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Abstract 16 

We estimated the subsidence rate of the lava flow formed during the 2012-2013 eruption of 17 

Tolbachik volcano from satellite radar interferometry with using Sentinel-1 satellite images 18 

between 2017 and 2019. The maximum subsidence values were 285 mm/yr in 2017, 249 mm/yr 19 

in 2018, and 261 mm/yr in 2019. The subsidence rate increases with the flow thickness. This trend 20 

is observed for most of locations except a small area in the vicinity of the active vent where the 21 

subsidence is anomalously high. We show that the main observed trend can be well explained by 22 

a thermal compaction with a 1D mathematical model that takes into account the latent heat of 23 

crystallization, temperature dependences of physical parameters (heat capacity, thermal 24 

conductivity, density), temperature dependence of crystal concentration in the melt volume, and 25 

the percentage of uncrystallized material (glass or melt), porosity and lava layer formation rate. 26 

The much faster subsidence rates observed close to the vent can be explained by contraction of 27 

buried lava tubes that is not accounted in the thermal model.  28 

Keywords: 2012-2013 Tolbachik fissure eruption, Lava flow, Lava cooling, Subsidence, 29 

InSAR, Thermal Model,  30 

 31 

1. Introduction 32 

Accurate quantification of the ground movement in volcanic areas and its changes in time is 33 

very important for understanding the dynamics of volcanoes. Ground deformation is often 34 

associated with the magmatic processes at depth and its observation can, therefore, be used to 35 

constrain these processes and to explore the geometry and volume of magma plumbing systems 36 

with methods of volcanic geodesy (e.g., Fernández et al., 2017). Repetitive acquisition and 37 

differencing of the digital elevation models (DEM) provides us with volumes of lava and 38 
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pyroclastic deposits needed for the evaluation of the volcanic effusion rates (e.g., Poland 2014; 39 

Dai and Howat, 2017). 40 

Post-emplacement deformation of the lava deposits is one of the key processes affecting the 41 

evolution of the ground elevation in volcanic areas. The related subsidence may reach metric 42 

values and they are observable even several years after the eruptions (e.g., Briole et al., 1997; 43 

Wittmann et al., 2017; Chen et al., 2018; Carrara et al., 2019). A spectacular example is the 44 

observation of up to 5 cm/year subsidence rate in the Parícutin lava field ~60 years after the 45 

eruption (Chaussard, 2016). This process is often described with models including the thermal 46 

cooling and compaction (Wittmann et al., 2017; Carrara et al., 2019) and the viscous relaxation of 47 

the lava substrate (Briole et al., 1997). Developing and verifying accurate approaches for 48 

predicting the lava deposits deformation is important for several reasons. First, this strong 49 

deformation can mask signals from the deep activity of the plumbing system and, therefore, should 50 

be corrected for. Second, the deposit compaction should be accounted for when estimating their 51 

volumes and the related effusive rates. Detailed thermal modelling and comparison of the predicted 52 

and real lava surface subsidence rates obtained from SAR interferometry makes it possible to 53 

constrain such model parameters as mineralogical composition, temperature of phase transition, 54 

thickness, porosity, and rate of growth of lava layer. Finally, the modeling of the currently ongoing 55 

deformation can be used to estimate thicknesses and volumes of the old lava flows deposited before 56 

the satellite methods based on DEM measurements became available (Chaussard, 2016). 57 

Many studies were devoted to modeling of the thermal cooling of a lava flow during volcanic 58 

eruptions of various types and to subsequent subsidence of the lava surface. Models differ in their 59 

complexity and a range of thermal parameters. Shaw et al (1977) suggested a thermal model of the 60 

Hawaiian Alae lava lake and compared the synthetic temperature field with the measured 61 

temperature profiles obtained by drilling of the solidified lava crust by (Peck, 1978). By comparing 62 

1D and 2D solutions Shaw et al. (1977) demonstrated that a one-dimensional model is sufficient 63 

for an adequate thermal modeling when the ratio of the thickness of the lava flow to its horizontal 64 

dimensions is small. Keszthelyi and Denlinger (1996) showed that the main mechanisms at the 65 

initial stage of lava cooling are thermal radiation, natural convection at the atmosphere – lava 66 

boundary, conductive heat transfer within the flow, dependence of thermophysical properties on 67 

temperature and porosity, as well as release of latent heat during crystallization. Neri (1998) 68 

extended this analysis considering magma as a vesiculated binary melt with a given liquidus and 69 

solidus temperature and with the possible presence of a eutectic.  70 

Patrick et al. (2004) considered the cooling process of the lava flow formed during the 1997 71 

eruption of Okmok volcano taking into account ambient temperature fluctuations and data on 72 

precipitation and wind strength. They argue that after lava has cooled for more than 2 years, one 73 
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of the main factors controlling the heat transfer turned out to be thermal conductivity and porosity, 74 

i.e. other parameters affect the lava cooling process only at the initial stage.  75 

Recently Chaussard (2016) presented a thermal model of the cooling lava to explain the 76 

long-term subsidence of the of Parícutin volcano lava fields (Mexico). These lavas were deposited 77 

during the eruptions of 1943 – 1952 and their subsidence was registered by interferometric 78 

synthetic aperture radar (hereinafter referred to as InSAR) in ????-????. This model takes into 79 

account radiation and convection from the lava surface, conductive heat transfer within the flow 80 

and to the ground, vesiculation and latent heat generation during magma solidification. The 81 

modeling results showed that compaction induced by cooling of a lava flow up to 200 m thick 82 

explains the real subsidence of the flow, 60 years after its formation when conductive transfer to 83 

the ground is considered. 84 

In this paper, we study the subsidence of the basaltic lava flows deposited during the 2012-85 

2013 eruption of the Tolbachik volcano in Kamchatka, Russia (Belousov et al., 2015; Edwards et 86 

al., 2015). This was one of the largest effusive eruptions occurred during recent decades that 87 

emitted 0.573 km3 of basaltic lavas forming extended flows covering ~45.8 km2 (Gordeev and 88 

Dobretsov, 2017). This eruption was well observed with satellites resulting in accurate estimation 89 

of the thickness and area of the lava deposits (Dai and Howat, 2017; Kubanek et al., 2015; Kubanek 90 

et al. 2017). Here we perform a SAR interferometry analysis with a series of Sentinel-1 satellite 91 

images (C-band radar, European Space Agency ESA) from 2017 to 2019 to estimate the lava field 92 

surface displacement rates. These rates are then compared with the deposit thicknesses and results 93 

of thermal modeling.  94 

Tolbachik is an active volcano in the Klyuchevskoy Volcanic Group (KVG) located in the 95 

northern termination of the Kuril Kamchatka subduction zone (inset in Fig. 1). KVG is one of the 96 

largest and most active volcanic centers in the World (e.g. Shapiro et al., 2017a) that contains 13 97 

large strato-volcanoes three of which, Klyuchevskoy, Bezymianny and Tolbachik, have been very 98 

active in the past few decades. Accumulated scientific evidences suggest that these volcanos might 99 

be connected by a deep and extended plumbing system (e.g., Fedotov et al., 2010; Shapiro et al., 100 

2017b; Koulakov et al., 2020; Coppolla et al., 2021). The KVG eruptions are very frequent with 101 

some major events such as the Great Tolbachik Fissure Eruption (GTFE) in 1975-1976 (Fedotov, 102 

1984) and the Tolbachik Fissure Eruption in 2012-2013, named after the 50th anniversary of the 103 

Institute of Volcanology and Seismology Far-East Branch of Russian academy of sciences (FEB 104 

RAS), TFE-50. 105 

TFE-50 began on November 27, 2012, and lasted nearly 10 months, until September 15, 106 

2013. Initially, on the southern slope of the Plosky Tolbachik volcano, a 6 km long radial fissure 107 

was formed, oriented to the SSW. The fissure began at an altitude of about 2100 m and descended 108 
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to an altitude of 1500 m. At first, lava spouting along the entire length of the fissure was observed, 109 

then after a few hours the eruption localized in two vents at altitudes of 2000 and 1600 m, named 110 

after Kamchatka volcanologists as the Menyaylov and Naboko Vents (Gordeev, Dobretsov, 2017).  111 

The lava flow from the Menyaylov Vent divided into two main flows: the Vodopadny and 112 

Leningradsky flows (Fig. 1). Each of them was about 10 km long. The Menyaylov Vent, which 113 

was located higher, ceased its activity by December 1, 2012. Since then, the eruption occurred 114 

only from the lower Naboko Vent. By December 13, 2012, the length of the Leningradsky flow 115 

reached 16 km, and its thickness on the lateral and frontal parts was estimated as 3 - 15 m. When 116 

the Leningradsky flow reached the Kleshnya cone, a smaller Toludsky flow separated from it and 117 

ran south-eastward. The Toludsky flow from the Naboko Vent is 5 km long, and it stopped at an 118 

altitude of about 1100 m (Belousov et al., 2015). 119 

The most voluminous Leningradsky lava field started to form from the first days of the 120 

eruption with an average lava flow rate of 140 m3 /s during the first two weeks. The second 121 

important Toludsky field began to form from December 22 to 23 by a flow enveloping the lava 122 

pile that was formed upslope of the Kleshnya cone (Fig. 1). From the second half of December, 123 

the eruption was steady, with an average lava flow rate of 18-19 m3 /s. The formation of both the 124 

Leningradsky and Toludsky fields was greatly influenced by lava channels and tubes (Dvigalo et 125 

al., 2013).  126 

Fig. 1 shows the thickness map of the lava field constructed from data provided by Dai and 127 

Howat (2017). The authors assessed the lava thickness by differentiating two DEMs produced 128 

before and after the eruption using data from ArcticDEM, a highly accurate sub-meter resolution 129 

DEM that covers the entire Arctic region.  130 

 131 

 132 
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Figure 1. Thickness of the lava flows (in meters) formed as a result of TFE-50 according to (Dai, 133 

Howat, 2017). The base map is the SRTM digital elevation model. The inset shows the location of 134 

Tolbachik in the Kamchatka Peninsula.  135 

 136 

We use a series of Sentinel-1 SAR images from 2017 to 2019 to estimate the lava field 137 

surface displacement rates. Then, we develop a mathematical model for the magma cooling 138 

process and obtain governing parameters that provide the best consistency with data on the lava 139 

surface subsidence during its solidification. Our model takes into account the latent heat of 140 

crystallization, temperature dependences of physical parameters (heat capacity, thermal 141 

conductivity, density), temperature dependence of crystal concentration in the melt volume, and 142 

the percentage of uncrystallized material (glasses), porosity and lava layer formation rate. 143 

 144 

2. Estimation of lava surface displacements by SAR interferometry 145 

Measurement of the displacements of the earth's surface or man-made objects by satellite 146 

radar interferometry methods are based on the differential analysis of images taken by a synthetic 147 

aperture radar (SAR) for the same segments of the earth's surface. The radar emits an 148 

electromagnetic signal at a certain angle to the vertical, called the off-nadir angle, and receives the 149 

signal reflected from the earth's surface. The amplitude and phase of the reflected signal are 150 

recorded for each resolution element. Based on the phase shift of the signals received during the 151 

first and second surveys, we can estimate the displacements of the reflecting natural or man-made 152 

object during the time interval between two surveys (Hanssen, 2001).  153 

Depending on the problem to be solved, researchers use methods based on analysis of a pair 154 

of images (so-called differential interferometry, DInSAR) or a series of interferograms in which 155 

so-called persistent scatterers (PS) are identified and their average displacement rates are measured 156 

using time series approaches (e.g., Ferretti et al., 2001). The former allows us to estimate surface 157 

deformations with a centimetric accuracy and the average displacement rates over the time series 158 

can be estimated at a few mm/yr.  159 

An important indicator that controls the quality of the results obtained is the interferometric 160 

correlation of the images (coherence), which varies from 0 to 1. With low coherence (usually <0.2-161 

0.3), it is difficult to combine (co-register) images and then assess displacements. When studying 162 

Kamchatka, we cannot always find pairs of images with a good correlation due to the peculiarities 163 

of the region, such as mountainous terrain, the presence of snow for most of the year, rapidly 164 

changing vegetation in summer, and active surface processes. Nevertheless, the SAR 165 

interferometry method has been successfully used to monitor volcanoes, including those on the 166 

Kamchatka Peninsula. Successful example include the study of surface displacements in the Uzon 167 
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caldera studied by (Lundgren and Lu, 2006), displacements of the slopes of Kizimen (Ji et al., 168 

2013), Tolbachik (Lundgren et al., 2015, Kubanek et al., 2015; Kubanek et al. 2017), Karymsky 169 

(Ji et al., 2018), Bezymianny (Mania et al., 2019), Bolshaya Udina (Senyukov et al., 2020) and 170 

Koryaksky (Mikhailov et al., 2022) volcanoes were studied.  171 

To assess the surface displacements of the Tolbachik lava fields, we processed a time series 172 

of radar images using the Small Baseline Subset technique (SBAS, (Berardino et al., 2002)) in the 173 

SARscape software. We used 35 Sentinel-1A satellite images taken in Interferometric Wide Swath 174 

mode from the 60th track of descending orbit during the snow-free period of 2017-2019: from 175 

May 14, 2017 to September 23, 2017 (12 images), from May 21, 2018 to September 30, 2018 (12 176 

images) and from May 16, 2019 to September 13, 2019 (11 images).  177 

In the SBAS technology, the available set of images is used to make all possible 178 

combinations of pairs whose spatial and temporal baselines do not exceed specified thresholds. 179 

For the Kamchatka region we set them equal to 100 m and 4 - 4.5 months. From the selected pairs, 180 

the stack of interferograms and their absolute phases are calculated. Once the phase values are 181 

known, the next step is to reconstruct the sequential dynamics of the displacements over time. It 182 

is followed by spatial and temporal filtering to eliminate atmospheric delay. This method is 183 

effective for natural weakly reflective terrains (Berardino et al., 2002; Lanari et al., 2004). It is 184 

also convenient because it does not impose strict requirements for the number of images in a time 185 

series, which is very important for the harsh environment of the Kamchatka region.  186 

The SAR interferometry methods determine the displacements by the phase difference of 187 

the reflected signals, so the resulting displacements are equal to the projection of the total 188 

displacement vector in the direction along the Line Of Sight (LOS) (Hanssen, 2001). If the 189 

displacements in the horizontal directions can be approximated as negligible (as is the case with 190 

cooling lava flows), with knowing the incidence angle of the satellite beam, we can calculate the 191 

displacements in the vertical direction, which we will call subvertical. According to the results of 192 

interferometric processing by the SBAS method, the maximum rates of subvertical displacements 193 

of the lava layer surface are in the region of the Kleshnya cone and have a value of 285 mm/yr for 194 

2017, 249 mm/yr for 2018, and 261 mm/yr for 2019. The surface subsidence rates of the central 195 

and lower parts of the field do not exceed 80 mm/yr. In general, the Leningradsky field subsides 196 

slightly faster than the Toludsky field (Fig. 2). 197 
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a)                                                                                            b) 198 

 199 

Figure 2. (a) Map of observed lava surface displacement rates inferred from SAR interferometry 200 

and averaged between 2017 and 2019. The red rectangle outlines the study area. (b) The same 201 

map compared with the lava thickness (Dai and Howat, 2017). 202 

 203 

It should be noted that interferometric processing did not allow us to obtain a continuous 204 

map of surface displacement rates for the entire region occupied by the lava flows because of the 205 

difficult terrain and loss of coherence higher up the slope. Therefore, the lava field thickness values 206 

comparable with the results obtained for the lava subsidence values from satellite data lie in the 207 

range from about 0 to 60 meters. The maximum thickness of the lava field, obtained by 208 

ArcticDEM, reaches almost 100 meters and is located in the vicinity of the Naboko cone (Fig. 2).  209 

The subsidence rates for all points with measurements are compared with the lava thickness 210 

in Fig. 3a. A clear trend can be identified as dense point cloud in the upper part of this plot. 211 

Following this trend, the subsidence rate is proportional to the thickness and reaches values of 212 

~100 mm/year for the flow thickness about 60-70 m. At the same time, a separate group of points 213 

with "anomalously" high values of the lava surface subsidence (up to 260 mm/yr) can be clearly 214 

distinguished from the main “cluster”. We separate two “clusters” with drawing a limit based on 215 

a simple visual inspection (red line in Fig. 3a) and plot them with two distinct colors in a map (Fig. 216 

3b). As a result, we see that all “anomalous” points are concentrated in a small area close to the 217 

Naboko vent and Kleshya cone while most of the surface of the lava filed subsides “normally”. 218 
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a) 219 

 220 

b) 221 

 222 

 223 

Figure 3. (a) Comparison of subsidence rates measured from SAR data with the lava thickness. 224 

Red line defines the boundary between the “normal” and “anomalous” clusters. (b) Geographical 225 

locations of points with normal (green) and anomalous (yellow) subsidence rates.  226 

 227 

At the periphery of the lava flow, especially on the Toludskoe field, SAR data shows small 228 

uplift with the rate up to 18 mm/year. Slow upward movements were also registered on the slopes 229 

of Tolbachik volcano above the TTI-50 lava fields and on the Southern cone at the southern edge 230 

of the study area (Fig. 2a). Several processes can be responsible for the regional uplift including 231 

lava migration below the Tolbachik volcano. Uplift at the border of the lava field at least partly 232 

may be result of the horizontal heat transfer in the ground below the lava field from the central 233 
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parts where temperature is high down to 50 m depth to the relatively cold ground at the periphery 234 

of the lava field (see Fig. 5c). 235 

 236 

3. Model of the lava flow cooling  237 

3.1 General model formulation 238 

We consider the cooling of a lava layer, which consists of three components: liquid melt, 239 

gas, and solid crystals. Most of the gas was released during the eruption (Plechov et al., 2015), so 240 

the degassing of a stagnant lava flow can be ignored as a first order approximation. Following the 241 

detailed analysis in (Patrick et al., 2004), we can also ignore the process of convective heat and 242 

mass transfer. When the lava crust cools below the solidus temperature, we can ignore the heat 243 

radiation from its surface compared to the convective heat flux. We will consider the lava flow as 244 

an inherently homogeneous medium consisting of a magmatic melt and some initial volume of 245 

crystals. Strictly speaking, weight of the loading mass also leads to compaction and subsidence. 246 

But seven years after lava emplacement this process can be ignored. 247 

Horizontal dimensions of the flow are significantly larger than the vertical, and a small 248 

parameter equal to the ratio of the lava flow thickness to its length can be introduced. 249 

Dimensionless analysis shows that the temperature derivatives along the horizontal coordinates 250 

are much smaller compared to the vertical one. Therefore, the horizontal temperature changes can 251 

be ignored, and we can solve the one-dimensional problem along the vertical coordinate z. Many 252 

studies of stagnant lava flow cooling have also used the 1D formulations (Neri, 1998; Shaw et al., 253 

1977; Patrick et al., 2004, Chaussard, 2016).  254 

According to the physical properties, the modelled medium is divided into a lava layer and 255 

an underlying rock layer. To discretize the modeling domain, we introduce a grid of elements with 256 

a step ∆𝑧𝑖(𝑡), i = 1, ... , N; where N is the number of grid elements that determines the size of the 257 

model. The Oz axis is directed downward, and the origin of coordinates is aligned with the bottom 258 

of the lava layer. 259 

As the phase change (formation of crystals from the melt) is accompanied by the latent heat 260 

release during lava cooling, the problem results in solving a 1D energy equation with advection 261 

due to subsidence and volumetric heat source: 262 

𝜕𝑇

𝜕𝑡
=  

𝜕

𝜕𝑧
(𝑘

𝜕𝑇

𝜕𝑧
) + 𝑊(𝑧, 𝑡)

𝜕𝑇

𝜕𝑧
+ 𝑄(𝑧, 𝑡, 𝑇)  (1) 263 

with initial and boundary conditions: 264 

𝑇(𝑧, 𝑡 = 0) = {
𝑇𝑚𝑒𝑙𝑡;     𝑓𝑜𝑟   𝑧 ∈ [−𝐻𝑖𝑛𝑖; 0];

𝑑𝑇0 ∗ 𝑧; 𝑓𝑜𝑟 𝑧 ∈ (0; 𝐻𝑚𝑎𝑥];
   (2) 265 

 𝑇(−𝐻𝑖𝑛𝑖 , 𝑡) = 0; 𝑇(𝐻𝑚𝑎𝑥 , 𝑡) = 𝑑𝑇0 ∗ 𝐻𝑚𝑎𝑥 , 266 
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where 𝑇(𝑧, 𝑡) and W(z, t) are the temperature and subsidence rate of the lava at the depth z at time 267 

t; 𝑄(𝑧, 𝑡, 𝑇) =  𝐿 𝑐𝑝⁄ ∗ 𝜕𝑋𝑓𝑎𝑧(𝑧, 𝑇) 𝜕𝑡⁄  is the amount of the latent heat released per unit volume 268 

during the phase change (crystallization); Xfaz(z,T) is the proportion of the solid phase at the depth 269 

z. 𝐿 is the latent heat of crystallization, 𝑐𝑝 is the specific heat capacity, and  𝑘(𝑡, 𝑧) is the thermal 270 

diffusivity. The initial thickness of the lava layer is equal to Hini. The depth of the model's lower 271 

boundary, Hmax, is set big enough to assume that temperature changes below this boundary can be 272 

ignored, 𝑇𝑚𝑒𝑙𝑡 is the initial temperature of the melt, 𝑑𝑇0 is the temperature gradient in the soil by 273 

the time the eruption begins.  274 

Lava density depends on its composition, temperature, presence of pores, and the amount of 275 

crystallized (crystals) and uncrystallised (glass/melt) components. Let us introduce the fraction of 276 

solidified part of the lava 𝑋(𝑡, 𝑇), equal to the equilibrium fraction of crystals calculated for 277 

crystallization of the most primitive TFE-50 lava in the Petrolog 3 software (Danyushevsky, 278 

Plechov, 2011). Let Xcr, Xgl and Xpor be the volume fractions of crystals, glass and pores (gas) in 279 

the solidified part of the lava, which we will consider independent of time and temperature: Xcr + 280 

Xgl + Xpor = 1. The molten part consists of magmatic melt and gas in the pores, with the porosity 281 

of the melt being also equal to Xpor. These are average values for the flow thickness, although in 282 

the upper part (crust) and the massive main part the fractions of pores and crystals will be different.  283 

We will consider Xgl and Xpor to be free parameters, and adjust their values by comparison 284 

with the data on the lava surface subsidence. We used the following parameters as the initial ones: 285 

  Xgl = 0.2, Xpor = 0.1, then Xcr = 1 - (Xgl + Xpor)=0.7.  286 

The density of molten part of lava (𝜌𝑙𝑎𝑣𝑎) is: 287 

𝜌𝑙𝑎𝑣𝑎(𝑡, 𝑇𝑚𝑒𝑙𝑡) =  𝜌𝑚𝑒𝑙𝑡 ∗ (1 − 𝑋𝑝𝑜𝑟) + 𝜌𝑝𝑜𝑟(𝑡, 𝑇) ∗ 𝑋𝑝𝑜𝑟, 288 

where 𝜌𝑚𝑒𝑙𝑡  is the density of the melt, 𝜌𝑝𝑜𝑟  is the density of the gas filling the pores.  289 

The solidified part consists of crystals with the density 𝜌𝑐𝑟(𝑡, 𝑇), glass with the density 290 

𝜌𝑔𝑙(𝑡, 𝑇) and gas in the pores (𝜌𝑝𝑜𝑟(𝑡, 𝑇)). Then the density of the solidified part - 𝜌𝑠𝑜𝑙𝑖𝑑 , is: 291 

𝜌𝑠𝑜𝑙𝑖𝑑(𝑡, 𝑇) =  𝜌𝑐𝑟(𝑡, 𝑇) ∗ 𝑋𝑐𝑟 + 𝜌𝑔𝑙(𝑡, 𝑇) ∗ 𝑋𝑔𝑙 + 𝜌𝑝𝑜𝑟(𝑡, 𝑇) ∗ 𝑋𝑝𝑜𝑟 ,  292 

and the density of the lava containing the melt and the solidified part (both with the gas fraction 293 

𝑋𝑝𝑜𝑟) is: 294 

𝜌𝑡𝑜𝑡𝑎𝑙(𝑡, 𝑇) =  𝜌𝑠𝑜𝑙𝑖𝑑(𝑡, 𝑇) ∗ 𝑋(𝑡, 𝑇) + 𝜌𝑙𝑎𝑣𝑎(𝑡, 𝑇) ∗ (1 − 𝑋(𝑡, 𝑇)). 295 

By substituting the densities of the lava and the solidified part here, one will get: 296 

𝜌𝑡𝑜𝑡𝑎𝑙(𝑡, 𝑇) = (𝜌𝑐𝑟(𝑡, 𝑇) ∗ 𝑋𝑐𝑟 + 𝜌𝑔𝑙(𝑡, 𝑇) ∗ 𝑋𝑔𝑙 + 𝜌𝑝𝑜𝑟(𝑡, 𝑇) ∗ 𝑋𝑝𝑜𝑟) ∗ 𝑋(𝑡, 𝑇)297 

+ (𝜌𝑚𝑒𝑙𝑡 ∗ (1 − 𝑋𝑝𝑜𝑟) + 𝜌𝑝𝑜𝑟(𝑡, 𝑇) ∗ 𝑋𝑝𝑜𝑟) ∗ (1 − 𝑋(𝑡, 𝑇)),  298 

or after reducing the terms with 𝜌𝑝𝑜𝑟(𝑡, 𝑇): 299 
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𝜌𝑡𝑜𝑡𝑎𝑙(𝑡, 𝑇) = (𝜌𝑐𝑟(𝑡, 𝑇) ∗ 𝑋𝑐𝑟 + 𝜌𝑔𝑙(𝑡, 𝑇) ∗ 𝑋𝑔𝑙) ∗ 𝑋(𝑡, 𝑇) + 𝜌𝑚𝑒𝑙𝑡 ∗ (1 − 𝑋𝑝𝑜𝑟) ∗300 

                    (1 − 𝑋(𝑡, 𝑇)) + 𝜌𝑝𝑜𝑟(𝑡, 𝑇) ∗ 𝑋𝑝𝑜𝑟 ,        (3) 301 

Now in equation (1), the heat released during crystallization will be: 302 

𝑄(𝑧, 𝑡, 𝑇) =  𝐿 𝑐𝑝⁄ ∗ 𝜕𝑋𝑓𝑎𝑧(𝑧, 𝑇) 𝜕𝑡⁄ =  𝐿 𝑐𝑝⁄ ∗ 𝑋𝑐𝑟 ∗ 𝜕𝑋(𝑧, 𝑇) 𝜕𝑡⁄  303 

because some part of the melt transforms into glass during solidification and the energy released 304 

during this process can be ignored. 305 

In the modeling, the density of crystals 𝜌𝑐𝑟(𝑡, 𝑇) is calculated from the equilibrium density 306 

of crystal assemblage (Pl, Ol, Cpx) with account of their compositions (An, Fo and Mg#). These 307 

properties were calculated in Petrolog 3 software (Fig. 4).  308 

The glass density is close to the melt density and changes only due to cooling: 309 

𝜌𝑔𝑙(𝑡, 𝑇) =  𝜌𝑚𝑒𝑙𝑡 ∗ (1 − 𝛼𝑣_𝑔𝑙𝑎𝑠𝑠 ∗ (𝑇 − 𝑇𝑚𝑒𝑙𝑡
(0)

)),  310 

where 𝛼𝑣_𝑔𝑙𝑎𝑠𝑠  stands for the coefficient of thermal expansion of glass equal to 5.8*10-7 1/degC, 311 

the melt density is assumed constant 𝜌𝑚𝑒𝑙𝑡 =2.6428 g/cm3 and corresponds to the density at 312 

𝑇𝑚𝑒𝑙𝑡
(0)

=1100 oC (Fig. 4A), the gas density in the pores 𝜌𝑝𝑜𝑟(𝑡, 𝑇) can also be assumed constant 313 

0.001 g/cm3, since its contribution is negligibly small.  314 

 315 

a)                                                                                         b) 316 

 317 

Figure 4. Temperature dependencies of magma density (g/cm3) (a) and crystal content (weight 318 

fraction) in the melt (b), as determined from laboratory data using the Petrolog 3 software 319 

(Danyushevsky, Plechov, 2011). 320 

 321 

The height of all grid elements ∆𝑧𝑖  is recalculated at each time step due to temperature 322 

changes. That allows calculation of the displacement rate W(z,t) in equation (1) using conservation 323 

of mass 𝜌(𝑡, 𝑇) ∗ ∆𝑧(𝑡, 𝑇) =  𝜌(𝑇𝑚𝑒𝑙𝑡) ∗ ∆𝑧(𝑇𝑚𝑒𝑙𝑡). Thus:  324 



12 
 

∆𝑧(𝑡, 𝑇) =  ∆𝑧(𝑇𝑚𝑒𝑙𝑡) ∗ 𝜌(𝑇𝑚𝑒𝑙𝑡)/𝜌(𝑡, 𝑇). (4) 325 

The crystal density and thermal expansion coefficient 𝛼𝑣 depend on the crystal composition. 326 

We use a value averaged over the minerals that make up the Tolbachik lava. Below the solidus, 327 

the density is calculated as a function of temperature: 328 

𝜌𝑐𝑟(𝑡, 𝑇) =  𝜌(0)(1 − 𝛼𝑣(𝑇(𝑡) − 𝑇𝑐𝑟
(0)

)),  (5) 329 

with parameters 𝑇𝑐𝑟
(0)

 = 505oC; 𝜌(0) is equal to the equilibrium density value of 2.9752 g/sm3 at 330 

the temperature 𝑇𝑐𝑟
(0)

. Equation (5) corresponds to the slope of the curve in Fig. 4А.  331 

Porosity decreases from 54 vol. % to 6 vol. % during the flow of lava. Then, during 332 

solidification, presumably due to additional volatile release, the porosity slightly increased again 333 

to 8 vol. % (Plechov et al., 2015). In the upper parts of the flow, the porosity is relatively high (35 334 

vol. %). Individual samples of aa-lava picked up at the surface of the lava flow are similar to 335 

solidified foam, with an assessed porosity up to 75% (Gordeev, Dobretsov, 2017).  336 

The model also accounts for the incremental formation of the lava flow. It is assumed that 337 

the lava layer with the thickness H(t) is formed during the first year (the year of the eruption) at 338 

the constant rate dh/dt, where dh is the given increment in meters over the time dt, so that 𝐻(𝑡) =339 

𝑡 × 𝑑ℎ/𝑑𝑡.  In the first year, a layer of cells with the given thickness dh was added to the model at 340 

the top of the flow at the equal time intervals dt until the given final thickness of the lava layer Hfin 341 

was reached. It was assumed that at the time t0 the thickness of the flow is equal to Hini. 342 

 343 

3.2 Model parameters 344 

Equations (1)-(2) are solved in the domain with dimensions: H(t) + Hmax, where H(t) is the 345 

thickness of the lava layer for different scenarios of its build-up dh/dt (the final thickness value 346 

Hfin varied from 10 to 60 meters), Hmax is the thickness of the soil layer. The grid step along z in 347 

the lava layer is 0.1 m, the grid step along z in the soil layer (i.e. from z=0 to z=Hmax) increases 348 

with depth, the time step is 𝜏 = 0.5 of a day. 349 

The initial temperature of the melt is 𝑇𝑚𝑒𝑙𝑡 = 1100 0C, the initial temperature gradient with 350 

depth in the underlying rocks before the eruption is assumed as dT0=50 oC/km; the specific heat of 351 

crystallization L = 3.5*105 J/kg; the thermal expansion coefficient 𝛼𝑣  of igneous material 352 

corresponds to the density model in Fig.4а.  353 

The heat capacity 𝑐𝑝  and thermal conductivity 𝜆  are given the following temperature 354 

dependences: for 𝑐𝑝 (J/kg/K) according to (Patrick et al., 2004): 355 

𝑐𝑝(𝑇) = 1100 for T > 1010 К;  356 

𝑐𝑝(𝑇) = 1211 - (1.12*105)/T for T < 1010 К; 357 

for 𝜆 (W/m/K) according to (Hidaka et al., 2005): 358 
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𝜆(𝑇) = 1.15 + 5.9 ∗ 10−7 ∗ (𝑇 − 1200𝐶)2  , for Т<1200оС 359 

𝜆(𝑇) = 1.15 + 9.7 ∗ 10−6 ∗ (𝑇 − 1200𝐶)2  , for Т>1200оС 360 

The porosity and percentage content of glass were considered free parameters and selected 361 

by comparing the calculated and actual data on the lava flow surface subsidence.  362 

Given the year of the eruption, the modeling period t was 7 years (2012-2019). The dynamics 363 

of lava flow formation and cooling is involves different physical and geological processes. In our 364 

model, we focused on the thermal subsidence that plays a dominant effect in the evolution of the 365 

lava flow thickness. 366 

 367 

3.3 Accounting for the lava thickness build-up rate 368 

We considered several scenarios for the lava layer formation for numerical modeling. 369 

Because the eruption lasted 10 months, and the maximum thickness of the accumulated lava (Dai 370 

and Howat, 2017) reached 100 meters (the Naboko cone region), the vertical rate of layer 371 

increment dh/dt must meet these time constraints. In general, the lower the rate of layer build-up 372 

dh/dt results in faster cooling and slower lava subsidence during the 7th year after the eruption. If 373 

the layer builds up quickly, it cools down more slowly, resulting in a greater lava subsidence during 374 

the 7th year. For the model with a growing layer, we chose two extreme scenarios: "fast" and 375 

"slow". The increment thickness of the lava flow was set constant and equal to 6 meters; the same 376 

thickness was set to the initial layer Hini. In case of the fast formation, the lava layer grew at a rate 377 

of 6 meters in 2 day, and in case of the slow formation 6 m in 20 days. These values provide time 378 

intervals of lava accumulation that do not extend beyond the eruption timeline. The modeling was 379 

also performed without accounting for the layer build-up, where the lava layer at time t=0 already 380 

had the given thickness Hfin.  381 

 382 

4. Relationship between the thermal cooling and surface subsidence 383 

Fig. 5 shows temperature profiles computed assuming 10% porosity and 20% of glass and 384 

different rates of lava flow emplacement. Because most of the lava field has thicknesses between 385 

20 and 40 meters, we mainly consider a 40 meters thick layer. Fig. 5a shows how the temperature 386 

evolves during 7 years within a 40 meters thick layer formed with dh/dt=6m per 20 days. It shows 387 

a progressive cooling of the lava layer and heating of the underlying crust. For such “slow” 388 

scenario, the temperature at the base of the lava flow by the end of the first year is higher due to 389 

the addition of new overlying layers of molten magma in the first year. Over time, lava cools down 390 

and after 7 years its maximum temperature is ~ 845 oC, with an equilibrium crystallinity of about 391 

86.7 %, implying that the crystallization process is not yet completed. Fig. 5b shows that with the 392 

slow lava emplacement, the temperature in the middle of the layer by the end of the 7th year is 393 
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almost 150 oC lower than with the fast and instantaneous emplacement. Fig. 5c shows that the 394 

maximum temperature in the layer depends strongly on its thickness. For a 60 meters layer, by the 395 

end of the 7th year, there is still a melt in the middle of the flow. In a 30 meters layer, the 396 

crystallization process in the middle of the layer is already completed after 7 years. Layers with a 397 

thickness smaller than 40 m reach crystallinity >54% by the end of the 7th year after the eruption 398 

and their subsidence slows down considerably. At the same time, lavas with a thickness of above 399 

50 m after 7 years still contain melt layers. Time evolution of the surface displacement and the 400 

lava thickness in a 40 meters lava layer are shown in Fig. 5d. Note, that the layer thinning is slightly 401 

faster than the surface subsidence because of the small contribution of the heating of the underlying 402 

crust. 403 

 404 

 405 
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a)                                                                         b) 406 

 407 

c)                                                                         d) 408 

 409 

Figure 5. (a) Temperature profiles 1, 3, 5, and 7 years after the eruption with a slow layer build-410 

up (dh/dt=6m per 20 days) and Hfin = 40 m. (b) Temperature profiles 7 years after the eruption 411 

for Hfin = 40 m for different scenarios: 1 – instantaneous layer formation (dh/dt=0); 2 and 3 – fast 412 

(dh/dt=6m per 2 days) and slow (dh/dt=6m per 20 days) growing layers, respectively. (c) 413 

Temperature profiles 7 years after the eruption for different lava flow thicknesses: Hfin from 10 to 414 

60 meters (dh/dt=6 m per 20 days). (d) Time evolution of the lava thickness and surface subsidence 415 

(red and blue colors, respectively) for a layer with: H fin = 40 m, dh/dt=6 m per 20 days. A porosity 416 

of 10% and a glass content of 20% have been used in all shown simulations. 417 

 418 

5. Comparison of the modeling with the results of SAR interferometry 419 

Fig. 6 shows the comparison of the observations with the modeling results assuming 420 

different percentages of pores and glasses in the igneous material of slow flow formation at dh/dt 421 

= 6 m per 20 days. We use this comparison to assess the effect of porosity and glass content in the 422 
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lava on its subsidence. Calculations in Fig.6 show that an increase in the glass quantity in the final 423 

lava composition, similarly to an increase in porosity, leads to a decrease in the lava surface 424 

subsidence rate during the 7th year.  425 

Fig. 7 shows the results of modeling with parameters that fit well the “normal” trend of lava 426 

subsidence (green circles). These curves have been obtained with considering a “slow layer build-427 

up” scenario (dh/dt 6 m during 20 days).  428 

We also performed simulations with other possible rates of the lava thickness build-up. Fig. 429 

8 shows the results of such modeling with 10% porosity and 20% glass content compared with the 430 

observations.  Scenarios of rapidly (dh/dt 6 during 2 days) or instantly formed lava layer fit better 431 

the observations in the “anomalous” zone (yellow circles).  432 

 433 
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a) 434 

 435 

b) 436 

 437 

c) 438 

 439 

Figure 6. Assessment of the effect of porosity and glass content in the lava on the subsidence rate. 440 

The colored curves show results of the modeling with different glass content for three different 441 

values of porosity: (a) 10%, (b) 20%, (c) 30%.  442 

 443 
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 444 

 445 

Figure 7. Results of the modeling with parameters best fitting the “normal” trend of the lava 446 

surface subsidence (green circles). Yellow circles are values from the “anomalous” zone of 447 

subsidence. "Slow layer build-up” scenario (dh/dt = 6m/20d) has been considered. 448 

 449 

 450 

 451 

Figure 8. Comparison of results obtained from SAR interferometry data (green circles - "normal" 452 

rate, yellow circles - "anomalous" rate) with modeling results (colored lines) at 10% porosity and 453 

20% glass content, which better fit to “anomalous”subsidence. The vertical axis is the surface 454 

subsidence rate in 2019 (in mm/yr). The red line is the result for an instantaneous layer formation 455 

(Hini=Hfin, dh/dt = 0). The green line is the rapidly formed lava layer (dh/dt = 6 m during 2 days). 456 

The blue line is the slowly formed lava layer (dh/dt = 6 m during 20 day). 457 

 458 

6. Discussion and conclusions 459 
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Our observations of surface subsidence of the lava flows emitted by the 2012-2013 460 

Tolbachik eruption based on SAR interferometry show two distinct trends. In more than 90 % of 461 

locations, the subsidence vs. lava thickness follows the main “normal” trend that can be well 462 

explained by a model based on thermal cooling and compaction of deposited lavas. So far, the 463 

subsidence rate observed in the majority of the Tolbachik lava field can be directly compared with 464 

those reported by Wittmann et al. (2017) who observed a ~20 mm/year vertical velocity for ~5 465 

years old and ~20 m thick lava flows in Hekla, Iceland. This subsidence rate is very close to our 466 

observations for the “normal” part of the Tolbachik fields (Figure 3a). The considered simple 467 

model allows us to fit this main trend inferred from the satellite-based measurements of the lava 468 

subsidence rates with varying just a few free parameters. The best fit to SAR data was achieved 469 

for the slowly formed lava layer (dh/dt = 6 m during 20 day) with porosity being between 10-30% 470 

and glass content between 30-50%. 471 

At the same time, a relatively small number of points clearly show much faster subsidence 472 

in comparison with this “normal” trend. All these “anomalous” points are located in a small 473 

compact area in the vicinity of the Naboko vent and Kleshnya cone. The emergence of this region 474 

with high lava surface subsidence rates can be explained by the specific conditions of lava flow 475 

formation. 476 

One possibility is that this part of the flow was formed very quickly after the active vent 477 

opening, which is different from more distant parts of the lava fields growing more progressively. 478 

Indeed, computations based on scenarios of “fast” or “instant” lava layer formation predict 479 

significantly faster subsidence rates for layers thicker than 25 m (Fig.8).  480 

At the same time, a considerable number of “anomalous” points are observed in the relatively 481 

thin part of the flow and cannot be solely explained by the model based on thermal compaction. 482 

Therefore, other processes should be considered for explaining the full range of observations. 483 

During the eruption, a system of lava tubes and channels was formed in the upper part of the flow 484 

just beneath the Naboko vent. These tubes were emptied during the eruption with lava flowing to 485 

the outer part of the field resulting in formation of many cavities. The region of the anomalously 486 

fast subsidence likely corresponds to a collapse of such “lava caves”. So far, episodes of such very 487 

fast subsidence have been observed during the eruption. For example, the lava surface elevation 488 

seen from the sky window southward from the Naboko cone dropped by ~5 m between February 489 

and May 2013 (Gordeev, Dobretsov, 2017). Six-seven years after the eruption, a significant 490 

number of large cavities are still present under the solidified top of basaltic flow in the region 491 

where the satellite data measure high subsidence rates. 492 

Overall, our results for the well-documented Tobachik eruption show that while most of the 493 

measured lava subsidence can be well explained by a simple thermal compaction model, the largest 494 
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observed values can be at least in part due to other processes such as collapsing cavities within the 495 

lava deposits. Therefore, the possibility of such mechanisms should be systematically considered 496 

when interpreting the observations in other regions. 497 
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