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1.  Introduction
Over the last two decades, the development of large-aperture seismic arrays, such as USArray, the European 
seismic networks and Hi-net network, has enabled a broad spectrum of seismological studies. The dense spatial 
sampling of arrays has enabled significant progress in the study of Earth's interior and earthquake source, such as 
constraining 3-D mantle structures beneath North America (e.g., Burdick et al., 2017; Shen & Ritzwoller, 2016), 
detecting deep earth discontinuities (e.g., Lin et al., 2013; Poli et al., 2015), imaging the rupture processes of 
large earthquakes using back-projection methods (e.g., Kiser & Ishii,  2017; Meng et  al.,  2018), and improv-
ing earthquake detection capabilities using template matching techniques (Gibbons & Ringdal,  2006; Peng 
& Zhao,  2009). Coherence-based detection methods are also applied to detect nonvolcanic tremors (e.g., 
Obara, 2012; Shelly et al., 2007), anthropogenic signals (Riahi & Gerstoft, 2015), closely located earthquakes 
or tremors with nonmatching waveforms (Hawthorne & Ampuero, 2018), and source kinematics by stereometry 
(Mordret et al., 2020).

While array waveform coherence has been widely applied to earthquake detection, here we exploit it to constrain 
earthquake source parameters, in particular rupture dimensions. Current methods to study source parameters 
are mostly based on deterministic waveform fitting. Finite source inversions applied to teleseismic recordings to 

Abstract  Rupture size is a fundamental earthquake source parameter that is challenging to infer 
independently from far-field seismological observations. Here, we develop a novel observational constraint 
on source size based on the decay rate of wavefield coherence across a seismic array. For a given earthquake, 
waveform coherence decays with increasing interstation distance or, more precisely, with increasing projection 
difference defined as the difference between the takeoff vectors associated to the two stations projected along 
the rupture direction. We find that coherence generally falls off with projection difference faster for earthquakes 
of larger magnitudes. The magnitude dependence of the coherence decay rate can be explained by a finite 
source effect: larger source sizes cause larger differences of phase delays between waves arriving from different 
parts of the rupture at different stations, hence a stronger spatial variability of the wavefield, resulting in a 
breakdown of waveform coherence. Assuming a 1-D Haskell's source model, the rupture size can be estimated 
from the coherence decay rate. We apply this method to USArray data of earthquakes in three subduction zones, 
the Sea of Okhotsk, South America and Japan. The source sizes inferred from the coherence decay patterns are 
consistent with scaling relations intermediate between width-saturated L-models and quasi equi-dimensional 
rupture models. Our observation captures a unique pattern of array waveform coherence and demonstrates the 
potential of utilizing waveform coherence to study earthquake source parameters.

Plain Language Summary  In this paper, we observe that for a given earthquake, the similarity 
of the waveform (coherence) recorded by stations in a far-field array decays with increasing interstation 
distance. The waveform coherence generally falls off with interstation distance faster for earthquakes of larger 
magnitudes and therefore, larger rupture sizes. We develop a novel method using array waveform coherence to 
estimate the earthquake rupture size, and apply this method to USArray data of earthquakes in three geological 
regions: the Sea of Okhotsk, South America and Japan. The source sizes inferred from the coherence decay 
patterns are consistent with previous studies using different methods. According to our observation, there is a 
potential to infer earthquake rupture independently from far-field observations by waveform coherence.
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resolve slip distributions (Ji et al., 2002) constrain rupture duration T and moment, but suffer from a strong trade-
off between source size L and rupture speed Vr (T = L/Vr). Hawthorne et al. (2019) introduced an approach  to 
estimate the rupture size of low frequency earthquakes from the interstation fluctuations of interevent normalized 
cross-spectra, a waveform coherence property controlled by differences between the apparent source time func-
tions viewed by each station.

Here, we examine the relationship between earthquake rupture dimension and array waveform coherence, that is, the 
normalized cross-correlation coefficient between waveforms recorded by pairs of stations within an array. The idea 
of exploring array waveform coherence is originally motivated by applications of seismic array processing to imag-
ing Earth's structure and earthquake sources. The coherence length of an array, defined as the maximum interstation 
distance with adequate waveform coherence, is a key constraint on array design that determines the maximum array 
aperture to apply a back-projection analysis to image sources or structures. Previous work indicates that waveform 
coherence decays dramatically with increasing interstation distance and frequency (e.g., Langston, 2014; Zerva 
& Zervas, 2002). In these studies based on local seismic phases, waveform incoherence mostly results from wave 
scattering by crustal heterogeneities. In contrast, teleseismic waveforms involve rather simple path effects, and thus 
provide a unique opportunity to study the effects of earthquake source properties on waveform coherence and to 
assess the potential of using array waveform coherence to constrain earthquake rupture sizes.

By analyzing the coherence patterns of a variety of teleseismic earthquakes recorded by the USArray, we observe 
that the waveform coherence decays faster with increasing interstation distance and earthquake magnitude. This 
magnitude dependence of the coherence decay rate can be explained by a finite source effect. From the representa-
tion theorem, the far-field body wave seismograms of a finite-fault rupture are the integral of slip rate functions 
distributed along the fault surface convolved with the Green's function of each fault point (Aki & Richards, 2002). 
The arrival times at an array of waves coming from different parts of a rupture depend on the rupture front prop-
agation (rupture times) and on wave propagation (travel times of the Green's functions). The latter depend both 
on source and receiver locations. Therefore, increasing either the source size or interstation distance can cause a 
larger delay between waves from different parts of the source, resulting in a breakdown of waveform coherence.

The decay rate of waveform coherence is observed to satisfy a relatively simple relation under the assumption 
of a 1-D Haskell's source model, which has the potential to be used for estimating the rupture sizes of earth-
quakes with saturated seismogenic width. Moreover, it is remarkable that the waveform coherence decay rate 
does not depend on rupture velocity Vr, which naturally circumvents the trade-off between rupture length L and 
rupture velocity Vr (Ide, 2007) in methods based on teleseismic finite-fault inversion. Nevertheless, there are still 
questions to be solved before applying this method to general earthquakes. First, it is difficult yet significant to 
separate the source-induced and path/station-induced incoherent components so that the teleseismic waveform 
coherence will only focus on the source parameters. Second, other complex source parameters influence the tele-
seismic waveform coherence decay. For example, the unsaturated seismogenic width W (quasi equal-dimensional 
rupture), the bilateral rupture, and the aspect ratio L/W.

In this paper, we investigate the finite-source controlled waveform coherence decay in detail. First, we demon-
strate the teleseismic waveform coherence pattern predicted by a 1-D Haskell's source model and find a relation 
between interstation waveform coherence and “projection difference”, a measurement of interstation difference 
between takeoff vectors projected along the rupture direction. The interstation coherence falls off as a function of 
projection difference and earthquake rupture length. Second, we study the interstation coherence of teleseismic 
earthquake waveforms recorded by USArray in the Eastern United States. For a given earthquake, we find that 
interstation coherence decays as a function of projection difference and magnitude (related to the rupture size). 
Next, we estimate the rupture lengths by fitting the coherence decay rate and projection difference, and assess 
the uncertainty of the estimated rupture length. We investigate the moment-size scaling relationship between 
the coherence estimated rupture dimensions and moment magnitudes. Finally, we address the impacts of source 
complexities on the rupture size estimation, including finite-frequency, aspect ratio, and bilateral rupture.

2.  The Elongated Haskell Source Model
To demonstrate the hypothesis that source size controls the decay pattern of interstation coherence, we establish 
an analytical relationship between interstation coherence and the source size of a unilateral rupture. Following 
Haskell (1964), we assume an elongated rectangular rupture with uniform slip, length L and width W such that 
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L ≫ W, embedded in a 3-D homogeneous elastic space, propagating unilaterally at constant rupture speed Vr 
along the L direction, with a uniform invariant trapezoidal slip-rate function (Figure 1). This simple setting is 
intended to isolate the effect of source size on waveform coherence. An array is located at the teleseismic distance 
R0. For a seismic ray going from the hypocenter to a station, we denote the azimuth relative to the rupture prop-
agation vector as ϕ and the takeoff angle as θ. We define the takeoff projection γ as the projection of the takeoff 
vector onto the rupture direction (γ = sin θ cos ϕ, red arrow in Figure 1).

The far-field displacement u at a receiver at distance r and takeoff projection γ, relative to the hypocenter, is the 
integral of the contributions from all points (at distance x from the hypocenter) along the rupture:

�(�, �, �) =
��
4���3 ∫

�

0

�
�
�̇
(

� − �
�
− �

��
+

��
�

)

dx,� (1)

where c is the P wave speed, t the time, μ the rigidity, ρ the density, R the radiation pattern, and 𝐴𝐴 𝐷̇𝐷 the slip rate 
function. Equation 1 accounts for an integration along the rupture length L, which is assumed much smaller than 
the source-receiver distance. Taking the Fourier transform, we get
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Integrating Equation 2 along the whole rupture length L, we get
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where S is a slowness term:
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1
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.� (4)

Equation 3 does not consider receiver-side scatterings and site effects. Convolving a term representing these 
effects Ge −iωg, we get

𝑈𝑈 =
𝜇𝜇𝜇𝜇𝜇𝜇𝜇𝜇

4𝜋𝜋𝜋𝜋𝜋𝜋3𝑟𝑟
𝐷̇𝐷(𝜔𝜔)

1

𝜔𝜔𝜔𝜔
sin

(

𝜔𝜔𝜔𝜔

2
𝑆𝑆

)

exp

[

−𝑖𝑖𝑖𝑖

(

𝑟𝑟

𝑐𝑐
+

𝐿𝐿𝐿𝐿

2
+ 𝑔𝑔

)]

.� (5)

The coherence spectrum between the seismograms recorded at stations A and B, defined from the normalized 
cross-spectrum at frequency ω, can be written as

CC(𝜔𝜔) =
Real (𝑈𝑈 (𝑆𝑆𝐴𝐴, 𝜔𝜔) ⋅ 𝑈𝑈

∗ (𝑆𝑆𝐵𝐵, 𝜔𝜔))

|𝑈𝑈 (𝑆𝑆𝐴𝐴, 𝜔𝜔) | ⋅ |𝑈𝑈 (𝑆𝑆𝐵𝐵, 𝜔𝜔) |
= cos
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Figure 1.  Conceptual description of a Haskell's source model recorded by a teleseismic array and definition of the takeoff 
projection.
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The detailed derivation of Equation 6 is given in the Appendix A. We define the projection difference as the 
difference of takeoff projections between two stations, dp = γA − γB (Figure 1). The projection difference is related 
to both the interstation distance and the takeoff angle. We also define the error difference as δ = ω(gA − gB), 
which accounts for the difference of local scatterings and site effects between the two stations. Equation 6 shows 
that interstation coherence is affected by three factors: the source rupture size L, the interstation projection differ-
ence (related to the interstation distance), and frequency. In particular, a larger rupture length L or increase in 
frequency results in a smaller coherence; therefore, faster coherence decay as a function of projection difference 
is expected for larger earthquakes in the same passband.

3.  Measurements of Waveform-Coherence Decay Rates
Besides the 1-D unilateral Haskell's rupture model, we seek to find seismic waveform coherence decay controlled 
by earthquake size in real teleseismic array data. Here we select teleseismic earthquake events (located at distances 
between 30° and 90° from the array center) with moment magnitude Mw > 6.2 recorded by the USArray in the 
Eastern United States (Figure 2). The crustal structures beneath the Eastern United States are relatively simple 
compared with the locations of other large regional arrays, for example, Western United States and Europe. 
Therefore, their interstation coherence patterns are less affected by crustal scattering at the array side. The tele-
seismic P wave has a nearly vertical incident angle; therefore we only consider vertical-component seismograms 
with the signal-to-noise ratio (SNR) above 2.5. The SNR is defined here as the ratio of the root mean square 
amplitude of the signal and noise, measured in 10-s-long windows starting at the P arrival and at 20 s before 
P arrival, respectively. The array recordings are band-pass filtered in three frequency bands: 0.25–0.5, 0.5–1, 
and 1–2 Hz. We align the filtered waveforms by cross-correlating their initial P arrivals at each frequency band 
with a window length of 15, 8, and 6 s, respectively, in order to mitigate the travel time errors due to unmodeled 
velocity structure. To ensure the robustness of the coherence measurements, we only select events with more 
than 100 aligned waveform traces. In total, 192 events are incorporated into the analysis, where 127 of them are 
shallow earthquakes (<70 km), 35 of them are intermediate-depth earthquakes (70–300 km), and 30 of them are 
deep-focus earthquakes (>300 km). The number of stations for each selected earthquake varies a little but does 
not affect the aperture of the array too much. The studied earthquakes cover three major subduction zones: the 
Sea of Okhotsk, Japan, and South America (Figure 2).

Figure 2.  Array and earthquakes used in this study for waveform coherence measurement. (a) global view of earthquakes and seismic array (USArray in the Eastern 
United States, operating from 2011 to 2015); Selected events in (b) Japan, (c) the Sea of Okhotsk, and (d) South America subduction zone. Focal mechanisms (beach 
balls) and dots are color coded by depth: >300 km in red, 70–300 km in green, and <70 km in black.
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We computed waveform coherence, in each frequency band, using the normalized cross-correlation coefficient 
(CC) between all the station pairs defined as

CC =
∫ ��
��

�1 (�1, �) ⋅ �2 (�2, �)dt

∫ ��
��

|�1 (�1, �) |2dt ∫
��
��

|�2 (�2, �) |2dt
,� (7)

where u1 and u2 are the filtered waveforms of two different stations in the time window [ts, te]. x1 and x2 denote 
the location of each station related to the hypocenter. The selected time windows start at the initial P arrival and 
have a duration equal to the source duration according to the global centroid moment tensor (gCMT) catalog 
(Ekström et al., 2012). Such windows are sufficiently long to record the whole rupture process but short enough 
to avoid coda waves with low coherence. Each event has on average approximately 20,000 unique station pairs. 
To statistically quantify the coherence pattern, we group station pairs into bins of interstation distances, with an 
interval of 50 km, and investigate the median coherence of each bin as a function of interstation distance. For each 
distance bin, we also report the standard deviation of the median coherence obtained by bootstrapping based on 
100 realizations of 85% randomly selected station combinations (Efron & Tibshirani, 1994).

To demonstrate the array coherence patterns, we select three deep earthquakes with depths ranging from 591 to 
632 km beneath the Sea of Okhotsk (Figure 2c). The Mw 8.3 Okhotsk earthquake C201305240544A (gCMT 
event ID) is the largest deep-focus earthquake ever recorded and has been well documented in previous studies 
including finite source inversions, multiple source inversions, back-projection, and directivity analysis (Chen 
et al., 2014; Meng et al., 2014; Park & Ishii, 2015; Wei et al., 2013; Ye et al., 2013; Zhan et al., 2014). The Mw 
6.7 event B20130524145A occurred near the source region of the Mw 8.3 event, and the Mw 7.7 earthquake 
C201208140259A occurred in the southern region of the Sea of Okhotsk subduction zone. The duration of the 
Mw 8.3, 7.7 and 6.7 events, which we set as window duration to measure waveform coherence, are 71, 35 and 
11 s, respectively, according to global centroid moment tensor solutions (Ekström et al., 2012). Considering the 
large epicentral distance to the array (about 60°), the recordings of these events share similar path effects; there-
fore, coherence differences among them are mainly controlled by source effects.

The Mw 6.7 earthquake has smaller source effects than the other two earthquakes. The coherence for this event 
(Figure 3a) is above 0.9 in the 0.25–0.5 and 0.5–1 Hz frequency bands. Remarkably, coherence remains high up 
to interstation distances exceeding 1,000 km. The slow coherence decay with interstation distance suggests that 
the source effect of this earthquake is small. The baseline coherence in the frequency bands of 0.25–0.5, 0.5–1 

Figure 3.  Waveform coherence cross-correlation coefficient (CC) as a function of interstation distance for three deep earthquakes beneath the Sea of Okhotsk recorded 
by the USArray in the Eastern United States in 3 frequency bands: 0.25–0.5 Hz (blue), 0.5–1 Hz (red), and 1–2 Hz (black).
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and 1–2 Hz is 0.96, 0.92, and 0.78, respectively. The lower coherence at higher frequency is expected due to wave 
scattering in the 3-D velocity structure.

As the magnitudes (and therefore earthquake rupture sizes) increase, we observe a significant coherence decay as 
a function of both interstation distance and frequency. In the 0.25–0.5 and 0.5–1 Hz frequency bands, the coher-
ence of the Mw 7.7 earthquake decays about 0.05 over a distance range of 1,000 km. The Mw 8.3 event shows 
even faster interstation coherence decay, from 0.95 to 0.8 and from 0.8 to 0.4, respectively. In the 1–2 Hz band, 
the coherence of the Mw 7.7 and Mw 8.3 events decays with interstation distance from 0.65 to 0.5 and from 0.6 
to 0.3, respectively.

In principle, the CC value should be 1 at zero interstation distance. However, we measure CC values smaller 
than 1 at zero distance, especially at higher frequencies (Figure 3). There are two potential explanations: (a) 
the minimum station interval of the USArray is around 30 km; therefore, our CC values at distance zero are 
extrapolation and may not capture a possible steeper coherence decay within the first 30 km. (b) The interstation 
waveform coherence is also affected by the velocity structure right beneath the station site, and spatial variability 
of site effects can significantly lower the coherence (e.g., one station might be on a rock site and the other is on 
a nearby sedimentary basin). Such local scattering difference can be described by the ’error difference’ term 
in Equation 6. We also observe in Figure 3 that the CC value at the minimum interstation distance decays with 
increasing frequency, consistent with the expectation that higher frequency waveforms are more affected by local 
scatterings and site effects. Given such observation, we choose for our further analysis of source effect the two 
lower frequency bands, 0.25–0.5 and 0.5–1 Hz. Both frequency bands satisfy the condition that CC > 0.7 at the 
minimum interstation distance for the Mw 8.3 earthquake. Therefore, they are the highest frequency bands where 
the scattering due to velocity heterogeneities does not strongly affect the coherence pattern.

4.  Constraining Earthquake Dimensions With Coherence Decay Rates
4.1.  Earthquake Size Estimation Based on the 1-D Unilateral Haskell's Source Model

From Equation 6, a linear relationship between the arc cosine of CC and the projection difference can be derived:

acos(CC) =
𝜔𝜔𝜔𝜔𝜔𝜔𝑝𝑝

2𝑐𝑐
+ 𝛿𝛿𝛿� (8)

Equation 8 shows that acos(CC) scales with projection difference via a factor of ωL/2c. The error difference, 
δ, is assumed independent on projection difference dp because the site effects only depend on shallow velocity 
structures beneath each station, which we treat as stochastic in space. This means δ is nonzero, which leads to 
acos(CC) < 1 at dp = 0. This again explains why the actual CC measurement is always smaller than 1 at zero 
interstation distance.

We perform a linear fitting using Equation 8 to find the best ωL/2c (slope) and δ (intercept) for each earthquake. 
Figures 4a–4f shows the fitting result of the three deep earthquakes beneath the Sea of Okhotsk in the 0.25–0.5 
and 0.5–1 Hz frequency bands. Here, we focus on the slope and estimate the rupture length L. The uncertainty of 
the fitted slope is derived from the uncertainty of CC measurements (see Section 2.1) using an error propagation 
theorem (Bevington & Robinson, 2002).

In the two frequency ranges, the data from all three earthquakes satisfy the linear relationship between acos(CC) 
and projection difference dp in Equation 8 (Figures 4a–4f). Theoretically, the estimated rupture length should be 
independent of the measurement frequency band. This is verified for the Mw 8.3 earthquake (Figures 4b and 4e). 
However, for the Mw 6.7 earthquake, the relatively flat acos(CC) curve suggests that the finite source effect is 
small, and the source size is difficult to be constrained from the coherence pattern. For small earthquakes, the 
observed interstation coherence fluctuation is not controlled by finite-source effects, but rather by path effects 
and array-side scattering, which makes the estimation of rupture length from the array coherence decay rate less 
robust for small earthquakes. The Mw 7.7 earthquake also shows a discrepancy of the estimated rupture length 
in two frequency bands. In fact, a complex rupture process including bilateral rupture and low aspect ratio (L/W) 
can also influence the estimation of rupture length and bring uncertainties. Therefore, the simple model is only 
suitable for earthquakes with elongated rupture (L/W ≫ 1). We listed all the linear fitting results for M7+ earth-
quakes in Figure S1.
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We notice that the estimated rupture length L is underestimated. For example, the coherence-based rupture length 
estimation for the Mw 8.3 earthquake in the Sea of Okhotsk is about 49 km. However, teleseismic back-pro-
jection gives a rupture size of around 145 km, comprising a 40-km-long northward propagating segment and a 
110-km-long southward propagations (Meng et al., 2014). Finite fault inversion results show even larger rupture 
length around 195–220 km (Wei et al., 2013; Ye et al., 2013). The interference effect of bilateral rupture fronts 
underestimates the rupture length by 1/2 (see Section 5.2), resulting a calibrated rupture length estimation of 
98 km. The remaining underestimation is possibly caused by the gap between Haskell's rupture model and source 
complexities, including the aspect ratio (L/W), heterogeneous slip distribution, etc. (see Section 5.2).

4.2.  The Moment-Size Scaling Relations

Real earthquakes are far from 1-D Haskell's model, which leads to systematic error of the coherence-measured 
rupture length. However, the coherence method is still useful because it can capture the order-of-magnitude of 
the earthquake rupture size, and distinguish different moment-size scaling relations. Here, we analyze the scaling 
relation between earthquake rupture size inferred from array coherence decay and the moment magnitude. The 
seismic moment is defined as M0 = μDA, where μ is the shear modulus, D the average slip and A the rupture area. 
Since both D and A depend on rupture size, the moment can be regarded as proportional to a power of rupture 
size, that is, M ∝ L n. Considering the definition of moment magnitude Mw = (log M − 9.1)/1.5, we have

log𝐿𝐿 ∝
3

2𝑛𝑛
𝑀𝑀𝑤𝑤,� (9)

Figure 4.  Coherence decay curve as a function of projection difference dp and the inferred rupture length for the three selected deep earthquakes under the Sea of 
Okhotsk. Events are labeled with gCMT ID. Two frequency bands are considered: 0.25–0.5 Hz (left columns) and 0.5–1 Hz (right columns). Blue: observations; red: 
best-fitting lines. In each panel, the slope of the relation between acos(CC) and dp is indicated as “s” and the estimated rupture length as “L”.
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Therefore, the logarithm of rupture size has a linear relation with moment magnitude and the slope (k-value, 
k = 3/2n) represents the power-law factor of the scaling relation.

We analyze the scaling relation between the coherence-decay estimated log  L and moment magnitude in the 
three study regions: the Sea of Okhotsk, Japan and South America subduction zones (Figure 5). Compared to 
the measurements showing large error bars in the frequency band of 0.5–1 Hz (Figures 5g–5l), the source size 
measurements performed in the frequency band of 0.25–0.5 Hz yield more stable estimations (Figures 5a–5f), 
which is possibly because of even smaller scatterings and path effects. Therefore, we mainly analyze the scaling 
relations estimated with the frequency band of 0.25–0.5 Hz.

To analyze the effects of moment magnitude ranges on k-value, we fit the linear scaling relation between log  L and 
Mw in two magnitude ranges: M6.2+ and M7+. The uncertainties of the rupture size estimation of M7+ earth-
quakes (the error bars in Figures 5b, 5d and 5f) are generally smaller than M6 class earthquakes (the error bars 
in Figures 5a, 5c and 5e). Thus, we consider that the k-value estimation is more stable for M7+ earthquakes. The 
coherence-decay estimated rupture size of M6 class earthquakes yields larger uncertainty and scattering because 
of two factors. First, although the minimum measuring frequency 0.25 Hz is generally above the theoretical first 
corner frequency of M6+ earthquakes (around 0.1 Hz, Geller (1976)), which enables the observation of finite 
source effects, the variation of corner frequencies (e.g., in the Japan region, 0.25 Hz, Izutani & Kanamori (2001)) 
may lead to less observable finite source effects. Second, as discussed earlier, M6 class earthquakes have smaller 
array coherence decay rates from finite source effects; thus the array coherence decay measurements are more 
likely to be affected by scatterings and local heterogeneities along the path and at the station side.

Figure 5.  Moment-size scaling relation inferred from the array coherence decay rate of USArray in the Eastern United States. (a–f): in 0.25–0.5 Hz; (g–l): in 0.5–1 Hz. 
(a, b, g, and k): the Sea of Okhotsk subduction zone; (c, d, i, and j): Japan subduction zone; (e, f, k, and l): South America subduction zone. (a, c, e, g, i, and k): events 
with Mw > 6.2; (b, d, f, h, j, and l): events with Mw > 7. The k-value (slope) of the fitted scaling relation curve k is indicated in each subfigure. Colors are coded 
for different focal depths: blue: shallow earthquakes (<70 km), orange: intermediate earthquakes (70–300 km), and red: deep-focus earthquakes (>300 km). The 
uncertainty of each earthquake is estimated by the error propagation theory.
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We then compare the coherence-inferred k-value with previous studies. 
Theoretically, k-value depends on the magnitude range of earthquakes. For 
large earthquakes (M7+), the rupture width W saturates and two end-member 
models are possible: the L-model with D ∝ L, implying n = 2 and k = 0.75, 
and the W-model with D ∝ W, implying n = 1 and k = 1.5 (Romanowicz & 
Rundle, 1993). For smaller earthquakes (M6), which have quasi equal rupture 
dimensions, W ∝ L and k = 0.5. Here, we use M7 as an empirical transi-
tion magnitude between quasi equal-dimensional and elongated ruptures 
(Scholz, 2019).

Previous scaling relation studies based on finite-fault inversions, geodetic 
and geological surveys manifest consistent k-value as theoretical models 
(Allen & Hayes,  2017; Blaser et  al.,  2010; Brengman et  al.,  2019; Goda 
et al., 2016; Gomberg et al., 2016; Leonard, 2010; Thingbaijam et al., 2017) 
(dots in Figure 6). Most of the measurements of M4–M6 class earthquakes 
show k-values around 0.5 (Blaser et al., 2010; Brengman et al., 2019; Goda 
et al., 2016; Gomberg et al., 2016; Leonard, 2010; Thingbaijam et al., 2017), 
suggesting quasi equal-dimensional rupture. For M7 class earthquakes, 
Gomberg et  al.  (2016) reported k  =  0.78, which is close to the L-model. 
However, Allen & Hayes (2017) reported a k = 0.63, which is in between the 
quasi equal-dimensional rupture model and the L-model.

The k-values estimated by array-coherence decay measurements in the 
three subduction zones show good consistency with those studies (squares 

and stars in Figure 6). For M7+ earthquakes, the k-value of the Sea of Okhotsk (0.61) is in-between the quasi 
equal-dimensional model and L-model that are compatible with the measurements of other subduction interface 
earthquakes according to Allen and Hayes (2017). The k-values of the Japan and South American subduction 
zones are around 0.5 (0.53 and 0.50), which is close to the quasi equal-dimensional model. The consistency of 
the scaling relation derived from array coherence decay indicates that the array coherence decay is a good proxy 
of rupture size of large earthquakes (Mw > 7). For M6 class earthquakes, the k-values of all the three subduction 
zones are around 0.5, which are close to the quasi equal-dimensional model. The earthquake depth distribution 
seems not to affect the scaling relation too much, while the magnitude distribution determines the uncertainty of 
the scaling relation (k-value). It is clear that M6.2–M7 earthquakes are highly scattered with large uncertainty in 
the coherence-measured rupture size. Therefore, the scaling relation (k-value) is more accurately estimated for 
M7+ earthquakes. Since the rupture size estimation for M6–M7 earthquakes have large uncertainties, the k-value 
near 0.5 can only indicate that the coherence roughly constrains the order-of-magnitude of the rupture size.

We argue that M7+ earthquakes are in the transition of two scaling relations of small-magnitude (M6 class, 
quasi equal-dimensional) and large-magnitude (M7+, L ≫ W) earthquakes reported by Gomberg et al. (2016); 
Luo et al. (2017), which is between 0.5 and 0.75. The transition magnitude is related to the seismogenic width 
W (Luo et al., 2017), which contributes to the variation of k-values. Different distributions of seismogenic width 
controlled by variations of slab geometry and along-dip rheology may also be responsible for regional variation 
of k-values in different subduction zones. Furthermore, the variations of the k-value in different subduction zones 
may be indicators of scale-dependence of rigidity or stress drop (Izutani & Kanamori, 2001), which is related 
to spatial heterogeneities of the rupture region (Cocco et al., 2016). If the scaling of rigidity or stress drop with 
rupture size is expressed by μ(Δσ) ∝ L α (Geller, 1976), then the k-value can be expressed by k = 1.5/(n + α). The 
k-value for earthquakes with scale-dependent rigidity or stress drop is smaller than the k-value for earthquakes 
with scale-invariant fault parameters.

The variation of k-value between different subduction zones may indicate different transition magnitudes and 
different scale-dependent source parameters. These properties are further affected by the seismogenic width, 
geometry/rheological properties along the fault plane, and velocity weakening/strengthening properties related to 
temperature or subduction materials. For example, the Sea of Okhotsk subduction zone earthquakes show larger 
k-value, which may indicate that the seismogenic width is easy to be saturated. The complex relation between 
k-value variations and subduction zone properties requires further studies.

Figure 6.  Comparison of the coherence-inferred k-values in different 
regions and k-values inferred from other scaling relation studies. Black dots: 
k-values and minimum moment magnitudes of previous scaling relation 
studies. Squares: coherence-inferred k-value for M6 class earthquakes. Stars: 
coherence-inferred k-value for M7+ earthquakes. Squares and stars are color 
coded by subduction zones. The uncertainty of each earthquake is estimated by 
the error propagation theory.
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5.  Discussion
Here, we analyze the uncertainties of the coherence-based rupture size estimation method in different aspects, 
including finite frequency, earthquake source complexities including the aspect ratio of earthquake rupture, bilat-
eral rupture, etc. We also give our prospective of this unique coherence-based earthquake rupture size estimation 
method and the possible future applications.

5.1.  Finite-Frequency Effects

Note that Equation 6 is valid for monochromatic waves. Therefore, in the coherence measurement with array 
recordings, the data is filtered in a narrow frequency band. The complete form of the coherence equation requires 
a weighted integral of Equation 3 over the frequency range of interest, which does not have an analytical form. 
To examine the possible finite difference effects, we compute the array coherence of the elongated rupture model 
for various source sizes using the narrow-band integration (Equation  3) in three frequency bands (0.25–0.5, 
0.5–1, and 1–2 Hz) and theoretical monochromatic simulation (Equation 6) in the median frequency of the three 
frequency bands (i.e., 0.375, 0.75, and 1.5 Hz) (Figure 7). The resulting coherence pattern shows the features 
anticipated from the estimation of the Sea of Okhotsk earthquakes: it decreases monotonically as a function of 
projection difference; it decays faster at higher frequencies; and for a given frequency range, a larger rupture 
length results in faster coherence decay. Besides, in the two lower frequency bands (0.5–0.25 and 0.5–1 Hz, also 
the two selected frequency ranges for further analysis), the coherence patterns are consistent between numerical 
narrow-band integration and theoretical monochromatic simulation. The coherence pattern for projection differ-
ences up to 2° is almost identical, especially for large rupture lengths (>100 km) (Figure 7). There are notable 
difference between the monochromatic simulation and narrow-band integration in 1–2 Hz for the rupture length 
of 100 km due to finite frequency effects.

5.2.  Effects of Source Complexity on Rupture Size Estimation

Since we apply a unilateral 1-D rupture model to fit the array coherence decay function, deviation from this 
rupture model may induce uncertainties in the rupture size estimation. Kinematic rupture properties, such as the 
different aspect ratio (L/W), bilateral versus unilateral rupture propagation, and variation of rupture speeds, are 
expected to introduce additional complexities.

Figure 7.  Simulated coherence decay as a function of interstation projection difference. The array is located at 30° from the 
source. The rupture velocity is assumed to be 3 km/s. We consider three rupture lengths, 20, 50, and 100 km. The coherence 
pattern is shown in three frequency ranges: 0.25–0.5 Hz (blue), 0.5–1 Hz (red), and 1–2 Hz (black). Dots: coherence 
computed using narrow-band frequency integration (Equation 3); Solid lines: coherence computed using theoretical 
monochromatic simulation (Equation 6) in the median frequency (0.375 [blue], 0.75 [red] and 1.5 Hz [black]).
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5.2.1.  Rupture Speed

Rupture speed is eliminated in monochromatic Equation 6; however the complete form of integrating Equation 3 
over the frequency range will introduce second-order terms involving the rupture speed. We conduct a synthetic 
test to demonstrate the effect of the rupture speed in our selected narrow frequency bands (Figure 8). The rupture 
length is assumed to be 100 km. In the frequency bands of 0.25–0.5 and 0.5–1 Hz, the effect of rupture speed is 
minor since the coherence decay pattern is nearly identical for rupture speed of 2.5, 3, 3.5 and 4 km/s (Figure 8). 
The maximum deviation of the CC value at projection difference of 1° is only 0.0019 and 0.027 for 0.25–0.5 Hz 
and 0.5–1 Hz, respectively, which correlates to the rupture length deviation of 0.1 and 1.6 km, respectively. The 
nearly identical coherence pattern ensures little uncertainty in the estimation of rupture size in the two narrow 
frequency ranges.

5.2.2.  Rupture Aspect Ratios

The rupture aspect ratio also influences the uncertainty of rupture length estimates from array coherence decay 
rates. Since we assume L ≫ W, the main rupture direction is along the strike and the waveform coherence is 
only influenced by a series of 1-D rupture patches (Equation 5). 2-D rupture effects are not negligible when 
considering a rupture with a lower aspect ratio. In such cases, the rupture direction is not along the strike and the 
teleseismic waveform consists of multiple components from 2-D fault patches. The coherence pattern is therefore 
more complex and does not have an explicit form. Here, we further consider a 2-D rupture model to analyze 
the effects of the rupture aspect ratio L/W on the array coherence approach. The teleseismic wavefield of a 2-D 
Haskell's source model is

�(�, �, �) =
�

4���3 ∫

�

0 ∫

�

0

�
�
�̇

(

� − �
�
− �

���
−

�
���

+

√

�2 + �2 cos� sin �
�

)

dxdy,� (10)

where 1/Vrx and 1/Vry are the components of the rupture slowness vector along the x (rupture length L) and y 
(rupture width W) directions, respectively. The seismic recording at a station is now a surface integral along the 
rupture area. Equation 10 does not have analytical solutions for a general case; so we conduct numerical simu-
lations to demonstrate the effects of rupture complexity. To simplify the simulation, we assume that the rupture 
width W is constant, such that L ≫ W. Under this assumption we integrate Equation 10 and get the far-field 
monochromatic wavefield as

𝑢𝑢(𝜔𝜔𝜔 𝜔𝜔 ) =
𝜇𝜇𝜇𝜇𝜇𝜇

4𝜋𝜋𝜋𝜋𝜋𝜋3𝑟𝑟
𝐷̇𝐷(𝜔𝜔)𝑒𝑒

−
𝑖𝑖𝑖𝑖𝑖𝑖

𝑐𝑐

(

𝐻𝐻𝑧𝑧𝑒𝑒
−𝑖𝑖𝑖𝑖 +𝐻𝐻𝑌𝑌 𝑒𝑒

−𝑖𝑖𝑖𝑖
)

� (11)

Figure 8.  Simulated coherence pattern for an elongated Haskell's source model with different rupture speeds (2.5, 3, 3.5 and 
4.5 km/s). Coherence is presented as a function of projection difference dp. Rupture length is assumed to be 100 km. Station 
and fault settings are the same as Figure 7. (a) coherence pattern in 0.25–0.5 Hz; (b) coherence pattern in 0.5–1 Hz.
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where Z = ωL/2∗(1/Vrx − sin θ cos ϕ/c), and Y = ωL/2*(1/Vry + sin θ cos ϕ/c). H(Z) and H(Y) are the sinc functions 
of Z and Y, respectively.

We conduct a synthetic test using different rupture lengths and different aspect ratios in 0.25–0.5 Hz (Figure 9) to 
test the valid L/W range in which our assumption of elongated rupture applies. We find larger ruptures generally 
allow a lower valid L/W ratio than smaller ruptures. If we consider that 20% uncertainty of the rupture length 
is acceptable, L/W needs to be greater than 5 for L = 50 km but can be as low as 2.5 for L = 100 km. The lower 
threshold of the valid L/W ratio for larger events may explain why the array coherence decay rate estimation is 
more suitable for large earthquakes (Mw > 7).

5.2.3.  Bilateral Ruptures

A bilateral rupture case is also a deviation from the unilateral rupture assumed in Equation 5. To simplify the 
analysis, we consider a symmetric bilateral rupture with rupture length L, which can be regarded as the sum of 
two unilateral ruptures of length L/2 propagating in opposite directions simultaneously. Theoretically, the relation 
between coherence and projection difference is

acos(CC) =
𝜔𝜔𝜔𝜔𝜔𝜔𝑝𝑝

4𝑐𝑐
+ 𝛿𝛿𝛿� (12)

The denominator of the first term on the right-hand side in Equation 12 is 4c, instead of 2c in Equation 8. Thus a 
symmetric 1-D bilateral rupture reduces the interstation coherence decay rate by 1/2. Therefore, for a symmetric 
bilateral rupture, the estimated length assuming a unilateral rupture is half the true length. An example is the 2013 
M8.3 Sea of Okhotsk earthquake. Based on back-projection and finite-fault inversions (Meng et al., 2014; Wei 
et al., 2013; Ye et al., 2013), this earthquake has two rupture branches propagating northeastward and southwest-
ward, respectively. The coherence-based rupture length estimation is 49 km. If considering the bilateral rupture 
correction, the estimated rupture length will be 98 km, which is closer and within one order of magnitude of the 

Figure 9.  The effect of the aspect ratio (L/W) on coherence estimated rupture size in 0.25–0.5 Hz frequency band. (a–d) 
are tested with true rupture length of 100, 80, 60, and 50 km, respectively. The rupture velocity is assumed to be 3 km/s. 
Coherence estimated rupture length is plotted as a function of rupture width W (bottom axis) and corresponding aspect ratio 
L/W (top axis). Red dashed lines indicate the true rupture length.
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back-projection estimated rupture length of 145 km. There is still underestimation of the rupture size, partially 
because this earthquake has a complex rupture process with multiple rupture branches.

More realistic bilateral rupture models can be described with a 2-D rupture. Here, we conduct a synthetic 
test of a W∗L = 10∗50 km rupture dimension for both the unilateral and bilateral ruptures using Equation 11 
(Figures 10a–10d). The pattern of coherence decay with projection difference deviates from the cosine-shaped 
function for projection difference larger than 0.5 and the coherence decay is faster compared to 1-D rupture 
model. Bilateral rupture is also observed to reduce the coherence decay rate. For example, with a rupture speed 
of 2.5 km/s, the coherence estimated rupture length in the 0.25–0.5 Hz frequency band is 56 km for a unilateral 
rupture and 35 km for the bilateral rupture. Rupture size estimation using a 1-D source model for bilateral rupture 
will lead to a rupture size underestimation of 30%. Theoretically, one could estimate the rupture size using a 
bilateral rupture model or a 2-D rupture model with inversion methods. However, bilateral ruptures in reality are 
hardly symmetric, which cannot be expressed in an explicit form for estimating the rupture length directly. More-
over, interference between the two rupture fronts create extra waveform complexities that add much uncertainty 
to the array coherence measurement. Therefore in this paper, while we analyze and discuss the effects of bilateral 
ruptures, we still apply an elongated unilateral rupture model to examine the rupture lengths.

The coherence measured rupture size may be more representative of the main asperity than the entire rupture. 
Large earthquakes usually show slip heterogeneities (Brown et  al.,  2015), where multiple areas of large slip 
are separated by small slip patches, acting as asperities or sub-sources. Since the assumption of our coherence 
method is based on waveforms generating from a continuous rupture area, the main asperity of a large earthquake 

Figure 10.  Coherence decay curve as a function of projection difference dp for 2-D unilateral and bilateral ruptures and 
the corresponding rupture length estimates. (a) unilateral rupture; (b) bilateral rupture. Three frequency bands are color 
coded with blue (0.25–0.5 Hz), red (0.5–1 Hz), and black (1–2 Hz). The rupture dimension is set as 10 km along dip and 
50 km along strike. The rupture speed is set as 3 km/s. Synthetic coherence are computed using Equation 11. (c) rupture size 
estimation in 0.25–0.5 Hz for coherence decay curves (a and b). Unilateral rupture and bilateral rupture are color coded by 
purple and dark green, respectively. The rupture length estimation is using 1-D model (Equation 8).
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may take control of the waveform coherence. Therefore, the underestimation of the rupture size of certain large 
earthquakes (e.g., the M8.3 Sea of Okhotsk) may be caused by slip heterogeneity.

5.3.  Future Work of the Coherence Based Source Analysis

We observe a salient feature that the array coherence decay rate depends on earthquake source size. A simple 
analytical relation, under the assumption of an elongated Haskell's source model, is able to explain that the 
coherence behavior is generally governed by the earthquake source size. We further develop a method to meas-
ure source size from the coherence curve, assuming a simple unilateral rupture model. The method can give an 
approximate estimation for fault rupture sizes for the main asperity. For deep and oceanic earthquakes, where 
satellite geodesy is unavailable, source dimension is conventionally inferred from finite-fault source inversion 
or back-projection. Teleseismic-only finite-fault inversions generally suffer from nonuniqueness due to trade-off 
between source size and rupture speed. Back-projection can generally map the trajectory of the rupture, but coda 
waves and scatterings can generate uncertainties in determining when the earthquake stops, which adds uncer-
tainty to the rupture size. Hence, estimated source sizes are subject to large variabilities. We can utilize the coher-
ence curve as an alternative to cross-validate the inferred source size. If the estimated size is close to the true size, 
the synthetic coherence curve should match the observation. The observation of the relation between the array 
coherence decay rate and earthquake rupture size also potentially provides additional constraints to discriminate 
physical models of subduction zone earthquakes derived from numerical simulations and laboratory experiments.

6.  Conclusion
In this study, we report a new observation of the relation between earthquake rupture size and the decay rate of 
interstation waveform coherence as a function of projection difference within a seismic array. We observe that 
coherence is predominantly modulated by source size for large earthquakes (Mw > 7) in the frequencies above 
the earthquake's corner frequency; it decays faster if the source size is larger. Increasing the source size causes a 
larger interstation difference of phase delays between seismic waves from different parts of the source, resulting 
in a breakdown of waveform coherence. Assuming a simple elongated Haskell's source model, the array coher-
ence decay can be used to roughly estimate the rupture size L. The inferred rupture size satisfies empirical scaling 
relations between rupture length and moment magnitude. Furthermore, our estimation shows that the scaling 
exponent between rupture length and magnitude of large earthquakes (Mw > 7) is in between 0.5 and 0.75 for 
several subduction zones, which corresponds to the transition from the quasi equal-dimensional source model 
and the L-model. Despite the uncertainties coming from rupture aspect ratio, bilateral rupture, and structural 
heterogeneities, our proposed method has the potential to cross-validate source sizes from other studies and to fill 
the gap of rupture size estimation for deep and remote earthquakes.

Appendix A:  Derivation of Equation 6
We start from the definition of the cross-correlation coefficient in the frequency domain:

��(�) =
Real(� (��, �) ⋅ � ∗ (��, �))
|� (��, �) | ⋅ |� (��, �) |

.� (A1)

Substituting Equation 5, the numerator of cross-correlation coefficient (CC) is

NUM = Real(� (��, �) ⋅ � ∗ (��, �)) = ���exp
[

−��
(

�� − ��
�

+
� (�� − ��)

2
+ �� − ��

)]

,� (A2)

where

𝐶𝐶𝐴𝐴𝐴𝐴 =
𝜇𝜇
2
𝑅𝑅

2
𝑊𝑊

2
𝐺𝐺𝐴𝐴𝐺𝐺𝐵𝐵

16𝜋𝜋2𝜌𝜌2𝑐𝑐6𝑟𝑟𝐴𝐴𝑟𝑟𝐵𝐵
𝐷̇𝐷

2(𝜔𝜔)
1

𝜔𝜔2𝑆𝑆𝐴𝐴𝑆𝑆𝐵𝐵

sin

(

𝜔𝜔𝜔𝜔

2
𝑆𝑆𝐴𝐴

)

sin

(

𝜔𝜔𝜔𝜔

2
𝑆𝑆𝐵𝐵

)

.� (A3)

Using the Euler's formula and taking the real part, we get

NUM = 𝐶𝐶𝐴𝐴𝐴𝐴cos

[

𝜔𝜔

(

𝑟𝑟𝐴𝐴 − 𝑟𝑟𝐵𝐵

𝑐𝑐
+

𝐿𝐿 (𝑆𝑆𝐴𝐴 − 𝑆𝑆𝐵𝐵)

2
+ 𝑔𝑔𝐴𝐴 − 𝑔𝑔𝐵𝐵

)]

.� (A4)
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Substituting Equation 5 in the denominator of CC, we get

DEN = |� (��, �) | ⋅ |� (��, �) | = ���

√

|

|

|

|

exp
[

−��
( ��
�

+ ���

2
+ ��

)]

|

|

|

|

2

⋅

√

|

|

|

|

exp
[

−��
( ��
�

+ ���

2
+ ��

)]

|

|

|

|

2

.

� (A5)

Given that

|exp(−𝑖𝑖𝑖𝑖)|2 = (cos 𝜃𝜃)
2
+ (−sin 𝜃𝜃)

2
= 1,� (A6)

Equation A5 is reduced to

DEN = 𝐶𝐶𝐴𝐴𝐴𝐴 ⋅

√

1 ⋅

√

1 = 𝐶𝐶𝐴𝐴𝐴𝐴.� (A7)

Next, dividing the numerator (Equation A4) by the denominator (Equation A7), we get

CC = cos
[

�
(

�� − ��
�

+
�(�� − ��)

2
+ �� − ��

)]

.� (A8)

Here, the first term (rA − rB)/c is the travel time difference from the epicenter to the two different stations A and 
B. Since we aligned the waveform by the first P arrival, this term can be eliminated. The CC value only depends 
on the second and third terms which are related to the source size (L(SA − SB)/2) and the difference between local 
path and site effects (gA − gB). Substituting the definition of the slowness term S = 1/Vr − γ/c (Equation 4), we get

CC = cos

[

−
𝜔𝜔𝜔𝜔

2𝑐𝑐
(𝛾𝛾𝐴𝐴 − 𝛾𝛾𝐵𝐵) + 𝜔𝜔 (𝑔𝑔𝐴𝐴 − 𝑔𝑔𝐵𝐵)

]

� (A9)

which is Equation 6.

Data Availability Statement
Our broadband earthquake data set is obtained from FDSN (https://www.fdsn.org) downloaded using ObsPy 
(https://github.com/obspy/obspy/wiki). The networks used are TA (IRIS Transportable Array (2003), USArray 
Transportable Array, International Federation of Digital Seismograph Networks. https://doi.org/10.7914/SN/TA), 
IU (Albuquerque Seismological Laboratory (ASL)/USGS (1988), Global Seismograph Network (GSN - IRIS/
USGS), International Federation of Digital Seismograph Networks (https://doi.org/10.7914/SN/IU), II (Scripps 
Institution of Oceanography) (1986), IRIS/IDA Seismic Network, International Federation of Digital Seismo-
graph Networks (https://doi.org/10.7914/SN/II), US (Albuquerque Seismological Laboratory (ASL)/USGS 
(1990), United States National Seismic Network, International Federation of Digital Seismograph Networks. 
https://doi.org/10.7914/SN/US), and AK (Alaska Earthquake Center, U. O. A. F. (1987), Alaska Regional 
Network, and International Federation of Digital Seismograph Networks (https://doi.org/10.7914/SN/AK). We 
are grateful to the Global Centroid Moment Tensor Catalog (https://www.globalcmt.org/) for the earthquake 
catalog with moment tensor solutions.
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