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a b s t r a c t 

The planetary exospheres are poorly known in their outer parts, since the neutral densities are low com- 

pared with the instruments detection capabilities. The exospheric models are thus often the main source 

of information at such high altitudes. We present a new way to take into account analytically the addi- 

tional effect of the stellar radiation pressure on planetary exospheres. In a series of papers, we present 

with a Hamiltonian approach the effect of the radiation pressure on dynamical trajectories, density pro- 

files and escaping thermal flux. Our work is a generalization of the study by Bishop and Chamberlain 

[1989] Icarus, 81, 145–163. In this third paper, we investigate the effect of the stellar radiation pressure 

on the Circular Restricted Three Body Problem (CR3BP), called also the photogravitational CR3BP, and its 

implication on the escape and the stability of planetary exospheres, especially for hot Jupiters. In particu- 

lar, we describe the transformation of the equipotentials and the location of the Lagrange points, and we 

provide a modified equation for the Hill sphere radius that includes the influence of the radiation pres- 

sure. Finally, an application to the hot Jupiter HD 209458b and hot Neptune GJ 436b reveals the existence 

of a blow-off escape regime induced by the stellar radiation pressure. 

© 2016 The Authors. Published by Elsevier Inc. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ). 
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. Introduction 

The exosphere is the upper layer of any planetary atmosphere:

t is a quasi-collisionless medium where the particle trajecto-

ies are more dominated by gravity than by collisions. Above the

xobase, the lower limit of the exosphere, the Knudsen number

n ( Ferziger and Kaper, 1972 ), defined as the ratio between the

ean free path and the scale height, becomes larger than 1, the

ollisions become scarce, the distribution function cannot be con-

idered as maxwellian anymore and, gradually, the trajectories of

articles are essentially determined by the planetary gravity and

adiation pressure by the Sun. The trajectories of particles, subject

o the gravitational force, are completely solved with the equations

f motion, but it is not the case with the radiation pressure ( Bishop

nd Chamberlain, 1989 ) until recently. 

The radiation pressure disturbs the conics (ellipses or hyperbo-

as) described by the particles under the influence of gravity. The
∗ Corresponding author at: Department of Physics, Imperial College London, 

rince Consort Road, London SW7 2AZ, United Kingdom. 

E-mail addresses: arnaud.beth@gmail.com (A. Beth), pgarnier@irap.omp.eu (P. 

arnier). 
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esonant scattering of solar photons leads to a total momentum

ransfer from the photon to the atom or molecule ( Burns et al.,

979 ). In the non-relativistic case, assuming an isotropic reemis-

ion of the solar photon, this one is absorbed in the Sun direction

nd scattered with the same probability in all directions. For a suf-

cient flux of photons in the absorption wavelength range, the ree-

ission in average does not induce any momentum transfer from

he atom/molecule to the photon. The momentum variation, each

econd, between before and after the scattering imparts a force,

he radiation pressure. 

Bishop and Chamberlain (1989) analyzed its effect on the struc-

ure of planetary exospheres. Nevertheless, their work was limited

nly to the Sun-planet axis, with a null component assumed for

he angular momentum around the Sun-planet axis. We thus gen-

ralize here their work to a full 3D calculation, in order to in-

estigate the influence of the radiation pressure on the trajecto-

ies ( Beth et al., 2016a ), as well as the density profiles ( Beth et al.,

016b ) and escape flux (future work). 

In this paper, we propose to investigate the influence of the ra-

iation pressure on the stability of planetary exospheres, based on

he dynamical effects of the radiation pressure. In particular, we

tudy the validity of our approach (see Beth et al., 2016a;b ) for
nder the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ). 
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Fig. 1. Plots of critical β values adapted from Schuerman (1972) in log-scale, more 

adapted for our approach. The red curve represents the βc value for which L 1 and L 2 
share the same energy and thus the same equipotential. The blue plot is similar but 

applied betwwen L 1 and L 3 and can exist only for μ > 0.5 (this does not make sense 

for us because this means that the planet is heavier than the star). We retrieve the 

asymptotic behavior derived by Schuerman (1972) for μ = o(1) : βc ∼ ( μ/3) 2/3 . (For 

interpretation of the references to color in this figure legend, the reader is referred 

to the web version of this article.) 
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the specific case of hot Jupiters and hot Neptunes, which needs to

consider the Circular Restricted Three Body Problem (CR3BP) com-

bined with the radiation pressure i.e. the photogravitational Three

Body Problem. We will also derive a new expression of the Hill

sphere radius (the limit of the gravitational influence of the cen-

tral body) that includes the effect of the radiation pressure, before

we discuss the impact of the radiation pressure force on the sta-

bility of the exoplanetary atmospheres (with a case study on HD

209458b and on GJ 436b). Indeed, these may be bounded or not

to the planet depending on the radiation pressure intensity. 

In Section 2 , we develop our approach to study the photogravi-

tational CR3BP. Then, in Section 3 , we will present the topology of

equipotentials, derive a new expression of the Hill sphere, compare

with previous works and then discuss the possible consequence for

the planetary atmosphere stability and the escaping flux. Moreover,

we detail in Section 4 the set of assumptions made in his paper

and discuss about their reliability. Finally, the conclusions will be

reported in Section 5 . 

2. Formalism 

We investigate here the combined effects of the external forces

on planetary neutral exospheres: the planetary gravity, the stel-

lar gravity, the centrifugal force and the radiation pressure. As we

know, the radiation pressure is depending on the flux of photons

and the relative speed towards/outwards the star. Indeed, because

of the relastivic effects, the wavelength of the photon perceived by

the species is slightly blue/red-shifted from the most efficient ab-

sorption wavelength in its rest frame. The Doppler-effect could be

relatively important for narrow emission lines such as the Lyman-

α line and atomic Hydrogen. Consequently, the radiation pressure

should not be considered as a conservative force (depending on

the velocity). Thereafter, we neglect relativistic effects such as the

Doppler shift or the Poynting–Robertson effect as first approxima-

tion to conclude on the main consequences of the radiation pres-

sure effect, so that this problem could be handled with a classical

approach. Moreover, we do not consider the shadowing effect of

the planet and its atmosphere which should mostly decrease the

radiation pressure acceleration in the wake of the planet, particu-

larly strong for the case of hot Jupiters ( Bourrier and Lecavelier des

Etangs, 2013 ). A more detailed discussion on the validity of these

assumptions is provided in Section 4 . 

According to these assumptions, the radiation pressure then de-

pends only on the square of the distance from the star as the stel-

lar gravity. We define the β parameter as the ratio between the

acceleration induced by the radiation pressure and by the stellar

gravity, this parameter assumed to be a constant in the planetary

system under the previous assumptions. Indeed, the radiation pres-

sure effect without relativistic effects depends only on the flux and

thus the square of the stellar distance as the stellar gravity. 

Each species is then subject to the dimensionless effective po-

tential −�(x, y, z) in the rotating coordinate system def ined as: 

�(x, y, z) = 

1 

2 

(x 2 + y 2 ) + 

(1 − β)(1 − μ) 

r S 
+ 

μ

r pl 

(1)

and { 

r S = 

√ 

(x + μ) 2 + y 2 + z 2 

r pl = 

√ 

(x + μ − 1) 2 + y 2 + z 2 

with μ = M 1 / (M 1 + M 2 ) , M 1 the mass of the planet, M 2 the mass

of the star, (−μ, 0 , 0) the position of the star and (1 − μ, 0 , 0) the

one of the planet. The axis are oriented such as the x -axis is the

star-planet axis, the z -axis is perpendicular to the planetary mo-

tion and the y -axis so that the Oxyz frame is a direct orthonormal

basis. The notations are similar to the ones used in Simmons et al.

(1985) . 
The first term of � describes the potential energy associated

o the centrifugal force, the second one corresponds to the stellar

ravity and the radiation pressure effect β , and the last one the

lanetary gravity. 

This problem was previously studied concerning the positions

nd the stability of equilibrium points by Schuerman ( [1972,1980] )

nd Simmons et al. (1985) in the case of a binary star system

ith a radiation pressure effect from both. Schuerman (1972) de-

ermined the analytical position of the Lagrange points L 4 and L 5 
iven by: 

r 3 S (L 4 , L 5 ) = 1 − β

r 3 
pl 
(L 4 , L 5 ) = 1 

�⇒ 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

x L 4 ,L 5 = (1 − μ) − (1 − β) 2 / 3 

2 

y L 4 ,L 5 = ± 3 
√ 

1 − β
2 

√ 

1 − (1 − β) 2 / 3 

4 

here r S ( L 4 , L 5 ) and r pl ( L 4 , L 5 ) are the respective distances to the

tar and the planet. Moreover, they investigated the equipotentials

nd the β values for which the Roche lobe of the planet is con-

ected to the stellar one through L 1 as a function of μ (our defini-

ion is sligthly different) and β . For critical values of β , βc (or δc 

n his paper), both are not connected at all (cf. Schuerman, 1972 ,

ig. 4): there is no “contact surface” any more (cf. Fig. 1 ). 

On the other hand, Simmons et al. (1985) investigated the gen-

ral case of a binary star system, where both stars have its own

adiation pressure. They gave a complete review about the La-

range points L 1 , L 2 and L 3 with the algebraic analysis of a five

egree polynomial, whose roots are the Lagrange points positions,

heir numerical values and their stability. However, L 4 and L 5 were

ostly studied by Schuerman (1980) . A more recent study by

hillips and Podsiadlowski (2002) on binary systems investigated

n the deformation of equipotentials and thus the stellar surface

y the strong X-Ray emission from the companion, taking into

ccount the optical depth within the star: this is similar to the

lanet-star system with the atmosphere of the planet; however,

he range of masses are clearly different. 

The link between the stability of a planetary atmosphere and

he CR3BP was tackled by Lecavelier des Etangs et al. (2004) about

he strong escape rate observed on HD 209458b and widely cov-

red in the literature ( Lecavelier des Etangs et al., 2004; Kosk-

nen et al., 2013; Vidal-Madjar et al., 2003 ) and reviewed by

elle et al. (2008) . They modeled with different densities and
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emperatures estimations the upper atmosphere of HD 209458b.

or high thermospheric temperatures, the thermosphere could ex-

end so far that the exobase could reach the Roche lobe limit, lo-

ated at only ∼ 4 planetary radii. Thus, in this case the requisite

inetic energy to escape from the exobase (or critical radius r c )

s smaller than the common gravitational potential GM 1 / r c . Several

apers dedicated to HD 209458b investigated this issue, focusing

n the mass loss rate and the conversion of the EUV flux into ki-

etic energy for Hydrogen so that it can escape. However, most of

he previous studies deal with the tidal effects ( Erkaev et al., 2007;

arcá Muñoz, 2007 ) but did not take into account the additional

ffect of the radiation pressure (i.e. β � = 0) which acts as a strong

epulsive force from the star on Hydrogen, the main atmospheric

pecies especially for hot Jupiters or other planets at high altitudes.

In this paper, we first derive an analytical formula to approxi-

ate the Hill sphere radius with the additionnal effect of the radi-

tion pressure which was never done before. Then, we will dis-

uss the positions of the equilibrium points compared with the

ize of the extended planetary atmospheres and show how the

adiation pressure will influence the stability of the atmospheres

f exoplanets, with using HD 209458b and GJ 436b as two case

tudies. 

. Results 

In this section, we present our results on the topology (3.1) and

n the decreasing size of the Hill sphere due to the radiation

ressure. We derive an analytical formula to approximate the Hill

phere size depending on the radiation pressure intensity (3.2) . We

ill then discuss the implications of the modified Hill sphere on

he planetary atmosphere stability (3.3) . This modification will sig-

ificantly affect the giant planets close to their host star such as

ot Jupiters and hot Neptunes. This section will provide quantita-

ive results for specific situations including the case of HD 209458b

nd GJ 436b (and for hydrogen atoms), but both the approach and

he results can be essentially applied to any planetary atmosphere.

.1. Topology of equipotentials 

In this first part, we study the topology of equipotentials (or

ero-Velocity Curves ZVC) modified by the radiation pressure with

he example of HD 209458b. 

Figs. 2 and 3 show the topology of the equipotentials for in-

reasing β values in the case of HD 209458b (i.e. μ ≈ 5 . 73 . 10 −4 ,

ee http://exoplanet.eu/catalog/hd _ 209458 _ b/ , Southworth, 2010;

ang and Ford, 2011 for the planet and star characteristics). Ex-

remely close to its star (0.047 A.U.), with a mass (0.69 M J ) and

 size (1.35 R J ) of the same order as Jupiter’s ones, HD 209458b is

trongly affected by tidal forces ( Lecavelier des Etangs et al., 2004 ).

evertheless, the photogravitational Three Body Problem was not

et covered concerning its implication on the stability of planetary

xospheres; only the potential effects of tidal forces were investi-

ated ( Erkaev et al., 2007 ). We considered here a range of β values

f 0 to 5, to be compared with the ranges of β values for Hydrogen

t HD 209458b as reported by Bourrier and Lecavelier des Etangs

2013) (these authors take into account the Doppler shift so that β
epends on the velocity along the radial direction with respect to

he star, β( v ≈ 0) ≈ 4). 

As can be seen in Figs. 2 and 3 , the different Lagrange points

igrate in the direction toward the star. Indeed, the radiation pres-

ure is a force opposed to the stellar gravity. For increasing β val-

es, the equilibrium points need to be nearer to the star in order

o put up the radiation pressure acceleration. 

For the critical value β = 1 , all Lagrangian points disappear ex-

ept L which should stay behind the planet. However, for any β ,
2 
 2 becomes closer to the planet, and thus the sphere of influence

r the Hill sphere has a decreasing size as a function of β . 

In order to estimate the influence of β on the Hill sphere size,

e derive in the next section a new Hill sphere radius taking into

ccount the radiation pressure. 

.2. Hill sphere 

We propose here to investigate the influence of the radiation

ressure on the Hill sphere radius. 

By definition, the Hill sphere of a planet/satellite (or also called

he sphere of influence) is the region in which a light body stays

nder the gravitational influence of the planet/satellite. Because of

he presence of a second heavy body, the gravitational influence

f the planet/satellite is limited (e.g. star-planet or planet-satellite

ystems). This definition should not be mixed with the Roche lobe

ne which is the region limited by the furthest closed equipoten-

ial from the body and of which the shape is like a drop. The Roche

obe, in the case of β = 0 (no radiation pressure), passes through

 1 and near L 2 . 

The Hill sphere radius is a first order approximation of the La-

range L 1 and L 2 positions ( L 1 and L 2 are approximatively at the

ame distance from the planet). Literally, the Roche lobe is inside

he Hill sphere and have in common only one or two points, L 1 
nd/or L 2 . The radius of the Hill sphere is approximately given at

he first order by the value R H0 = 

3 
√ 

μ/ 3 ( Hill, 1878 ) scaled by the

tar-planet (or planet-satellite) distance. 

Following the demonstration for the Hill sphere radius R H , if we

ake into account the radiation pressure (i.e. β � = 0), then R H – i.e.

he position of the L 2 Lagrange point with respect to the lightest

ody - is given by the following relation: 

(1 − β) 
1 − μ

(1 + R H ) 2 
− μ

R 

2 
H 

+ (1 − μ + R H ) = 0 

(1 − β)(1 − μ) R 

2 
H 

−μ(1 + R H ) 
2 + R 

2 
H (1 + R H ) 

2 (1 − μ + R H ) = 0 

 

5 
H + (3 − μ) R 

4 
H + (3 − 2 μ) R 

3 
H 

+ [ β(1 − μ) − μ] R 

2 
H − 2 μR H − μ = 0 (2) 

s presented in Simmons et al. (1985) (cf. Eq. (10) with δ3 
1 

= 1 − β
nd δ3 

2 
= 1 in their paper). 

According to Descartes ’ (1637) rule, this polynomial has only

ne positive root (because the sign between two successive mono-

ials changes once), the Hill sphere radius. As we know, this

olynomial does not have explicit roots (for polynomials with a

igher degree than 4, the roots cannot be written explicitly as a

unction of coefficients, cf. the Abel–Ruffini theorem Abel, 1824 ).

e can however reasonably assume that R H � 1, μ � 1 and

� R H : according to Hill’s formula (without radiation pressure),

 H (β = 0) = O (μ1 / 3 ) ; and according to Beth et al. (2016b ), a large

adiation pressure should lead to a Hill sphere radius located at

 H (β) ≈
√ 

μ/β . 

More precisely, Beth et al. (2016b ) investigated the effect of ra-

iation pressure supimposed to the gravity of the planet. In the

R3BP, it can be reasonably assumed that the centrifugal force is

ffset by the mass of the heaviest body in the system, in first

pproximation, so that only the planetary gravity and radiation

ressure are not cancelled. In their paper, they showed that the

ounded trajectories to the planet can be found until a limit dis-

ance called the exopause at R pressure = 

√ 

GM/a = 

√ 

M pl r 
2 
S 
/βM S ≈

 

μ/βd pl , with a the acceleration induced by the radiation pres-

ure at the planet’s location, distant from the star at d pl in any

irection. The bounded particles could still be found in a sphere of

adius R pressure , further than the last closed equipotential. 

http://exoplanet.eu/catalog/hd_209458_b/
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Fig. 2. Levels of effective potential � for β = 0 (pure CR3BP, upper panels), 0.1 and 0.5 for HD 209458b. The left panels provide a global picture of the equipotentials in the 

system and the right ones correspond to a zoom in the vicinity of HD 209458b. Warm/cold colors refer to high/low potential energies. The crosses define the Lagrange points: 

L 1 (violet), L 2 (blue), L 3 (green), L 4 and L 5 (black). The central point corresponds to the star position. The black point around (1 − μ, 0) corresponds to the true planetary 

size and the surrounding black circle to the exobase with its supposed size. (For interpretation of the references to color in this figure legend, the reader is referred to the 

web version of this article.) 
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We thus cut the relation 2 at the first power not depending on

β which is R 3 
H 

(for the initial derivation of the Hill sphere radius,

only the terms R 3 
H 

and O (1) are kept). Thus, the relation 3.2 gives

us: 

3 R 

3 
H + βR 

2 
H − μ ≈ 0 (3)

This polynomial has one positive root and two negative (if β >

9 3 
√ 

μ/ 12 ) or complex conjugates (if β < 9 3 
√ 

μ/ 12 ) roots. The value

of the generalized Hill sphere radius R ( β) is the positive root and
H 
an be found analytically thanks to the Cardano method: 

 H (β) = 

β

9 

[
2 cosh 

(
1 

3 

argcosh 

(
1 

2 

(
9 R H0 

β

)3 

− 1 

))
− 1 

]
(4)

or β < 3 3 
√ 

9 μ/ 4 , 

 H (β) = 

β

9 

[
2 cos 

(
1 

3 

arccos 

(
1 

2 

(
9 R H0 

β

)3 

− 1 

))
− 1 

]
(5)

or β > 3 3 
√ 

9 μ/ 4 with R H0 = R H (0) = 

3 
√ 

μ/ 3 the well-known Hill

phere radius without radiation pressure. 
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Fig. 3. Same as Fig. 2 for β = 0 . 9 , 1 and 5 for HD 209458b. 
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The upper panel of Fig. 4 shows the evolution of the Hill sphere

ize as a function of μ and β . The planetary systems with low

ass planet/star mass ratios are thus more sensitive to the radi-

tion pressure (in particular at low β values, i.e. from 0 to 0.5),

ith a Hill sphere radius decreasing more rapidly when the radia-

ion pressure ( β) increases. 

To justify the use of this convenient formula, we compare our

nalytical solution of Eq. (3) with the solution obtained numeri-

ally from Eq. (2) (see Fig. 4 , middle panel). Our analytical for-

ula thus approximates the position of L 2 with only ∼ 3% error

or μ = 10 −3 (case of the Sun–Jupiter system). Moreover, this error

ecreases quickly with μ decreasing. 

The Taylor series of our analytical formula gives: 

• for β � 1: R H (β) = 

3 

√ 

μ

3 

(
1 − β

9 

)
+ o(β) 
• for β 	 1: R H (β) = 

2 

√ 

μ

β
− μ

12 β2 
+ o(β−2 ) 

The β = 0 asymptote corresponds to the classical Hill sphere

adius without radiation pressure, whereas the β −→ + ∞ asymp-

ote corresponds to the exopause distance induced by the radia-

ion pressure and discussed in detail by Beth et al. (2016b ). Our

eneralized Hill sphere radius thus provides the location of the

ill sphere radius for any regime of the stellar radiation pressure.

oreover, this gives a mathematical basis the exopause induced

y the radiation pressurem, introduced by Bishop (1991) and later

umerically demonstrated by Beth et al. (2016b ). The generalized

ormula is all the more interesting since the asymptotic values can

e used for restricted conditions of the radiation pressure. For an

rror below ∼ 1%, the first asymptote (i.e. the classical Hill sphere
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Fig. 4. (Upper panel) Ratio between the generalized Hill sphere radius and the 

planet-star distance as a function of β . (Middle panel) Relative difference between 

the exact numerical root from Eq. (2) and our analytical solution from Eq. (3) . 

(Lower panel) Same as upper panel, with the modified Hill sphere radius scaled 

with the Hill sphere radius for β = 0 (pure CR3BP), for different μ values. For 

β = 0 , we have the usual value of the Hill sphere radius 3 
√ 

μ/ 3 without radiation 

pressure. For higher β , the modified Hill sphere radius converges asymptotically to √ 

μ/β, i.e. the exopause distance discussed by Beth et al. (2016b ). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5. Equipotentials around HD 209458b (left) and GJ 436b (right) for different ra- 

diation pressure intensities: β = 0 (blue), 0.6 (green; nominal case for GJ 436b) and 

4 (red; nominal case for HD 209458b). The corresponding Hill sphere is the circle in 

dotted line with the corresponding color. The filled centered circle corresponds to 

the solid core of the planet and the black solide circle to the circle bordered by the 

Roche lobe often assimilated to the top of the dense atmosphere or to the exobase. 

(For interpretation of the references to color in this figure legend, the reader is re- 

ferred to the web version of this article.) 
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radius) is valid until β ≈ 0.1 R H 0 only, whereas the second asymp-

tote (i.e. the exopause distance) is valid only above β ≈ 36 R H 0 . 

The β parameter depends both on the stellar photon flux at

each wavelength and on the species considered. This work inves-

tigates only the radiation pressure effect on Hydrogen atoms but

for further studies, other species such as Helium should be investi-

gated too. In Table 1 , we provide the modified Hill sphere radius in

planetary radii for Venus, Earth, Mars, HD 209458b and GJ 436b for

various typical β values. In the current Solar System, for Hydrogen,

β is between 0.4 and 1.4 with daily variations ( Vidal-Madjar, 1975 ).

The first column (i.e. β = 0 ) references the Hill sphere radius in

planetary radii as used in literature. With the effect of the radi-

ation pressure, the size of the Hill sphere may decrease strongly

depending on the mass, the distance to the star and the radiation

pressure ( β). For example, the size of the Hill sphere decreases by
 factor of 6.6/6.3/9.2 for Venus/Earth/Mars when β = 1 . 2 (max-

mum radiation pressure) is considered instead of β = 0 (no ra-

iation pressure). The case of HD 209458b is also quite interest-

ng: according to Bourrier and Lecavelier des Etangs (2013) , the

value for HD 209458b should be ∼ 4, neglecting relativistic ef-

ects and absorption (i.e. the shadowing effect), and thus the Hill

phere radius should be below the surface according to our study.

 similar study is performed for GJ 436b: its characteristic are de-

ived by Southworth (2010) for the planet and by Torres (2007) for

he star (see http://exoplanet.eu/catalog/gj _ 436 _ b/ ). For this warm

eptune-like planet, μ is ≈ 1 . 48 . 10 −4 and β ∼ 0.6 for low radial

elocities ( v ≈ 0) of Hydrogen atoms ( Bourrier et al., 2015 ). This

ther case study shows a similar behavior as HD 209458b with a

trong decrease of the modified Hill sphere, even if β is lower. 

We can also investigate the conditions encountered by the early

olar System. The Lyman- α intensity was 20 times higher for the

ne million year old Sun than at present ( Lammer et al., 2013 ),

eading to an estimated β for Hydrogen of about 20. If we assume

he planets were in the same place as today, the sphere of influ-

nce should be much closer to the planetary surface, at only some

lanetary radii (less than 10). 

The consequences on the atmospheric stability and escape flux,

n particular for the case studies HD 209458b and GJ 436b, will be

ore detailed in the Sections 3.3 and 3.4 . 

.3. Consequences on the stability of planetary atmospheres 

Regarding the example of the hot Jupiter HD 209458b,

ecavelier des Etangs et al. (2004) proposed that the exobase of

he planet is shaped by the Roche lobe proximity, since the L 1 
agrange point is expected to be close to the planet due to the

lose host star. This then induces a geometrical blow-off: the exo-

pheric particles need much less kinetic/thermal energy to escape

y reaching the close Roche lobe. Based on our analysis, we agree

n this case with the geometrical blow-off of HD 209458b proposed

y Lecavelier des Etangs et al. (2004) but for a different reason: as

an be seen in Fig. 5 (left panel), the radiation pressure (with β
4 according to Bourrier and Lecavelier des Etangs, 2013 ) pushes

he position of the Roche lobe (i.e. L 1 ) much closer to the star

nd thus much further away from the planet, but the L 2 point is

ushed closer to the planet below the expected exobase location

and even below the “surface”), so that no kinetic/thermal energy

s needed for exospheric particles to escape even for a low exo-

pheric temperature. 

http://exoplanet.eu/catalog/gj_436_b/
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Table 1 

Modified Hill sphere radius in planetary radii with the effect of the radiation pressure for different planets (Venus, Mars, Earth, HD 209458b and GJ 436b) 

and for different β values (0,0.4,0.6,1.4,2,4,20). The classical Hill sphere radius (without radiation pressure) corresponds to β = 0 . 

Planets β = 0 β = 0 . 4 β = 0 . 6 β = 1 . 4 β = 2 β = 4 β = 20 

Venus 167.5 43.91 35.99 23.62 19.78 13.99 6.25 

Earth 235.7 63.87 52.36 34.39 28.78 20.36 9.10 

Mars 320.2 60.24 49.25 32.28 27.01 19.10 8.54 

HD 209458b 4.32 2.56 2.18 1.49 1.25 0.89 0.40 

GJ 436b 6.23 3.12 2.61 1.75 1.47 1.04 0.47 
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A similar study was performed on the warm Neptune-like

xoplanet, GJ 436b, observed and studied by Ehrenreich et al.

2015) and further by Bourrier et al. (2015) . They highlight an un-

sual structure of the exosphere: a comet-like shape. According to

ourrier et al. (2015) , β is around 0.6 for small velocities. Thus, we

lot in Fig 5 , right panel, the corresponding equipotential in green

assing through L 2 and the corresponding Hill sphere. Like for HD

09458b, the radiation pressure reduces the Roche lobe and is lo-

ated below the exobase, assuming an optically thin atmosphere at

ny altitude. 

As mentioned above the early Solar System planetary atmo-

pheres encountered a Lyman- α flux about 20 times higher than

oday ( Lammer et al., 2013 ) and leading to a β value of the or-

er of 20 instead of 0 . 4 –1 . 4 . Consequently, assuming the distance

f Venus, Earth and Mars were the same as today, the sphere of

nfluence for Hydrogen should be of the order of 6 and 9 plane-

ary radii. The radiation pressure thus strongly limited the possi-

le extension of the atmosphere: above this limit, Hydrogen (and

pecies with similar β) could not be bounded to the planet by the

ravity and easily escaped to the interplanetary medium. This ra-

iation pressure effect is a new constraint for understanding the

lanetary atmospheres evolution in the solar or exoplanetary sys-

ems as well as for their modeling: the size of the simulation box

hould thus be at least larger than the Hill sphere radius of each

pecies to appropriately take into account the radiation pressure

ffect. 

In the aim to have a complete picture of the atmospheric evolu-

ion of planets, which includes the influence of the radiation pres-

ure, one should not only take into account the evolution of the

tellar EUV-XUV fluxes that drive the heating/expansion of the at-

ospheres, but also the part of the flux spectrum that drives the

adiation pressure. Depending on the flux spectrum of the host

tar, the species inside the atmosphere will be more or less af-

ected by the radiation pressure based on their specific β value.

or example, if we refer to Chamberlain and Hunten (1987) for the

olar System conditions, the β parameter of Helium can be be-

ween 0 or very small values (e.g. 0.06 for He II) and 260 depend-

ng on the wavelength. If several species are not equally sensitive

o the stellar radiation pressure, this could then affect the dynamic

f each species above the exobase and yield to a differential drag

f the species in the upper atmosphere, or to a protection of (radi-

tion pressure) sensitive species such as Hydrogen by less sensitive

nes through collisions. This last process could help understanding

ow Hydrogen rich atmospheres can remain stable for long periods

espite a blow-off type escape regime expected. These questions

ill be investigated in a future work. 

Moreover, it can be reasonably assumed that the radiation pres-

ure will have a different effect on planetary atmospheres accord-

ng to the Knudsen number Kn : 

• for Kn �1 (collisional regime), i.e. the scale height is greater

than the mean free path, the radiation pressure will increase

the mechanical energy of each Hydrogen atom on short dis-

tances similar to the mean free path. Then, through collisions,

this increase will be redistributed quickly to other species and
converted into heat. The escaping flux will be a function of the

incoming UV flux and its heating efficiency, 
• for Kn 	1 (collisionless regime), i.e. the mean free path is

higher than the scale height, the radiation pressure will af-

fect only the dynamics of each individual species on time scale

shorter than 1/ ν , ν the collisional frequency. The escaping flux

will be function of the radiation pressure and the local thermal

speed. 

.4. Escaping flux: the case studies HD 209458b and GJ 346b 

As detailed above (and seen in Table 1 ), the cases of interest

D 209458b GJ 436b have their Hill sphere radii (or exopause)

elow the exobase if we assume an optically thin atmosphere.

nder the assumption that the atmosphere is optically thin until

he exobase (see Section 4 ), an exopause below the exobase im-

lies that, all particles at the exobase thus escape (see Beth et al.,

016b ). This means the escape velocity is “virtually” reduced to 0

nd thus the Jeans’ parameter λc = v 2 esc / v 2 th 
( v esc and v th being the

scape and thermal speed) tends to 0. The critical Jeans’ param-

ter for the hydrodynamical blow-off regime proposed by Hunten

1982) is 2, but with the additional effect of the radiation pressure, 

c will reach even lower values. The thermal escape flux may then

e given by the Jeans’ escape formula F J ( Jeans, 1916 ) applied to

he exobase directly illuminated (i.e. the half of the planet) with

c = 0 , which leads for Hydrogen at HD 209458b to the following

ass loss rate: 

˙ 
 = 2 π r 2 exo m F J (λc = 0) = n exo r 

2 
exo 

√ 

2 πm H k B T exo ≈ 2 . 5 . 10 

10 g . s −1 

(6) 

or a temperature T exo of 80 0 0 K, an exobase at a distance of

.8 planetary radii and a density at the exobase of the order of

0 13 m 

−3 ( Bourrier and Lecavelier des Etangs, 2013; Lecavelier des

tangs et al., 2004 ). This loss rate is in agreement with the esti-

ates by Vidal-Madjar and Lecavelier des Etangs (2004) , i.e. above

0, 9 g s −1 , and of the same order as recent models which pre-

ict a range of loss rates between 10 9 and 10 11 g s −1 ( Koskinen

t al., 2013 ). However, the exobase temperature is poorly known

nd could be much lower than the one used by Lecavelier des

tangs et al. (2004) to match their model with the spectroscopic

bservations. Then, we have performed as well the same calcula-

ion with the effective tem perature of HD 209458b which is T eff ∼
400 K ( Charbonneau et al., 2000; Evans et al., 2015 ). Assuming the

ame order of magnitude for the density at the exobase than previ-

usly assumed, we obtain 

˙ M ≈ 10 10 g s −1 , to be compared with the

lassical Jeans’ escape, which is here of about ˙ M ∼ 20 g s −1 . Thus,

xtreme temperatures (compared with T eff) are not required to ob-

ain a good agreement with the observed mass loss rates for HD

09458b. 

The same approach can be applied to GJ 436b as well. Nev-

rtheless, two information are missing from the literature: the

eight of the exobase and its temperature. Recently, Bourrier et al.

2015) modeled the structure of the exosphere around GJ 436b and

ts cometary-like shape. The distance from the planet where they
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released the particles for their simulation is the Roche lobe ra-

dius assuming an hydrostatic profile below. Nevertheless, they ad-

mit that the Knudsen number is already around 40 at this altitude

and thus the exobase is below. If we assume that the scale height

is a function of only gravity (i.e. with a constant temperature fixed

at 717 K Demory et al., 2007 ), one can find an exobase height at

around ∼ 3.1 planetary radii (this value is lower for higher temper-

atures) leading to the following escaping rate: 

˙ M = n exo r 
2 
exo 

√ 

2 πm H k B T exo ≈ 6 . 9 . 10 

7 − 10 

8 g . s −1 (7)

with a density at 3.1 R p between 10 12 and 10 13 m 

−3 ( Guo and Ben-

Jaffel, 2016 ). This result is in agreement with the escape rate de-

rived from observations ( Ehrenreich et al., 2015 ). We thus obtain

similar escape rates to previous models, but with a different pro-

cess, i.e. with a geometrical “blow-off” due to the radiation pres-

sure influence and not due to the Roche lobe proximity. Further-

more, for hot Jupiters, the thermal escape or Jeans’ escape is in the

literature neglected but our study shows that the radiation pres-

sure acceleration modifies the gravitational potential in such a way

that the exospheric particles are not bounded any more and/or the

Jeans’ parameter tends to 0. Thus, the thermal escape is strongly

enhanced by the stellar radiation pressure, favoring the escape of

exospheric particles. 

4. Discussion and limits of this approach 

In this section, we list and discuss the assumptions and lim-

its of the approach used in this paper. The current results are not

meant to replace a full 3D kinetic model of the corona of the

planet/exoplanet. However, our approach still provides valuable re-

sults to investigate the influence of the radiation pressure and the

stellar gravity. In particular, our results are appropriate for the field

of comparative planetology. 

The assumptions are: 

• the Doppler shift and the relativistic effects are neglected, that

is that the radiation pressure is assumed to depend only on the

position. 
• the Coriolis effect is neglected as well because it is depend-

ing on the velocity of the particle. Even if this is a conservative

force, the associated potential is a function of the velocity un-

fortunately. This assumption combined with the previous ones

allowed us to study the potential energy acting on the particle.
• the optical depth of the line of interest (for this study, the

Lyman- α line) is supposed less than one at the exobase. This

means that we neglect the self-shielding effect from the day-

side corona on the dayside exobase. This assumption is dis-

cussed further below. 

The assumption of a thin atmosphere at the exobase level on

the dayside may be invalid. France et al. (2010) reported large col-

umn densities for HD 209458b, and Bourrier and Lecavelier des

Etangs (2013) revealed strong absorption effects based on 3D ki-

netic simulations. A strong absorption due to a thick atmosphere

above the exobase would reduce the radiation pressure influ-

ence and thus impact the results discussed here. However, sev-

eral points can be raised to discuss the validity of this assumption,

which show that detailed investigations would be needed to pro-

vide definitive conclusions, and that the radiation pressure most

probably influences both the equipotentials and atmospheric es-

cape of hot Jupiters. 

First, as this is not possible to perform dayside observations, the

informations (atmospheric characteristics, i.e. temperature, density,

etc.) which we are interested in come from other modeling works.

However, the current photochemical models (based on the flux

conservation) for the low atmosphere assume a spherical symme-

try (1D), with or without tidal forces, are run further than the
xobase (whereas above this limit, the fluid approach is inaccurate)

nd generalized their density profiles in any direction. 

Even if we neglect the radiation pressure, the approximation for

he tidal forces are not fulfilled at all in the perpendicular plane to

he star-planet direction. Moreover, the 1D assumption cannot be

eliable above the exobase where the dynamic of the particles is

ainly determined by external forces: the Coriolis force could be

articularly strong for Hot Jupiter systems and leads to an acceler-

tion in the Y direction if the particles are presumed moving along

he X -axis (1D case) only. 

Only kinetic approaches, such as performed by Bourrier and

ecavelier des Etangs (2013) , could be accurate above the supposed

xobase height. However, the optical thickness provided by the

ransit observations (and reproduced by numerical models) include

he strong contribution of the lower atmosphere, leading an opti-

ally thick atmosphere along the line of sight from the star to the

bserver. In our case, we only need the atmosphere to be optically

hin until the exobase (excluding the lower atmosphere). 

Another interesting point is the asymptotic formula for βc , the

ritical value for which the Roche lobe of the star and the planet

re not connected any more. Applied to our case studies, the crit-

cal β values are 3 . 31 . 10 −3 for HD 209458b and 1 . 34 . 10 −3 for GJ

36b. This means if an atom is subject to a relative β (eventually

educed by the optical depth) above these critical values, the par-

icle will escape more easily through L 2 than L 1 . Let us assume a

imple attenuation of the beta value due to the optical depth τ be-

ween the particle and the star, such as β(τ ) = β∞ 

exp (−τ ) where

∞ 

is β in absence of atmosphere (respectively 4 and 0.6 for HD

09458b and GJ 436b). If we look for τ c such as β(τc ) = βc , one

btains 7.1 for HD 209458b and 6.1 for GJ 436b. Thus, for any shell

f the atmosphere with optical depths lower than these limits for

ach planet, the particles are still very sensitive to the radiation

ressure. The influence of the radiation pressure on the equipoten-

ials and on the atmospheric escape thus cannot be neglected even

f the optical thickness is above 1. 

In addition, one can note that the above expression for the β
ttenuation assumes a pure absorption of the photons, whereas

hey can also be scattered (resonant scattering, scattering or (ab-

orption+emission)), thus needing a radiative transfer model to rig-

rously assess the effect of the radiation pressure in the corona

or optically thick parts. Debout et al. (2016) for example showed

hat near the nucleus of comet 67P, some regions have a g-factor

proportionnal to the radiation pressure) higher than the value in

ptically thin parts, due to resonant scattering of photons by H 2 O . 

Finally, it is interesting to note that, beyond the uncertainties

ue to the shadowing effect, and as shown by Fig. 6 , the radia-

ion pressure enhances the asymmetry between the dayside and

he nightside by moving L 1 away from the planet and L 2 toward,

ven for small β and μ values. 

. Conclusions 

In this paper, we show the effect of the radiation pressure on

he Circular Restricted Three Body Problem (CR3BP). This problem

as previously tackled for Celestial Mechanics purposes but rarely

n the context of Planetary Sciences. 

We first discuss the influence of the radiation pressure on the

ositions of the Lagrange points, before we derive for the first time

n analytical formula to approximate the Hill sphere radius with

he additional effect of the radiation pressure. We highlight the

trong interest of this derivation for the case studies of exoplanets

nd in particular for hot Jupiters. Most of the papers dealing with

he Hill sphere (or Roche lobe) and the stability of Hot Jupiters at-

ospheres do not take account the effect of the radiation pressure

n the CR3BP but only tidal effects. 
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Fig. 6. Relative distances of L 1 and L 2 in planet-star distance ( d p ) for different val- 

ues of μ. The solid lines correspond to the L 1 position for a given μ and the dashed 

lines to L 2 . The circles correspond to the βc ( μ) value for which the L 1 and L 2 have 

the same potential: for β > βc ( μ) as defined by the circle, this is easier for a par- 

ticle to escape through L 2 than L 1 . The horizontal line at β = 1 is the limit from 

which L 1 does not exist any more. 
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We show in extreme cases such as for hot Jupiters like HD

09458b or warm Neptune like GJ 436b that the Hill sphere radius

ould be drastically reduced and even be located below the sur-

ace. The components of the upper atmosphere, which are sensitive

o the radiation pressure, are thus not “bounded” to the planet any

ore and then escape to the interplanetary medium. The result-

ng increased escapes calculated for HD 209458b and GJ 436b are

n agreement with the observations. Moreover, we show that our

wo case studies are in a “blow-off” type escape regime due to the

adiation pressure of the host star, in contradiction with previous

orks that considered a blow-off regime due to the proximity of

he Roche lobe (the Lagrange point L 1 being actually pushed to-

ard the star by the radiation pressure, the escape is then much

asier through L 2 than L 1 ). Thus, the radiation pressure can modify

he planetary escape flux and strongly affect the atmospheric evo-

ution of hot Jupiter and/or warm Neptune atmospheres from their

arly age, depending on the evolution of the host star as well and

hose of terrestrial planets. Other exoplanets could be targets of

nterest to apply our approach when more information (data and

odels) on the upper atmosphere and the exobase will be avail-

ble. 

Some assumptions are done in this work (e.g. neglecting rela-

ivistic effects and the shadowing effect of the planet and its atmo-

phere), which may change the quantitative results given in the pa-

er. Full 3D Monte Carlo simulations including the radiation pres-

ure and a radiative transfer model will be needed to derive re-

listic results. However, these investigations will be dependent on

he planet and our work proposes a simplified global picture in

rder to provide clues for comparative planetology and better un-

erstand the specific influence of the radiation pressure force on

he equipotentials and atmospheric escape. 

In a future work, we will investigate the influence of the self-

hadowing effect on the radiation pressure intensity in the vicinity

f the planets, and analyze how the intense radiation pressure of

he young Sun may have influenced the atmospheric escape and

volution of the inner Solar System planets, whose Hill sphere radii

ere significantly reduced. 
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