develop a dark matter (DM)
minihalo according to some BH formation scenarios. We consider a binary system composed of an IMBH
surrounded by a DM minispike and a stellar mass object orbiting around the IMBH. The binary evolves due to
gravitational pull and dynamical friction from the DM minispike and backreaction from its gravitational
wave (GW) radiation which can be detected by future space-borne GW experiments such as eLISA/NGO. We
consider a single power-law model for the DM minispike which is assumed to consist of nonannihilating DM
particles and derive GW waveforms including the DM effects analytically. We demonstrate that a detection of
GWs from such a binary with eLISA/NGO is affected by the DM effects and enables us to measure the DM
minispike parameters accurately. For instance, in our reference case originally advocated by Zhao and Silk
[Phys. Rev. Lett. 95, 011301 (2005)] and Bertone et al. [Phys. Rev. D 72, 103517 (2005)], we could
determine the power-law index a of the DM minispike radial profile with a 1o relative error of 5 x 107
for a GW signal with signal-to-noise ratio 10 and assuming a five-year observation with eLISA. We also
investigate how accurately the DM parameters can be determined for various values of the slope of the DM
minispike and the masses of the IMBH-stellar mass object binary surrounded by the DM minispike. We
find that the power-law index a is measurable at 10% level even for a slightly flatter radial distribution of
a ~ 1.7. We clarify that the larger masses of the IMBH and the stellar object lead to the worse measurement

accuracies of the DM parameters because the number of GW cycles becomes smaller.

DOI: 10.1103/PhysRevD.91.044045

I. INTRODUCTION

There is much reliable evidence for the existence of
dark matter (DM) which is mainly associated with the
missing mass problem. Astronomers and particle phys-
icists seek to probe DM properties by direct laboratory
experiments or indirect observations [1]. Indirect tech-
niques include efforts to detect gamma rays from DM
annihilation using telescopes such as the Fermi Large
Area Telescope (Fermi-LAT, [2]), the Major Atmospheric
Gamma-ray Imaging Cherenkov (MAGIC) telescope [3],
the High Energy Stereoscopic System (H.E.S.S., [4]) and
the Very Energetic Radiation Imaging Telescope Array
System (VERITAS, [5]) (see, e.g., [6] for a review).

It was first suggested by Gondolo and Silk [7] that
adiabatic growth of a BH at the center of a DM halo whose
density had a singular power-law cusp p(r) o r™%i with
0 <y <2 led to a high-density DM region around the
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central BH, pyie(r) & r™® with 2.25 <a <2.5. This
region is called a DM spike. Inside the spike, DM
annihilations are enhanced and produce the strong
gamma-ray photon flux which could be detectable to the
telescopes mentioned above.

However, subsequent studies pointed out that this spike
could be weakened by dynamical processes such as
mergers of host galaxies, subhalo accretion and passing
of molecular clouds [8-12]. These processes transfer
energy to the DM particles and destroy the structure of
the DM spike. Then the annihilation rate in the spike is
smaller than predicted in [7] because it depends on the line-
of-sight integral of the squared density of the spike. If
supermassive black holes (SMBHs) have experienced
mergers, they are unlikely to have surviving spike structure.
Even this, however, is controversial because of the uncer-
tainty in whether the final parsec problem for SMBH
mergers has been resolved phenomenologically [13] or
even theoretically [14]. On the other hand, formation
scenarios of intermediate-mass black holes (IMBH) which

© 2015 American Physical Society
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allow DM minispikes have been proposed [15,16]. If the
IMBH have never experienced mergers in the past, the DM
minispike around the central IMBH is likely to survive.

IMBHs may exist in our Universe [17-19], and even
several hundreds would reside in the halo of the present-day
Milky Way galaxy [20,21]. Those IMBHs in globular
clusters are recognized as promising sources for the evolved
Laser Interferometer Space Antenna (eLISA) [22]/the New
Gravitational Wave Observatory (NGO) [23] and DECi-
hertz Interferometer Gravitational Wave Observatory
(DECIGO)[24].

In our previous work [25], we demonstrated that a very
tiny effect such as the gravitational pull of a DM minispike
around an IMBH indeed affects detectability of GW by
eLISA, and thereby we could infer presence or absence of a
DM minispike around an IMBH using GW. Specifically,
when a stellar mass object inspirals into the central IMBH, it
is affected by the gravitational force of not only the central
IMBH but also the minispike. Therefore, the inspiral GW is
modified by the minispike around the central IMBH. We
found that the very tiny effect from gravitational pull of a
DM minispike could have a large impact on detectability of
the GW, thanks to the huge number of orbital cycles which
the binary experienced in the eLISA detection frequency
band. We also found that GW detectability strongly depends
on the density profile of the DM minispike.

In this paper, we extend our previous work in the
following way. We again consider GWs emitted from a
binary system consisting of a stellar mass object and an
IMBH harbored in a DM minispike, and calculate the GW
waveform including the effect of both the gravitational
potential and the dynamical friction on the falling stellar
mass object in the DM minispike. Furthermore, we inves-
tigate how accurately the DM parameters are determined by
the GW observations. We find that the DM information
contained in the waveform can be extracted with very good
accuracy by GW observations if the central IMBH has a
steep density minispike. We also investigate how the
detection accuracy of the DM parameters changes depend-
ing on the masses of the binary components and the density
profile of the DM minispike such as the power index and
overall normalization.

Recently Macedo et al. made clear the importance of the
dynamical friction on the GW waveform in a quite different
context from ours, namely, a stellar mass object falling in a
compact configuration of DM clouds [26]. Also, Barausse
et al. has given a wide survey on astrophysical environ-
mental effects on GW signals using order of magnitude
estimates, concluding that astrophysical environmental
effects such as accretion disks, magnetic fields, and DM
halos do not obscure gravitational wave astrophysics, e.g.,
precision measurements of binary masses and tests of
general relativity [27] (see also [28]). To indicate one
exception, our paper shall clearly show that, in the recently
advocated DM minispike scenario, environmental effects

PHYSICAL REVIEW D 91, 044045 (2015)

do affect GW detectability [25] and we can measure DM
properties quite accurately from eLISA GW detection,
which will be shown through a detailed study using a
matched filtering technique and Fisher matrix analysis.

The rest of the paper is organized as follows. Section II
presents the DM minispike model and candidates for the
stellar mass object. In Sec. III we derive the GW waveform
from the system which we consider, and the observational
errors of the waveform parameters are calculated in Sec. I'V.
Finally, our conclusions are given in Sec. V.

II. MINIHALO MODEL

In this section, we provide a model of DM minihalo to
evaluate the effect of the DM minihalo on GW observa-
tions. The DM halo profiles have been investigated via
cosmological N-body simulations. Navarro, Frenk and
White (NFW) have pointed out the existence of a universal
density profile for DM halos and proposed the NFW profile
[29]. Later work shows that the inner slope may be different
from the NFW one and may not even be universal [30].
More recent simulations have suggested that alternative
models such as the Einasto model could be better-fitted
than the NFW one [31]. However, the DM profile in the
vicinity of the central BH has yet to be investigated due to
the lack of the resolution in N-body simulations. To handle
the DM minihalo profile around the BH, we put the
following two assumptions on the DM profile. The first
is a single power-law model of a DM minispike. The
second is that normalization factors of the DM minispike
are set through the NFW profile for simplicity. Therefore,
we consider various values of the slope of the minispike
with the fixed normalization factors computed based on the
NFW profile. The result we will present later in this paper
can be easily extended to other DM profiles just by changing
the normalization factors as long as the inner DM profiles
can be approximately described by a single power law.

A. Initial DM minihalo profile

We assume that the initial DM minihalo profile which
leads to the DM minispike after the adiabatic growth of the
IMBH is approximately described by the NFW profile [29]

_ Ps
) = G W

where r is the radius, p is the mass density and the sub-
script “s” stands for the scaling. The NFW parameters p;
and r, are related to the cluster mass and concentration
parameters by

47
Mvir = ?Avirgm (Zf)/)cri(zf)rgip (28_)
AP (D)
Ps = vireem \Zf )Peri\Zf ) Clips
3f(ewr) foren
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where ¢, = ry,/r; and ry;, is the virial radius and M,
is the virial mass of the cluster, z; is the formation redshift
of the cluster, Q,, is the matter density parameter, p.; is
the critical matter density of the Universe and the function
f(x) is the volume integral of the NFW profile f(x) =
In(1+x)—x/(1+ x) (see, e.g., [32]). We used the fitting
formula given by [33] for the parameter A.;: A, =
1877 (1 + 0.40930%,)°%?) where wy;, =1/Q,,(z¢)—1 [33].
The mass-concentration relation is taken from [34] which
fits the profiles of the clusters of galaxies obtained in their
N-body simulations. This result for clusters of galaxies may
or may not apply for the minihalo. In any case, concen-
tration parameters between O(1-1000) lead to qualitatively
similar results and are given by the following relation.

€200 = Az00(M00/ Mpiyor) P20 (1 4 z4) 20, (3)

where we assume (A, Bago. Ca00- Mpiver) = (5.71,
—-0.084,-0.47,1.0 x 10'*h~'M) from the result of
[34]. The parameters A,y, and so on may be appropriately
used when the overdensity A,;. equals 200. However, we
here assumed A,y = A,;; and so on for simplicity.

As will be shown later, the GW waveform depends on
the DM minispike slope a and some combination of the
radius at which the minispike is established, Tps and the
DM density there, pg,. Under the assumption of adiabatic
growth, while the final power-law index of the DM
minispike, a, depends on the power-law index of the initial
inner DM profile, the latter two depend on p,, r, and a. For
concreteness, we adopt M ;, = Mpy = lOﬁMo, zy =201n
Egs. (2a), (2b), and (3) [15,16] and find c,; = 6.6,
ry = 23.1 pc, and p, = 3.8 x 1072 g/cm>.

B. DM minispike profile

We proceed to discuss the DM profile of the minispike. If
the DM minihalo initially has a cuspy profile p(r) o r~%ni
with 0 < a@;,; < 2, then the adiabatic growth of the central
IMBH produces the DM minispike. Hence, the dark matter
profile becomes [7,35]

1 r), r i S r S rb )

,ODM(V) _ {pspke( ) ( min p) (4)
pNFW(r)’ (rsp < I’),
with
Tep \ ¢
pspike(r) = Psp 7 ’ (Sa)
9 — 2a,;

_ ini , 5b
“ 4 — aip; (50)

where pg, is the normalization constant and r, is empiri-
cally defined by rg, ~ 0.2r),. The radius ry, is the distance
of the gravitational influence of the central IMBH with
the mass Mpy and is approximately obtained by
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M(< r,) =4n ;" ppm(r)r’dr = 2Mgy [36]. The slope
of the DM minispike takes the value 2.25 < a < 2.5 for
0 < a;; < 2. In the case of an initial NFW profile, a;,; = 1,
this gives rise to a = 7/3. If the initial profile of the
minihalo is a uniform distribution, then the final profile
after the adiabatic growth of the IMBH would become a
more gentle pyie(r) o (r/r,) ™% [9,37,38].

It is important to note that the final profile of the DM
minihalo depends on the formation history of the central
IMBH. If the IMBH has experienced disruptive processes
such as mergers in the past, the minispike would be
weakened or disappear. For this reason, we do not specify
the value of the power-law index a of the DM minispike
and treat it as a free parameter within the range 0 < a < 3.
In the following, even if a < 2.25, we will still call the
DM distribution close to the central IMBH described by
Eq. (52) “a DM minispike” for the sake of simplicity.
Indeed we will see that the “DM minispike” leaves its
signature in the GW waveform when a 2 1.7, but certainly
does not when a = 0. We will also assume different values
of p, to study how the ambiguities in p, and r; mentioned
above affect our results. Finally, we take r,;, to be the
innermost stable circular orbit (ISCO) of the central IMBH,
Fmin = T1sco = 6GMpgy/c?. It may be more precise to use
4GMagy/c? [39], but such a change of r,,;, does not alter at
all the measurement accuracy of the DM parameters shown
below. The parameters of the DM density profile are
summarized in Table I below.

C. Candidate for a stellar mass object

Before moving onto the calculation of the GW wave-
form, we discuss what can be a candidate for a stellar mass
object. Let us consider a stellar mass object with mass p
denoted by A, orbiting around an intermediate mass black
hole B with mass Mpy. We consider the inspiral up to the
innermost stable circular orbit rgco:

6GMyy
rsco = 5 =
C

M
9x103km( B ) (6)
10°M

TABLE 1. Our reference model parameters of the IMBH, the
DM minihalo and the DM minispike. Mpy: The total mass of the
minihalo, Mpy: the mass of the central intermediate mass black
hole, z;: the formation redshift of the minihalo, cy,: the con-
centration of the minihalo, r,;: the virial radius of the minihalo,
ry: the NFW rg parameter of the minihalo, p,: the NFW p
parameter of the minihalo, r,: the radius at which Mpy(r,) =
2Mpgy, rgp: the radius where the spike forms (estimated by
rep = 0.2ry), and pg,: the minihalo mass density at rg,.

Mpym Mgy Zf Chalo Tyir
10°M 10°M,, 20 6.6 1526 pc
s Ps T T'sp Psp
23.1pc 38x10722 g/em® 1.65 pc 0.54 pc 226M/pc?

044045-3



EDA et al.

Hence, the object A should have a radius smaller than at
most 9 x 10° km. At the same time, the tidal radius of A
orbiting B at the orbital radius of rigcq is

1/3
LA idal = T1sco ( Mﬂ )
BH

=9 x 10?> km . VA Mn )T (M .
IMg 10°M 10°M

(7)

Hence, this object must be either a black hole or a neutron
star. Alternatively, if we assume A to be a white dwarf of
radius [, = 10000 km or a sunlike object of radius
I, = 10° km, the innermost orbital radius should be
replaced by the radius below which the object A is tidally
destroyed:

Mg\ /3
Tidal = | —— Ly
U

1/3 -1/3
=3x 1077 pc AgBH s La .
10°M, 1M 10° km

(8)

As will be stated, we will consider the orbital radius of
order 108 pc or less, so we cannot assume our stellar mass
object to be a normal star with radius ~10° km. A white
dwarf may be an interesting candidate since an electro-
magnetic counterpart may be expected when it is tidally
disrupted (e.g., [40-42]). Yet, here in this paper we assume
aneutron star or a black hole when we refer to a stellar mass
object.

III. GW WAVEFORM

A. Equation of motion for the stellar mass object

Let us consider a binary system which involves a small
compact object with a mass of y = 1M and an IMBH
with a mass of Mgy = 10°M. The mass of the stellar
mass object u is much smaller than the mass of IBMH
Mgy. So the reduced mass is approximately equal to u and
the barycenter position is approximately equal to the
position of the IMBH. By adopting a reference frame
attached to the barycenter, the equation of motion of the
radial relative separation between the stellar mass object
and the IMBH describes the motion of the former and is
given by

dzr GMeff F l’lz
TR et

©)

where / is the angular momentum of the stellar mass
object per its mass, and M. and F are defined by
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Mgy — Mpm(< T Tmin <7< Ty),
Meff _ { BH DM( mm) ( min Sp) (108.)
Mgy (r < Tmin)5
_ { r?n_it?MDM(< rmin) (rmin <r< rsp)a (IOb)
0 (}" < rmin)'

The mass Mpy (< Fpin) denotes the DM mass contained
within the ISCO and is defined as Mpy (< rpin)=
4rrdpsprind/(3 —a). The first term on the right-hand
side of Eq. (9) describes the gravitational potential of
the effective mass of the central IMBH which is
modified by the DM due to the absence of the DM
within the ISCO, the second term accounts for the DM
effect, and the third term represents a centrifugal force.
Here the dynamical friction force and the GW back-
reaction force are neglected because these effects are
much smaller than the gravitational potential of the
IMBH. We will introduce these effects to include an
adiabatic evolution of the orbital radius in the next
subsection.

We assume that the stellar mass object orbits in a
circular manner for simplicity. The orbital radius R is
obtained by solving d@’r/dt* = 0 in Eq. (9). The orbital
frequency w, is related to the angular momentum % by
Rwg, so we get

GMys  F\'/?
a)S:< R3 +F> . (11)

When a DM minispike is not present around the IMBH,
F—0 and Mg — Mgy, so Eq. (11) leads to the
Kepler’s law w? = GMgy/R>.

B. Energy balance equation

In this subsection, we introduce the GW backreaction
and the dynamical friction into the stellar mass object’s
orbit by taking the energy balance equation into account.
When the stellar mass object orbits around the IMBH, a
part of its energy E,u,; is converted into GW emission
loss Egw and dynamical friction loss Epg. Thus, the
following energy balance equation is satisfied:

dEwi  dEgw  dEpgp
_ — . 12
dt dt * dt (12)

As we will see in this subsection, this energy balance
equation gives the time evolution of the orbital radius.
The resulting orbit can be regarded as a quasicircular
orbit because of the smallness of these dissipative
effects.

The orbital energy E 4 is the sum of the kinetic energy
and the gravitational potential of the stellar mass object, so
we can calculate E; using Eq. (11),
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E. 1, GuM 1 uF
orbit — E/’“j - R 2 _ qR*2
_ GuM ¢ 4—a pF

2R ' 2(2-a)R*?’

(13)

where v is the orbital velocity. When we consider the
evolution of the radius R, dR/dt does not vanish. So the
time derivative of Eq. (13) gives the following equation:

dEymi  (GM g
dt  \ 2R? 2

4—-a F) dR (14)

R )

To the lowest order in the post-Newtonian expansion, the
gravitational radiation energy is given by the quadrupole
formula. We apply the formula to the circular Newtonian
binary and obtain

dEqy _ 326y
dt 5 ¢

When the stellar mass object moves through the cloud of DM,
it gravitationally interacts with DM particles. This effect is
called dynamical friction, sometimes referred to as gravita-
tional drag which was first discussed by Chandrasekhar [43].
Because of dynamical friction, the stellar mass object running
through the DM halo is decelerated in the direction of its
motion and loses its kinetic energy as well as its angular
momentum. The dynamical friction force is given by fpr =
4rnG**ppy(r) In A/v? where v is the velocity of the stellar
mass object [44]. The Coulomb logarithm A is defined by
A 2 bya v/ (Gu) where by, is the maximum impact
parameter and vy, is the typical velocity of the stellar mass
object. We take In A = 3. From the expression of the
dynamical friction force, we obtain the friction loss,

Ra$. (15)

dt

2
= vfpr = 471'G2ﬂm)TM(r)ln A. (16)

To find the numerical solution of the energy balance
equation (12) easily, we introduce a dimensionless radius
parameter x defined by

x=¢!/CG-9R, (17)
with
F
&= . 18
GMeff ( )

Using the above definition of x, the energy balance
equation (12) can be rewritten in the form of the differential
equation of x with respect to time ¢ as

dx (14 x3)3
- ¢
dt Y431 + (4 — a)x>]
1
— CDF (1+ xS—a)l/z[l +(4- a)x3—a}x—5/2+a’

(19)
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256 (G, GM i\ ?

CpF = (8ﬂG2ﬂpsp rgp In A) (GMeff)_3/28<2a_3)/[2(3_a)] .
(20b)

The coefficient cgy is related to the gravitational radiation
energy and the coefficient cpg is related to the dynamical
friction. In the case of the initial NFW profile, a = 7/3, the
coefficients cgw and cpp are cgy = 2.0 x 10731 /year],
cpr = 2.1 x 1078[1 /year]. Note that the dynamical friction
coefficient cpr is much larger than the gravitational
radiation coefficient cgw-

C. GW waveform

The GW waveform from the binary composed of two
compact objects with masses y and Myy is given by

B 14G/Ja)%R2 1 + cos’t

hy(t) = D A 5 cos (wgwt), (21a)
1 4Guw?*R?
h (1) = Bﬂi?coszsin (wewt).  (21b)
C

where D is the distance to the source (luminosity distance
for a cosmological source), R is the orbital radius, 1 is the
inclination angle, which is the angle between the line-of-
sight and the rotational axis of the orbits, and wgyw is the
GW frequency which is given by wgw = 2w, [45].

The waveforms Eqs. (21a) and (21b) are derived on the
assumption that the motion of the source is described by a
circular Newtonian orbit. But in fact, the radius R and the
frequency @, are not constant because the orbital energy
E ;i decreases gradually due to both the dynamical friction
and the GW backreaction. Including these effects, the orbit
shrinks adiabatically and becomes a quasicircular orbit. So
the radius R and the frequency @, should be replaced by
R — R(t), w, — w,(1), and the phase wgyw should also be
replaced by wgwt — ®() as defined by Eq. (22¢) below.
Thus, the GW waveform is expressed by

N 1 4Guw,(1)*R(1)* 1 +cos21C

() = O TROTTE O o o), 220
ho(f) = %wm ssin[0(7)],  (22b)
B(1) = / - (22¢)

In order to discuss detectability and parameter accuracy in
GW observations, it is convenient to work in the frequency
domain. The Fourier transformation of the GW waveform
is given by

044045-5
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P (f) = / ® by (e s, (23)

where f is the GW frequency. For simplicity, we consider a
GW coming in the detector from the optimal direction for +
mode. In such a situation, detector pattern functions are
F, =1and F, = 0. So the response of the detector to the
GW is h(f) = h_(t). Using Eq. (22a), we rewrite the GW
waveform as

h(t) = A(tret) cos (I)(tret)’ (243)
> (1)R? 2y
Al) = %4G/4 AC(I)R (1)1 +§os , (24b)

where A(7) is the time-dependent amplitude, and ®(7) is
the time-dependent GW phase. In the above equations,
we have introduced the retarded time f,, =t— D/c. At
the frequency of interest, the time-dependent amplitude
A(t) varies slowly, while the time-dependent phase ®(7)
varies rapidly. So, the Fourier transformation of the GW
waveform can be calculated approximately using the
stationary phase method. In this method, the rapidly
oscillating term is neglected and only the slowly oscil-
lating term survives. Then the GW waveform in the
Fourier domain becomes

() = 2 eM0A() [%] T e
W(r) = 27zf§+ B()- . (25b)
(1) = 2zf1 — B(1), (25¢)

where the time ¢ is related to frequency by 2zf =
Wy, (1) [46].

As we will discuss in Appendix A, the GW waveform
Egs. (25a), (25b) and (25c¢) can be rewritten explicitly in the
frequency domain as follows:

h(f) = AFTI0eM DR IK (x) (14 2 ()], (26a)
5\72 1 ¢ (GM/\5°1 + cos*t

A= (ﬁ) m5< & ) ;o (a60)

U(f) = 2affo— @~ T-B().  (260)

- 10 /82GM \~5/3 ro 1172
w0 =3 (55) [ [ e

;o 2
—I—A df f—’8/3K(1 +EJ)]’ (26d)
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4xll/2—a

J(X) = m N (266)
(1 + X721 4 ax®=/3)
K(x) = T @- a)x3_" , (26f)
x = (6e)V/ (@3, (26g)
C;[Me (3-a)/3
o= () 2o

where A is the overall amplitude, M, is the chirp mass
defined by M, = u>SM>2 7. is the sum of the binary
coalescence time ¢, and D/c, ®. is the phase at coales-
cence, a is the power-law index of the DM minispike, ¢ is
defined by ¢ = cpp/cqw- 0 is a new frequency variable, x is
defined in Eq. (17), and ¢ is defined by Eq. (18). The DM
information is encoded in the waveform Eq. (26a) through
K(x), J(x), x, ¢ and M. So if we take K(x) — 1, y - 1,
¢ — 0, M. - Mgy, then Eq. (26a) becomes the waveform
without the DM shown in Eqgs. (A15a)—(A15d).

D. d¢ expansion

As we will discuss in the next section, we consider a five-
year observation by eLISA which corresponds to
f 2 1073 Hz. In this setup, e < 1 is satisfied. For exam-
ple, we get 6e = 3.5 x 10~ fora = 7/3, f = 0.01 Hz, u =
LM and the parameters pgp, ry,, and Mpy listed in Table L.
So the product d¢ can be treated as a small dimensionless
expansion parameter. Note that € is of the order of 1 but § is
much smaller than 1 at the frequency of interest. The
product de represents deviations from the case without
the DM minispike. Since the measurement errors of the
physical parameters contained in the GW are much more
sensitive to the GW phase rather than its amplitude, we
expand the GW waveform A(f) up to the first order in S¢ in
the phase and up to the zeroth order in the amplitude. Using
an expansion of y in Je,

1. 2-
)(:1—|—§5£—|——9a5282+~', (27)

the GW waveform given by Eqgs. (26a)-(26h) becomes

) = AF o6,

~ 10 /8 -5/3
b =3 (Z5) s [

(28a)

df/f/—11/3L—1 (f/)

¢ fisco
!
v [ arrei). (28b)
1SCO
L(f) =1+ 4088(11—2(1)/[2(3—11)]’ (280)
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% G \ (3-a)/3

°" <7r2—f2> ’ (28d)
ce = MU T2 0z e(11-20)/ 23]
= 5me? G_S/zMe_f(fa+5)/3psp rgp In A, (286)

where the overall amplitude A is defined by Eq. (26b) and
U(f) is defined by Eq. (26¢). The upper bound of the
integration in Eq. (28b), fisco > f in the eLISA fre-
quency band, is the GW frequency when the stellar mass
object enters the innermost stable circular orbit. Hence,

®(f)/(2x) is in essence the GW cycles from the frequency
f to the coalescence. In the above equations, the post-
Newtonian (PN) effects which are neglected must be taken
into account in real data analysis. However, the frequency

dependence of the PN effect in the GW phase ®(f) differs
from that of the DM effect which depends on the power-law
index a. So, the measurement accuracies of the DM
parameters as we will discuss later would not be affected
seriously by higher-order terms in the PN expansion.

Until the previous sections, we have included both the
dynamical friction and the gravitational pull of the DM
minispike. It is easily shown that the dynamical effect has
much more impact on the measurement accuracy of the
DM parameters than the DM minispike does [28], and the
above expression indeed includes the dynamical friction
but not the gravitational pull of the DM minispike. Within
the approximation in this subsection and the following,
the gravitational potential of the DM minispike shows its
signature mainly in the IMBH mass redefinition (Mgy —
M in M. in the above equations). We, however, note that
even such a tiny effect as the gravitational pull of the DM
minispike does affect the detectability of GW thanks to the
large number of the GW cycles in the eLISA detection
band [25].

It should be noted that all the effects of the DM are
characterized by the function L(f) and that it consists of
two DM parameters, a and c,.. We make use of the above
equations to calculate measurement errors of the waveform
parameters in the next section. We also define the phase
difference A®(f) by

AD(f) = B(f) — Do(f). (29)

where ®(f) defined by Eq. (28b) is the phase including
the DM effect, and ®((f) defined by Eq. (A15d) is the

phase without the DM effect. A®(f) is shown in Fig. 1
which indicates that the phase difference becomes sig-
nificant for large a and for the large GW frequency f. This
is because in this case, the DM density near the central BH
increases and the effect of the DM on the motion of the
stellar mass object is significant. Figure. 1 can be directly
compared with Fig. 1 in our previous paper [25]. For
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Phase difference A®

Frequency f[Hz]

FIG. 1. The accumulated phase difference AD against the
power-law index a, defined by Eq. (29). In essence, this is the
difference between the accumulated phase from GW frequency f
and the binary coalescence with and without the DM minispike.
Three different curves show A® for three different values of a.
For instance, if detecting a binary GW from f = 0.01 Hz to its
coalescence, we would observe by a factor of 107 more GW
cycles in the case with a @ = 7/3 DM minispike than without any.
For this plot, we take u = 1M, and pg,, rgp, and My are as listed
in Table I.

example, in the case of [25] in which the dynamical
friction is not taken into account, the phase difference AW
is of the order of 0.1 at 0.1 Hz for « = 7/3, while in the
present of the dynamical friction, shown here in Fig. 1,
AV is of the order of 10*. This comparison implies that the
effect of the dynamical friction overwhelms that of the
gravitational pull. As discussed in [25], the phase differ-
ence causes the mismatch between the waveform includ-
ing the DM effect and the waveform without the DM
effect. The phase difference A®D(f) typically above 1
indicates the necessity to use the waveform including the
DM effect as a template. As can be seen in Fig. 1, if the
template without the DM effect is applied to the GW
signal affected by the DM with a > 1.5, the resulting
signal-to-noise ratio (S/N) would be degraded signifi-

cantly due to the phase difference A®(f).

IV. PARAMETER RESOLUTION FOR ELISA

A. Brief review of the Fisher analysis

In this subsection, we give a brief review of parameter
estimation (see [46,47] for more details). Let us consider
detecting GWs with a single detector. The detector output
s(t) can be written by the sum of the GW signal /() and
detector noise n(r):

s(t) = h(t) + n(r). (30)

Assuming that the detector noise is stationary, the corre-
lation between different Fourier components of the noise is
expressed as
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G () = 50U = 1)S,(0. (31)

where the angled brackets () denote an ensemble average,
the asterisk is complex conjugation and S, (f) is a one-
sided power spectral density of the detector noise. In this
paper, we consider the GW observation using eLISA which
has the best sensitivity at around f = 0.01 [Hz]. The noise
spectral density of eLISA is given by

= @45"1‘:0(][)/(27[][)4 + Ssn(f) + Somn(f)
3 22

|1+ owier) |

where S, (f) = 2.13 x 1072°(1 + 107*/f) [m?/s*Hz] is
the acceleration noise spectral density, Sg,(f) = 6.28 x
10~2 [m?/Hz] is the shot noise spectral density, Som, (f) =
5.25 x 107>* [m?/Hz| is the other measurement noise
spectral density and # = 10° [m] is the separation between
the spacecraft which is the length of its arms of the laser
interferometer (see [23,48] for details).

It is convenient to introduce a noise-weighted inner
product between two signals 4, (¢) and h,(¢) by

Sa(f)

(32a)

(hy|y) = 4Re / Soo NI 4 (3

fu Salf)

where Re denotes the real part and f;,; is the initial
frequency. Assuming that the detector noise is Gaussian
and stationary, the probability density of the detector noise
is described by p(n) e "I"/2. We can rewrite this
expression in the form of detector signal s(z) and GWs
signal h(t) using Eq. (30) as p(n) « e~ =ls=h)/2,

In the above case, h(t) is known, while in actual GW
experiments, h(r) should be replaced with a template
h(t;0), where @ = {0, - -, 0y} is a collection of unknown
parameters. To determine the waveform parameters 6, it is
necessary to search for the parameters which minimize the
logarithm of the maximum likelihood ratio, (s — h|s — h) —
(s]s). As a result of this process, we can infer the values of
6. However, the expected values have statistical errors
because the detector noise is a random process. These
measurement errors A of the waveform parameters are
approximately described by the Gaussian probability dis-
tribution for large S/N,

. 1 S
p(AQ’) = Nexp <—§FUA91A9J> . (34)

where N is the normalization factor and T, ; s called the
Fisher information matrix defined by

Oh| Oh
F-' = —_— = .
i <ael aw) (35)
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The inverse of the Fisher matrix gives the root-mean-square
(rms) errors of the waveform parameters 6',

A0 = /(207 = /(T (36)

where (I'"!),; denotes the diagonal elements of the inverse
Fisher matrix.

B. Preparation for parameter estimation

The inspiral GW waveform from the IMBH surrounded
by the DM minispike is described by six parameters which
appear in Egs. (28a)-(28e): the overall amplitude, A;
the time constant, 7, =t. + D/c, which is the sum of
the traveling time D/c and the coalescence time z.; the
coalescence phase, ®; the chirp mass, M .; and the two DM
parameters, « and c,.. Note that the beam pattern function of
eLISA is neglected here because we are concerned with
how the DM parameters are determined by GW observa-
tions but not with the angular resolution of eLISA (see [49]
for discussion of angular resolution).

The inner product between the derivatives of the wave-
form with respect to the parameters 0 yields the values of
the Fisher matrix elements. The derivatives with respect to
A, T., ®, and InM, are calculated straightforwardly as
follows:

aij’ 1 h, (37a)
g—?c = 2xifh, (37b)
ggc — —ih, (37¢)
a%izlwc = %iiz $. (37d)

The derivatives with respect to the DM parameters a, ¢, are
obtained by applying the chain rule to the following
equations:

oh - /00 110L

dina ® (’%‘52%) (38a)
Oh -/ 8% 118L
dlnc, ch (l dc, EZac)’ (380)

where L is defined in Eq. (28c). However, since the explicit
expressions are complicated, we take the derivatives
numerically.

Next, we derive the initial frequency at which the GW
observation starts. In the presence of the DM minispike, the
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T T T T T
T 1072 fp b
I 3 : : : : : ]
o
S N N S N
0 0.5 1 1.5 2 2.5
Power-law index o
FIG. 2. Initial frequency against the power-law index a. We

assume that the GW is detected by an eLISA five-year obser-
vation. For small a, f;,; is almost constant. On the other hand, for
large a, fi,; drops sharply due mainly to the dynamical friction.
For this plot, we take u = 1M and pg,, 1, and Mpy are as listed
in Table I.

stellar mass object orbiting the central IMBH loses its
angular momentum gradually due to both the dynamical
friction and GW radiation reaction. So the coalescence
arises earlier than the case without the DM. Time evolution
of the frequency is described by Eq. (A12),

0= 3(%Y@W4Wmu+w» (39)

dc 5 g
where f, = ¢®/87GM and 7 is the time to the coalescence.
(Note that dr = —dr.) The lower bound f;,(a) of the
integral in Eq. (33) is required for calculating the inner
product in the Fisher matrix. Given that the GW is observed

by eLISA for five years prior to the coalescence, this bound
is obtained by

fui(@) = fla,z =5 [yr]). (40)

By numerically solving Eq. (39), we show the dependence
of a on f;,; in Fig. 2. This figure indicates that the DM
minispike affects more strongly the motion of the stellar
mass object for larger a. The initial frequency for a five-
year observation is almost constant for small « due to the
smallness of the effect of the DM. Conversely, the initial
frequency drops sharply for large a due to the dynamical
friction from the DM.

C. Measurement accuracy: The case for initial
NFW profile

In this subsection, we take an example of an initial NFW
profile to demonstrate measurement accuracies of the
waveform parameters. In this case, the slope of the DM
minispike a = 7/3. Derivatives of the waveform with
respect to the parameters given by Egs. (37a)—(38b) are
calculated numerically. Substitution of these results into
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Egs. (35) and (36) gives rise to the rms errors Aln A, A7,,
AP, AInM,., Alna and Alnc, as follows:

%4 —0.1 (SI/—ON) (41a)
AL = 1.0 (;—?V) , (41b)
AD, = 13[rad (Sl/—ON> (41¢)
AAZ" _31%107 (;—?V) (41d)
B 12107 (;—ON) (41e)
AC‘;E =59%107° (SI/—ON> (41f)

Here we take pgp, rp, and My from Table land p = 1M .
These measurement errors are inversely proportional to
S/N. So the waveform parameters are measurable with a
better accuracy for larger GW signals. A notable feature of
the above results is that the chirp mass M, and the two DM
parameters a and c, are determined much more accurately
than the overall amplitude A, the coalescence time 7, and
the coalescence phase ®,. This fact reflects that M., a and
¢, appear in the phase of the waveform ®(f). From
Egs. (B1), (22c¢) and (25c¢), the GW phase is proportional
to the number of GW cycles which amplify the sensitivity
to the parameters which appear in the phase ®(f) by a
factor Neyeies- Thus, the fractional error of the chirp mass
which is proportional to the phase is order of 1/Ny and
the two DM parameters are also determined very accu-
rately. In fact, Fig. 8 indicates the value of 1/N . is about
1077, which is consistent with the value of AM./M,
in Eq. (41d).

We also investigate the correlation between the param-
eters which appear in the phase, M., a and c,. Figure 3
illustrates the Fisher ellipses for M., @ and ¢, in S/N = 10.
From the figures, we observe that M., a and c, are strongly
correlated with each other because all of them are contained
in the phase. However, they are not completely degenerate
and are determined independently. This fact can be traced
to the difference of the frequency dependence between M.,
a and c,.

In the above discussion, the mass of the central
IMBH Mgy and that of the stellar mass object y are
fixed. Next we analyze the measurement errors for
various values of p and Myy. The results are shown
in Fig. 4. The figure indicates the errors of the
parameters in the phase ®(f) increase linearly with
the stellar mass object mass u. This behavior comes
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and p = 1M,

from the fact that the number of cycles Ny decreases
in proportion to the stellar mass object mass p.
Similarly, the larger the mass of the IMBH, the smaller
the number of the orbital cycles the stellar mass object
experienced in the five years prior to the coalescence
within the eLISA band. For this reason, the measure-
ment errors in M., a, and ¢, increase for a larger IMBH
mass as can be seen in Fig. 4.

@ 40
107
102 |
10° | ‘
10—4 —
107 furesn : ;

107 B
102

Relative error

10°
Black hole mass Mgy [Msun]

Ao/

Confidence level contours of 68.3%, 95.4% and 99.7% for S/N = 10 in the case where the initial DM halo has an NFW profile
and the final profile has the radial power-law index of @ = 7/3 through an adiabatic growth. We assume p

sp> I'sp» and MBH from Table I

D. Measurement accuracy: General case for
initial DM profile

We now extend the analysis in the previous section where
we considered the case of the initial NFW profile. We next
consider the general case without specifying the value of «
with Mgy, pgp, and r, fixed to the values quoted in Table 1.
The rms errors depend on the DM power-law index a. We
show AlnM_., Alna and In Ac, in Fig. 5.

(b)

10° - ——
107 ‘
102 |
10° |
1074 Fursens

1075 o
10
107 L

Relative error

Stellar object mass p [Msun]

FIG. 4. The relative errors of the parameters in the phase <i>( f) versus (a) the central BH mass My and (b) the stellar mass object mass
ufor S/N = 10 and @ = 7/3. For this plot, py, and r, are taken from Table I. The other parameter is fixed to be 4 = 1M, in the left and
Mgy = 10°M , in the right, respectively. Note that both axes are in the logarithmic scales. The solid line, the dashed line and the dashed-

dotted line correspond to Aa/a, Ac,/c,, AM./M, respectively.
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FIG. 5. The relative errors of the parameters in the phase <i>( 7
versus the power-law index of the DM profile for S/N = 10 in
the case where the DM minispike harboring the IMBH has a
radial power-law profile. The solid line, the dashed line, and the
dashed-dotted line corresponds to Aa/a, Ac./c., AM./M,
respectively. For this plot, y = 1M, and the values of the
parameters Mgy, pgp, and rg, are assumed as in Table 1.

As shown in Fig. 5, the accuracy of the DM parameters
Alnaand Aln ¢, are better for the larger a. This is because
steeper density distributions contain more DM mass within
the orbital radius (see Fig. 2 in [25]). In other words, the
steeper density distribution has more impact on the motion
of the stellar mass object and the GW waveform is modified
more strongly by the DM minispike. So the DM informa-
tion can be extracted from the GW waveform if the DM
minihalo near the BH has a steep profile.

On the other hand, the measurement accuracy of the
parameters which appear in the phase ®(f) become worse
in @ > 2.5. This feature can be explained by the number of
GW cycles Ny, which will be discussed in Appendix B.
There we show that N . falls sharply at a~2.5 (see
Fig. 8). The sensitivity to the parameters which appear in
the phase ®(f) is amplified by the number of circles Ny
in the frequency bandwidth of eLISA. For this reason, the
measurement errors of M., a and ¢, increase suddenly at
a~ 2.5, as is shown in Fig. 5. We also note that this figure

0 fa? Aodocl

Relative error

1.8 2 2.2 2.4 2.6
Power-law index o
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shows that we can measure the power-law index a at 10%
level even for a moderately flat radial distribution with
a ~ 1.7. In fact, when considering the gravitational pull due
to the DM potential only, it affects detectability of GW
signals only for a 2 2. It is the dynamical friction that
enables us to explore a flatter DM distribution than “a DM
minispike” referred to in the literature that has a > 2.25.

Figure 6 shows the relative errors of the DM parameters,
a and c, for various values of pg,rg, as a function of a. As
can be seen in Fig. 6, the relative errors for the fixed o
become smaller approximately linearly as the DM density
increases. This behavior can be traced to the amount of the
DM within the orbital radius of the stellar mass object. It
should be noted that the values of pg, and ry, we adopt in
this paper are derived under the assumption that the initial
DM minihalo profile is the NFW profile as discussed in the
Sec. II. Even if the DM density is an order of magnitude
more sparse than that indicated by the NFW profile, the
power-law index « is measurable with an accuracy of
Aa/a < 10% for a > 1.9.

V. CONCLUSION

In this paper, we have investigated measurement accu-
racy of DM parameters by GW observations. We consider a
binary system composed of an IMBH surrounded by a DM
minispike and a stellar mass compact object. The compact
object falling into the central IMBH is affected by by the
gravitational interaction of both the IMBH and the DM
minispike, namely the gravitational potential of both the
IMBH and the DM minispike, gravitational wave back-
reaction and dynamical friction. Then the resulting inspiral
GW is modified by the DM minispike in comparison with
the case in the absence of the DM minispike. Such a GW
will be detected by future space-borne detectors such as
eLISA/NGO. We derived the GW waveform modified by
the minispike analytically and obtained Eqs. (28a)—(28e).
We found that thanks to the DM parameters contained in
the GW phase, the measurement errors of the DM param-
eters are very small for large power-law index of the

(b) Ac,/c,

10° g— o N

Relative error

1.8 2 2.2 2.4 2.6
Power-law index o

FIG. 6. The relative errors of (a) @ and (b) ¢, versus the power-law index of the DM profile for S/N = 10 in the case where the DM
minispike harboring the IMBH has a radially power-law profile. The solid line, the dashed line and the dashed-dotted line corresponds to

a

PspTeps 0-1pgrgy, and 10pg,rg,,

respectively. The values of rg, and pg, are taken from Table L.
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minispike profile. To put it another way, we can extract the
DM parameters very accurately from the GW waveform
using matched filtering if the DM minispike has a steep
profile. Indeed, in our reference case as originally advo-
cated by [15,16], we could determine the power-law index
of the DM minispike radial profile with the 1o relative error
of +5 x 107 for a GW signal with signal-to-noise ratio 10
and assuming five years of observation with eLISA, as
shown in Fig. 3. We also investigated how accurately the
DM parameters can be determined for various values of the
slope of the DM minispike and the masses of the IMBH-
stellar mass object binary. We have found that smaller the
mass of the stellar mass object, that of the IMBH, or the
larger the power-law index of the DM minispike, we can
measure DM parameters to better accuracy as shown in
Figs. 4 and 5. Even a moderately flatter minispike with the
radial distribution proportional to ~!7 would still allow us
to determine the power-law index to 10% accuracy.

Indirect dark matter searches in the gamma-ray band and
through GW observation proposed in our previous [25] and
current papers are complementary to each other. The GW
observations we propose should be applicable to both very
weakly annihilating and nonannihilating DM particles.
Even if the DM particles do not weakly interact with each
other, in which case where we expect no gamma rays due to
the DM annihilation, DM minispike affects the motion of
the stellar mass object gravitationally and the resulting GW
is modified by them. GW is insensitive to absorption and
scattering in the interstellar medium during the propagation
unlike electromagnetic waves. Therefore, GW observations
offer information on the DM minispike directly. On the
other hand, if the DM particles self-annihilate, an annihi-
lation plateau may develop within a Hubble time [12] and
the power-law index a of the DM radial profile becomes
effectively zero within a radius ry;,,. For the case of the
values of the parameters listed in Table I, the DM mass
200 GeV, and its cross section cv = 10727 cm?s~! [12], we
find ry;,, ~ 2 x 10™* pc which is much larger than the initial
orbital radius at which the GW frequency from the binary
enters the eLISA detection frequency band. In this case, the
inspiral GW is unlikely to be modified by the DM
minispike as indicated by Fig. 6 because the DM density
within the orbital radius becomes sparse due to the DM
annihilation. Hence, gamma-ray searches are a better way
to explore a DM minihalo surrounding the IMBH. In
summary, the GW observations probe the structure of
the DM minispike, while the gamma-ray flux is given
by the combination of the density, cross section, and mass
of the DM particles. Therefore, the combination of gamma-
ray observations with future GW observations may even
offer hints that may clarify the nature of DM particles.
Moreover, because the DM profile strongly depends on the
formation history of the central IMBH, both types of
observation may shed light on how the IMBH evolved
with cosmic history.
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APPENDIX A: REWRITING THE GW
WAVEFORM

Our goal in this appendix is to rewrite the waveform
Eq. (25a) in the form of an explicit function of GW
frequency f. According to Egs. (25a), (25b) and (25¢),
the GW waveform from the binary system composed of the
stellar mass object and the IMBH surrounded by DM
minihalo is expressed by

i =geranlze] " e
U(t) = 2ﬂf§+&>(t) —%, (Alb)
(1) = 2zf1 — B(1), (Alc)

where A(r) is the time-dependent amplitude defined by
Eq. (24b), ®(r) is the time-dependent phase defined by
Eq. (22c¢), and D is the distance to the source. We proceed as

follows. We start with the amplitude A/2+/27/®. The
frequency f can be expressed in terms of the orbital radius
R which is related to the time 7 by Eq. (19). So the amplitude
can be expressed as a function of the frequency f through the
relation between ¢ and f. Next, we tackle the phase W.
Finally, combining these results, we find the explicit
expression of the GW waveform in the Fourier domain.

1. Rewriting the amplitude

The GW frequency f = wgw/27 which is defined by
Eq. (11) is expanded in a Taylor series in a power of R:

e
f= 2
1 [GMg  F|2
x| R R
_VOMer syl L paa, L o |
T 2 8

(A2)

Inverting this equation, we obtain R as a function of GW
frequency and expanded in ¢,
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2—
R = §'/6-) {1 +35 et 5~ 8% - ] (A3a)
GM. ...\ 3-a)/3
5= eff , A3b
(%) =

where we introduce a new frequency variable 6 defined by
Eq. (A3b) for convenience. Using the definition of x given
by Eq. (17), the dimensionless radius parameter x can be
expanded in a power of &,

x = (8e)/B3-9y, (Ada)
1. 2-
X51+§5e+—“5252+~-., (Adb)

where we introduce y for convenience. Note that the
function y is equal to 1 when a DM minispike is not
present around an IMBH.

For later convenience, we rewrite dx/dt which is defined
by Eq. (19) as follows:

dx ~ (14 X3_a)3
dr - Vit (4 — )]
1
— CpDF (1 +x3—a)1/2[1 + (4 - a)xB
= —CwaGw()C) - CDFfDF (x)
B CDF for(x)
= —cowfow(x) [1 + Cow fGW(x)}

= —cowfow(X)[1 + ¢J(x)],

—a}x—5/2+a

(AS)

where functions fgw(x), fpr(x) and J(x) and a coefficient
¢ are defined by

(1 + x3%)3
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CoE (A6d)

c= .
cGw
The coefficient ¢ is the ratio of the dynamical friction
coefficient to the gravitational radiation coefficient. So ¢
includes the DM information.
Next, we rewrite the second time derivative of ®, ®, as a
function of x. From Eq. (22¢), ® is expressed by

O(1) = wgw
34+ axd*  dx(r)
(A7)

To move from the first line to the second, we have made use of
Egs. (11) and (17). The time derivative of x displayed in the
right-hand side of Eq. (A7) can be rewritten as a function of x
by Eq. (A5). So we can express ¢ as a function of x:

(1)

—(GMeff)1/283/[2(3“’>]

= (GM )&/ B0 ey [1 + 2T (x))

34 ax’
X fow(x) O(1 4 )12

= (GM )1/2 3/2(3-a)l awll + ¢J(x)]
K112 (1+x° a)s/z(l +ax’™"/3)

1+ (4—-a)x>®
= (GM i)' 2e¥ PO Degy (1 4 2J(x)] x 2x712K (x),
(A8)
where the function K (x) is defined by
1 3—a\5/2 1 3—a 3
K(x)z( + x5 (1 4 ax’™*/3) (A9)

1+ (4—a)x>

Note that K (x) is equal to one when a DM minispike is not
present around an IMBH.
Substitution of Eqgs. (11) and (17) into Eq. (24b) gives

4G,u

ok P2/l (A10)

after
Egs.

some algebra and simplification. Combining
(A10) and (A8), we finally arrive at the final
expression for the amplitude,

8 _ -
/?”(GMeff)‘l/“e‘”[““‘“)]CG%\/,Z[1+cJ(x)]‘1/2x“/4K(x)‘1/2

= , A6
Fow(x) 4331 + (4 — a)x>™] (A6a)
Jor(x) : (A6D)
X)= ,
DF (]+x3—(z)1/2[1+(4_a)x3—a]x—5/2+a
Jor(x) 412
= = A
= f) e (A%
|
A 2z 1 4G,u _a
TV G =5 % po (f e/ 0x? x
327
= Tﬂ%(GMeff)_1/4C(_}{,\/,285/[4(3_a)]f2x19/4{K(x)(l —|—5J(x))]_1/2

\/Z”zlmg (GM> P K@) (1 2 ()],

(A11)
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where M, is defined by M, = p%/ 5Meff and is called the
chirp mass. From the second line to the third line, we have
used Eqgs. (18), (20a) and (A4a).

2. Rewriting the phase

Our next task is to express the phase W given by
Eq. (Alb) as a function of x = x(f). From Eq. (A8), the
time derivative of frequency df/dt is expressed by

af _ &
dt  2rx
3

= —ﬂ (GMeff) 1/283/[2(3_0‘)]6wa

3 [(8aGM\>5/3 .
:—( e ) FUBN2IK(1 4 2J)].

“N2K(1 +¢J)]

(A12)

We used Egs. (20a) and (A4a) to go from the second line to
the third line. Using Eq. (A12), we get

10 (82GM .\ 75/ / af 712
R 3 fARKA+e)’
(Al3a)

87GM,\ ~5/3 e
o= =3 (5) " [ iy

(A13b)

o(f)

where the constant of integration is determined by the
initial condition of the GW phase.

3. Final form

Collecting the above results, Eqgs. (All), (Al3a) and
(A13b), we finally obtain the GW waveform in the
frequency domain:

W) = A0SR @) (14 2, (Al4a)
5\72 1 ¢ (GM.\5/%1 4+ cos’t

A= (ﬂ) WB( & ) ;o (A

W) =20 (1. +2) =0 =580, (Al

- 10 (82GM,\ ~5/3 ;o
=35 [ Lo e

/ L112
/ AT J>]

where A is the overall amplitude, 7. is the coalescence time
and @, is the coalescence phase. Note that when a DM
minispike is not present around an IMBH, y - 1, K — 1,
M, - M = i3SM23, so the waveform becomes

(Al4d)
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h(f) = Af~7/510) (Al5a)

SNI2 1 ¢ (GMg\ 5
A:<ﬁ) WB( 63) . (AISH)

v =20 (1. +2) -0 5= 80, (A150)
b(f) = —% (cho 87rf) P asa)

This is consistent with the waveform from the binary
composed of two pointlike compact objects with mass p
and M BH [46]

APPENDIX B: THE NUMBER OF GW CYCLES

The detector sensitivity to the inspiral GWs is closely
related to the number of GW cycles. That is because Ny
which is defined by Eq. (B1) is proportional to the GW
phase which is defined by Eq. (22c¢). Therefore, SNR
strongly depends on the number of cycles Ny.. The
number of GW cycles in the frequency range f €

[fmina fmax] is defined by

Tmax S inax f
Nowe= [ arfo = [ ar.
Tmin J min

where an overdot denotes the time derivative and df/dt can
be calculated by Eq. (39) (Note that dr = —dt.).

We define the frequency bandwidth of eLISA as the
frequency range f € [f_, f.] within which the square root
of the noise spectral density is below half its minimum
value,

\/Sn(f) < 2\/Sn(fbest)? (f € [f—7f+])’

where f}. 1 the frequency at which the eLISA is most
sensitive to the GWs. Because we assume five years of
observation, depending on the binary configuration, f_
may be smaller or larger than the initial frequency f;,; from
which the inspiral GW frequency sweeps to the frequency
at the innermost stable circular orbit, figsco. Taking the
initial frequency f;,; into account, the frequency bandwidth
[f min» fmax) in Which the inspiral GW sweeps is expressed
by

(B1)

(B2)

fmin = max {fini»f—}’
Smax = min {fisco, f+}

(B3a)
(B3b)

and we obtain Fig. 7 from Eq. (B1). For a < 2.5, the initial
frequency f;, at which the GW start to be observed is
within the full width at half minimum of /S, (f). So the
minimum frequency f,;, which the inspiral GW spends in
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FIG. 7. Lower frequency bound which is the minimum fre-
quency the inspiral GW spend in the detector bandwidth [f_, f, ]
for g = 1M and Mgy = 10°M .

the detector bandwidth is equal to the initial frequency f;y;.
On the other hand, for @ > 2.5, the initial frequency f;,; is
out of the full width at half minimum. So f;, is equal to
the lower bound of the detector bandwidth of eLISA f_.
Since f is smaller than figcq for all values of @ and in the
cases we studied, f .« = f

Using Egs. (39), (B1), (B3a) and (B3b), the number
of cycles Ny is obtained in Fig. 8. The figure shows
that Ny is almost constant for small a but drops
sharply for large a. This behavior of N . is explained

PHYSICAL REVIEW D 91, 044045 (2015)

-
o
]
T
1

—_
o
[«
T
1

GW cycles Ngygje
)
[$2)
!
i

N
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o
T

0 0.5 1 1.5 2 2.5
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FIG. 8. The number of cycles Ny spent in the bandwidth
f € [fmin> fmax) for g = 1M and Mgy = 10°M . For large «,
the number of cycles drops sharply because of the DM effect.

by the fact that the DM has more influence on the
motion of the stellar mass object for larger a. For large
a, df/dt increases sharply as t — r. due to the DM
effect and the GW frequency of the stellar mass object
goes up rapidly through the frequency bandwidth of
eLISA. It follows from this that larger « leads to wider
frequency band but to the less number of GW cycles
near the best sensitivity of the detector. The sensitivity
to the GWs is determined by the competition between
these two effects.
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