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The post-Newtonian (PN) approximation is still the most widely used approach to obtaining explicit
solutions in general relativity, especially for the relativistic two-body problem with arbitrary mass ratio. Within
many of its applications, it is often required to use a regularization procedure. Though frequently misunder-
stood, the regularization is essential for waveform generation without reference to the internal structure of
orbiting bodies. In recent years, direct comparison with the self-force approach, constructed specifically for
highly relativistic particles in the extreme mass ratio limit, has enabled preliminary confirmation of the
foundations of both computational methods, including their very independent regularization procedures, with
high numerical precision. In this paper, we build upon earlier work to carry this comparison still further, by
examining next-to-next-to-leading order contributions beyond the half integral 5.5PN conservative effect,
which arise from terms to cubic and higher orders in the metric and its multipole moments, thus extending
scrutiny of the post-Newtonian methods to one of the highest orders yet achieved. We do this by explicitly
constructing tail-of-tail terms at 6.5 and 7.5PN order, computing the redshift factor for compact binaries in
the small mass ratio limit, and comparing directly with numerically and analytically computed terms in the
self-force approach, obtained using solutions for metric perturbations in the Schwarzschild space-time, and a
combination of exact series representations possibly with more typical PN expansions. While self-force results
may be relativistic but with restricted mass ratio, our methods, valid primarily in the weak-field slowly moving

regime, are nevertheless in principle applicable for arbitrary mass ratios.

DOI: 10.1103/PhysRevD.90.044017

I. INTRODUCTION

Over the last five years, comparison between post-
Newtonian (PN) and gravitational self-force calculations
has made rapid progress, in large part due to both high
precision numerical computations from a self-force per-
spective [1-8] (either by directly linearizing the Einstein
field equations or by using the Teukolsky equation [9—11]
or the Regge-Wheeler and Zerilli equations [12,13]),
and extensive analytical computations within the post-
Newtonian approximation [3,4,14]. Much more recently,
the possibility for this comparison has been dramatically
extended. From the self-force side [15—18], this is due to
the new application of (already more than 15 years old)
techniques [19-21] with which to represent metric pertur-
bation solutions for black hole space-times. On the post-
Newtonian side, this has required the computation of
previously unevaluated higher order terms including tail-
of-tail effects [22] and, in particular, half-integral 5PN
terms that are nevertheless conservative. In this paper, we

PACS numbers: 04.25.Nx, 04.30.-w, 97.60.Jd, 97.60.Lf

extend that most recent work. As will be seen, although the
computations are indeed very extensive, the results are
quite simple to state and, along with further motivation,
they are listed below, before we describe in detail the
processes we have used in their derivation.

A. Motivation

The self-force problem concerns itself with computa-
tions for binary orbiting systems composed of compact
bodies in which the mass ratio is extreme, such that a full
numerical relativity approach is unfeasible, due to the
vastly different length scales associated with the very
different masses and physical sizes of the compact bodies.
Foundations for the gravitational self-force (GSF) compu-
tations of compact binaries have developed over the last
two decades [23-27] (see Refs. [28-30] for reviews),
following very early work by De Witt and Brehme more
than half a century ago [31]. For the conservative part of the
dynamics, this has led to the recent possibility of high-order
comparisons between self-force computations [1,3,4], on

“blanchet@iap.fr the one hand, and traditional post-Newtonian calculations
"faye @iap.fr (reviewed in Ref. [32]) on the other hand, with ever
*bernard @phys.ufl.edu increasing precision.
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For compact binaries moving on exactly circular orbits,
Detweiler [1] introduced a gauge invariant redshift factor,
computed it numerically, and showed agreement with
existing PN analytical calculations [33] up to 2PN order.
Then a systematic program of comparison was initiated in
Refs. [3,4] which showed that GSF and PN methods agree
for the 3PN term and specific logarithmic tail-induced
contributions arising at 4PN and 5PN orders, and predicted
numerically the values of high-order PN coefficients,
notably the full 4PN coefficient. The analytical 4PN
coefficient was then obtained [16] using a combination of
analytical self force (SF) computation and a partial deriva-
tion of the 4PN equations of motion in the Arnowitt-Deser-
Misner Hamiltonian formalism [34,35], with very good
agreement with the numerical value computed in Ref. [4].

Since that work, the accuracy of the numerical compu-
tation of the GSF has improved drastically [15]. The PN
coefficients of the redshift factor were obtained numerically
to 10.5PN order and for a subset of coefficients, also
analytically, specifically those that are either rational, made
of the product of 7 with a rational, or a simple sum
of commonly occurring transcendentals [15]. An alterna-
tive self-force approach [17,18] (based on the post-
Minkowskian expansion of the Regge-Wheeler-Zerilli
(RWZ) equation following Refs. [19-21]) has also obtained
high-order PN coefficients analytically, up to 8.5PN order.

A feature of the post-Newtonian expansion at high
order is the appearance of half-integral PN coefficients
(of type 5 PN where 7 is an odd integer) in the conservative
dynamics of binary point particles, moving on exactly
circular orbits. Using standard post-Newtonian methods
it was proved [22]l that the dominant half-integral PN
term occurs at the 5.5PN order (confirming the finding of
Ref. [15]) and originates from the nonlinear tail-of-tail
integrals [36]. Here we continue Paper I and compute, still
using the traditional PN method (in principle applicable for
any mass ratio), high-order half-integral PN terms at orders
6.5PN and 7.5PN in the redshift factor, thus corresponding
to the next-to-next-to-leading half-integral contributions.

B. Results

We have computed the redshift factor introduced in
Ref. [1], for a particle moving on an exact circular orbit
around a Schwarzschild black hole. The ensuing space-time
is helically symmetric, with a helical Killing vector K such
that its value K{ at the location of the particle is propor-
tional to the normalized four-velocity u{ of the particle,

ud = ulK¢. (1.1)

The redshift factor, denoted ulT, is thus defined geometri-
cally as the conserved quantity associated with the helical
Killing symmetry appropriate to conservative space-times

'"Hereafter we refer to this paper as Paper 1.
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with circular orbits. However, adopting a coordinate system
in which the helical Killing vector reads K%0, =
0, + Q0,,, where Q is the orbital frequency of the circular
motion, the redshift factor reduces to the ¢ component
dr/dz; of the particle’s four-velocity (where dz; is the
particle’s proper time), and is thereby obtained as

(1.2)

vaf-172
c? '

“1T = [_gaﬁ(yl)

where g,5(y1) is the regularized metric evaluated at the
particle’s location y§ = (ct,y}), which we shall compute
in detail in the present paper for insertion into the red-
shift factor (1.2), and where v¥ = dy¥/dr = (c, v}) is the
coordinate velocity.

In a first stage, our calculation is valid for a general
extended matter source, in the vacuum region outside the
source. Then, in a second stage, we use a matching
argument to continue that solution inside the source, which
is then specialized to a binary point particle system. Finally
the metric is evaluated at the location of one of the particles,
with the help of a self-field regularization, in principle
dimensional regularization. Using the relative frame of the
center of mass and reducing the expressions to circular
orbits, mindful of the modification of the relation between
the orbital separation and the orbital frequency, we finally
obtain the redshift factor in the limit of a small mass ratio
q = m;/m, (where m, is the small particle and m, is the
black hole). In the test-mass limit the redshift factor is given
by the Schwarzschild value,

:\/1;_—@’ (1.3)

where y = (Gm,Q/c*)?3 is the frequency-related param-
eter associated with the motion of the test-mass particle
around the black hole. The self-force part to the redshift
factor uly is then defined as ul = ul,  + qul. + O(q?).
We finally find that the half-integral conservative contri-
butions therein up to 2PN relative order are

T
Uschw

13696

ugp = —y = 2y*> = 5y° +"'—Wﬂyl3/2
81077 5, 82561159 .,
ol o 07 e, (14
3675 67775 T (14)

where we have written only the relative 2PN terms relevant
to our next-to-next-to-leading order calculation, i.e. the
Newtonian, 1PN and 2PN terms for the dominant effects,
and the 5.5PN, 6.5PN and 7.5PN terms for the half-integral
conservative corrections, with all the other terms, not
computed in the present work, indicated by ellipsis.2

*The sign of the Newtonian term in Eq. (5.18) of Paper I
should be changed and read —y.
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The result (1.4) is in full agreement with results derived
by gravitational self-force methods, either numerical, semi-
analytical or purely analytical [15,17,18].

Let us emphasize again that the result (1.4) has been
achieved from the traditional post-Newtonian approach.
Contrary to various analytical and numerical self-force
calculations [15,17,18] the PN approach is completely
general, i.e. it is not tuned to a particular type of source as
it is applicable to any extended post-Newtonian source with
spatial compact support. It is remarkable that this general
method can nevertheless be specialized to such a degree that
it is able to control terms up to the very high order 7.5PN.

With the post-Newtonian coefficients in the redshift
factor (1.4), one can straightforwardly obtain, by making
use of the first law of black hole binary mechanics [14], the
corresponding coefficients in the PN binding energy and
angular momentum of the system [37] and the most
important effective-one-body potential [8,38].

In the remainder of this paper, we first discuss vacuum
solutions in the exterior zone (Sec. II). Then we investigate
tail-of-tail terms in the near zone (Sec. III), listing the terms
which need to be evaluated, and introduce a gauge trans-
formation to shorten the subsequent calculation. In Sec. IV,
we set up the PN iteration of tails of tails, then compute the
quadratic and cubic contributions in turn. We end with a
brief discussion of our results (Sec. V), with Appendix A
providing an alternative derivation of some key results, and
with Appendix B providing the source terms required for
our tail-of-tail calculations.

II. SOLVING THE EINSTEIN EQUATIONS
IN THE EXTERIOR ZONE

In the present paper we shall continue and extend the
method of Paper I. Namely we compute a series of nonlinear
tail effects in the exterior vacuum region around a general
isolated source. We show that a crucial piece in the
expansion of these nonlinear tails can be extended using
a matching argument from the near zone of the source to the
inner region of the source, while the other pieces will not
contribute to the half-integral post-Newtonian orders in
which we are interested. This crucial piece is then special-
ized to the case of point particle binaries and evaluated at the
very location of one of the particles. Finally the correspond-
ing metric is inserted into the redshift factor of that particle
and the small mass ratio limit is computed in order to obtain
the self-force prediction which is meaningfully compared to
direct analytical or numerical self-force calculations.

The vacuum exterior field of a general source
is computed using the multipolar—post-Minkowskian
(algorithm [36,39,40], i.e. decomposed into multipolar
spherical harmonics and iterated in a nonlinear or post-
Minkowskian way. Using harmonic coordinates, the equa-
tion that we have to solve at each post-Minkowskian order
is a (flat) d’ Alembertian equation for the components of the
gothic metric deviation, whose right-hand side is known

PHYSICAL REVIEW D 90, 044017 (2014)

from previous iterations. Furthermore, if we project out that
equation on a basis of multipolar spherical harmonics with
multipole index £, we end up solving a generic equation of
the type

Ouy (x,1) =i S(r,t—r/c). (2.1)
Here [1=#»"0,0, is the flat space-time d’Alembertian
operator, r = |x| is the coordinate distance from the field
point to the origin located inside the matter source, and 71,
is a symmetric-trace-free (STF) product of £ unit vectors
n; = x;/r, which is equivalent to the usual basis of
spherical harmonics.”’ The solution of Eq. (2.1) for a source
term S which tends to zero sufficiently rapidly when r — 0
(see the precise conditions in Ref. [39]) reads

wxt)=c [ da{l {R (%)

where R(p, s) denotes some intermediate function defined
in terms of the source by

» Y _
R(p,s) :p"')A dﬂ% (%)f lS(/L s). (2.3)

For the present work, since we shall perform a matching of
this solution to the inner field of a post-Newtonian source,
we shall need the expansion of the solution (2.2) in the near
zone, i.e. when r — 0 formally. Denoting with an overbar
the formal expansion when r — 0 we can write the
following crucial formula [41]:

(2.2)

) {G(r— r/c) - Glr + V/C)}

ur (x.1) =0 .

+ O L [ALS(r t = r/c)]. (2.4)

The second term in that formula represents a particular
solution of the equation (2.1), in the form of an expansion
when r — 0, and given by the so-called operator of the
instantaneous potentials defined by

*For STF tensors we use the same notation as in Paper I: L =
iy ---ip denotes a multi-index composed of # spatial indices
ranging from 1 to 3; similartly L —1=1i;---i,_; 0 =
;- -+ 0;, is the product of # partial derivatives 9; = 9/0x'; x, =
X;, -+ x;, is the product of £ spatial positions x;; n;, = n; ---n;,
is the product of # unit vectors n; = x;/r; the STF projection is
indicated with a hat, i.e. X, = STF[x,], A, = STF[n;], 0, =
STF[9,] (for instance O;; = 0;; —+6;;A), or sometimes with
angular brackets surrounding the indices, e.g. x;, 0, =
STF[x;,0;_;]; in the case of summed-up multi-indices L, we
do not write the # summations from 1 to 3 over the dummy
indices.

it
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'_1 7l - :+Oo i & —1=ify _
CrslaS(ri=r/e)] =Y ;) AT S(re=r/o).
i=0

(2.5)

Note that such an operator acts directly (term by term) on
the formal expansion of the source when r — 0, given
by the usual Tayor expansion of the retardation ¢ —r/c,
and does not integrate over time (hence the adjective
“instantaneous”); see Ref. [41] for the proof and more
details about the iterated Poisson operator in Eq. (2.5).
The point, proved in the appendix of Paper 1, is that the
second term in Eq. (2.4) always contributes to integral
post-Newtonian approximations, and thus can be safely
ignored when looking at the half-integral approximations.
We shall check in Appendix B below that the proof of
Paper I is still applicable to the extended calculation
performed here. Thus all the effects we are looking for
come from the first term in Eq. (2.4), which is a homo-
geneous solution of the wave equation of the type retarded
minus advanced and is parametrized by the function

G(u)zc/_ldsR(?,s).

Note that the retarded-minus-advanced solution is regular
when » — 0 and can therefore be directly extended by
matching inside the source. The purpose is to compute the
function G given the generic form of the source term S we
need. As in Paper I we apply Eq. (2.6), together with
Eq. (2.3), to source terms made of the requisite tails, that is,
nonlocal in time (hereditary) terms having the form

(2.6)

S(r.t—r/c) = rB* [-&—oo dxQ,,(x)F(t—rx/c), (2.7)

where F denotes some time derivative of a multipole
moment, k and m are integers and Q,(x) is the
Legendre function of the second kind, with branch cut
from —oo to 1, explicitly given in terms of the usual
Legendre polynomial P,,(x) by

0 (1) =3 P 0 (257) = Y- 5Py (1P ()

(2.8)

Besides the hereditary source terms (2.7) we need also to
include the case of instantaneous (nontail) terms of the type
S(r,t—r/c) = rP=*F(t —r/c), but these are immediately
deduced from the hereditary case (2.7) by replacing
formally Q,,(x) by the truncated delta function defined
by 6,(x—1)=Y(x—1)8(x—1), where Y and & are the
usual Heaviside and delta functions. Hence we can handle
all the terms given for completeness in Appendix B.

Note that we systematically include inside the source
term (2.7) a regularization factor 5, where B is a complex

PHYSICAL REVIEW D 90, 044017 (2014)

parameter destined to tend to zero at the end of the
calculation. The presence of this factor ensures, when
the real part )i(B) is large enough, that the source term
tends sufficiently rapidly toward zero when r — 0, so the
applicability conditions of the integration formulas (2.2)
and (2.4) are fulfilled (see Refs. [39,41]). From the initial
domain of the complex plane where 9 (B) is large enough,
we extend the validity of the formulas by analytic con-
tinuation to any complex B-values except isolated poles at
integer values of B.

Plugging the source term (2.7) into Eq. (2.3), and then
substituting (2.3) into Eq. (2.6), we obtained in Paper I a
more tractable expression of the function G that para-
metrizes the term of interest to us in Eq. (2.4), namely

+o0
G(u) = BH=*3C, 4 . (B) / deeB F6==2) (4 — 7).
0

(2.9)

Always implicit in expressions such as Eq. (2.9) is that we
perform the Laurent expansion of the result when B — 0
and then pick up the finite part of that expansion, i.e. the
coefficient of the zeroth power of B. Depending on the
relative values of k and ¢ (namely the power of 1/r and
the multipole order of the term in question), the function F
in Eq. (2.9) will appear either multi time-differentiated or
multi time-integrated, which we indicate in both cases
by the superscript (p) where p = k — ¢ — 2 can be positive
or negative; the formula (2.9) is valid in either case. The
B-dependent coefficient Cy »,,, in Eq. (2.9) reads

2T(B—k+¢+3)

+o0
x /0 dyQ,, (1 +)

1 ZB_k_f+1 (1 _ Z)f
x [ dg—————,
A < (2 1 yz)BFH73
where I' is the usual Eulerian function; see Paper I for more

details. An alternative form of Eq. (2.10), also derived in
Paper 1, is

(2.10)

_T(B-k-£+2)
Ckf,m(B) - ZF(B + 1)

L+ T(B-—k+¢+3)
;i!(f—i)!F(B—knLH—S)

+oo Y\ Q,(1+y)
XL @ (5) (2+y)BHi2

In order to control the tails present in the function G, and
which are responsible for the half-integral post-Newtonian
approximations (Paper I), we need to control the pole
parts when B — 0 of the expressions (2.10) or (2.11); see
Egs. (4.10)-(4.12) in Paper 1. In particular, when only

(2.11)
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simple poles « 1/B appear which will always be the case in
the present paper, the tail part of the function G is given by

. _ +oo
G@l(u) = cf_k”a,({fl’zn / deln tF*=4=2)(y — 1),
0

(2.12)

where ai}{?n denotes the residue (i.e. coefficient of 1/B) in

the Laurent expansion of the coefficient C; ,,,(B) when
B — 0. The residue can be obtained either by carefully
expanding Egs. (2.10) or (2.11) when B — 0 as was done
in Paper I, or by using a powerful alternative method,
described in Appendix A, which is especially tuned to pick
up directly and rapidly the required pole parts.

The tail integral (2.12) involves as usual a logarithmic
kernel. Note that we keep the argument of the logarithm
without a constant to adimensionalize it, e.g. In(z/P),
because any constant P will yield an instantaneous (nontail)
term that is safely ignored here.

III. TAILS OF TAILS IN THE NEAR ZONE

A. Expressions in harmonic coordinates

A straightforward extension of the analysis of Paper I
(see Sec. II therein) shows that in order to control the half-
integral post-Newtonian coefficients up to next-to-next-to-
leading order, namely 2PN beyond the leading-order 5.5PN
coefficient obtained in Paper I, we need to compute the tails
of tails associated with the mass-type quadrupole, octupole
and hexadecapole moments, and with the current-type
quadrupole and octupole moments. In the notation of
Paper I, this means that we have to take into account the
multipole interactions M x M x I;; (this one was sufficient
for Paper I), M x M x I;j; and M x M X I, for mass
moments, as well as M x M x J;; and M x M x J ;. for
current moments. As will be discussed in Sec. IV, those
interactions represent only the “seeds” for a subsequent
post-Newtonian iteration, formally involving higher non-
linear multipole interactions.

For all the seed multipole interactions we only need
the functions G parametrizing the regular retarded-
minus-advanced homogeneous solutions in Eq. (2.4).
They are obtained from applying Eqgs. (2.9)—-(2.11) to each
one of the source terms corresponding to these multipole
interactions. The computation is straightforward, and for
completeness we present in Appendix B the complete
expressions of the required source terms, extending
Egs. (3.4)—(3.5) of Paper 1. Typically all the coefficients
in Egs. (B3)-(B12) of Appendix B contribute to the final
results. To ease the notation we use the following shorthand
for an elementary monopolar retarded-minus-advanced
homogeneous wave,

G(t—r/c)—G(t+r/c)

{G()}

ENCR)

PHYSICAL REVIEW D 90, 044017 (2014)

Corresponding multipolar retarded-minus-advanced waves
are obtained by applying STF partial space multiderivative
operators J; (with multipolarity #). The near-zone expan-
sion when r — 0 of such multipolar waves is given by the
Taylor expansion as

3 G ., +oo0 )ACLI"Zk G(2k+2f+l)([)
L{ (t)}__ ;(2k)”(2k+2f+])” C2k+2f+l

(3.2)

Extending Eqgs. (5.1) of Paper I, we present the multi-
polar tail-of-tail interactions corresponding to the first term
of Eq. (2.4), for each of the components of the gothic metric
deviation " = | /=gg"” — " in harmonic gauge, such that
0, = 0. All these contributions are built from the source
terms given in Eqgs. (B3)—-(B12).

(i) Mass quadrupole moment:

116 GPM? [+
(hOO)MxMxI,»j = i S / dzln Taab{lﬁ)(t - T)},
c 0
(3.3a)
: 4 G3M2 +oo A 2
Ko = T | delned, (1) (-
( )MXMXIU 105 C7 A Tint zab{ ub( T)}
416 G’M? [+ (4)
- deInzo {I; (t— 1)},
s [ 1= o)
(3.3b)
y 32G°M? [+ 3)
(h7)spsemaxr,, = T drIn76;;04{1,, (1 —7)}
104 G3M? [+ ~ 3)
+§TA drlnraa(,-{lj)a(t—r)}
76 G3M? [+ (s)
—_— delnt{l;;’'(t—17)}.
Bl [ - o)
(3.3c)
(i) Mass octupole:
328G M? [+ 3
(hOO)MxMinjk = _m—g/) drlnraabc{lib)c(t_f)}v
(3.4a)

. 2 G*M? [+ A )
(hOl)MxMxl,,A = —m—7¢ drlnraiabc{lib)c(t_f)}

256 G3M? [+ 4
L A deinzd,, {10 (1= 1)},

(3.4b)
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y 8 G’M?* [+ 3
W e =55t |, drin e {150 =)}
4 G3M2 +oo A 3
o A dzn 2, {15), (1 = 7)}

(t=7)}.
(3.4¢)

316 GPM? [+ 5)
- 3156'10/) drln Tau{ll-ja

(iii) Mass hexadecapole:

1898 G3M? [+
00 _ 3)
(h )MXMXI,-J-k,_m 8 A dflnfaabcd{lgbcd(t_f)}a
(3.5a)
4 1 GM? [+ A
0i _ (2)
ety =155 or— | Dl 15t}
173G3M2/+°° (4)
- dzInz0,p {1, (t—7)},
sis | el (1=0)}
(3.5b)
(hij)MxMxl,-jkl
23 (;’))M2 +oo 3
= —@—8/0 d‘rlnr&ijaabcd{lib)cd(t — T)}
32 G’M?

+o0 N 3)
ET A dTlnTaabC<i{Ij>abC(t—T)}

169 G3M? [+ 5
+%TA drlnraab{lszb(t—r)}. (3.5¢)

(iv) Current quadrupole4:

(hOO)MXMxJ,»j =0, (3.6a)

(hOi)MxMxJ,-j

296 G3M?* [+
:105c9/0 dTlnTSiababc{](a?(t—T)}, (3.6b)

*Underlined indices mean that they should be excluded from
the symmetrization T ;; =5 (T;; + T ;).

PHYSICAL REVIEW D 90, 044017 (2014)

(hij)MxMxJU
64 G3M2 oo P 2
— E—SA dzln Tsab(,-aj>bc{J,(w>(t -17)}
1232 G3M? [+ 4
_ETA dflnrsab(iaé{.l;i(t—r)}.
(3.6¢)
(v) Current octupole:
(hOO>M><M><J,-jk =0, (3.7a)

(hOi)MxMxJ,-ﬂ

68 G M? [+
~7105 9/0 dTlnTgiababcd{JSC)d(t—T)}, (3.7b)

(hij)MxMxJ,-j,(
2 G3M2 +00 R
T35 & A de e,y 0jypeal Syt = 7))
922G3M? [+ ,
735 0 / delnze,p Dy {5 (1 = 7).

(3.7¢)

B. Application of a gauge transformation

As noticed in Paper I the tail-of-tail term M x M x [;;
given by Egs. (3.3) is to be iterated at higher nonlinear
order as there are some post-Newtonian terms which
contribute at the same level coming from higher nonlinear
iterations. However it was found that the details of that
nonlinear iteration depend on the adopted coordinate
system. In Paper I two computations of the 5.5PN coef-
ficient were made, one in the standard harmonic coordinate
system, based on the previous expressions (3.3), and one in
an alternative coordinate system in which the 5.5PN terms
in the 07 and ij components of the metric are “transferred”
to the 00 component at that order. This alternative coor-
dinate system has the great advantage that it considerably
simplifies the subsequent nonlinear iteration. Actually, it
was found in Paper I that at 5.5PN order in this coordinate
system there is no need to perform the nonlinear iteration.
Such a coordinate system is analogous to the Burke and
Thorne coordinate system [42,43] (see also [44]), in which
the complete radiation reaction force at the 2.5PN order is
linear, with nonlinear contributions arising only at higher
post-Newtonian orders.

In the present paper we shall systematically work in the
alternative nonharmonic coordinate system so designed
that it minimizes (but, at such high 7.5PN order, does not
suppress) the need for controlling nonlinear contributions.
Even in that optimized gauge we shall find that the
nonlinear contributions are numerous and require two
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iterations. We did not attempt to perform these nonlinear
iterations in harmonic coordinates. Since the redshift factor
we compute in fine is gauge invariant we are allowed to use
whatever coordinate system we like. Thus we proceed with
introducing appropriate gauge transformation vectors 7# to
be applied to each of the multipolar pieces presented in
Sec. I A. The complete gauge transformation is of course
the sum of each of the separate multipolar pieces. At
leading 5.5PN order the mass quadrupole piece agrees with
Egs. (5.11) of Paper I, except that here we do not yet focus
our attention on the conservative part of the dynamics; a
split between conservative and dissipative parts will be
made at a later stage; see Egs. (4.43). Note also that the
above gauge vectors generalize those of Paper I not only
because they involve more multipole interactions but
also because they include all post-Newtonian terms, i.e.
complete series expansions such as Eq. (3.2).
(i) Mass quadrupole:
771G M?

+o0
(’YO)MxMxl,-, :ETA drlnraab{lfb)(t—r)},

(3.8a)
. 107 G*M? [+ - (1)
(’7 )MxMx[,-j = _7—6 dTlnTaiab{Iab (t - T)}
c 0
38GM? [+
5= / drin 0, {10 (1 - 7)}.
c® Jo

(3.8b)

(i) Mass octupole:

461 G3M? [+ )
(nO)MxMxlijk = _%CJ/O dzln Taabc{lib)c(t - T)}s

(3.9a)
. 13G3M? [+ A i
(’/Il)MxMx[[jk - ?TA dzln Taiabc{lt(zb)c(t - T)}
79 G3M2 +oo 3
- 63C8/0 delnzd,, {I) (1 - 7)}.
(3.9b)
(iii) Mass hexadecapole:
29 G?M? [+ 2
(WO)MxMxl,-M = ﬁ—7£ dzln Taahcd{lgb)cd(t -7)},
(3.10a)
. 1571G*M? [+eo A |
(’71>M><M><I,-jk, = —MT/) dTlnTaiahcd{Iizb)cd(t_T)}
169G M?

+o0 3)
+m7 A dTlnTaabc{ImbC(t—T)}.

(3.10b)
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(iv) Current quadrupole:

(1) rxars, = O, (3.11a)

. 616G3M? [+oo
(”l)MxMxJ,-j = _E—g/ dTlnTgiababc{ngzc)(t_T)}'
c 0
(3.11b)
(v) Current octupole:
(WO)MxMxJ,-,k =0, (3.12a)
) 461 G3M?* [+ )
! = dzinze;,;,0pg{J (t—17)}.
(’7 )MxMxJijk 210 8 A TINTE qp bcd{ acd( T)}
(3.12b)

Applying the latter linear gauge transformations we
obtain new expressions for the gothic metric coefficients,
say W'*. Our convention is that (for each multipole
component)

WH = h — Oy — Ot 4O, (3.13)
The nice property of the metric in the new gauge is that the
number # of STF spatial derivatives 9; for each multipole
is maximal, and equal to £ = m + s for mass moments and
£ =m+s—1 for current moments, where m is the
multipolarity of the multipole moment in question
(i.e. Iy; or Jy) and s is the number of spatial indices in
the gothic metric (i.e. s =0,1,2 according to whether
uv = 00, 01, ij). From Eq. (3.2) we see that maximizing the
number of STF derivatives means pushing to the maximum
the leading PN order, and therefore minimizing the need of
nonlinear iterations at a given PN level.

(i) Mass quadrupole:

856 G3M? [+
(hIOO)MxMxl,.j = gT/O drln Taah{lfh)(t -17)},
(3.14a)
10i 856 G3M? [+ A )
(B )t = =57 a7 i drinzd;,, {15 (1 — )},
(3.14b)
. 214 G3M? [+ 8ol
(s, = 55— | drIn0a{Ly (1= o)},

(3.14c)
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(i) Mass octupole:

520G3M2 [+o
:_@—SA delnzd {10) (1 1)}.

(3.15a)

(h,O())MxMxI,-./-k

. 130 G3M? [+ A 2
(h/Ol)MxMx[,-jk = 7—7\/0 dzln Taiabc{lg})c([ - T)}’

c
(3.15Db)
.. 26G3M2 +oo N 1
B Dt = =5 s /0 deined),jpe {10 (1= 7)1,
(3.15c¢)
(iii) Mass hexadecapole:
(hIOO)MxMxl,-jk,
1571 G*M? [+ 3
s S [ a1 e - ) (16

(h/Oi)MxMxl,-jk,
1571 G3*M?

+oo A
= A delntdipea{10) (t=7)}. (3.16b)

D) spvrt,

1571 G3M? [+ A
- P A deined,upeal 1) (=)}, (3.16¢)
(iv) Current quadrupole:
(h,OO)MxMxJU =0, (3.17a)
(h/Oi)MxMx]ij
3424G3M? [+
=S A drlnte; 0y (T2 (1—17)}, (3.17b)

(hlij)MxMxJ,»j
712G M2 [+eo N
e A delnze U2 (1=7)). (3.170)

(v) Current octupole:

(") stsptssye = 05 (3.18a)

(h/Oi)MxMxJijk
65G°M? [+
= ETA dTlnTSiababcd{JSc)d(t - T)}, (318b)
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(W) v
13G3*M?

+o0 N @)
3 T o dTlnTSab(iaj)hcd{Jacd(t—T)}.

(3.18¢)

Notice that /'fi, = 0 for all these pieces, which is a nice
feature of the new gauge, shared in fact with the harmonic
gauge. Recall that expressions (3.14)—(3.18) are regular
inside the source and will be valid as they stand at the
location of the particles in a binary system.

IV. POST-NEWTONIAN ITERATION
OF TAILS OF TAILS

A. Setting up the iteration

As mentioned above, we found in Paper I that in
harmonic coordinates the computation of the 5.5PN coef-
ficient requires the control of one nonlinear PN iteration,
but that no nonlinear iteration is needed in the alternative
nonharmonic gauge. To extend the result up to 7.5PN order,
our rationale here is to systematically use the simpler
nonharmonic gauge in which the metric components are
given by Egs. (3.14)—(3.18).

In the iteration process we shall have to couple the tail-
of-tail pieces (3.14)—(3.18) with the lower order 1PN
metric. Since the choice of nonharmonic gauge we have
made above affects only the higher order tail-of-tail parts of
the metric, we can take for the 1PN metric the standard
form in harmonic coordinates, given by

4 2 1
hooz_?V—?(W+4v2)+O<E>, (4.1a)
. 4 1
ho :—§Vi+0<§>, (4.1b)
g 4 (. | 1
) — — == _
h a (W,] 25,]W> +O<c6>’ (4.1c)

where we follow our usual notation for appropriate metric
potentials V, V,, Wij and W = W,,, defined in Sec. (5.3) of
Ref. [32] for general post-Newtonian sources. We then
specialize these potentials to point particle binary sources.
Denoting the masses by m, (A = 1,2), the trajectories and
velocities by ¥/, (7) and v’ (1) = dy,(¢)/dz, the distances to
the field point by r4, = |x —y4| and the separation by
12 = |y1 — ¥a|, we have

1 1
C C

c
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. G*m? 5
Wij = UU _5ijUkk —T {&jlnrl +7:|

1
G*m3 5%
- 3 {8” In ry + }"_%:|

0? 1
8)’1 dy ¢

Here U, U; and U;; refer to the compact-support parts of
the potentials that are given (consistently with the approxi-
mation) explicitly by

- 2G2m1m2 (42C)

="t (4.3a)
ry ry
Gii Gii
U2—Tlr1—|—72r2, (43b)
G .G )
Uy =2yt 2120 (4.3¢)
ry r
G . G ;
Uy =il 4 212 i) (4.3d)
r r

The potential U is 1PN accurate and we have introduced the
effective time-dependent masses at 1PN order (which are
pure functions of time),
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and i, obtained by exchanging the particle labels. Note that
the potential U, so defined is the “superpotential” of U, in
the sense that
Later, we shall systematically make use of the notion of
high-order superpotentials. Finally the nonlinear interac-
tion term in (4.2c) is expressed by means of the well-known
function [45]

g=1n(r) +ry+rp), (4.6)
which is the superpotential of 1/(r,r,), i.e. Ag = Tqu in the
sense of distributions. Later we shall introduce the super-
potential of g itself. In Eq. (4.2c) the function g is differ-
entiated with respect to the two source points y' as
indicated.

The most important problem we face is the mass
quadrupole case, which we shall need to iterate two times.
We need to control the covariant metric components g, go;
and g;; up to order 7.5PN, which means ¢~'7, ¢7'® and ¢='5
included, i.e. up to remainders O(c™'?), O(c™'8) and
O(c™'7) respectively. We first write the metric components
in the new gauge obtained in Eqgs. (3.14)—(3.18) up to the
required order, with the help of Eq. (3.2). For convenience
we simply denote e.g. 5h’<’ i') = (W) prxpasa,,» forgetting
about the prime indicating the new gauge and also about
the type of multipole interaction. However we call this

i | Gm, 31} 44 piece 5h’<‘1” , because we shall eventually obtain iterated and
H1 = ny ) 5_2 s ( . ) . . . . uv My
7y ¢ twice-iterated contributions 5h(2) and 5h(3>.
|
(i) Mass quadupole:
1712 G3M? too ¢
ShY = =7 % / delne| 1% (1 -
(1) 325 13 Xab 0 g IIT|: ab( 7)
o) o !
+14C21ab ([—T)+Wlah (I—T) +O F . (473)
. 1T12G3M? | [e 9) r o 1
5h(()1) T 2005 4 xiab/o dTh”{I((;b (t—7) + 1362 Iz(zb)([ - 7)] + O(F)’ (4.7b)
i 428 G*M? o0 (10) 1
(]1) — —283515)(”0!7/0' dTlnTIah (t_T) +O<Cl7> (470)
(i) Mass octupole:
208 G>M? +oo r? 1
5h = —— 2 — 3, / delne |10 (1—7) + —= 102 (1 - o= ). 4.8
(1) 3969 15 Xabe 0 Tint abc( T) + 1802 abc( T) + c]9 ( a)
SO 2 M /+°°d et (= 2) + O = (4.8b)
= —————Xiupe tlnt -7 — |, .
(75103 16 T fy abe 8
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. !
shi] = (9(?). (4.8¢)
(iii) Mass hexadecapole:
1571 G*M? +o0 1
o (1) 1964655 ¢!7 xabm’% drlnz abcd(t T) +0 co) ( 9a)
0i 1
5h(1) =0 5 ) (4.9b)
ij 1
6h<1) =0 o5 ) (4.9¢)
(iv) Current quadrupole:
6h(()?> —0. (4.10a)
0i 6848 G M? R +oo (8) r? (10) 1
5h(1) = mT{;iabbe 0 dTlnT Jac (t - T) + m]ac (t - T) + O F N (410b)
i 3424 G*M? . Foo ) 1
5]’1(]1) = —mTEQbU}CﬁbCA dTlnTJac (t — T) + O(W) . (410C)
(v) Current octupole:
(Sh(()?) =0, (4.11a)
oi 13 GM?> +oo (10) 1
5}1(1) — _mjgiabxbcd A dTlnTJaCd(t—T)+O m N (411b)
ij 1

B. Quadratic iteration
At quadratic nonlinear order we have to solve the
equation

Oy = N

4, (4.12)

where the source term N’(‘;) is made of quadratic

products of derivatives of h’(‘f), symbolically written

as ~0h)0h,, and ~h(1)82h(1). Here h’(‘f) is composed
by the 1PN metric (4.1) augmented at high orders by all
the previous tail-of-tail pieces. Note that Eq. (4.12) is
valid in the new gauge but with the assumption that at
the next nonlinear order the harmonic gauge condition
is satisfied, i.e. 8yh’<‘;) =0, and later, at still higher
order, we shall assume the same, 8,,h’g> =0 (such
choices are simply a matter of convenience). The
quadratic terms we need for the present iteration,
consistent with the order 7.5PN, are

NOO

i 100 00 _~p0i 5 K00 _ pid 5 7,00
() TNy =~ dool () =2k Ooihiy) = iy 9k

@
1 .
—A.7,90 9 4,00 _ — 00 )2 0i 0i
0,5\ 0ih(Y) = (Doh(f) 2+ 2005, Do)
i 0j 0j 0i Jk Jjk
+400h} O] +20,1%) 0;h% + 0Ty, OihY.

(4.13a)

3 , |

()] — 00 5.7,00 7,00 9. 0j _9.500 9 7,0i
N(2>—480h(1)8,h(1>+6,h<1)8,h(1> 8,h(1)ajh(1>, (4.13Db)

i 1 1
Since we are ultimately interested in the covariant metric
components g, we are considering the combination
00+ ii of gothic metric components which appears
dominantly into gg,.

We now replace in (4.13) the gothic metric by its explicit
form which reduces up to 1PN order to Egs. (4.1) and
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involves all the tail-of-tail pieces 5h’(‘1”). Obviously the

iterated quadratic tail-of-tail pieces will come from the
cross products between the 1PN metric (4.1) and the linear
tails of tails (4.7)—(4.11). When considering such cross
products, we shall have to integrate typical terms whose
general structure is X; ¢p, where ¢ is any of the potentials
appearing in Eqgs. (4.1), and where X; denotes a STF
product of spatial vectors coming from Egs. (4.7)—(4.11).
Notice that the hereditary integrals therein are simply
functions of time [see e.g. (4.24)], and essentially play a
spectator role in the process, with the notable exception of
that in the dominant term for which we have to consider a
retardation at the relative 1PN order. In addition, because of
the 1PN retardation in 5h’(‘ t » we shall have to integrate the

slightly more complicated source term r°%;¢ [see e.g.
Eq. (4.7a)]. Thus, the equations we have to solve are

AT, = 3,4, (4.14a)

AD, = r’ip¢. (4.14b)
To solve them we adopt the method of superpotentials.
Namely we introduce, given the potential ¢, the hierarchy
of its superpotentials denoted ¢,;.,, for any positive
integer k, where ¢, = ¢ and

A¢2k+2 = ¢2k~

We thus have AX¢,, = ¢. The explicit formulas for the
solutions of Eqs. (4.14) (the first one being needed for
¢ = 4, and the second one only for £ = 0, 1) are

(4.15)

' x<L_K8K>¢2k+2, (4.16a)

X [Phypin +2(k +1)(2k+ 1)
X s — 4k + 1)x'0;prya)].

These solutions are unique in the following sense. Suppose
that ¢ admits an asymptotic expansion when r — oo (with ¢
fixed) on the set of basis functions =", labeled by n eN
and where the maximal power is 1 € R\N (i.e. is not an
integer). Then, for instance, the solution ¥; given by
Eq. (4.16a) is the unique solution of Eq. (4.14a), valid in the
sense of distribution theory [46], that admits an asymptotic
expansion when r — oo on the basis functions r+/+>",
Similarly ®; is the unique solution in the sense of
distributions which admits an asymptotic expansion on
the basis r#t/*4" The formulas (4.16) can be easily
proved by induction. They can also be iterated if necessary;
for instance we find by iterating i times the first one that

(4.16b)
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AT = AT (R )

4 k .
(=2)f(k+)1er ) g
=) e X KO o nin. (4.17)
= Klil(Z —k)!

Let us give an example of the applicability of those
formulas. The 1PN compact-support potential U was
defined by Eq. (4.3a), where we recall that the effective
masses fi4 are mere functions of time. Now the hierarchy of
superpotentials of U is given by

1
Uy = ol (Gl 7! + Gipr3* 1),
For k=1 we recover the potential U, already met in
Eq. (4.3b). Of course similar expressions apply for the other
potentials U; and U;; in Egs. (4.3). Taking only the leading-
order cross term in the expression of the nonlinear source
(4.13a) we find that we have to solve

(4.18)

Here V is the retarded potential (4.2a) and F; is a certain
function of time, which we shall define below to be the
hereditary integral (4.24). Note that Eq. (4.19) is to be
solved including the first-order retardation at 1PN order,
which is simply done by using the symmetric propagator
O =A™+ 587472 + O(c™?). Using then our elemen-
tary solution (4.16a) we get, up to 1PN relative order,

qj = D_l [x,GJVFU(l‘)]
= (x,-ajUz—Z@ijU4)F,»j

1
+?[xi(25j312U4Fij + ZaiatU4F§11') + a.iU4F§?))

—~ 60,02 UoF,; — 80,0,UcF\}) — 49,,UF.)|

oft)

Below we shall need not only the superpotentials of a
compact-support potential like U, but also those of more

complicated potentials such as W,-J- defined by Eq. (4.2¢).
Its first order superpotential reads (to Newtonian order)

(4.20)

A7 g7 ij 7 7kk
Wi = Uy - siUk

2 02 2

_% [8”(% <lnr1 —2)> +5ijlnr1]
2 202 2

—% [8,~j<% <lnr2—%)> +5ijlnr2]

Pf

09\ 0%

- G2m1m2

where we have used the superpotential of U;; as well as
the one of the function g of Eq. (4.6), namely g, = f/2
defined by
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1 1 1
f=xr g +-(nro+rnrn—rrn), (422)
3 3] 6
where ry = X —y,4, which satisfies Af = 2g in the sense
of distributions (see e.g. Ref. [47]). A full hierarchy of
higher superpotentials for the function g could be defined
similarly. Note that the superpotentials of the noncompact
potential U? are obtained thanks to the superpotentials of g
(at Newtonian order say, i.e. assimilating zi, to my,):
U — sz% n sz%

2 2
r )

G2
D i Lol (4.23a)
rr

(U, = G*m2Inr) + G*m31Inry + 2G’m m,g, (4.23b)

ShY), + Shily, =

6
@) ) ?(x,-[?jUz - ZaijU4)F”

1
—7 16)6 (28 62U4Fu +286 U4

+16(=60;;0{UgF;;

8
+§(r2x,-8jU2

80,;0,UqF,}

—2x,-8jU4
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G*m? 5 G*m?3 5
4= 6 ! 2(11’17'1—6) + 6 2 2(11’1}’2—8>

+ G*mym,f. (4.23c)

(U?)

We now define as a convenient shorthand the following
hereditary function of time appropriate for the mass
quadrupole moment,

1712

Fot) =22 [ deina® 4.4

and obtain the full expressions of 5h’(‘§) up to the requested
PN order as

D OULFD)

2
—40,;UoF')

- 4xik8ij4 — 2r28,»jU4

88 U6+ 16xkaz]kU6) ()

8
+ ? ()?ijkakUz — 6x

+ 4(%;,01 U,
+16(x,U}
40

21 (xz]kaka U, -

~489),,0,0,U5)F]

5.
+ 77 (kO U>

—4x<i8j>U4 + 88UU6 F

<,~j8k>6kU4 + 24x<,»8jk>(9kU6 - 48(?91]k8kU8)F1(]2)

(2)
) ij

- 4x<10j>8,2U4 + 88116%U6)FU
j 1
~20,U})F)

6x l]ak 8k3 U4 + 24X ajk 8](8 U6

- 8x<,-/-k81>8k1U4 + 48x<,-j8kl>8k1U6

—192x<,»8jkl)8k1U8 + 3848{jk18k1U10)F1(]2)

+4(3,0,U,
+ 33 (008 -
+ 12610( ROV —
- 31 )05 -

A 53 A ~ 1
+ 8(WY + x;0;(W +4U?), — 20;;(W + 4U2)4)F,~J} + O(ﬁ)

— 4x,0;,0,U4 + 88,,0,Us)F.})
40,0, U% + 80,0, UL FLY
o .
4x ;0 LU, + 8030 UL FLY

A 1
4x ;0 O, U + 8040, UL F'Y

(4.25a)
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1
5]’1(()1) *? 6(xj8,U2—28jatU4)F,J

= 3(xx0;Up — 4x,;0 Uy + Saiij6)F§llc)

8 n
+3 (x0Us = 4x;0 O Us + 8030, U F i

8 . A 1
-3 (X:j0kUs — 4x(;0,y0, Uy + SaijakUﬁ)F_E'k>
— 8(x;(0; Uk — 0,Ub) — 2(0;;U% — 9, UL))F
Lo (4.25)

8 ) ’

Shi = !

@ = .15 [—4(xx0;Us

= 201 U4)Fjyi

1
+ 26 (x,0;Us = 204 U4) Fiy] + O(ﬁ) (4.25¢)
|
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We must also do the same for the other multipole inter-
actions, but these arise at higher PN order and the iteration is
much simpler. We need only consider the mass octupole and
current quadrupole moments, for which we define

208 oo

Gin(t) = —— G3M> / deinel" (1 — 1), (4.26a
6848 oo 8

Hy(1 ——G*MZ/ delnel®(1—7).  (4.26b

For the mass octupole moment we obtain

5h00

- 24

2)
1
O 19 |
- (C19>

while the other components are negligible. For the current
quadrupole we have

[x;j0cUs — 4,03 Uy + 80, Ug) G

(4.27)

. 8 N
Sh(y) + Shiy) = 53 [(ﬁbca,-c’)tUz — 4x,00)0:0,U4 + 804,00,0,U¢ )€ 101, H o

@
5

- ﬁ ('%jbcaij

+2(x.0; Ué - ZaciU£>£ijaHac

4
ohYh = -

(2) 16 (XcajUz

1
+ (xp0;Us = 20,;Us) (€iapH aj — €japHai)] + O(m)

while the ij components are negligible.

C. Cubic iteration

At the next-to-next-to-leading 7.5PN order (i.e. 2PN
relative) it is evident that there is one further iteration to be
performed. However that iteration will concern only the
mass quadrupole moment that appears at the leading 5.5PN
order. For that moment we have to integrate the cubic
equation

Ons = M?

v

The cubic source term is the sum of two contributions: M’g>
which is a direct product of three linear terms h’(‘ 1” ) and can
be symbolically written as ~/;)0h(;)0hy), and N’g) which

1
- 2(Xb8iU 281)1 )8tabH i| +0 (W) ’
C

U2 - 62<1b8¢>81]U4 + 24x<]5bL>3 U6 - 4881,,65‘ Ug)gmbH(ac)

(4.28a)

- 2ach4)8ijaHac

(4.28b)

|
is a product between a linear term h’(’f> and a quadratic one

h’g), symbolically written as ~0h()0h(,). At cubic order

only the dominant contribution in the combination 00 + ii

of the components of the source terms will be needed.
Considering first the M’g) piece we find that the

dominant contribution therein is

+ M

00
M ()

— 9 00 00 00
" =~ O 0 (4.30)

We replace the linear metric h(()?) by its explicit expression

made of the sum of Egs. (4.1a) and (4.7a) (in which only
the leading term of order ¢ 1B is to be included), and find
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again that the integration can be explicitly performed
thanks to the method of superpotentials. However we need
to compute the superpotentials of slightly more compli-
cated potentials with noncompact support. A first series is
(with U Newtonian)

G*m? G*m?
Tlai In r + > 2

0 0
—G2m1m2<—gi+ gl),
yi o Oy;

(UaiU)Z =

3,-1nr2

(4.31a)

(4.31b)

where f has been defined by Eq. (4.22). To define another
series we introduce the superpotential of UAU namely
(at Newtonian order)

Gm1 sz
(U), +
8l )

K = (UAU), =

(U) (432

with (U), = Gmy/r\, and (U), = Gm;/r|, being the
values of U at the locations of the particles. Notice that
in fact (at Newtonian order) K is related to the trace
W = W, of Eq. (4.2¢) by

2

.U
K =W+ + 20 (4.33)

Then we can write, with the superpotentials of K computed
similarly to Eq. (4.18),

U2
(aaniU)z =-K +7, (434&)
G2 2 G2 2
(0;U0;U), = —-K, + 2mllnr1 + mzlnr2+sz,m2g,
(4.34b)
G*m? 5
(5,»U3iU)6:—K4+ lgilr%<lnr1—6>
G*m3 5 G*mm,
+—5 2y <lnr2—g> +— (4.34¢)

With these results we obtain in fully closed form the
solution corresponding to the direct cubic source term
(4.30) as
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5/100

(3) + 6hll

) 18

— X;j(OUOU), + 4x,0,(0, UOU),4

1
—80,;(0UOU)g]F;; + O(ﬁ)’ (4.35)

with, as we said, the other components 0i and ij being
negligible at this stage.

Considering next the Né”) piece of the cubic source term
(4.29) we find that only the following contributions are
needed:

NOO

i _pii oA 100 _ pii 4 100 _ A8 100 9 500
&) T NGy = —h()0ihig) = hip)Oijhiy) = 20i(,,0ihgy).

(
(4.36)

Again the method of superpotentials works for all the terms
encountered. The needed superpotentials are some straight-
forward extensions or variants of the ones in Egs. (4.31)
and (4.34). Let us add that the superpotentials of r, /r, and
ry/r, are also needed. These are obtained by appropriate
exchanges between the field point x and the source points
y4 in Eq. (4.22). Posing

1 1 1
f12:—§1'1‘1'12 [9—§] +6(r1r2+r2r12—r1r12), (4.37a)

1 1 1
fa :grz'rlz [Q—g} +6(F1"2+”1712—r2”12), (4.37b)

we have Af |, = r;/r, and Af,; = r,/ry. Those solutions
appear in the more complicated superpotential

G*m? 5
(Uzal‘jU)z = —% |:8l] <I’% (lnrl —g)> - Zéililnrl]

2 .2
—G8n12 |:8U<r%<lnr2—§)> —Zéijlnrz:|

+G2m1m2 <62f21 82flz>
2 oy "o )

(4.38a)

Finally we encounter a series of superpotentials, with
compact support generalizing Eq. (4.32), of the type

1
(PAU) g 4r = W (Gmy (), 13 + Gmy (), r31,

(4.39)
where (¢), denotes the value of ¢ at the particle A. We are

finally in a position to write down the complete explicit
form of the cubic solution of Eq. (4.36) as
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+ohfy Z%[XWU&,-UZ - U,0;U) - 14U0;;U,
+20,U0,;Uy —6x;(U0;U), +120,(U0;U),
+2(U20;;U), = 7x:(0,;U,AU),
+x,0,(U,AU), +140,(0;U,AU),
~20,;(U,AU), + 14(9;;U4AU),

00
6h<3)

1
—28,(8;UsAU),F;; + O(ﬁ) . (4.40)

D. Miscellaneous

A few operations are still in order before obtaining the
relevant metric and the result for the redshift factor (1.2). Of
course we have to sum up all the results, thereby obtaining
the full (iterated and twice-iterated) tail-of-tail contribu-
tions in the gothic metric deviation,

Sh* = Sh!'}

i Shl, + Sht

@) T ohGa) (4.41)

where 5h’(‘1”) is itself the sum of Egs. (4.7) to (4.11), 5h’(‘§) is

the sum of (4.25), (4.27) and (4.28), and éh’(‘; is the sum of
(4.35) and (4.40). The corresponding contributions in the
usual covariant metric, say 59;41» must then be deduced from
(4.41). This is a straightforward step and we get, up to the
requested PN order,

1 K0 4 pit o1
0goo = — 3 <1 + %) (8h% + 5hit) — 3 hOO§H00

o1 .. . 15 1
0i 57,01 i i 0012 57,00
RGO 4 WTghT — 2 (h)26h +O<clg>,

(4.42a)

K0 T 1
0g0i = ( 1 +——|oh™ + S h*6h™ + O 5 | (4.42b)
2 2 c

| 1 .
5911 = —51/1[] + 5 (—5h00 + 6hkk)5l'j - Zho()éhooalj

1
+0 (ﬁ) )

where A*¥ is the 1PN gothic metric (4.1).

Next we have to single out the conservative part of the
metric, i.e. neglect the dissipative radiation reaction effects.
As in Paper I we assume that the split between conservative
and dissipative effects is equivalent to a split between
“time-symmetric” and “time-antisymmetric” contributions
in the following sense. We decompose each of the tail-of-
tail integrals, like for instance F;; defined in Eq. (4.24), into
Fij =F35™ + F?}SS where

(4.42¢)
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cons 1712 teo 8 8
F() =1 TG A detne1® (=) + 19 (1+7)],
(4.43)

1712 oo 8 s
Fi (;)——ﬁG3MZA drlnf[lfj)(r—r)—I,(»j)(t—i—r)],

(4.43b)

and keep only the conservative part that is time symmetric.
This was justified in Paper I by the fact that the equa-
tions of motion of compact binaries associated with the
conservative part of the metric defined in that way are
indeed conservative, i.e. the acceleration is purely radial
for circular orbits.

From the equations of motion reduced to circular orbits
we obtain the relation between the separation r;, between
the particles and the orbital frequency €. This relation is
important when we reduce the expressions to the frame of
the center of mass and then to circular orbits. We have
checked that the results obtained in Eqgs. (5.16)—(5.17) of
Paper I are sufficient for the present purpose. However it is
important that in all relations (such as the one between
orbital separation and frequency) we take into account the
lowest order 2PN corrections, appropriate when performing
a next-to-next-to-leading computation. For the same reason
it is also important, when we replace the complete covariant
metric g, in the redshift factor defined by Eq. (1.2), to
include not only all the high-order tail-of-tail pieces, but also
the lower order covariant metric up to 2PN order, because of
couplings between the 2PN metric and the various iterated
tail-of-tail pieces at next-to-next-to-leading order. We do not
reproduce here the 2PN metric at the location of each particle
since it is given in full form by Egs. (7.6) of Ref. [33].

V. DISCUSSION

In this paper, using standard post-Newtonian methods
(see e.g. [32]), we have computed next-to-next-to-leading
contributions to Detweiler’s redshift variable [1] at odd
powers in the post-Newtonian expansion, by examining the
conservative post-Newtonian dynamics of compact binaries
moving on exactly circular orbits. Conservative PN effects
at odd powers in the PN expansion necessarily involve
nonlocal in time or hereditary (tail) integrals extending over
the whole past history of the source [22]. They have been
shown to appear first at the 5.5PN order in the redshift
factor for circular orbits [15]. In the standard PN approxi-
mation they have been proved to originate from the so-
called tails of tails associated with the mass quadrupole
moment of the source [22].

Here we have extended our previous effort to 2PN order
beyond the leading 5.5PN contribution, thus obtaining
the 6.5PN and 7.5PN coefficients in the redshift factor
(at linear order in the mass ratio), which are perhaps the
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highest orders ever reached by traditional PN methods. This
work involved computing high-order tails of tails associ-
ated with higher mass and current multipole moments. For
this purpose, we have systematically worked in a preferred
gauge for which the computation drastically simplifies,
with respect to, say, the harmonic gauge. In addition we
have employed a more efficient method to obtain the
precise coefficients of tail-of-tail integrals in the near zone
of general matter sources. Furthermore, we could perform
the nonlinear iteration of tails of tails thanks to an
integration method based on the use of hierarchical super-
potentials. Our analytical post-Newtonian calculation
gives results in full agreement with numerical and
analytical self-force calculations [15,18].

The present work is an addition to the body of works
[1,3,4,14,22] that have demonstrated the beautiful con-
sistency between analytical post-Newtonian methods,
valid for any matter source but limited to the weak-field
slow-motion regime of the source, and gravitational self-
force methods, which give an accurate description of
extreme mass ratio compact binaries even in the relativ-
istic and strong-field regime. The agreement between PN
and GSF approaches provides an indirect check that the
dimensional regularization procedure invoked in the PN
calculation when it is applied to point particle binary
sources is in fact equivalent to the very different pro-
cedure of subtraction of the singular field which is
employed in the GSF approach. Although the dimen-
sional regularization has not been explicitly used in the
present paper, this check between very different regulari-
zation procedures was a central motivation for our initial
works [3,4]. Our recent work [22] together with the
present paper confirm that the machinery used in the
traditional PN approach to compute nonlinear effects and
their associated hereditary-type integrals, like tails, tails
of tails and so on, is correct.

In principle, the prospects of extending the present
analysis to yet higher PN orders are good. The main
challenge would be to control higher nonlinear multipole
interactions. In particular, the computation of the coeffi-
cient at 8.5PN order would be feasible since we know the
mass quadrupole moment to 3PN order. On the other hand,
extension to higher order in the mass ratio would be
possible only by controlling other multipole couplings
such as the double mass quadrupole interaction coupled
with mass monopoles.

The success of the comparison performed in this paper
has obviously important implications: post-Newtonian
calculations of tails of tails at 3PN order beyond the
(2.5PN) quadrupole term already play a role [32] in the
generation of template waveforms for comparable mass
compact binaries (made of neutron stars or black holes) to
be analyzed in ground or space based detectors. By
contrast, self-force computations are designed with the
view to generate waveforms for comparison with the
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extreme mass ratio inspiral signals expected from future
space based detectors.
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APPENDIX A: ALTERNATIVE COMPUTATION
OF POLE PART CONTRIBUTIONS

According to our discussion in Sec. II, in the coefficients
given by Eq. (2.11), namely

. teo o 0,(1+)
Crem(B) = y,,iB/ dyy' -5, (Ala
k.t ( ) ; kf( ) 0 (2+y)B k+2 ( )
()N TB-k=-C+2)
where viei(B) = 4 i B L )
T(B—k+¢+3) (Alb)

X b
T(B—k+i+3)

we should compute the pole part when B — 0. Instead of
expanding directly Eqs. (A1) when B — 0 (as was done in
Paper I), it can be more convenient to expand an equivalent,
more explicit, expression of Cy ,,,(B) that merely differs
from the original one by a finite remainder O(B°). This
suggests an alternative method for computing the poles at
B = 0, based on the fact that the integral

L+ DIPC(m - v)
C(m+v+2)
(A2)

+o00
7, EA dyy*Q,,(1+y) =2*

is known by analytic continuation for any v € C, except at
isolated poles at integer values of v (see e.g. [48]). The idea
is to reshape the right-hand side of Eq. (Ala) in order to
express it in terms of integrals that possess the required
form (A2). We proceed in two steps.

(i) We perform the following transformation on
the integrand of Eq. (Ala). For k > 2, we write
the denominator in the original integrand as
(2+)2/(2+y)? and expand (2+y)*? by
means of the binomial theorem. This gives (k > 2)
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4 i+k=2 ' ' k=2
B) = Z}’k,f,i(B) Z 2'+k_j_2( : )
i=0 =i

]—l
teo 0, (14y)
x dyyi 2" 2)
A Yt y)E

2) is the usual binomial coefficient. For

Ck,t’,m(

(A3)

where ( k -

k = 1, we replace the factor y’ by the equivalent form
(2+y) X E0(=2)"77"y 4 (=27, which yields

i—1

¢
Crem(B) = Z V1.0.i(B) Z(—Z)i‘f“
i=0

=0

teo 0,(1+y)
XA &y’ (2+y)®

1 [+ Q,(1+y)
- dy 2= 2
+2A Y2+ y)p

The last integral in this expression corresponds to the
contribution to Cy ¢, (B) produced by the term (—2)'.
Its coefficient has been simplified by means of the
following identity,

(A4)

1
(2)71.:(8) = 5. (45)

Mw

i=0

resulting from the Gauss theorem on hypergeometric
functions. Remarkably, the last term in (A4) has no
pole at B=0 for m €N, since the integral is
well defined in the limit B — 0, and it is therefore
irrelevant for our analysis. Thus we shall only need the
expression

i—1

271 ci(B)Y_(=2)i7
j=0

X/+oody Q;( )+O(BO) (A6)
0 2+y)*

lem

With Egs. (A3) and (A6) in hand, we see that all
elementary integrands that may be associated with
poles are now of the type /O, (1+y)/(2+y)8
(with j € N).
(i) It is immediately possible to check that the pre-
factors in Egs. (A3) and (A6) cannot have more than
a simple pole, so that it is sufficient to control the
integrals of y/Q,,(1 +y)/(2 + y)? at order O(B°),
neglecting remainders O(B). If j < m the integral is
convergent when B =0 and its value is given by
Eq. (A2). The problem is more difficult when
Jj = m + 1. In that case we introduce the asymptotic
expansion of y/Q,,(1+y) when y — +oo. It is
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obtained by expanding when y — +oco the mono-
mials, say (1+y)™2¢"! (g €N), in the hyper-
geometric series defining Q,,(1 + y). After some
technical manipulation involving again the Gauss
theorem, we get

¥ Ou(1 Z_ Fimp¥” +0< ) (A7a)
p=0
where £, = (=)" (27 G=p=DT  pgp

(j=m=p=1)!(j+m=-p)

Concretely, we shall resort to the following lemma, valid
in the limit B — 0.

too Q1+
Lemma: A dyy-’ﬁ
+o0 J—m— 1 ) p+1
=[) dyy =P 0, (1 +y) + Z ) 1 Simp +OB).

(A8)

This permits us to relate the remaining integrals in
(A3) and (A6) to the simpler integrals that admit the
closed-form analytic expression (A2), with v = j— B.
The proof relies on the observation that, in the limit
where B — 0,

j—m—1
Zf/mpy]

(A9)

This follows from the fact that the second factor inside
the integrand behaves like O(1/y) when y — +oo
[see Eq. (A7a)]; so the integral is well defined in a
neighborhood of B =0 and vanishes at that point. In
addition, we can compute explicitly, in the sense of
analytic continuation in B and in the limit B — 0,

oot
0 2+y)? 8

The two facts (A9)-(A10) imply Eq. (AS).

Finally, transforming the integrals that enter Eqs. (A3)
and (A6) by means of our lemma (A8), when combined
with the expressions (A7b) for the coefficients f;,, , and
(A2) for the integral 7 {;B,
k =1 respectively,

(_2)p+1
p+1

+O(B). (A10)

we obtain, in the cases k > 2 and
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F2-k—¢+BI(£+3—k+B)

Crem(B) =283 (k= 2)!
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(1 + B)

) . 2 .
creiB) [[CE+1-B)'T(m—i+B) | ., 0
x ; il { Fmtita—p) () ein| + OB, (Alla)
I(1-72+B)'(¢+2+B)
Cl,f,n‘l(B) - 41—*(1 + B)
¢ . .
[C(i—B)*T(m+1—i+B) il 0
Y dese) [FG I =B cpvie | o). A
The coefficients therein read
min(Z,i) i (Z/ﬂ+ N\
J)! 1
Crei(B) = < ) . — . , Al2a)
ke j_max%;”_k) j) (= )k+j—i=2)'T(j+3—k+B) (
(=i .
- (e+i+)) 1
d, (B) = —)J , Al12b
i(B) FO( ) (¢ —i— )i+ )'T(i+j+2+B) (A12b)
i—m—1 - 12
Cim= Y izj=1Y (Al2¢)

~

s G+D(i—j—m=1)(m+i—-j )

The Laurent expansion when B — 0 of the explicit sums (A11)—(A12) can be performed rapidly in a straightforward way.

APPENDIX B: SOURCE TERMS FOR THE
TAILS OF TAILS

The tail-of-tail terms associated with the various multi-
pole moments /; or J; (symbolized by K; say) obey a
wave equation of the type

ofp ,
Dh;v;xMxK,_ = A;V?XMXKL’ (Bl)

where Ay pxk, 18 a cubic source term composed of
nonlinear interactions between two static mass monopoles
M and the time-varying multipole K . This source term has
been derived in Egs. (2.14)—(2.16) of Ref. [36] for the tails
of tails associated with the mass quadrupole moment /;;,

(i) Mass quadrupole moment”:

and this result was the basis of the computation of Paper I.
In this appendix we provide similar expressions for the
sources of the tails of tails associated with the mass
moments [, I;;;; and current moments J;;, J;j; that are
also required for the present computations. They have
been obtained by means of the same algorithm as in
the quadrupolar case, using the xAct package bundle for
Mathematica [49]. As in Ref. [36] and Paper I we split the
source terms into an instantaneous (local-in-time) part and
a hereditary (past-dependent) one, say

= IaMﬂXMXKL + H%ijxK,j (Bz)

af
AMXMXKL

I crtr, = MPnapr{=5161 4, = 51671, — 304r15)

—76r15) + 1087415 + 407518},

*We pose G = ¢ = 1 in this appendix.

(B3a)
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. 4 4
Dsor, = Wi 411) + ) = 16715 + 31l =515
372 1) 372 232
+ Mznar—ﬁ{— = 1Y - = ) - = P
84 124
— S P } (B3b)

’ 2
T eaner, = MPitgjapr™ {—190122,} —118r1%) — % 1% — 2,310 }

160 176 596 160 . (5
+ M?5;n 1~ {71ab +— i) - e PLy) - H’Jlgb)}
312 248 400 104
2~ 5) _ @ _ 3) 2() 37(5)
+ M=ig;r { 7 I].)a 7 I> + 7 I) + 7 rIj)a}

) s @ 196 33 56 , @) 48 55
+M r {—12111 —Frlij —?r It/ —?r IU . (B3C)

[272 168

+o0
Hrrr, = MPngyr / dx{%QOIEj} 0, +—Q3] ®) 1 320,218 } (B4a)
! 1

+oo 32 8
Hipatst, = M Piapr™ / dx{_32QlI§1‘Z) + [—? Qo+ 3 Qz] rli?}
1
Foo 96 192 112
+ M2nar—3% dx{? Qllg) + [? 0o + _Qz] ﬂm) +320, rzlm }, (B4b)
Jj * 32 48
HZ’XMX’U - MZﬁijabr % dx{_32Q2I$7) + [__Ql Tz Q3} ”IEISIJ)}
teo 32 208
[ al-Zoy+ [FRo Lo
L 3 [T 96 2112 192
et [0l + (BP0 -0}

to (32 512 32
+ M2 / dx{nglf.;‘)Jr {XQI —gQ3} 1) +32Q0r21§f.>}. (B4c)

-3

+ M?5; Nl

(i) Mass octupole:

76
I s, = M2ﬁabcr—8{—11401abc—1140r1§jb>c—616r21<a ~ 23670+ I,
484 112
R (B5a)
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. 37 43 16 1
T9 it = M2aggper 3615 4+ 6r1S) — 22210 2231 24 )
ijk c abc 3 abc 3 abc 9 abc 3 abc
892 892 492 584
24 —~7) _ 1 _ (2) 72 37(4)
+M Napr { 7 Iabt 7 Iabl 7 Iabz 21 57 7 Iabt
568 572
+ 63 4I£lbt + 63 rSI((16b)i}’ (BSb)

. 34 8
I;\{IXMXI[,-/( = Mzﬁijubcr_6{_]86lgzzb)c - 186rl£13b)c - 681’212 3 I<ab)(,‘ 15 4]£zb)c}
2 3 38 346 46
00 {241+ 241 3 P13 PG, - 0L,
140 140 38
25 6] Y 2 _ 7Y 406) 20 2()
+ MRt { 31) 3 ”m+3 ”
230 5650 10 46
+ TI‘ Ij)ab + ? r Ij)ab
356 356 1028 296 24
2, .—6 (2) 3) 27(4) 44(6)
+M n,r {—211[”] 21 rlaij—ﬁr Im] 63 Ialj+ 7 rlm-j}. (BSC)
+
HMXMXI, " ]Wzﬁabcr_3 / d‘x{szlabc O +3 [7Q2 + 4Q4]rlabc + Q rzlabc} (B6a)
! 1
. L, [t 64 8
HMMMQk Aﬂmwd'{ﬁ m{___Qﬂgi_Tngl x%hﬁm}
v 3 256 8 )
+M nabr —Qzlabl +ﬁ[172Q1 —|—93Q3]rlahl + Q Iabl (B6b)
1
.. +
Hitearxy, = Mzﬁijabcr_3/ dx{—16Q31,<1h¢ — 57 [3Q2 + 4Q4]rlabL}
: 1
+o0 16 8
=+ M? 5 nabc -3 / dx{__Q3 abc ~ A7 [33Q2 - 4Q4]rlt(z6b>c}
1
24 -3 32
+ M=y, r 1 Q3¢w+ 390, —4Q4]rI
128 32
+ M?*n,r 3 % dx{—Q3 aij ¥ 735 (1870, — 12Q4]rlau + Q rzlmj}. (B6¢)
(iii) Mass hexadecapole:
T chextyy = M2ﬁabcdr‘9{—25201abcd —2520r1")  — 13187210  — 4787311
1015 4) 845 5 133 (6 29 5.7
TS g+ 18 P+ S I 5 " Lipea (- (B7a)
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,~ o (a y 29 4 35 . 68
Ig\)/lxMxlijk, = Mzniabcdr 8{9Iib)cd + 9r1£tb)cd - 7 rzlih)cd - 7r3151b)Ld 9 4It(lbcd

7T 5.6 7
- % rslib)cd - E r6151b>cd}

1 4
+ Mzﬁabcr—ff{—BOIglb) _o30p@, 1093 oy 403 5

abci 9 abci 9 abci
119 5 646 70
- R P+ G 1 (B7b)
. 379
Teprntyy = Mzﬁ,-ju,,cdr‘7{—29311(fh>cd —293r1%) — 5 1%
86 146 , 6 1 <0
3" Iz(zb)cd 45 r4[¢(1b)cd_§r5151bcd
. 345 345 355 1715
+ Mzéijnahcdr { 11 Iubcd + =7 11 Iubcd Rarers 198 ubcd 198 }" ubcd
4087 4 53 o
990 l" abed — 165 abed
672 672 208 1808
24 -7) 02402 92 L03) e 37(5)
+M nabc(ir { 11 I) be 11 1) 99 I) + 99 r I])abc
452 ( ) 104 . (7
— —rl.
55 " Lave T 165" jave
74 74 835 317
2 (2) (3) 3705)
+ M igpr~ {_?Iasz _? Iabu 63 Iabl] ar Iabij
110 , 6) 314 5 (7
* 159" Lavis + 159" Lanis |- (B7¢)

+
H%XMXIW = Mzﬁabcdr_SK dx{gQZIabcd t55 [64Q’% + 35Q5]rlabcd

8
+3 0,r21%. d}, (B8a)

. +o0 2
HMxMxI,]“ Mzniabcdr_3 [ dx{—SQe,I,(fb)cd 51 [12Q2 - 5Q4]r1517b)cd}

to (40
+ Mzﬁuhcr_3 [ dx{? Q3IE46/J)ci

8
+ — 139 [780, + 41Q4]rlab“ + = Q3rzlab“} (B8b)
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R 5 [T 16 6 4 7
HMxMxI = M*Rjapear™ j dx{—— Q4I£¢h)cd - ﬁ [40; + 5Q5]71£,b)cd}
+ M5, et /+ dx{——Q 1! [8Q - Qs)r1") }
ij"tabed | 4L abed — 3 5 abcd

Y e (6) 16 (7)
+ Mznabc(ir 3 [ dx{ﬁ Q4Ij)abc +—= 207 [91Q3 10Q5]r1j>abc}

o +oo 80 16
—|—M2nabr 3[ dx{_Q4I£z(37)ij 567 [77Q3 SQS]rlabu

+= Q2 21abu} (B8c)
(iv) Current quadrupole:
IOMOXMXJ,-/- =0, (B9a)
) 152
TG rrns, = MPeiapiger™ {88ch +88r),) + 8027 + =)
368 208
—T}AJ;;L) —T 5]20)}, (ng)
i . 64 1y 64 (3 @) 608 5 4 64 5)
Illi[xMxJ,‘j - Mzgab(inj)ac { 3 ‘]bc + ? ch 64r2‘lbc) - T r3‘]bc - ? }"4.120
304 304 368 832 96
2 -6 (1) 2 ) 2403 ) 3 7(4) 4 4(5)
+M 8ab(il’l£r {FJ> 15 J]> 15 J 45 —Vr J]) —? Jj)b} (B9C)
Hg/(I)XMXJU 0, (B10a)
. +o0 64 64
H%XMXJ,‘- = Mzeiabﬁacr_?’ / dx{? Q2J§i) - E [7Q1 + 3Q3}r‘lg;sc)
! 1
64
. L [He 128
HMxMxJ _Mgab(n) -r 21 dx{_Q2ch}
+o0 128 128
+M25ab(in£r—2/ dx{——Qz.] TQ17'J§?1))} (BlOC)
(v) Current octupole:
I%)XMXJU,\ O’ (Blla)

T rtns, = MPeiaphacar™ {270]de +270nT ), 4 1887205, + 9873 — 61405,

100
-5 - 9r6Jg?d}, (B11b)

044017-22



HIGH-ORDER HALF-INTEGRAL CONSERVATIVE ...

PHYSICAL REVIEW D 90, 044017 (2014)

ij A - 4
T rter,, = MPeap(itjyaca 7{54chd +54r72), - 60,27 — 78371,

—30475)

bed —

360
M2 noop7
+ M €ap(iNg T { 7

| 166
7

7-[M><M><J,jk O’

+0o0
— A2 ~ -3 (5)
HMXMXJUk =M EiabMacd” / dx{SQSJde

JWm

T jbe

374) _
r Jj>bc

HZXMXJU,C M‘Sab Nj)acal”™ / dx{-160;J bcd}

+
—l-Mzeab(,-ﬁggr_z/ dx{——Q; Ybe 16Q2rJ }
1

In the hereditary terms the kernels of the integrals are made
of Legendre functions of the second kind Q,,(x), see
Eq. (2.8), multiplied by time derivatives of the multipole
moments evaluated at time ¢ — rx.

In Appendix A of Paper I, it was proved that certain
specific terms, namely those coming from the second
term in Eq. (2.4), do not contribute at half-integral PN
orders. It is easy to verify that the proof there applies
in the more general case investigated here, where we
have additional multipole components besides the mass

251}
B 3%0 .+ 27ﬁ I,
37—2” e = %rjfﬂc} (Blic)
(B12a)
7 b0+ 2Q4]r]hcd —80; 2‘]hcd} (B12b)
(B12c¢)

quadrupole. Indeed we observe that for all the hereditary
terms in Egs. (B3)-(B12) the combination k+m + ¢
is always an odd integer, where k represents the power
of 1/r in the term in question, m is the order of the
Legendre function therein and £ is the multipolarity of
the term. Thus the proof of Appendix A in Paper I can
be repeated exactly as it is. This shows that the PN order
of the second term in Eq. (2.4), for all these multipole
interactions, is necessarily integral and can be ignored in
the present computation.
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