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Geoscience, University of Wisconsin-Madison, Madison, W1, USA, 3Univ. Grenoble Alpes, CNRS, IRD, IGE,
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Abstract Results of glacier flow models and associated estimates of future sea level rise depend
sensitively on the prescribed relation between shear stress and slip velocity at the glacier bed. Using a fully
three-dimensional numerical model of ice flow, we compute steady-state sliding relations for where ice
slips over a rock bed with three-dimensional, periodic topography. In agreement with studies of
two-dimensional beds, water-filled cavities that form down-glacier from bedforms cause basal shear stress
to peak at a threshold slip velocity and decrease at higher velocities (i.e., rate-weakening drag). However,
the shear stress magnitude and extent of rate-weakening drag depend systematically on lateral topographic
variations not considered previously. Moreover, steep up-glacier-facing slopes of bedforms can result in
shear stress that increases monotonically over a wide range of slip velocity, helping to stabilize slip. These
results highlight the potential variability of sliding relations and their likely sensitivity to the
morphological diversity of glacier beds.

Plain Language Summary Parts of ice sheets that flow into the oceans and affect sea level
can flow unusually fast by slipping over their beds. We use a computer to solve for the first time in three
dimensions the equations that describe the flow of ice as it slips over a bumpy rock bed. We include

the important tendency for glaciers to separate from rock and form water-filled cavities down-glacier
from bumps. These calculations indicate that resistance to slip depends sensitively on the bump shape
and spacing. Cavities can cause the bed to become more slippery the faster the ice slides, with this
destabilizing effect being more severe for bumps that are laterally narrow and widely spaced. However,
bumps with steeply sloping up-glacier sides can reverse this effect and cause resistance to slip to increase
over a wide range of increasing slip velocity. This diverse behavior highlights the need for estimates of
glacier slip velocity to incorporate the actual topography of glacier beds.

1. Introduction

Ice sheets and smaller glaciers rest directly on beds consisting of rigid rock (hard bed) or deformable sedi-
ment (soft bed). In either case, glaciers move primarily by slip over their beds if basal ice is at the melting
temperature (Cuffey & Paterson, 2010; Maier et al., 2019). Slip of ice over hard beds has diverse conse-
quences. Over periods of up to a few years, some glaciers with hard beds can surge (i.e., increase their speeds
commonly by a factor of 10-100) (Kamb, 1987; Thegersen et al., 2019), causing rapid glacier advance and
severe local environmental change (Harrison et al., 2015). Moreover, although large sections of fast-flowing
Antarctic ice streams rest on soft beds, recent geophysical studies of the largest West Antarctic ice stream,
Thwaites Glacier, indicate that parts of it are hard-bedded (Muto et al., 2019) and drag from slip across
hard-bedded regions is higher than where the bed is soft (Koellner et al., 2019). Therefore, at Thwaites
Glacier and potentially other ice streams in Antarctica and Greenland, slip where ice is in direct contact
with rock could disproportionately affect ice-stream speed and associated sea level rise (Koellner et al.,
2019). Also, hard beds are subject to erosion by glaciers at rates that depend directly on slip velocity (Hallet,
1979, 1996; Hooyer et al., 2012). This erosion, over timescales of 10*-~10° years, results in Alpine landscapes
emblematic of glaciation, such as U-shaped and hanging valleys. It also results in denudation that modulates
uplift of mountain belts (e.g., Pelletier, 2008) and alters climate through effects on chemical weathering rates
(e.g., Torres et al., 2017). Thus, efforts to model both glacier flow (e.g., Bindschadler et al., 2013; Ritz et al.,
2015) and glacial landscape evolution (e.g., Egholm et al., 2009; Herman et al., 2011; Pedersen & Egholm,
2013) require accurate descriptions of basal slip on hard beds.
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Most commonly in numerical ice sheet models, slip at the bed is prescribed as a boundary condition, by
relating the basal shear stress, 7, to the basal slip velocity, u,, through a relation of the form

ub = ﬁTZ7 (1)

where q is a positive constant. In this slip relation the conditions at the bed (e.g., local bedrock topography,
subglacial hydrology, and sediment characteristics) are combined in the static, spatially varying parame-
ter B, which can be determined by inverse modeling using surface velocity observations (e.g., Brinkerhoff
& Johnson, 2013; Gillet-Chaulet et al., 2016; Larour et al., 2012; Morlighem et al., 2010). This empirical
parameter, however, and the form of the relation are main sources of uncertainty for prognostic simulations
(Bindschadler et al., 2013; Brondex et al., 2017; Joughin et al., 2019; Ritz et al., 2015). In efforts to better
include the well-documented influence of effective pressure N (defined as the ice pressure minus basal water
pressure, p; — p,, ) on slip velocity (e.g., Iken & Bindschadler, 1986; Jansson, 1995), several contrasting mod-
ifications to equation (1) have been proposed (Budd et al., 1979; Schoof, 2005; Tsai et al., 2015). Numerical
ice-flow models (e.g., Brondex et al., 2017) indicate that ice fluxes can be highly sensitive to these modifi-
cations; sensitivity of bedrock erosion rates to the form of the slip relation of landscape evolution models is
only beginning to be explored (Ugelvig & Egholm, 2018).

Process-based theories of glacier sliding over hard, wavy, two-dimensional (2-D) beds (e.g., Fowler, 1981;
Gudmundsson, 1997; Kamb, 1970; Lliboutry, 1968; Nye, 1969; Weertman, 1957) indicate that, in the absence
of cavity formation downstream from the leesides of rock bumps, an appropriate sliding relation is of the
form equation (1). Such cavities, however, are ubiquitous on hard glacier beds (Hallet & Anderson, 1980;
Walder & Hallet, 1979). Iken (1981) showed that for 2-D periodic bumps with cavities there must be an upper
bound on the drag exerted by the bed on the ice. As N decreases (p,, in cavities increases) and cavities grow,
7, /N is bounded by the maximum value of the up-glacier-facing (stoss) slopes of obstacles, m,,,,. This limit
on basal drag is called Iken's bound:

Ty /N < Moy )

It is in contrast to the unbounded basal shear stress of equation (1). Schoof (2005) showed that Iken's bound
holds for arbitrary 2-D bed geometries, in agreement with earlier studies of slip over 2-D sinusoidal beds
(Fowler, 1986, 1987; Lliboutry, 1968).

Furthermore, sliding theories that include cavities (Fowler, 1986, 1987; Gagliardini et al., 2007; Lliboutry,
1968; Schoof, 2005) indicate that drag reaches a local maximum, after which a further increase in u, or
decrease in N results in decreasing drag. We call this rate-weakening drag, and it results from cavity growth
with increasing sliding velocity that restricts diminishing zones of ice-bed contact to near bump crests. Thus,
on convex bumps these zones are inclined up-glacier at progressively smaller angles, thereby reducing drag.
Experiments with 2-D periodic bumps demonstrate that rate-weakening drag can occur over a wide range
of sliding velocities (Zoet & Iverson, 2015, 2016). The implications of the bed effectively becoming slip-
perier with increasing u, (or decreasing N) is that reduced shear stresses on the glacier bed would focus
stresses elsewhere, promoting still faster glacier flow. To date, however, theoretical and experimental stud-
ies of glacier sliding relations with cavity formation have been restricted to only 2-D (transverse) bedforms,
leaving the relevance of rate-weakening drag to real glacier beds uncertain. Large-scale glacier flow models
universally neglect the potential for rate-weakening drag.

Herein we present the first computations of sliding relations for three-dimensional (3-D) hard beds with
cavity formation. Using a fully 3-D numerical model of ice flow, we show that adding bed topography
in a direction perpendicular to the slip direction can significantly enhance rate weakening. Importantly,
however, we demonstrate for the first time that bumps with sufficiently steep up-glacier-facing slopes can
eliminate this rate weakening over a wide range of potential slip velocity. These results, therefore, point to
how the cavities of hard glacier beds may not necessarily preclude the rate-strengthening slip relations of
glacier flow models.

2. Methods

We follow the general method and assumptions of Gagliardini et al. (2007), extending their formulation from
2-D to 3-D flow. Ice is assumed to be at the melting point (isothermal), resulting in a thin water film at the
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ice-bed interface (e.g., Weertman, 1957). The large difference between the viscosity of ice and water leads
to zero tangential stress, o,,,, supported locally at both the bed surface (free slip) and ice-cavity boundary.
Furthermore, we consider water pressure at the bed to be uniform and neglect regelation and basal melting.
The underlying bed, z,, is considered to be rigid and impenetrable, providing a surface beneath which the
sole of the glacier, z,, cannot move. If the water pressure is larger than the ice normal stress on the underlying
bed, the ice separates from the bed forming a cavity. At the ice-cavity interface, the water pressure sets
the normal stress, and z, evolves as a free surface until a steady geometry is reached. These assumptions
are in line with those made previously when considering glacier sliding over hard beds (e.g., Fowler, 1987;
Gagliardini et al., 2007; Lliboutry, 1968; Schoof, 2005).

To avoid simulating flow across the full glacier thickness, the domain is vertically restricted to a boundary
layer (Fowler, 1981; Gagliardini et al., 2007; Schoof, 2005) much thicker than the sizes of obstacles on the bed.
At the top of the domain a horizontal speed, u,, and vertical stress (ice pressure), p;, are specified, with the
vertical velocity left free to vary spatially. The vertical stress condition approximates the stress caused by the
overlying column of ice due to gravity, which can be neglected in the boundary layer, whereas the horizontal
velocity represents the bulk flow outside of the domain. Specifying a velocity rather than a shear stress is
necessary to achieve flow regimes in which rate-weakening drag can occur and is also more appropriate
when simulating the local effects of sliding. At the sides of the domain, the flow is periodic.

The above scenario is described by the Stokes (balance of momentum and mass) and kinematic free-surface
equations (see Text S1 in the supporting information), where the primary assumptions are reflected in the
boundary conditions. If we let z, be subdivided into nonoverlapping parts where the glacier sole is in contact
with the bed (z,,,, i.e., where z, = z,) and where it is a part of the cavity roof (z,,, i.e., where z;, > z;), and
let o and o,,, denote the Cauchy stress tensor and the normal stress at the boundary, the system of equations
describing the problem are as follows:

cav?

V-0 =0 (momentum), (3a)

V-u=0 (incompressibility), (3b)

Oy = —Di» Uy =1U, u,=0 (topboundary), (3¢c)
o, =0 on z (freeslip), (3d)

u-n=0 on z,, (impenatrability), (3e)

Gpn = =Dy ON Z, (cavityroof), (3f)

lo,l = p, on z (ice-bed contact), (3g)

0,2 + U 0,7 +u, 0,z = u, (free surface), (3h)
Z,>7, (bed constraint), (3i)

where n is the normal pointing outward from the domain and u = (u,,u,,u,) is the velocity. A steady
geometry is reached when the glacier sole has evolved to be such that u - n = 0 everywhere on z,. The
constitutive equation for ice deformation relates the effective shear stress 7, to the effective strain rate,
£p, as

Ty = Béllg/ " €y

where the creep exponent n = 3 for ice (Glen, 1955). The rate factor B depends on temperature (Hooke,
2005) but in this case is uniform for ice at its pressure-melting temperature.
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Figure 1. Modeling results for the cross-sinusoidal bed. (a) Bed geometry and steady-state cavity configuration with

up, = 27.0 m/year and N = 0.4 MPa. The top layer shows the glacier sole (light blue and transparent) with the
underlying bed in green. The middle layer shows color-coded contours of the cavity height (vertical distance from
glacier sole to bed). Elevation contours of the bed are shown at the bottom (solid black for positive elevations and
dashed black for negative, with a contour interval of 0.2 m). The cross-section through one of the cavities is at

y = 2.5m. (b) Sliding relation for the cross-sinusoidal bed (blue circles) and for sliding without cavitation (equation (8),
dash-dotted black line). Also shown are the results for the bed that is sinusoidal in only the along-flow direction (green
triangles). The scaled range of calculated sliding velocity corresponds to dimensional values of u;, = 0.3-66.8 m/year for
N = 0.4 MPa. For both relations a range of boundary condition velocities of 0.5-70 m/year was used.

For a given bed geometry, 7, is the average drag due to viscous flow calculated along the glacier flow
direction, x (e.g., Fowler, 1987; Lliboutry, 1968; Schoof, 2005):

1 1 9z,
Tb=—§/0',ml’lx ds=—§/ann—; dxdy, 5)
Z,

's Zs

where Q is the area of the domain in the horizontal plane and the integral results in a negative (up-glacier)
value. Similarly, the average slip velocity in the direction of glacier flow is given by

1
uy = a u, dxdy, (6)
2%

extending to 3-D the relations used in Gagliardini et al. (2007).

To solve the problem numerically, we use the finite element software Elmer/Ice (Gagliardini et al., 2013),
which is a glacier-focused extension of the finite element code Elmer (Lyly et al., 1999; Réback et al., 2019),
used by Gagliardini et al. (2007). All flow simulations are performed on meshes resulting from a triangulated
horizontal base mesh that has been extruded in 20 layers in the vertical direction, giving prismatic/wedge
elements. The vertical extrusion is the same for all simulations in this study, with the vertical mesh density
approximately 10 times greater close to the bed than at the top of the domain. All of the base meshes were
generated using Gmsh (Geuzaine & Remacle, 2009) and are unstructured on a 10-m x 10-m grid consisting
of 6,664 triangles, resulting in 133,280 elements (see Text S1 for additional information).

3. Results

To be able to compare the sliding relations for different scenarios, we present the relations in scaled,
nondimensional form (Fowler, 1986; Gagliardini et al., 2007; Schoof, 2005), as drag relations:

—
Tb/N_f<NnAS>’ (7)
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Figure 2. Modeling results for obstacles with different widths and spacings. (a) Bed geometry and steady-state cavity
configuration for along-flow sinusoidal obstacles of width w = 2.4 m, with u; = 13.0 m/year and N = 0.4 MPa.
Otherwise, same as Figure 1a. (b) Sliding relations for along-flow sinusoidal obstacles of varying width. Smaller widths
correspond to larger spacings of obstacles.

where 7, /N has the form of a friction coefficient. The constant A; depends on the bed geometry and B™"
(equation (4)) (e.g., Fowler, 1981; Gagliardini et al., 2007; Gudmundsson, 1997; Lliboutry, 1968) and relates
7, and u,, for sliding without cavities:

u, = Aty ®)

Hence, using the scaled variables in equation (7) should, in principle, result in a relation 7, /N « ull)/ "/N at
low sliding velocities before the onset of cavitation. Once cavities are initiated, equation (8) becomes invalid,
and the increasingly large cavities can result in either rate-strengthening (f in equation (7) increases mono-
tonically) or rate-weakening (f decreases after reaching an initial local maximum) drag. For the boundary
conditions in equations (3c) and (3f), we apply p; = 2.0 MPa and p,, = 1.6 MPa (N = 0.4 MPa) for all simula-
tions. This is equivalent to approximately 200 m of ice overlying the domain, with water pressure in cavities

being 80% of the overburden pressure. The height of the domain is set to 10 m.

To determine a sliding relation for a specified bed geometry, we consider a wide range of steady velocities at
the domains top, u, in equation (3c). Using simulation results at low speeds with no cavitation, the value of
A, is calculated using equation (8), and for each additional value of velocity at the domain's top, the roof of
the cavity is allowed to evolve until a steady geometry is reached, at which point 7, and u, are numerically
calculated using equations (5) and (6).

Before applying the model to fully 3-D bed geometries, we verified that it reproduces the results obtained
in Gagliardini et al. (2007) for a sinusoidal bed by considering an extension of their 2-D domain with no
roughness in the added transverse dimension (Figure S1).

To verify that the form of the sliding relation is not sensitive to the scaling procedure or computational
domain, we for the bed studied in section 3.1 performed simulations in which the effective pressure, N,
rather than the imposed horizontal velocity at the top boundary, was varied (Figure S2). Additionally, simu-
lations were conducted using a greater domain height (20 m vs. 10 m) and a different mesh resolution. None
of these changes affected significantly the results, implying that the scaling used in equation (7) is suitable
and that the overall form of the relation is not sensitive to the domain parameters.

3.1. Cross-Sinusoidal Bed
We begin by examining how the sliding relation is affected by 3-D bed topography of the form

Zp(x, y) = 0.8 cos(2zx/10) sin(2zy/10) 0 <x,y <10
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Figure 3. Sliding relation for asymmetric obstacles with steep stoss surfaces and width, w = 2.4 m. The inset shows an
along-flow profile across one of the obstacles, with the direction of flow from left to right. Also shown, for comparison,
are results from an otherwise identical bed but with obstacles that have sinusoidal along-flow profiles (the sliding
relation for w = 2.4 m in Figure 2b). The scaled slip velocity corresponds to dimensional values of uj, = 0.1-143 m/year,
and the peak drag 7, /N = 0.26 occurs at u, = 77.2 m/year (blue and white circle). For the along-flow sinusoidal profile,
the peak drag occurs at u;, = 2.2 m/year (green and white triangle).

(Figure 1a). Such a cross-sinusoidal bed is the simplest extension of the 2-D sinusoids used in previous
studies (e.g., Fowler, 1986; Lliboutry, 1968; Nye, 1969). For small values of u,, there are no cavities, and
drag increases with slip velocity according to equation (8) (Figure 1b). At velocities where slip relations
for ice flow with and without cavities bifurcate, cavities initiate. At a higher velocity, the drag peaks and
then decreases at still higher velocities as cavities extend across most of stoss surfaces (Figure 1a). The rate
of postpeak decline in drag with slip velocity (rate weakening) is similar for the cross-sinusoidal bed and
for the analogous 2-D bed. More pronounced is the difference in magnitudes of the peak basal drags: The
three-dimensionality of the bed reduces 7, /N by 43%.

The nonsmooth appearance of the relations in Figure 1b can be explained by the finite resolution of the com-
putational mesh; as the extent of a real cavity cannot always coincide with nodes of the mesh, the resulting
calculation of drag and slip velocity is affected. We expect this numerical artifact to disappear with mesh
refinement as in Gagliardini et al. (2007).

3.2. Obstacles With Different Widths and Spacings

To investigate the effect of lateral variations in bed topography on the sliding relation, we retain the
along-flow sinusoidal geometry of the bed but introduce a function to vary the transverse width and spacing
of bed obstacles. This function is

h(y; y., €1, €5, w) = 0.5 [tanh <L+W/2)> — tanh <L_W/2)>] , )

€ €

where y. and w are the center y coordinate and transverse width, respectively, and ¢; and ¢, are smoothing
factors. We let the center of the obstacles be y. = 2.5 m and y, = 7.5 m with symmetrical smoothing
€, = €, = 0.2, resulting in two offset flow-parallel lines of obstacles, similar to the cross-sinusoidal bed
(Figures 2a and S3):

Zp(x, y) = 0.8(cos(Rwx/10)h(y; y. = 2.5) + cos(2zwx/10 — m)h(y; y, = 7.5)).
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We consider multiple obstacle widths (i.e., w = 4.4 m, 4.0 m, 3.6 m, 3.2 m, 2.8 m, and 2.4 m) to calculate an
ensemble of sliding relations (Figure 2b) for the same range of top boundary velocities (1, = 0.2-32 m/year).

For smaller transverse widths of obstacles and larger obstacle spacings, the extent of rate weakening becomes
more pronounced (Figure 2b). From the widest to narrowest obstacles considered, peak drags decrease 50%,
and ranges of sliding velocity with rate strengthening decrease 79%.

3.3. Steeply Inclined Stoss Sides

Having considered idealized 3-D geometries that result in rate-weakening drag, we now consider whether
adding more complexity to the bed can affect this result. Constraints on Iken's bound (equation (2)) motivate
us, in particular, to consider the effects of locally steep adverse slopes of 3-D bedforms. To characterize
the along-flow topography, we use equation (9) with analogous along-flow parameters but with different
smoothing factors (i.e., we use h(x; e; = 0.3,¢, = 2.0)) to create 5-m-long, asymmetric obstacles (Figures 3
and S3) with steep stoss surfaces (m,,,, = 1.63, relative to m_,, = 0.50 for the along-flow sinusoidal case).

max max

The effect of steep stoss surfaces is that drag increases monotonically with the scaled sliding velocity over a
range of sliding velocity that is 35 times higher than for the case of bedforms with smaller adverse slopes. Up
to the transitional velocity at which rate weakening ensues, the relation is in conceptual agreement with the
form of sliding relations that neglect cavity formation (equation (1)) and in contrast to the rate-weakening
drag for an otherwise identical bed with sinusoidal obstacles (Figure 3). However, the peak drag for these
narrow asymmetric obstacles is only 16% of Iken's bound computed in the absence of transverse topography.

4. Discussion

Interpreting the effect of local bed morphology on sliding relations requires considering the factors that
control cavity size: the sliding velocity, which moves ice away from lee surfaces thereby opening cavities, and
the creep rate of ice toward the bed that closes cavities and increases with effective pressure and cavity size.
The computed stresses, cavities, and drag/velocity relations (Figures 1-3) reflect when these two processes
are exactly balanced, so that cavity size is steady. Steady sliding is the natural starting point for simulations
with 3-D beds.

Extending the well-studied case of a 2-D sinusoidal bed to the cross-sinusoidal case (Figure 1a) shows that
the degrees of rate weakening in the two cases, scaled to effective pressure, are similar (Figure 1b). Absolute
(dimensional) drag, however, decreases less in the cross-sinusoidal case. This may be because growth of
cavities above the size necessary for the peak drag is reduced by ice being able to creep both downward and
laterally toward cavities, so their steady length is smaller, allowing more steeply inclined zones of ice-bed
contact. The peak drag, however, scaled in the way as a friction coefficient, is 43% smaller than in the 2-D
case. Relative to the 2-D case, in which steep stoss surfaces in contact with ice have lateral continuity, for
the cross-sinusoidal bed, such areas are a much smaller fraction of the total bed area, so the integration of
equation (5) yields a smaller along-flow basal shear stress. This would imply, for example, that the same
peak shear stress condition for the 3-D and 2-D cases will be reached at much lower water pressure for the
3-D case.

The finding that as obstacles get narrower (Figure 2) the extent of rate-weakening drag is increased may
seem counterintuitive, given that narrow obstacles might be expected to support smaller cavities. However,
as obstacle width decreases, progressively wider corridors of flat topography support minimal drag between
obstacles. Stresses are thus laterally transferred to the obstacle sides (Figure S4), causing larger cavities that
restrict zones of ice-bed contact to higher, more gently sloping parts of stoss surfaces.

Bed obstacles with sufficiently steep stoss surfaces can prevent, over a wide range of scaled sliding veloc-
ity, the rate-weakening drag (Figure 3) otherwise illustrated by our calculations with 3-D beds. Compared
to the 2-D infinite slope considered by Gagliardini et al. (2007), which causes a severe, step-like reduction
in drag at the velocity at which the steepest part of the stoss slope is inundated, rate weakening for the
3-D bed is gradual. Cavities can grow in 3-D so that the steepest part of the adverse slope is gradually over-
taken. Steep stoss surfaces like those considered here are commonly observed on glacier beds, particularly
where near-vertical fractures in the bed strike subperpendicular to glacier flow and control bedrock erosion
(Hooyer et al., 2012). Although results of theory for 2-D wavy beds indicate rate-weakening drag, theoreti-
cians have tended to advocate, on heuristic grounds, drag relations that neglect it, such that drag increases
asymptotically toward a maximum value (Fowler, 1987; Schoof, 2005). Our results with obstacles with steep
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adverse slopes indicate that they can greatly increase the range of slip velocity (or range of effective pres-
sure) over which such heuristic sliding relations are appropriate. This finding helps justify the slip relations
of large-scale ice sheet models and landscape evolution models, in which the potential for rate-weakening
drag is neglected.

5. Conclusions

These numerical simulations show that sliding relations for 3-D beds that include effects of cavities can be
acutely sensitive to nuances of local bed topography. A cross-sinusoidal bed supports lower drag, scaled as a
friction coefficient by dividing drag by effective pressure, than an analogous bed with only along-flow rough-
ness. Increasingly narrow and widely spaced obstacles cause increasingly severe rate weakening, owing to
larger cavities and associated less steeply inclined areas of ice-bed contact, while significantly decreasing the
bed friction coefficient. Sufficiently steep stoss surfaces of periodic obstacles on the bed can greatly increase
the slip velocity or decrease the effective pressure at which rate-weakening drag occurs, broadening the range
over which heuristic, rate-strengthening sliding relations used in glacier models apply. Bracketing the range
of possible sliding behavior and the associated uncertainty of glacier flow-model predictions will require
characterizing the morphological diversity of glacier beds and calculating sliding relations on that basis.
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