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Abstract :

Taking into account the coupling of the ocean with the atmosphere is essential to properly describe vortex
dynamics in the ocean. The forcing of a circular eddy with the relative wind stress curl leads to an Ekman
pumping with a nonzero area integral. This in turn creates a source or a sink in the eddy. We revisit the
two point vortex-source interaction, now coupled with an unsteady wind, leading to a time-varying
circulation and source strength. Firstly, we recover the various fixed points of the two vortex-source
system, and we calculate their stability. Then we show the effect of a weak amplitude, subharmonic, or
harmonic time variation of the wind, leading to a similar variation of the circulation and the source strength
of the vortex sources. We use a multiple time scale expansion of the variables to calculate the long time
variation of these vortex trajectories around neutral fixed points. We study the amplitude equation and
obtain its solution. We compute numerically the unstable evolution of the vortex sources when the source
and circulation have a finite periodic variation. We also assess the influence of this time variation on the
dispersion of a passive tracer near these vortex sources.

Keywords : wind oceanic vortex interaction, vortex-source dynamics, system of ODE, equilibrium point
and stability, multiple time scale expansion, dispersion of passive tracers
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INTRODUCTION

Vortices are essential features in ocean dynamics [1, 2]. They are ubiquitous at least at the ocean
surface [3] and they contribute substantially to the meridional heat and momentum transfer. Large
oceanic vortices have a moderate Rossby number (the ratio between the Coriolis parameter and
the inertial accelerations) and a finite Burger number (which measures the relative influences
of global rotation and of fluid stratification). Such vortices have been accurately studied using
the quasi-geostrophic (QG) model. In particular, the stability of isolated GQ-vortices, and QG-
vortex interactions have been investigated, see [4-12]. The simplest vortex interaction occurs
between pointwise structures. Point vortex interaction has also been the subject of many studies,
investigating in particular the onset of Hamiltonian chaos [13-19)]).

Recent studies of oceanic vortices have shown the importance of taking into account the oceanic
flow in the atmospheric forcing terms for a proper evaluation of the strength and durability of these
vortices [20]. Also, the Gulf Stream latitude of detachment from the coast and its eastward extent,
have been proved sensitive to a wind forcing properly taking into account the presence of vortices

21].

| ]In the present study, we explore the consequence of taking into account the relative wind stress
on a vortex. We show that a source/sink flow component appears in the vortex flow. We analyse the
interaction of two identical point vortex-sources (or vortex-sinks) in an external deformation flow
mimicking the influence of neighboring vortices. The motion of point-vortex sources has already
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been addressed in previous studies [22, 23]. The first paper lists the integral invariants of the
problem and the cases of integrability of the equations. It then describes the motion of two point
vortex-sources. The second paper lists the fixed points of two vortex-sources in a deformation flow
and briefly addresses the case of a time varying deformation flow.

In section 1, we complement these studies by considering that, due to the interaction of the
wind with the vortex-sources, both the source strength and the vortex circulation vary periodically
in time. In section 2, we look at the dynamical system and compute the equilibrium points and
there stability. In section 3, we follow the method of [14], a multiple time expansion, to obtain an
amplitude equation for the slow time variation of the position of each vortex source and we study
this amplitude equation with respect to this time variation of the vortex source and circulation.
Finally, we model numerically the evolution of the two point vortex-sources and of passive particles
moving around them in section 4. Conclusions, perspectives and physical interpretations are finally
provided in a last section.

1. MODELLING THE RELATIVE ATMOSPHERIC FORCING OF A VORTEX FLOW
1.1. Basic equations

The linearized momentum equations on the f-plane for an ocean, forced by a wind stress 7 are :

{8tu_f0v = (_1/:00) axp_'_ (Tx/pO) — ku (1‘1)
v + fou = (=1/po) 9yp + (7y/po) — kv

where k is a friction coefficient (a necessary loss of energy of this ocean to balance the momentum
input by the wind).

For low frequency, low Rossby number motions, we neglect the relative acceleration and replace
the pressure gradient by a geostrophic velocity.

—fov = —fovg + (12/po) — ku (12)
Jou = foug + (7y/po) — kv.
Using the subscript “a” for the ageostrophic velocity u, = u — ug4, we have
—fova +ku = (72/po) (1.3)
Joua + kv = (7y/po).

Taking the curl of the system (1.3) we obtain

foV clla+kZ-V x =2V x 7/pp. (1.4)

Thus we see that the wind stress curl 7 can have an influence on both the vorticity w = V x u and
the velocity divergence V - u (the source-sink term). In particular, if the wind has a steady or a
time-varying component, it will induce steady or time-varying velocity divergence and curl. This
source-sink effect is next explained in more details.

1.2. The relative wind stress curl

Recent work [20] has shown that, for the ocean mesoscales, and in particular for the dynamics of
oceanic vortices, the wind stress should be computed using the relative velocity of the air to the
ocean.

7__' == pairCthair - ﬁocean’<ﬁair - ﬁocean); (15)
— hereafter referred to as relative wind stress — rather than the total wind velocity
Ta = pairCD’ﬁair’ﬁair (16)

(the absolute wind stress). In these expressions, pa is the density of the air, Cp is the drag
coefficient (about 1.5 1073 for |isi,| = 15 m/s), iy is the wind velocity, and @cean is the velocity
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of the oceanic currents.

In what follows, we estimate the difference induced by taking the relative rather than the absolute
wind stress, using a simple configuration :

e a zonal and horizontally sheared wind ,;, = (Up — qy);

e a circular vortex oceanic flow @gcean = Y7 for 0 < r < R (we neglect the vortex deformation
due to the wind, in this simple estimate), where €y is the tangential vector to the circle, R is
the vortex radius and T (capital upsilon) is the vortex rotation rate.

From there, we can compute the relative wind stress through

. . Us — qy + YTrsin(f 1+ X124y
Uajr — Uocean = ( ) =Uy Yo s (17)
—Yrcos(6) —ULOZE
SO
i — ocean] = Uoy | (1 + 24 L (1.8)
Uniy — U, = — —x2. .
air ocean 0 Us Yy U02
We next assume that ¢R/Uy ~ YTR/Uy ~ ¢ (in practice on the order of 1072). Setting
T —gq T
_ 7 — 1.9
S A A A (1.9)
we obtain via a Taylor expansion that
1+ 20 +e2(a® + %
e +2ea+e*(a” + %) 7 (1.10)
—evy — 2ary
where 19 = pairC’DUg.
The wind stress curl is evaluated at orders 0, €, €2. The first two orders give
2 2 T
vx [P) =0, v |[FY) = -npatl (1.11)
0 —ey o

The effect of the atmosphere-ocean coupling becomes apparent. In the absence of wind shear (¢ = 0),

the curl of 7 at order e! would be null for an absolute wind stress.
The presence of a wind stress curl leads to an Ekman vertical velocity (Ekman pumping) :

1 T
wp = — VX —, 1.12
Po f 0 ( )
where p, is the seawater density.
It should be noted that, from this expression, one can compare the effect of the relative wind
stress to the effect of the Earth’s curvature on the Ekman vertical velocity. The former is
Pair T+ 2q

wg(air — ocean) = — CpUy
Pocean fO

, (1.13)
while the latter is

. 2
wp(B) = —p L o, Yo

1.14
Pocean f(? ( )

Using T ~ g ~ 107°s~! and Uy = 15 m/s, one obtains that the Ekman vertical velocity due to the
absolute wind stress is about 30% of the one due to the relative wind stress.

REGULAR AND CHAOTIC DYNAMICS Vol. 26 No. 6 0000
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1.3. Ekman pumping and point vortex sources

We next calculate the source/sink magnitude Sy associated with the Ekman vertical velocity. To
compute order of magnitude, we here assume that the source/sink term Sy and the circulation of
the vortex I'y are decorrelated. Assuming that the Ekman pumping is uniform over the vortex area,
we can calculate an order of magnitude for Sy = STR? wg.

We can also compare the radial velocity thus created vg = So/(2rRH) to the vortex velocity
vg = YTR. With R = 15 km, the radial velocity is on the order of 2.25 1073 m/s while the azimuthal
velocity is vg = 0.15 m/s. The source/sink magnitude Sy is therefore about 1.5% that of the
circulation I'g.

Note that such vortices are not identical to vortices in a stratified ocean with free density
interfaces. Such vortices, in a steady circular configuration, would have no vertical velocity.

We hereafer assume that the vortex-sources are point vortex-sources. This is a strong assumption
which would, in practice, suppress the effect of the wind stress curl. In fact this point-vortex
assumption means that we only study the vortex motion and not its deformation.

2. INTERACTION OF TWO POINT VORTEX SOURCES

The study of this interaction proceeds in two steps. Firstly, we consider a steady wind and so
constant circulation I’y and source/sink magnitude Sp. Secondly, we consider a time oscillating
circulation I'(¢) and we address the vortex motion via a multiple time scale method.

2.1. Equations of motion

We consider two similar vortex-sources in the plane (see Fig. 1) on which an external deformation
flow acts. This external flow mimicks the effect of surrounding vortices or currents. This problem is
analytically tractable in particular if we assume central symmetry. Using this symmetry, we derive
the equations for only one of the two vortex-sources. Vortex-source 1 has polar coordinates (r,0)
and by symmetry, the second vortex-source has (r,6 + 7).

Vortex-source 1 is submitted to the influence of :

e vortex-source 2 :

.S
T._ Qﬂfr) (21)
rf = 27r((2)7‘)

e the external deformation flow composed of a global rotation and a strain :

7 = rAcos(20)

) (2.2)
rf = rQ — rAsin(20)
The vortex-source motion is therefore governed by :
: S
‘ 7= 2 + rAcos(20) (2.3)
0 = L2 4+ Q — Asin(20)

All the physical parameters (Sp, o, 2, A) are assumed non zero.
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Fig. 1. The two similar point vortex-sources in a deformation flow.

2.2. Equilibrium points and stability
2.2.1. Preliminaries

The equilibrium points (rg,6p) € R x [~ 3T satisfy :

So _
+ 1A 20p) =0
Toes T 70 cos(26)) (2.4)

;gg +Q — Asin(26p) =0

Let (ro,6p) be an equilibrium. To determine its stability, we calculate the Jacobian matrix D(rq,00) U
from the velocity field :

4*% + A cos(20)

u(r,0) = (2.5)
4£22 + Q — Asin(20)
—So —Lo 9100
2rr2  27ro 0
D(rg,00) 0 = —FOO So . (2.6)
27r7’g 27r'r(2)
Its characteristic polynomial is
S2 4 I'2 + 47mriloQ
x(X)=x2?_-=0""0 o= (2.7)

2,4
dmerg
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Depending on the sign of
Ag = Sg + T3 + 4nriTo, (2.8)

we have a neutral (or center) equilibrium point (if Ay < 0) or a saddle equilibrium point if Ay > 0.

Since saddle points are unstable, and since we wish to describe the long term evolution of
the weakly perturbed vortex-source system (see the following section), we only consider neutral
equilibria. A necessary condition for the existence of a center then appears :

Ty < 0. (29)

(if T2 > 0, the vortices diverge to infinity along the = or y axis). Hereafter, we assume that this
condition is satisfied (unless otherwise stated).

Remark 1. Considering the oceanic case, where Sy < I'g, the condition on Ag for the existence
of a center, becomes approximately I'Z + 473 < 0.

2.2.2. Existence of an neutral equilibrium point

Firstly, we calculate the position of the equilibria from the system (2.4) :

2 Acos(20p) = —52
rgA cos(26p) yos (2.10)
r¢Asin(26p) = 12 +r2Q
2
implicates tan(26y) = —%. Because the function |—%, 5[ — R, 2 — tan(2z) is not injec-

tive, we cannot decide analytically (through this research of necessary conditions method) if we
have

1 Lo + 4773Q
0y = — = arctan [M} , (2.11)
So
or
1 Lo + 4mrgQ
Oy = ) arctan [O—FS:TD] + g (2.12)

But this is not a numerical difficulty since the equilibrium points are clear in a streamfunction plot.
Squaring and summing the two equations in (2.10) gives a biquadratic equation in rg

Y S2 + T2
o ré + (167@ 0 = 0. (2.13)

From this equation, several equilibria can be found (they are detailed in Appendix A). The only
equilibrium point which is a center is determined by :

ra(Q% — A% +

[T+ VA 1 DoA2 — QVA! T
ro = m and 00 = 5 arctan m ("_5) 3 (214)

where A/ = A? (Sg + F(Q)) — 5202 =53 (A2 — QQ) + AT3 and where the additional +5 depends on
the sign of Sy. This is valid under the conditions

FZ
A? < Q% < A? (1 + Sg) and T < 0. (2.15)
0

Remark 2. These conditions do not depend on the sign of Sy. This will allow us to choose Sy as
a source or a sink with the same intensity.
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[l

/ “/{/‘:/

To=-058 =-030=85A=15 To=058=-030=85A4=15

Fig. 2. Vortex-source trajectories for different sets of physical parameter values. Neutral equilibrium points
(centers) appear only in the configuration where the conditions (2.15) are fulfilled (see upper left panel). The
upper right panel shows a case with a strong strain field; the lower two cases have fast global rotation with
either like-signed or opposite-signed circulation and source intensity.

The various equilibria and their nature depending on the four physical parameters are shown in
Fig. 2. This figure shows the presence of an attractive or of a repulsive center at the origin of
the plane when the source flow is strong (this equilibrium will not be considered further because
it corresponds to the final position of the two vortex-sources after a merging event). Two saddle
points exist when the source flow is weak and when the strain flow is strong. Finally, two centers
appear for weak external flow and weak source intensity, and when conditions (2.15) are satisfied.

Remark 3. With I'y < 0,5y <0, @ > A > 0, the oceanographic limit |Sy| < |T'g| leads to the

following approximation for the center position: 0y =~ 7/4, 1o ~ \/—Io/[47(Q — A)]. Note that
though Sy is not infinitesimal in Fig. 2, the orientation of the centers correspond to this solution
in the upper left case.

3. VORTEX MOTION WITH UNSTEADY CIRCULATION AND SOURCE-SINK
MAGNITUDE

This section is devoted to the motion of a source-sink pair with a periodic circulation and source
magnitude, due to the effect of an equally periodic wind stress. This wind stress is assumed to have
a dominant steady component and a weak periodic component. In this section, we first address the

REGULAR AND CHAOTIC DYNAMICS Vol. 26 No. 6 0000
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case of a sub-harmonic time variation of I' and of S with respect to the period of rotation of a
vortex-source around the neutral equilibrium point.

3.1. Weakly nonlinear evolution of the vortex pair displaced from a center with a sub-harmonic
variation of circulation and source

We consider a center point defined by Eq. (2.14) that we slightly perturb from its equilibrium
position. Computed from Eq. (2.7), the natural pulsation of the motion around this center is

V= [83+ T3+ 4mr3ro0)

3.1
2777“8 ( )

wo =

3.1.1. Multiple time scale development

In this subsection, we assume that the wind stress leads to a sub-harmonic variation of system (2.3)
with circulation and source-sink magnitude :

I'(t) =To (1 + &2 6 cos (2wot))
S(t) = So (1+ €26 cos (2wot))

(3.2)

The algebra for this sub-harmonic case is detailed here and in Appendix B. To simplify notations,
we introduce the constants

S0, = —92A cos(26p)

a= 271'7'(2)

b=2(Q+ £ = 24sin(26) (3.3)
_ To
= 2mr2

such that a® + be = —wg.

Remark 4. For an oceanic point vortex-source, |Sp| ~ 1.5%|I'g| so a < b and a < c. Although
this is not done here, we could use this to make approximations in the following computations. In
the Appendix B, we can see that the quotient rates a/b and a/c appear frequently.

The equation of motion is expanded at higher order in e than in the previous section. Close to
(10, 00), we expand in € the time ¢ = tg + et1 + €%ty + 3¢5 and the dynamical variables :

r =10 +ery + 2y + €313

(3.4)
0 =0p+ et + €205 + 8393
Once substituted in the equation of motion (2.3) we obtain :
e Equations for r :
oir = ¢ (8,507‘1) + 2 (8t07“2 + 8t17“1) + g3 (8t07“3 + 8t17'2 + 8t27“1)
S
= 2% 4 Arg cos(26y) +¢ [—ary — b (robh)] (3.5)
47rg
=0

o b
+ &2 —arg — b (7’092) + @970 cos(2wotp) + ir% + d (7“091)2 — —r1 (roby) (3.6)

27"() To To

REGULAR AND CHAOTIC DYNAMICS Vol. 26 No. 6 0000
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3
+ 63 —ars — b (r0¢93) + 17“17‘2 - LT; - @Tl COS(ZWoto) —a 57“00.}0751 sin(2w0t0)
To 21"0 2
(3.7)
b a 2a 2b
—— (2 (r001) + 71 (ro62)) + —571 (1061)” + — (1061) (rob2) + — (rof1)”
T0 L) 7o 3’/’0
e Kquations for 6 :
Or (rof) = € [0y, (rob1)] + €2 (04, (rob2) + Oy, (1001)]
T
= —% 4 rgQ — Argsin(26p) +& [—cr1 + a (ro61)] (3.8)
41ro
=0
) 3 b
+é2 [— + a (rofa) + <20 cos(2uwioto) + —r? + (roeﬂ (3.9)
27"0 To
3 3c 2b
+¢e° |—crg 4 a(robs) — cdry cos(2wotpy) + r—rlrg + T—(r001)(r092)
0 0
2c 4 2a 3 .
—77“1 — 72(7’001) —co rOWOtl Sin (2w0t0) (310)
TH 3rg

By gathering terms at each order we obtain :
At order ¢! As expected, we recover from Egs. (3.5) and (3.8) the unforced harmonic oscillator
(the forcing appears only at order £2).

Op,r1 = —ary — b(robh)

(3.11)
O, (rob1) = —cr1 + a(roby)
with solution
ry = CLl (tg, t3) eintO —I—CLl(tQ, tg) e_iWOtO . (3.12)
Hereafter, the second term is denoted c. ¢ for “complex conjugate”.
7"091 = Dlyl(tg, t3) eintO +c.c, (3.13)
with
Dy 1(t2,t3) = 11C11(t2, t3), (3.14)
where pp = —7‘1‘*'2“0.

At order 2 Equations (3.6) and (3.9) contain nonlinear terms. The absence of linear growth
of the solution leads to dy,C11 = 0;,;71 =0 :

Oyor2 = —ary — b(rob2) + fa(to, t1,t2,13) (3.15)
O, (Tob2) = —cra + a(rob2) + ga2(to, t1, ta,t3)

with fo and go are two functions defined by :

fa(to,t1,ta,t3) = AQTO cos(2woptp) + %T% + % (7“091)2 — %Tl (rob1) (3.16)
gz(to, t1, tg, tg) = C(S% COS(Qwot(]) + 237%7“% + % (7‘091)2
This leads to the solution :
9 = Cy0|C1|? + Co e +c.c+ (Coa + C2,2,201271) e?woto ¢ ¢ (3.17)

(7“092) = D270|C171‘2 + D271 giwoto +c.c+ (D272,1 + DQ,QVQC%J) eZiwoto +c.c

REGULAR AND CHAOTIC DYNAMICS Vol. 26 No. 6 0000
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where Ca0, C221, C222, D2, D221, D222 are complex constants. Their values are computed
and details are given in Appendix B.

At order 2 Equations (3.7) and (3.10) lead to the following system of equations :

Oyr3 = —arg — b(rof3) + f3(to, t1,t2,13) (3.18)
Oro(rof3) = —crs + a(rob3) + g3(to, t1,t2, t3)
where f3 and g3 are the functions :
( 3 5 b 0 0 01)2
f3a = —0r1+ % — % —aon CO;(2w0t0) _ blra(ro 13"?7"100 2)) + Ml(:g 1)
2a(rof 0 2b(rp01 )3 .
+ a(ro 1}0)(7“0 2) + (270"31) — a d rowoty Sln(QWOto) (3 19)
2cr3 01)3 b(ro61) (rof '
g3 = —Oh,(roth) + 202 — % — ¢ cos(2wptp) — 2a(;"2(2)1) + 2o ;g(m 2)
—cd woty sin(2woto)

This yields (see Appendix B) a differential equation on C1 ;(t2), called the amplitude equation. This
equation governs the evolution of the amplitude of a perturbation from the vortex-source around
the neutral equilibrium point :

813201,1 = (I + ZI[) 5@ + (IE[ + Zm) ‘0171’20171, (3.20)

where ¥, VI, VII, VIIT are real constants computed in Appendix B. For I'j = —0.5, Sy =
+0.01,2 =1 and A = 0.8 (two sets of parameters respecting conditions (2.15), corresponding to
the upper left case of Fig. 2, that we generically use in further numerical applications) we have

Y ~7F3.00-1073, VI~ 1.33-10"", VII ~ 4+3.77- 1072 and VIII ~ 3.35- 10~

8.1.2. Study of the amplitude equation

To study the slow-time variation of C1 1, we set C11 = ue or Ci1 = X +4Y such that 0;,C11 =
(Oryu + iudy, B) €? = 04, X + 0, Y (the polar form is of interest for determine the equilibria; the
Cartesian form is simpler to analyse the stability of these equilibria). Using the polar form and
separating the real and imaginary parts yields

Or,ucos 8 —ud,Bsinf =u [(51 + u2IlI) cos B + (5I[ + UQIEE[) sin B] (3.21)
Or,usin 8 4+ u0,fcos f =u [(51[ + UQIII[) cos B+ (— 0V + uZIlI) sinﬁ] '
equivalent to :
O, s cos(28)  sin(20) AYA L VIT ' (3.22)
w0, B —sin(28) cos(28) AN VIIT

The equilibria ug e of this amplitude equation (see Fig. 3) are, from Eq. (3.22) either ug = 0 or
they are given by

5 cos(2Bp)  sin(28p) v + VIT =0, (3.23)

—sin(28y) cos(20o) AVl VIIT
leading to
VIT VT -V VIIT

Bo = S aret L7
0= MM T YT+ v vIT |~ 2

~ 3.86° =+ 90°, (3.24)

REGULAR AND CHAOTIC DYNAMICS Vol. 26 No. 6 0000
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1
Y? -+ VT° )4
up = Vo | = | =~ 0.6293V5. 3.25
’ (mf + VIIT? (3.25)
(where the numerical applications are done for our choice of physical parameters I'y = —0.5, Sy =

+0.01,2 =1 and A = 0.8).

delta = 0.1 delta = 0.3
0.8

0.8
0.6 1 0.6
0.4 1 0.4 1
0.2 1 0.2 1
0.0 0.0
—0.2 -0.2
—0.41 —-0.4 4

—0.6 1 —0.6

. Y T T T T -0.8 T T T T -0.8 T T T
-0.6 -04 -02 00 02 04 06 -06 -04 -02 00 02 04 06 -0.6 -04 -02 00 02 04 06

delta = 0.8 delta=1

@
(|
SlAa
mill@

. ? 4 T T f -0.8 T T T T f -0. + ? T f f
-06 -04 -02 00 02 04 06 -06 -04 -02 00 02 04 06 -06 -04 -02 00 02 04 06

©

0.8

0.6 0.

o

0.4 0.

o

0.2 4 0.2

N

0.0 A 0.0 A 0.

o

—0.21 —0.21 -0.

-

—0.4 —0.4 1

o

—0.6 —0.6

Fig. 3. Slow time evolution of C1,1(¢t2) = X (t2) + 1Y (t2) for different values of §. The blue dashed lines indicate
the eigen-directions of stability of the saddle equilibrium point (0, 0). Here So = +0.01, the other equilibrium
points are repulsive.

The stability analysis of these equilibria is easier calculated in cartesian coordinates :

{at2xz (X6 + VI (X2 + Y2)) X + (VI6 — VIIL (X2 + Y2)) Y (3.26)

O, Y = (VI6 4+ VIII (X2 + Y?)) X + (-N0 + VII (X2 +Y?)) Y

The Jacobian matrix of this system at the equilibrium point (X, Yp) = (ug cos(5o), uosin(fp)) is

6N + VT (3XZ + Y) — 2XoYoMIIL  6VT — VIIT (X3 + 3Y{) + 2X( Yo VII

(3.27)
SV + VIIT (3X3 + Y§) + 2XoYoMII —6¥ + VII (X3 + 3Y{) + 2Xo Yo VIIT

For the equilibrium point (0,0), the computation of the eigenvalues is straightforward : + 6 /¥? + VI?

and the eigen-directions of this saddle point are represented in Fig. 3. As § grows, two attractive or

repulsive points appear and separate from each other in the plane. The nature of the centers depends
of the sign of Sy. For this equilibrium, the numerical study of the real parts of the eigenvalues of the
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matrix M gives a linear and positive (resp. negative) value when Sy = +0.01 (resp. Sy = —0.01)
with 0.02987 (resp. —0.02987) slope with respect to d . This corresponds to the repulsive (resp.
attractive) nature of the two equilibria.

3.2. Harmonic forcing

In this subsection, the time variation of the circulation and source-sink magnitude is

F(to, tQ) = F(] (1 + 563 COS (tho + WQtQ))

(3.28)
S(to, tg) = SO (1 + (563 COS (tho + WQtQ))
The multiple time scale expansion leads to the amplitude equation :
iy 5 .
8y,C1.1 = (VI + i¥II) |C11[2Chy + (“Zgo)ro eientz, (3.29)
which is equivalent in polar coordinates (Cy1 = ue®) to :
O, S VIT |  rd [ —cos(B —watz) sin(B — wal2) a 7 (3.30)
w0k, B VIIT 8 —sin(f — wata) cos(f — wata) wo
or in Cartesian coordinates (C71 = X +14Y) to
O, X yvir -—-VIIT) (X ) t i t
b — (X24Y?) n r% cos(wate)  sin(wata) a (3.31)
3t2Y VIIT VIT Y Sin(UJQtQ) - COS(WQtQ) wo

For wy = 0, finding the equilibrium point (Xg, Yy) = (ugcos(Bo), up sin(5y)) is straightforward (see
Figs. 4 and 5) and we have

ro 6 (—a¥TI + woVIIT) r0 6 (aNTII + woVII)

O s (M vI?) ) sed (VI + VI (352)
where
2
ud = ”)85 m;;j:%f (3.33)
Numerical evaluation gives
up ~ 0.51005 , Xo ~ 0.50605 , Yy ~ 40.062 93, (3.34)

for 'o = —0.5, Sy = £0.01,2 =1 and A = 0.8.
Analysing the stability of this equilibrium point, we find two complex conjugate eigenvalues of
the following matrix

o VII(3X3 + Y§) — 2VII XYy —NVII(XE + 3YF) + 2VIL XYy (3.35)

VIMI(3XE + Y3) + 2¥II XYy  NII(XZ + 3Y3) + 2VIIL XYy
which are (X2 + Y§) (21[[1 i/ 3VIIT? — I[[Q). Again, the real parts are positive or negative

depending on the sign of Sy. For the set of parameters we have chosen, it is a repulsive equilibrium
point if Sp = 40.01, and it is an attractive equilibrium point if Sy = —0.01, as we can see on Figs.
4 and 5. Around those points, the oscillation pulsation is

~0.150 65 (3.36)

a2 + w? )i VI — VII?

~ 2
Wy = (X + Y§') V3VIIT? — VIT* = (o 6) (IH? + VI 4

REGULAR AND CHAOTIC DYNAMICS Vol. 26 No. 6 0000



Two unsteady point vortex-sources interactions 13

delta = 0 delta = 0.1 delta = 0.3

-0.2 0.0
delta = 0.5

NY =
=\

+@)h

C// =

_0.0 /@
—04 l\\ , \\ \ \ L//'/?

-0.2 0.0 0.2 0.4 0.6 -0.2 0.0 0.2 0.4 0.6

o
)

|
o
~

P

Fig. 4. Slow time evolution of C11(t2) = X (t2) +iY (¢t2) for the harmonic forcing in the case w2 = 0 and for
So = +0.01.

for the set of parameters we chose, independently of the sign of Sj.
When ws # 0, the behaviour of the system changes radically if we are in a source system (Sy > 0)
or a sink system (Sy < 0), as we can see on the following figures Figs. 6 and 7 :

4. IMPACT OF THE SOURCE/CIRCULATION VARIABILITY ON THE TRAJECTORIES
OF THE VORTEX-SOURCES AND OF PASSIVE TRACERS

In this section, we compute numerically the evolution of the point vortex-sources (or vortex-
sinks) and of passive tracers, advected by the total velocity field, when we vary . The results
are quite similar for the subharmonic or the harmonic case so we will only present the results for
the subharmonic variability.

4.1. Point vortex trajectories

Firstly we study the trajectory of the point vortex-sources before considering the evolution of
the passive tracers. Figures 8 and 9 are built using a 4th order Runge-Kutta scheme and show the
evolution of one of the two point vortex-sources (or vortex-sinks) around the center of the stationary
problem, as ¢ is increased. When € = 0, we observe the rotation of the point vortex around the
neutral equilibrium (the center). When increasing slightly e, the vortex spirals outwards from
its initial position. This is another illustration of the result previously shown (in Fig. 3) : as ¢ is
increased, the neutral point evolves into two repulsive centers. The slow time evolution is an increase
of the modulus of C;. Still, our analytical model holds only for weakly nonlinear evolutions and for
small €. The point vortex-source evolution for finite values of € can only be described numerically.
In particular, for € = 0.5, vortex-sinks leave the vicinity of the neutral point to drift towards the
plane center. For large € (¢ > 0.4), the point vortex trajectories intersect and the dynamical system
becomes irregular. Furthermore, these trajectories are noticeably different for a vortex-source and
for a vortex-sink. In the latter case, the trajectory spirals around the plane center.
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Fig. 5. Slow time evolution of C11(t2) = X (t2) +iY (¢t2) for the harmonic forcing in the case w2 = 0 and for
So = —0.01.

4.2. Passive tracer trajectories

After determining the vortex-source trajectories, we obtain those of passive tracers using also a
4th order Runge Kutta scheme. As a first indication for the possible trajectories of a passive tracer
embedded in the time-varying flow, we compute the streamlines of the total flow, for vortex sources
at the steady neutral points in Fig. 10. This figure helps position tracers initially. In particular,
we see that the topology of the flow is comprised by 6 regions, five of them being compact and
symmetric around the plane center, and the external trajectories circling these five regions. These
regions enclose five centers and four hyperbolic (saddle) points.

Remark 5. The evolution of a passive tracer (in blue in Figs. 11 and 12) is not that of a vortex-
source. The tracer is advected by the two vortex sources simultaneously.

Using Fig. 10, we place passive tracers either near the plane center, or near a neutral point, or in the
external region, far away from the plane center, see Figs. 11 and 12. In these figures, the evolution
of point vortex-source 1 is plotted in black; this vortex lies initially at the neutral point (which is
no more an equilibrium point for € > 0). For ¢ = 0, the tracer follows a closed curve around the
plane center. For the point-vortex source, we can clearly see that the tracers trajectories move out
of the closed regions indicated by Fig. 10 when € = 0.5. Such a finite amplitude variation of the
source strength can be attained when induced by wind variability. It is clear that the tracers is
mixed between the various regions. For an oceanographic application, this indicates that finite-area
vortices would exchange their water masses in this case.

For a vortex-sink, as mentioned previously, passive particles initially located around a neutral
center can drift towards the center of the plane (for ¢ = 0.4); this indicates that mixing will be even
more efficient in this case.

To measure the mixing of the tracers, we compute the trajectories of 100 passive particles initially
close to each other and we calculate the time evolution of their RMS (root-mean square) relative
distance. Figure 13 shows the motion and the growth in time of a patch of tracers. It indicates
that the standard deviation grows initially exponentially fast, with a characteristic time T=25. The
subsequent growth (at t=75) is even faster. A more detailed view of the growth of the patches is
provided on Fig. 14. The initial position of the four patches of particles is indicated on Fig. 10. At
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Fig. 6. Trajectories of Ci,1 for the harmonic forcing in function of we for 6 = 0.1 (then @, = 0.016). The
starting point is at the equilibrium point when wy = 0. The source is So = +0.01. The straight lines indicate
a numerical divergence of the trajectories. The equilibrium point is highly unstable. The calculation time is
T = 500.
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Fig. 7. Trajectories of Cy,1 for the harmonic forcing in function of ws for § = 0.1 (then @z ~ 0.016). The
starting point is at the equilibrium point when w2 = 0. The source is a sink Sy = —0.01 and we can see a
stabilisation of C,; with time. The equilibrium point is stable. The calculation time is Ty = 2000. For large
w2, it is likely from numerical simulations, that C1,;1 — 0 as t — oo.
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Fig. 8. Trajectories of the vortex-source 1 for I'o = —0.5, So = 0.01,22 =1 and A = 0.8. The red point is the
center equilibrium point, the orange one is the initial position of the vortex and the blue one the position of
the vortex at the calculation time Ty = 300.
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Fig. 9. Trajectories of the vortex-sink 1 for I'o = —0.5, So = —0.01,Q2 = 1 and A = 0.8. The red point is the
center equilibrium point, the orange one is the initial position of the vortex and the blue one the position of
the vortex at the calculation time T’y = 300.
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Fig. 10. Streamlines of the total flow when the two vortex-sinks are placed at their equilibrium point (black
points), for ¢ = 0 and for the usual parameters (here we take So = —0.01 but it is really similar for the source
case). We can see three center equilibrium points (one at the origin and two symmetric), four saddle points and
two attractive equilibrium points (the center of the vortex-sinks, they becomes repulsive equilibrium points if
we take Sy > 0). The four colored points are the starting points of the patch of tracers we used in the study.

long time, the growth of the tracer patch is similar for e = 0 and for € = 0.2 but at shorter time
the patch shown on Fig. 13 grows exponentially fast for ¢ = 0.2.

5. CONCLUSIONS, PERSPECTIVES AND PHYSICAL INTERPRETATIONS

In this paper, we have addressed the problem of two vortex-sources in an external deformation field.
Compared with previous studies we have not considered a time-varying external flow but circulation
and strength of the source/sink-vortices. We adressed the problem of point vortices analytically.
This idealized situation, added to geometrical symmetry in the plane, allows the derivation and
analysis of a simple dynamical system. For several values of the physical parameters, we have
shown the existence of a center point of equilibrium around which oscillation of the perturbed
vortex occurs in a steady configuration.

We then have shown that a periodic variation of circulation or of the source flow, with a sub-
harmonic or a harmonic frequency, could be caused by an unsteady wind. With such a variation
of I' or of S, we have calculated the slow evolution of the vortex trajectories from the steady
orbit around the center point. The slow variation of the amplitude of the perturbation shows the
destabilization of the center point into attractive or repulsive equilibria, for both the harmonic and
sub-harmonic variations. The difference between these two cases is the number of equilibria (1 or
2). In both cases, the amplitude of the perturbation in the vicinity of these equilibria is bounded in
time for small amplitudes of the time variation of I" or of S. For larger amplitude variations (larger
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Fig. 11. Tracer evolution in the plane for a vortex-source system as ¢ is increased; in black : vortex-sources
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passive tracer trajectories. The red points are the initial position of the vortex-sources

at their center equilibrium points for € = 0 and the blue, orange and green points are initial positions of the
passive tracers. Here the calculation time is Ty = 100.
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g), trajectories are allowed between the previous fixed points. This indicates a transition to chaos
when e grows.

We have also computed the evolution and spreading of patches of passive particles. We have
shown that the spreading can grow exponentially fast when the time variation of I' or S is present.
This indicates that the effect of an unsteady wind, taken into account via a relative wind stress, can
increase the mixing of the fluid (here the oceanic fluid of the two vortices, or in their periphery).
From this analysis only, and considering previous studies, it is difficult to predict the exact influence
of using the relative wind stress curl to force two interacting finite-area vortices. This will require
numerical modelling with a detailed survey in the space of physical parameters as was done by
Perrot and Carton [24]. In particular, the orientation of the background flow has been shown to
have a crucial importance in facilitating or in reducing the vortex tendency to merge.

The orientation of the wind in our problem is related to the polarity of the source (source or
sink) and it would be interesting to study its influence on vortex merger. This can achieved with
a fully coupled ocan-atmosphere quasi-geostrophic model, as a second step of this study. Another
important aspect to be studied with a coupled model is the stability of individual, finite-area
vortices. Indeed, both vortex interaction which allows their growth (against the ambient shear of
the surrounding flows which erode them), and the stability of isolated vortices, are key mechanisms
for the durability of these structures. Moreover, they make up the bulk of eddy kinetic energy in the
ocean. Understanding eddy kinetic energy variations in coupled ocean-atmosphere models, requires
the knowledge of vortex processes in such models.

Ocean-atmosphere coupling create an asymmetric Ekman pumping in the vortex and so the
resultant of this pumping is not null and corresponds to a not divergent free flow. The measure of
this divergent component is impossible using altimetry because the speed computed from altimetry
is geostrophic so divergence free. Surface buoys, ship drifts, or other satellite sensors able to give
complete speed are then needed. Future research will compared the total surface velocity field and
the one deduced from altimetry and related to wind. This will allow us to better evaluate the
impact on the divergence component of the flow on the interactions vortex — vortex.

APPENDIX A. EQUILIBRIUM POINTS AND STABILITY

This section is a reminder of the fixed points of the problem; it was addressed slightly differently in
[22] and in [23]. Recall the various cases for equilibria here with our notations and in our specific
cases. This is necessary to further study the vortex source evolution with unsteady circulation or
source strength.

Recall we have the following condition : I'pf2 < 0 and formulas :

1 Lo + 4mrg$
O = —3 arctan [04_50”%} , (A1)
or
1 Lo + 47rgQ
Oy = —3 arctan [O—FSOWTO] + g, (A.2)
and
IR0 Sg+T3
4702 2 0% 2 0 0 _
ro(Q2° — A%) + 5y "0 672 = 0. (A.3)
1. For Q% = A? :
Equilibrium Starting from Eq. (A.3) with Q% = A% and [')Q < 0, we have r3 = —gi;fg’ >0
and thanks to Eq. (A.1), we have
| S2+T2 1 Sg — T2
=\ d 6y==arctan | ————1. A4
0 S7(—To0) an o = arctan 250Ts (A4)
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Stability Is the equilibrium (A.4) stable ? From the characteristic polynomial (2.7) of the
— X2 S2+T2+47r2l o0
o o 42

differential matrix x(X) , we need to determine the sign of Ay :

52+ 1%

Ag = S3 +T'§ + drriToQ = > 0. (A.5)

So x has two real roots : one positive and one negative. Then the equilibrium (A.4) is a saddle
equilibrium point. We are not interested in this type of equilibrium.

2. For Q2 # A? :
From the polynomial equation Eq. (A.3) in 73 :

N9 Sg+T3

QQ _ A2 X2 X — A.
( ) + o + 1672 0, (A.6)
we compute the discriminant
1 2092 2 2 2 2
and look at the sign of
A = A? (S5 +T§) — S50, (A.8)
A = 53 (A2 — QZ) + AZI‘(Q). (A.9)

We want A’ to be positive because we want real (positive) solutions to Eq. (A.6). This brings three
situations (we have already study the situation Q? = A?) :

o If A%2 > 02, then A’ > 0 clearly from Eq. (A.9).

o I£02> A2, then A/ > 0 = Q2<A2(1+g—§).
0

o If 02 = A2 (1+g—§),then A =0,

a. For A2 > Q? :

Because A% > Q2. we have A’ > 0 without any more condition, and we have two solutions to the
polynomial equation Eq. (A.6) :

ToQ + VA

X = 2 oy

(A.10)

Recall we want only non-negative solution (r > 0). Because we have supposed the condition
['gQ2 < 0, this constraint removes X_. The root X, is a non-negative solution if and only if

VA’ > —T'¢Q2 > 0. This condition is valid because (A* — Q%) (S§ +T3) > 0so A’ > I'3Q%

Equilibrium for X, We have the following equilibrium point (with 6y computed from Eq.
(A1) :

[ T+ VA _ 1 LoA® + QVA'
ro = m and 90——§arctan m (A.11)
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Stability for X; How the equilibrium (A.11) is stable 7 We need to know the sign of Ay.
Proposition 1. Under all the conditions of this subsection, we have
Ao = S3+TF +4nrgToQ > 0
and the equilibrium point (A.11) is a saddle equilibrium point.
Proof. Remember we work under the assumption 4% > Q2 and T'yQ2 < 0. Then, put 73 in A¢ and :
Ap>0 < (S2+T2) (A% - 02) +T20% > —TQVA/
= [$3 (A2 - %) +T34%)" > 120253 (A2 — Q2) + [i02A?
= S5 (A% —Q?) 4+ STF (242 — Q%) +T§A% >0

The right hand side of the equivalence is true under the assumption A% > Q2. This conclude the
proof of the proposition.

b. ForA2<Q2<A2(1+g—§) :
0

We also have two roots of the polynomial (A.6) :

—TQ + VA
Xo=—7-—7—+—. A.12
=7 4r (02 — A?) (A-12)

Xy is clearly non-negative. X_ is also non-negative because we have —I'92 > VA’ > 0 (deduced
from the hypothesis). So we have two situations to analyse :

Equilibrium and stability for X; We have the following equilibrium point (with 6
computed from Eq. (A.1)) :

~ToQ + VA LoA? — VA
ro = m and 6y = 3 arctan m (A.13)

How this equilibrium (A.13) is stable 7 We need to know the sign of Ay.

Proposition 2. Whatever the set of parameters we choose, if they satisfy the assumptions we made
2
A% < Q? < A? (1 + %) and I'yQ2 < 0, then we have
0
Ao = S5 +T% + 4rrgToQ < 0, (A.14)
and the equilibrium point (A.13) is a neutral equilibrium point.

Proof. Consider Ay for the value ry we have in Eq. (A.13) :

—T'o2 + @)

2 2
AO:SO+F0+FOQ< Q2—A2

So
Ao <0 = (S3+T3) (2 - A?) — T3 + ToQVA <0
> 5§ (9% — A%) +T5A> + ToQVA’ < 0.

The right hand side of the equivalence is true because I'p§2 < 0 and Q? — A% < Agg—é so S2 (Q2 — Az) +
0

I%A2 < 0. This conclude the proof of the proposition.
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Equilibrium and stability for X_ We have the following equilibrium point (with 6
computed from Eq. (A.1)) :

—ToQ — VA 1 [gA? + QVA!
ro = m and 6y = 3 arctan m (A.15)

Proposition 3. For the equilibrium (A.15), Ay is non-negative for every set of parameters such
2

that A% < Q% < A? (1 + %) and T'oQ2 < 0. So the equilibrium (A.15) is a saddle equilibrium point.
0

Proof. Look at the expression of Ag :
—T30% — ToQV A’

Ag = S + T3 +4nriloQ = S + T3 + (A.16)

02 _ A2 ’
which the sign is the same as the sign of
(53 +T3) (9 — 4%) — T30% — LQVA! = 83 (0% — 4%) —T34% + (-ToVA) (A7)
~~ N————
<0 because Q27A2<A2g—§ >0

So we have the following equivalences :
Ag >0 <= —ToQVA >TFA® — S (Q° — 4%)
— TN > (T24% — 83 (22 — 4%))°
e T30%57 (A2 — Q%) + TEA% (02 — A%) > 2124253 (02 — A%) + 53 (9 — 4%)°
> S5 (07 — A%) + S§Tg (9% — 24%) —T§A* < 0.
We have to study the sign of a second degree polynomial in S3 for which the discriminant is
§ =T (0% —24%)% 4 4T§A% (02 — 4%) =T340 > 0. (A.18)
The two roots are

—I§ (22 —242) +T30% AT}
_ 1
5 (02 A7) R (A.19)

and
T2 (02— 242) - T202

_ 12
2 (O — A7) =-Tg5<O0. (A.20)

Because S2 > 0, to have Ag > 0, we need S3 to be smaller than the largest root, but this is not an
additional constraint because :

2 A2F(2) 2 2 2 212
So<m < (Q —A)SO<AF0

9

— QQ<A2(1+F3).
S,

0

So the polynomial (Q2 — Az) X241 ((22 — 2A2) X — T3 A% is non-positive for every values between
272
0 and %. Because Sg is in this interval, we have Ay > 0 for every set of parameters such that

A2 <@ < A% (14 g}) and Do < 0.
0
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c. For Q% = A? (1 + ?)
0

In this section, we have A’ = 0. Then there is only one solution of Eq. (A.6) :

_ 2 2
P Lotd% (A.21)

X — —
4t (2 — A2%)  4Arn (—ToQ)

This gives the following equilibrium point :

248 1 So
ro = m and Ho—iarctan F—O . (A.22)

To know the type of stability, we compute Ay :
F2 52
020 _ (A.23)

Ao = S2 4 T2 + 4mrdToQ = S2 + T2 + ToQ
(—=Tof2)

So we cannot conclude about the stability of the equilibrium (A.22).

APPENDIX B. MULTIPLE TIME SCALE DEVELOPMENT

The multiple time scale method is here expanded for the subharmonic case. The harmonic case is

similar.
1. Order &'
We have the following system at order ¢!, computed from Eqgs. (3.5) and (3.8)
Opr1 = —ary — b(robh) (B.1)
O, (rob1) = —cr1 + a(roby)
So
{?”1 = C11 (t2,13) eiwéto +c.c (B.2)
rof1 = D1 1(t2,t3) €™ +c.c
with
D 1 (ta,t3) = u1Cr1(te, t3), (B.3)
and p; = —%.

2. Order &*
With Egs. (3.6) and (3.9) and because 0,11 = 0y, (rof1) = 0, we have the following system in

(r2,m002) :
Oyor2 = —arg — b(roba) + fa(to, t1,t2,t3) (B.4)
Oty (rof2) = —cra + a(roba) + g2(to, t1, 2, t3)
where :
fa(to,t1,t2,t3) = ¢2TO cos(2wotp) + %T% + % (7“091)22 — %7’1 (rob1) (B.5)
gQ(to, tl, tg, t3) = 66% COS(QthQ) + 237%7‘% + % (7"0(91)
The system (B.4) gives :
No. 6 0000
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e For ry :
8?07‘2 = —a(—ary —b(rob2) + f2) — b(—cra + a(roh2) + g2) + Ok, f2

= (a2 + bC) 9 + hQ(tQ, t1,ta, tg). (B6)

e For rybs :
3,:20 (rob2) = —c(—ary —b(robs) + f2) + a(—cra + a(rob2) + g2) + Ok 92
= (bc—i—a2) (7’092) —i—k‘g(to,tl,tg,t?,). (B7)
where :
h2(t07 tl? t27 t3) — (—an - ng + aton) (t()a tla t2a t3) (B 8)
ko (to, t1,t2,t3) = (—cfo + aga + Oy g2) (to, 1,12, t3)

e Development of fs :

a 2c
fo=— [3— ] |C11]?
To b

Ci, (3 i) .
+ %0 + rl’l (; +2 e ngzwo) +iwp | | ™0 fc.c
0
fo= F270’0171|2 + [F2,271 + F2727201271] g2iwoto +c.c. (B.Q)

e Development of go :

2 . 2
g2 = —|Craf? + @—I—Ol’1 %—I—M e?0lo 4 ¢ ¢
To ’ 4 To 2 b
go = G270’0171|2 + [G27271 + G2727201271] g2iwoto +c.c. (BlO)

e Development of hs :
hy = [~aFan — bGa] |Cr1|* + [(—bG221 + (—a + 2iwg) Fa21)
+ (—bG2,272 + (—CL + QiWO) F27272) 012,1] e2iw0t0 +c.c
hy = H270’CL1|2 + [H27271 + H2727201271] g2iwoto +c.c. (B.ll)

e Development of ks :

ky = [—cFy o + aGay)] |C11|* + [(—cFo21 + (a + 2iwp) Gao1)
+(—cPapa + (a+ 2iwg) Gog2) CF 1] €*0%0 +c.c

Then from Egs. (B.6) and (B.7), we have

e The homogeneous solutions :

_ iwolo
{7“2 =Cy1e +c.c (B.13)

(?”092) = D271 ewoto +c.c
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e The particular solutions for the constant terms :

H
ro = 25|01

K
(rofla) = =%2|C11|?
0

e The particular solutions for e?oo 4 ¢ ¢ :

H2,2,1+H2,2,2012,1
Stk ot Lt P
3wg

K2 91+K222C2, o
(rof2) = I T e?iwoto ¢ ¢

Ty = eZiwoto 4 ¢ ¢

So the total solution of Egs. (B.6) and (B.7) is :

rg = CoplCral* + Cop e 4 c.c4 (Cop1 + Co2CT ) €00 tc.c
(7“002) = D2,0‘Cl71’2 + D2’1 egiwoto 4 ¢ ¢4 (D272’1 + D2,27201271) e2iwolo 1 ¢ ¢

with (for i =1,2)

_ Hyp _ Hayj Koy Ko
Coo=—5, Copi=——7"5", Deo=—5, Dagi=——1"5.
wp 3wy wp 3wj
3. Order &3

With Egs. (3.7) and (3.10), we have the following system at the order &3 :

O3 = —ars — b(rof3) + f3(to, t1,t2, t3)
Ot (rof3) = —cr3 + a(robs) + g3(to, t1,t2,t3)

where f3 and g3 are the following given functions :

,

3 2
_ arire _ ary  aricos(2woto)  b(ra(rob1)+ri(rof2)) |, ari(robr)
fs o =0+ 02 -5 2 o =0
2a(rob1)(rob2) 2b(ro61)3 .
+ o + T5z  — arowohy sin(2woto)
_ 3erqr 207“3 2a(r091)3 2b(7“091)(7"092)
g3 = —8,52 (7“091) + % — ?21 —cr COS(2W0t0) T a2 + o
—Cw()tl Sin(QOJ()to)

\

The system (B.18) gives :

e For r3 :
8,5207'3 = —a(—ars —b(robs) + f3) —b(—crs +a(robs) + g3) + Oy f3
= (CL2 erC) r3 + h3.
e For ryfs :

07, (rofls) = —c(—ars — b (rof3) + f3) + a(—crs + a(rofs) + g3) + Ok, 93
= (bc + a2) (rof3) + ks.

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)
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We do not develop f3, g3, hs and k3 like we did for the order 2. We only introduce the following
notations :

f3 = F30 + Fy 1 e®0oto 4 Fy o e2iwoto 4 [y 5 gdiwoto ¢ ¢

g3 = G370 + GS,I eiwotg +G372 e2iw0t0 +G373 e3iw0to +e.c
h3 — H370 + H3’1 eiwoto +H3,2 e2iwoto +H373 eS’iwoto +e.c
kg = K370 —+ Kg,l eiwoto +K3’2 eQi“’Oto —|—K373 eSintO +c.c

(B.22)

Then if we denote by L the self-adjoint linear operator 97, + wg, we have riLrs = rthy = r{L*rs =
0 = (11, hg). But (efwoto eipwolo) = §, . (Kronecker symbol) for n, p € Z and because 11 = C 1 0% +c. c,
we have

<7“1, h3> = 0171H371 +c.c=0. (B.23)

Because H3 1 = (—a +iwp)F31 — bG3 1, we deduce the amplitude equation :

(—a + in)F371 — bG371 =0. (B24)
So we only have to compute F3; and G3; from Eq. (B.19) : writing

F31=—0,C11+1C11 +I1|C11]?C1a (B.25)
Gz = “09,,C1 + TIC1 + IV |C1 1 |*Cha
we have :
a Cy91 ) Do o 202 2aiwy
= —— 2 (2a — —20 | —h— — B.2
I 4-1- o (2a — iwp) + 7“0< b+ 5 ) (B.26)
1 3 a® ¢ a® ¢
=~ la(-S42% +°) + 2w [ = + =
II 2 {a( 2+ b2+b>+ zw0<b2+b>]
D 2a>  2ai
+ 2o (2a + iwg) + 20 (p 20 200
To To b b
(22,2 . Dy 202 2aiwy
—=2% (24 — =22 - — B.27
222 (20 — ) + 2222 (g - 4 200 (B.27)
3 2D
I = —g + 7602,2,1 + 22221 (—a +dwp) (B.28)
0
6c  2ac . 3c
IV = *% — 74(2]? (a + Zu)o) + % (0270 + 0272,2)
2 ) .
— % ((a + ZwO) D270 + (a — Zwo) D27272) . (B.QQ)
From Eq. (B.24) we obtain the amplitude equation
6,5201,1 = (Y + ’LI[) 01,1 + (I[[ + Zm) |0171|20171, (B.?)O)
with
Y — Re (_ (aiw;)1+b]:§:2
1wQ
VI = Im (_ (a—iwo)I+b
21w (B31)

2i0 ]Q
VIIT = Im GM)

2iwo

\
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