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A B S T R A C T 

We numerically explore on galaxy scales the dipolar dark matter (DM) model based on the concept of gravitational polarization. 
This DM model has been proposed as a natural way to reproduce observed tight galactic scaling relations such as the baryonic 
Tully–Fisher relation and the Radial Acceleration Relation. We present a customized version of the RAMSES code including 

for the first time the dynamics of this Dipolar DM in N -body simulations. As a first application of this code, we check that 
we reco v er an equilibrium configuration that had been found analytically, where a low density Dipolar DM halo is at rest with 

respect to its central galaxy, reco v ering the aforementioned scaling relations. A characteristic signature of this equilibrium model 
is that it harbours a dynamical instability with a characteristic time depending on the Dipolar DM halo density, which we reco v er 
numerically. This represents a first step towards more involved simulations needed to test this framework, ranging from galaxy 

interactions to structure formation. 

Key w ords: softw are: simulations – Galaxy: evolution – Galaxy: general – Galaxy: structure – dark matter. 
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 I N T RO D U C T I O N  

he nature of the dark sector of the Universe, comprised of the
utative dark matter (DM) and dark energy components, is today
ne of the most pressing questions in physics. Over the last decades,
he cosmological picture that has emerged is that of a matter sector of
he Universe dominated by cold dark matter (CDM 

1 ) that represents
85 per cent of the global matter content, itself only accounting for
30 per cent of the energy budget at (present-day) redshift z = 0.
he rest of the energy budget (dark energy) is taken care of by a
osmological constant � , responsible for the late-time acceleration
f the expansion of the Universe. 
Whilst this � CDM model is successful on large scales (Aghanim

t al. 2020 ; Gil-Marin et al. 2020 ), some tensions remain, both
osmologically (e.g. Verde, Treu & Riess 2019 ; Abdalla et al. 2022 )
nd on the scale of individual galaxies (e.g. Bullock & Boylan-
olchin 2017 ). Galaxy formation and evolution happen however
n scales where the complex physics of baryons can play a non-
rivial role in shaping the DM distribution, through gravitational
eedback: Modelling precisely this complex physics and feedback is
n active field of research, relying at present on subgrid models in
osmological hydrodynamical simulations (e.g. Schaye et al. 2015 ;
ang et al. 2015 ; Pillepich et al. 2018 ; Hopkins et al. 2018 ; Dubois

t al. 2021 ). Currently, different simulations produce different results
nd the jury is still out on whether at least some of the ‘small-
 E-mail: clement.stahl@astro.unistra.fr 
 CDM is made of non-baryonic particles that are non-relativistic at decou- 
ling and that, for all practical purposes in cosmology, do not interact with 
hemselves or with baryons. 
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cale’ problems of � CDM can be addressed through feedback alone.
n particular, it is highly unclear whether the apparent conspiracy
etween the distribution of baryons and DM in galaxies – giving rise
o tight scaling relations such as the Baryonic Tully–Fisher Relation
BTFR; Lelli, McGaugh & Schombert 2016 ; Desmond 2017 ) or the
adial acceleration relation (RAR; McGaugh, Lelli & Schombert
016 ; Lelli et al. 2017 ) and its associated diversity of rotation curve
hapes (Oman et al. 2015 ; Ghari et al. 2019 ) – can be explained
aturally (for discussions within LCDM; see e.g. Ferrero et al.
017 ; Glowacki, Elson & Dav ́e 2020 ; Dubois et al. 2021 ). 
In this context, it is mandatory to explore whether the above

hallenges could perhaps find their root in an alteration of the
undamental nature of DM. In view of the tight correlation between
he gravitational field generated by baryons and the total one in
alaxies, the most direct and also most radical alternative would be
hat gravity has, in fact, a different behaviour in galaxies and that
M is non-existent on these scales. This hypothesis, put forward

lmost exactly 40 yr ago by Milgrom ( 1983 ), is known as Modified
ewtonian Dynamics (MOND). With a simple recipe for the alter-

tion of the gravitational law in the ultra-low acceleration regime,
his hypothesis naturally reproduces most galactic observations
F amae y & McGaugh 2012 ), and in particular the BTFR and RAR
hich were actually predicted by Milgrom well before they were
recisely assessed by observations. The main challenge with such an
pproach, ho we ver, is to reproduce the dynamics of galaxy clusters
s well as all the successes of � CDM on large scales, including the
ngular power spectrum of the CMB (Aghanim et al. 2020 ) or the
atter power spectrum (Chabanier, Millea & Palanque-Delabrouille

019 ). Recent realizations of relativistic MOND theories (Skordis &
losnik 2021 ) address some of these problems through a Lagrangian
epending on the spatial gradient squared of a scalar field as well as
© 2022 The Author(s) 
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n its temporal deri v ati ve. The time-dependent term can then mimick
he effect of DM in time-dependent configurations, and for instance 
eproduce the angular power spectrum of the CMB. Such bottom- 
p approaches ho we ver still lack a founding principle to justify the
ery peculiar form of the Lagrangian. Another possible approach 
s then to consider that DM is basically just CDM cosmologically 
peaking, but that additional fundamental medium- or long-range 
nteractions with baryons naturally reproduce MOND in galaxies 
e.g. Berezhiani & Khoury 2015 ; Berezhiani, F amae y & Khoury
018 ; F amae y, Khoury & Penco 2018 ; F amae y et al. 2020 ). The
bserved tight galactic scaling relations such as the BTFR and the 
AR would then not amount to an emergent phenomenon related to 

tellar feedback, but would rather have a fundamental origin, related 
o the very nature of DM itself. 

One of the first suggestions of this kind in the literature was that of
lanchet ( 2007 ), who proposed that galactic scale phenomenology 
ould result from the gravitational polarization of a DM fluid carrying 
ipole moments aligned with the gravitational field, as we will 
e vie w in detail in Section 2 . This original hypothesis actually
temmed from the fact that the MOND Poisson equation proposed 
y Bekenstein & Milgrom ( 1984 ) is in manifest analogy with the
rst of Maxwell’s equations in matter, describing the electric field 

nside a dielectric medium, with the dielectric coefficient being in 
nalogy with the so-called ‘interpolating function’ of MOND. In a 
on-linear medium, the dielectric coefficient can be a function of the 
agnitude of the electric field, and it al w ays screens the electric

harges, thereby reducing the electric field within the dielectric. 
o we ver, contrary to electrostatics, ‘gravitational charges’ of the 

ame sign (i.e. simply masses) al w ays attract each other: Therefore,
n a ‘digravitational’ medium, the digravitational coefficient should 
roduce an antiscreening of the ordinary masses by the polarization 
asses, thereby enhancing the gravitational field within such a 
edium. 
Subsequently, Blanchet & Le Tiec ( 2008 ) proposed a covariant 

ction for describing phenomenologically the dynamics of this 
M medium endowed with a dipole moment vector, and polariz- 

ble in a gravitational field. This model was then refined and its
henomenology was analytically studied in detail in Blanchet & 

e Tiec ( 2009 ), notably showing that it does reco v er � CDM at
inear perturbation order. Another variant of the model was later 
roposed in Bernard & Blanchet ( 2015 ) to actually allow for an
asier microphysics interpretation of the dipole moment, and it was 
hen refined to a v oid ghost instabilities at linear order in Blanchet &
eisenberg ( 2015 ), and shown to be an acceptable ef fecti ve field

heory below the strong coupling scale (Blanchet & Heisenberg 
017 ). 
Numerical simulations of galaxies embedded in such a dipolar 

M medium have ho we ver ne ver been carried out. Here, we propose
o implement for the first time the equations of motion of dipolar
M in the RAMSES code (Teyssier 2002 ) to perform the first-ever
alaxy simulations in this context. Our ambition is limited in scope 
n this first exploratory paper: We mainly set ourselves the task of
hecking that the analytical results previously obtained are reco v ered 
n numerical simulations. This will serve as a first step toward the
evelopment of full simulations of galaxy interactions, and later 
tructure formation, in this context. 

For this work, we start from the original covariant formulation of
lanchet & Le Tiec ( 2008 , 2009 ): Despite its lack of microphysical

nterpretation in terms of actual DM particles, this model adequately 
escribes the ef fecti ve dynamics of a DM fluid endowed with a
ipole moment vector. The model is re vie wed in Section 2 , and we
hen present our numerical setup in Section 3 . Results are presented
n Section 4 and conclusions and perspectives are discussed in 
ection 5 . 

 DI POLAR  DA R K  MATTER:  T H E O R E T I C A L  

R A M E WO R K  

he dipolar DM hypothesis is a proposition that aims to explain
he observed phenomenology at galactic scales, that is usually well 
escribed by MOND, as the consequence of a new fundamental 
roperty of the DM medium. Note that this dipolar DM framework
ill not necessarily al w ays reproduce the MOND phenomenology, 

nd could therefore in principle also account for deviations from 

t. The hypothesis is moti v ated by the form of the MOND Poisson
quation (Bekenstein & Milgrom 1984 ), 

� 
 · ( μ� g ) = −4 πGρb , (1) 

here ρb is the baryon density, � g is the gravitational acceleration, 
nd μ( g ) is the so-called ‘interpolating function’ which approaches
 / a 0 when g � a 0 and 1 when g � a 0 , where g = | � g | is the norm of
he gravitational acceleration and a 0 � 10 −10 m s −2 is an acceleration
onstant.As noted by Blanchet ( 2007 ), this equation is in manifest
nalogy with the first of Maxwell’s equations in matter, describing 
he electric field inside a dielectric medium, 

� 
 ·
(
μe 

� E 

)
= 4 πρe , (2) 

here ρe is the free charge density, � E is the electric field, and μe =
 + χ e is the dielectric coefficient, where χ e ( E ) is the electric
usceptibility that can be a function of the norm of the electric
eld in a non-linear medium. By analogy, one can therefore rewrite

he MOND interpolating function as a ‘digravitational’ coefficient 
( g ) = 1 + χ ( g ), and rewrite the generalized Poisson equation of
OND as 

 

2 � = 4 πG 

(
ρb − � ∇ · � � 

)
, (3) 

here � is the gravitational potential such that − � ∇ � = � g , and � � =
( χ � g ) / (4 πG ). For instance, for the so-called ‘simple’ interpolating

unction of MOND (F amae y & Binne y 2005 ; Gentile, F amae y &
e Blok 2011 ), the corresponding form of the χ -function is χ ( g ) =
a 0 /( a 0 + g ). 
The term − � ∇ · � � in equation ( 3 ) is usually called the ‘phantom

M’ density in the MOND context: It is in this context a math-
matical erzatz representing the DM density that would produce 
he MOND gravitational potential in the context of Newtonian 
ravity (e.g. Milgrom 1986 ; Oria et al. 2021 ). In that context,
t is a mathematical artefact, a fictitious mass term, but the idea
f the dipolar DM model is to make this term a true source of
he gravitational field, without modifying the Newtonian Poisson 
quation, by considering it to be the mass density ρpol of the
olarization masses associated with the polarization field � � in a 
digravitational’ DM medium. In order to reproduce the MOND 

henomenology, one simply needs the polarization field � � to be 
ligned with the gravitational field � g , with the right gravitational 
usceptibility χ . 

.1 The action and equations of motion 

o ef fecti vely realize such a DM model, Blanchet & Le Tiec ( 2008 ,
009 ) proposed a covariant action for a polarizable DM fluid. Let
 

μ be the coordinates of spacetime, τ the proper time associated 
ith the metric g μν , and u 

μ ≡ d x μ

d τ the usual proper 4-velocity of the
uid. The dipolar DM fluid is described by a mass current J μ ≡ σu μ
MNRAS 517, 498–506 (2022) 
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here σ is the rest mass density. As the velocity is time-like, one has
2 = −J μJ μ, and as e xpected the 4-current is conserv ed ∇ μJ μ = 0,
here ∇ μ is the canonical covariant derivative associated with g μν .
s the fluid is polarizable, it also carries a dipole moment vector
μ. It has dimension of length, and its corresponding polarization
-vector reads: � 

μ ≡ σξμ. As in standard electromagnetism, the
olarization vector is a coarse grained quantity which impacts the
aster equations of motion. The (complicated) small-scale behaviour

f the individual microscopic components of the fluid are not
odelled. In this sense, the theory that we consider here is an effective

heory. In the following, � 

μ or equivalently ξμ will be considered
s an independent variable from J μ, and is an internal degree of
reedom of the DM fluid. This is to be contrasted with the typical
ector–tensor theories where the extra vector is coupled to the metric
e.g. Zlosnik, Ferreira & Starkman 2007 , see Heisenberg 2019 for a
e vie w and G ́omez 2022 for a recent take on it). 

Following Blanchet & Le Tiec ( 2009 ), the action describing our
olarized fluid reads in natural units: 

 = 

∫ 
d 4 x 

√ −g 
[−σ + J μ ˙ξμ − W 

]
, (4) 

here W is a potential depending on the norm of the space-like
rojection of the polarization vector � 

μ perpendicular to the 4-
elocity of the fluid. A suitable choice of the potential will allow
ne to reco v er the MOND phenomenology on galactic scales.
ur propagating degrees of freedom are the matter fluid and its
olarization vector. The dot denotes here the Lagrangian deri v ati ve
long the fluid trajectory, that is ˙ξμ = u 

ν∇ νξ
μ. As J μ is time-like,

he presence of the coupling between the polarization and the matter
urrent restricts the polarization to be space-like since a timelike part
ould be a pure divergence term and would not propagate. This is to
e contrasted with Einstein-aether (Jacobson 2007 ) and TeVes-like
heories (Bekenstein 2004 ) that consider a new time-like vector field.
hroughout the rest of this article, we will only consider the space-

ike projections of our new internal variables perpendicularly to the
-velocity ( � ξ and � � whose norm will be denoted ξ or � ). 
Aiming at implementing the dipolar DM framework into a N -body

xperiment, we now consider the non-relativistic limit of equation ( 5 )
hich after explicitly expanding the coupling J μ ˙ξμ gives for the
atter action of DM (Blanchet & Le Tiec 2009 ): 

 = 

∫ 
d 4 x 

[ 

ρdm 

( 

� v 2 
2 

− � + � g · � ξ + � v · d � ξ
d t 

) 

− W( � ) 

] 

, (5) 

here � v is the fluid velocity, � is the usual Newtonian gravitational
otential, � g = − � ∇ � the usual Newtonian gravitational force, and
/d t is the Lagrangian deri v ati ve. Note also that, from here, our
otation differs from the one of Blanchet & Le Tiec ( 2009 ) as we
enote the monopolar part of the DM density as ρdm 

(called σ ∗ in
lanchet & Le Tiec 2009 ). 
Varying the action with respect to its degrees of freedom, one gets

he equations of motion 

d � v 
d t 

= − � ∇ � − � F int , (6) 

here 

� F int = 

� � 

� 

W 

′ , (7) 

nd 

d 2 � � 

d t 2 
= ρdm 

� F int + 

� ∇ 

(
W − � W 

′ ) + 

(
� � · � ∇ 

)
� ∇ �. (8) 
NRAS 517, 498–506 (2022) 
ote that, unlike standard DM, the polarization fluid is corrected by
 new internal force whose intensity depends on the first derivative
f the potential, W 

′ . This shows that in a General Relativistic setup
he motion of DM is not geodesic. 

Finally, the gravitational field equation is obtained by varying the
ction with respect to � , together with the usual gravitational part of
he action in the weak-field limit S grav = 

∫ 
d 4 x ( ∇� ) 2 /(8 πG ), and with

he baryon contributions to the matter action, giving for the Poisson
quation: 

 

2 � = 4 πG 

(
ρb + ρdm 

− � ∇ · � � 

)
. (9) 

emarkably, if the dipolar DM fluid clusters weakly on galaxy scales
n the non-linear regime, i.e. with ρdm 

� ρb such that ρ ≈ ρb , this is
recisely the form of the MOND Poisson equation (equation 3 ), as
ong as � � = − χ( g) � g 

4 πG 

. 

.2 The potential 

he next crucial aspect is to understand how the polarization of the
M medium can allow the polarization field to have the desired
ependence on the gravitational field g . Blanchet & Le Tiec ( 2008 ,
009 ) showed that, at linear perturbation order in cosmology, the
ipolar DM model is essentially identical to what is expected in
he � CDM context. Ho we ver, it was also argued that the dynamics
hould be v astly dif ferent in the non-linear regime because of the
nternal force counterbalancing the effect of gravity. It was indeed
hown that an exact solution of the equations go v erning the dynamics
f dipolar DM exists when the dipole moments are in equilibrium
t rest, and the DM fluid has zero net velocity in its halo reference
rame. In this equilibrium configuration, the internal force therefore
recisely counterbalances gravity, and the DM particles that are not
t rest would simply fly away from the galactic halo. It was thereby
euristically inferred that the DM density contrast in a typical galaxy
t low redshift should be very small, with a typical density not much
bo v e the critical density, whilst the internal force should be basically
qual to the gravitational one, in direction and magnitude, i.e. 

 

′ ( � ) = g. (10) 

n the deep-MOND regime ( g � a 0 ), we know that we need � � =
χ( g) � g 
4 πG 

with χ ( g ) = ( g / a 0 ) − 1, hence 

� 
 = 

� g 
4 πG 

(
1 − g 

a 0 

)
. (11) 

aking into account that the two vectors point in the same direction
nd solving this equation for g , then Taylor-expanding the solution
round zero, leads to the requirement that 

 = W 

′ ( � ) = 4 πG� + 

(4 πG� ) 2 

a 0 
+ O 

(
� 

3 
)
. (12) 

herefore, the e xplicit e xpression for the potential in the deep-
OND limit proposed in Blanchet & Le Tiec ( 2009 ) was: 

 = 

a 2 0 

8 πG 

+ 2 πG� 

2 + 

(4 πG ) 2 

3 a 0 
� 

3 + O 

(
� 

4 
)
. (13) 

his potential, valid for the deep-MOND regime, can in principle
e adapted to any form of the interpolating function. Note that the
rst term is chosen to have the same order of magnitude ( ∼ a 2 0 when
onsidering the expansion in powers of � / a 0 ) and units as the other
nes, and can naturally play the role of the cosmological constant
 ∼ a 2 0 as the zero-point of the dipolar DM potential in this context.
The smaller the value of � / a 0 , i.e. the deeper one is in the MOND

egime, the better the Taylor-expanded version of the potential is
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2 Here, we also assume the weak clustering hypothesis: The time step  t is 
chosen as the minimum of the Courant conditions and free-fall times for the 
polarization � � , and the baryons. Ho we ver the two time-scales related to � � 

(the Courant-like condition ∝ �/ ̇� and the free-fall time ∝ 1 / 
√ 

ρdm 

) are 
much larger than the free-fall baryon time-scale 1 / 

√ 

ρb , provided that we are 
in the weak clustering hypothesis. 
3 Densities are in units of the critical density of the Universe: ρc = 

136 M � kpc −3 . 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/517/1/498/6713968 by C
N

R
S user on 06 July 2023
ccounting for the MOND dynamics. Ho we ver, the absence of higher
rder terms can lead to small deviations which could lead to some
nexpected effects in our numerical experiments. Therefore, for later 
se, we also lay down here the exact potential obtained by solving
quation ( 11 ) and integrating without Taylor -expanding, b ut keeping
he same 0-th order term as abo v e: 

 e = 

a 2 0 

8 πG 

[ 

4 πG� 

a 0 
+ 

1 

6 

(
1 − 16 πG� 

a 0 

)3 / 2 

+ 

5 

6 

] 

. (14) 

nticipating our numerical results, this exact deep-MOND version 
f the potential will be useful to control numerical errors. 

 N U M E R I C A L  SETUP  

 static spherically symmetric DM fluid with � v = 

� 0 (namely, no 
angential nor radial motions) is an equilibrium configuration, as 
re viously sho wn analytically by Blanchet & Le Tiec ( 2009 ).
o we ver, it is an unstable equilibrium, but the characteristic time
f the instability was shown to be of the order of a Hubble time. The
ain goal of this paper will be to implement the equations of dipolar
M in the RAMSES code (in the spirit of L ̈ughausen, F amae y &
roupa 2015 ; in the MOND context), and use the analytical solution

ound by Blanchet & Le Tiec ( 2009 ) as a very first application of
he code. This equilibrium solution also relies on the weak clustering 
ypothesis , namely that once the medium polarizes itself in the non-
inear regime of structure formation, the internal force counteracts 
ravity, and allows most particles not at rest to escape. Since the
nternal force of the dipolar DM fluid almost exactly compensates 
or gravity, an initial population of DM particles with a velocity 
ispersion of ∼30 km s −1 � 30 kpc Gyr −1 would leave within 1 Gyr
nly a very low-monopolar density around the galaxy, almost at rest
ith respect to its own frame. This reasonable hypothesis in the 
ipolar DM context will need to be backed by further simulations of
tructure formation and is beyond the scope of this work. Thus in all
imulations presented in this work, the dark matter has zero initial 

 elocity: � v = 

� 0 . Moreo v er, �̇ � ( t = 0) = 0 as per the equilibrium
olution of Blanchet & Le Tiec ( 2009 ). 

.1 Initial conditions for the polarization 

n the previous section, we have shown how to devise a poten-
ial W with the desired behaviour in the deep-MOND regime. 
efining � g n ≡ −∇� N , the force a test particles would feel in a
ewtonian setup with baryons only, the deep-MOND regime implies 
 = 

√ 

g n a 0 . As an initial condition for � � in this regime, we impose

quation ( 11 ) together with �̇ � ( t = 0) = 0. Such a choice ensures
hat the dipolar DM is in equilibrium at rest. We also ensured that
he monopolar DM density is low, hence that the weak clustering hy-
othesis applies, and we will check later in our numerical experiment 
hat we are indeed in the deep-MOND regime. Our goal is to simulate
he equilibrium solution investigated analytically in previous work: 
or this, we will be setting up a spherical galaxy, for both baryons
nd dipolar DM. 

.2 Time evolution 

ith the initial conditions for the polarization vector chosen in the 
revious subsection, the initial potential is identical to the deep- 
OND regime. Ho we ver, one specificity of the dipolar DM is that

he polarization vector has a specific dynamics given by equation ( 8 ).
 or the e xperiment, we are planning to conduct in the context of the
tatic equilibrium solution, and in order to follow the exact same
ssumptions as in the analytical case, we follow the approximation 
ade in Appendix A of Blanchet & Le Tiec ( 2008 ), neglecting all

ut the first term of the right hand side of equation ( 8 ): 

d 2 � � 

d t 2 
= ρdm 

� F int . (15) 

or our purpose of spherical symmetry, it is a good approximation
nd allows to check the setup and results of Blanchet & Le Tiec
 2008 , 2009 ). In follow-up works, we will need to take into account
he non-spherical terms. 

Following the usual update on the position and velocity of particles
n RAMSES (Teyssier 2002 ) which is done by a leapfrog scheme, we
mplemented the time evolution of the polarization vector field with 
 second leapfrog that allows for symplectic dynamics also for the
olarization v ector � � . F or a giv en time-step  t that we choose equal
o the particles time-step update 2 

�̇ � ( t + t/ 2) = 

�̇ � ( t) + 

� F int ( t) ρdm 

t 
2 (16) 

� � ( t + t) = 

� � ( t) + 

�̇ � ( t + t/ 2) t (17) 

�̇ � ( t + t) = 

�̇ � ( t + 

t 
2 ) + 

� F int ( t + t) ρdm 

t 
2 . (18) 

e store the value of � � ( t) (as well as those of �̇ � , ρdm 

, and F int ) on
he cells of the RAMSES grid to be able to evolve the gravitational
ector. Assuming the cells are inde x ed i , j , k , all those quantities are
entred in i , j , k while the divergence in equation ( 9 ) is calculated
sing the standard finite difference on neighbouring cells: 

� ∇ · � � = 

[ (
� � i+ 1 ,j ,k − � � i−1 ,j ,k 

)
+ (

� � i,j+ 1 ,k − � � i,j−1 ,k 

)
+ 

(
� � i,j ,k+ 1 − � � i,j ,k−1 

)] 
/ ( 2 d x ) , (19) 

ith d x is the spacing of the fine RAMSES grid. 
As discussed in Blanchet & Le Tiec ( 2009 ), the time evolution

eads to an instability that destabilizes the galaxy on a time-scale of
he order of the free-fall time τ ∝ 1 / 

√ 

ρdm 

, which is of the order of
 Hubble time for densities around the critical density. Our goal will
ow be to test this analytical prediction with our numerical scheme. 

.3 Simulating a dwarf galaxy with a King profile 

able 1 sums up the parameters used in all our simulations. In
articular, the right-hand part of the table describes the distribution 
f baryons, which represent a spherical low-surface brightness dwarf 
alaxy. 

The dark matter is represented by a uniform sphere of 4 × 10 6 

articles of polarized dark matter with a density 3 which can be as
ow as the critical density and with zero initial velocity: � v = 

� 0 . The
nitial state of the polarization field is here given by equation ( 11 )
ith g = 

√ 

g n a 0 . We present this configuration in the left-hand panel
f Fig. 1 . We first tested that the limiting radius of the DM sphere did
ot affect the results in the case of a central point mass representing
MNRAS 517, 498–506 (2022) 
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Table 1. Summary of the different simulations carried out in this paper. The columns give the simulation identifier, the dark matter density at the 
distribution radius in units of the critical density (Using H 0 = 70 km s −1 Mpc −1 , the critical density reads ρc = 136 M � kpc −3 ), the radius of the 
dark matter distribution in kpc, the number of particles of dark matter, whether dark matter is allowed to mo v e, the baryon density in units of the 
critical density, the total mass of the baryons in solar masses, the number of baryon particles, the tidal radius of the King model in kpc, the number of 
particles, their mass in solar masses, whether baryons are allowed to mo v e, and whether the polarization dynamics [given by equation ( 8 )] is turned 
on. The size of the simulated box is al w ays 200 kpc, with a grid of 128 3 . We allowed for 12 refinement levels thus leading to an effective resolution 
of 49 pc. 

Simulation ρdm 

r dm 

N pcl m pcl DM 

� � ρb M b r t N pcl m pcl Baryon 
(kpc) (M �) mo v es? mo v es? (M �) (kpc) (M �) mo v es? 

K dm 

10 ρc 20 4 × 10 6 11 � � 10 5 ρc 1.1 × 10 8 2.7 10 5 1.1 × 10 3 � 

K b 10 ρc 20 4 × 10 6 11 � � 10 5 ρc 1.1 × 10 8 2.7 10 5 1.1 × 10 3 � 

K 10 10 ρc 20 4 × 10 6 11 � � 10 5 ρc 1.1 × 10 8 2.7 10 5 1.1 × 10 3 � 

K 1 ρc 20 4 × 10 6 1.1 � � 10 5 ρc 1.1 × 10 8 2.7 10 5 1.1 × 10 3 � 

K 4 4 ρc 20 4 × 10 6 4.6 � � 10 5 ρc 1.1 × 10 8 2.7 10 5 1.1 × 10 3 � 

K 7 7 ρc 20 4 × 10 6 8.0 � � 10 5 ρc 1.1 × 10 8 2.7 10 5 1.1 × 10 3 � 

Figure 1. A particle projection of our initial configurations for the dark matter and the baryons in the simulation K 10 . The total box length is 200 kpc. In the 
left-hand panel, we display the uniform sphere of density 10 ρc . Due to projection effects, more dark matter particles are projected at the centre of the box but 
the sphere is still uniform. In the right-hand panel, the baryonic core consists of a King profile, corresponding to a total mass of 1.1 × 10 8 M �. 
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4 The program used to generate the baryonic initial conditions is available at 
https:// github.com/GFThomas/ MOND . 
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he baryons. We tried two different limiting radii r dm 

= 70 kpc and
 dm 

= 20 kpc, getting an identical behaviour for the dynamics of the
M and its polarization field. Therefore, we chose r dm 

= 20 kpc for
ll the following simulations. 

The (collisionless) baryons of the dwarf galaxy are represented
y a self-consistent King model in the deep-MOND regime of
aryonic mass 1 . 1 × 10 8 M �. The King model, as described in
ection 4.3 of Binney & Tremaine ( 2008 ), is a lowered-isothermal
odel described by a distribution function depending on the binding

nergy, a characteristic density and a central velocity dispersion
arameter σ . It hence has a density profile which is proportional
o the relative binding potential ψ : 

∝ e ψ/σ 2 
erf 

(√ 

ψ 

σ

)
−

√ 

4 ψ 

πσ 2 

(
1 + 

2 ψ 

3 σ 2 

)
, (20) 

here erf represents the error function. The Poisson equation can then
e solved inside-out, and the chosen central value of ψ parametrizes
he limiting radius r t at which the density falls to zero. The concentra-
NRAS 517, 498–506 (2022) 
ion of a King model is given by C = log ( 
√ 

4 πGρ0 r t / 3 σ ) where ρ0 

s its central density. In our case, the MOND Poisson equation is
olved instead of the Newtonian one: The explicit construction
nd the validation of such a MONDian King model are given in
homas et al. ( 2017 ). 4 For this work, we will use the parameters
= 25 km s −1 for the central velocity dispersion, a limiting radius

 t = 2.38 kpc, and a concentration C = 0.376, leading to a half-light
adius r h = 0.7764 kpc. Our model will be numerically represented
y 10 5 particles of 1146 M �. It leads to a baryonic configuration
hat is in the deep-MOND regime everywhere, as one can inspect
rom Fig. 2 . In the right-hand panel of Fig. 1 , we present a graphical
epresentation of this initial configuration. 

We ran three types of simulations with this King profile: one in
hich the baryons are frozen, letting only the DM and its polarization

art/stac2670_f1.eps
https://github.com/GFThomas/MOND
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Figure 2. The initial acceleration profile for the simulation K 10 . The total box 
length is 200 kpc. The baryonic core consists of a King profile, corresponding 
to a total mass of 1.1 × 10 8 M �. The new force introduced by the dipolar 
DM indeed scales as r −1 as expected from the MONDian dynamics in its 
asymptotic regime. We represent the theoretical prediction in dashed lines 
and the measurements from our N -body experiments in plain lines. Note that 
at large and small r , the measurements starts to differ from the prediction, 
due to numerical discretization effects of the grid and the number of particles 
used to model the constant density sphere of DM. 

Figure 3. The time evolution of the RAR for the simulation K 10 . It shows 
that, the dipolar DM model reco v ers the theoretical (MOND) line with a 
great agreement at galactic times-scales. The dashed–green line represents 
the linear (Newtonian) relation. A departure from MOND occurs once the 
instabilities on � have developed, the RAR gets deformed as the baryons were 
ejected from the central (stronger field) region. Note that the RAR remains 
stable for longer in simulation K 1 . 
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eld evolve with time, a second one in which the baryons are live
ut the polarization field is frozen, and a third one in which the DM,
ts polarization field and the baryons are liv e. F or all simulations,
e chose a box length of 200 kpc discretized on a 128 3 coarse grid.
e allowed for 12 levels of refinement thus leading to an ef fecti ve

esolution of 49 pc. In all cases, we considered only the particle sector
f RAMSES : In other words, we assume that the baryonic matter is
n the form of (collisionless) stars. We modified the gravity sector
f RAMSES so that baryons and DM feel at all times the gravity of
aryons, of the monopolar DM density, and of the dipolar ∇ · � � term.
he Poisson equation is solved using the conjugate gradient method. 
e imposed refle xiv e boundary conditions for � � and Dirichlet ( � =
 on the edges of the simulation box) condition for the potential. 

 RESULTS  

ur goal in this paper is twofold: First, construct under the simple
ypothesis described in the previous section, equilibrium configu- 
ations for galaxies and their halo; second, explore numerically the 
heoretically predicted instability that is a specific signature of the 
ipolar DM model. 
To do so, we first performed several checks that the configuration

hat we initially impose is stable when turning off the dynamics of
he polarization, and then we characterized the instability that arises 
hen the dynamics of the polarization field is turned on. We did this
ith both the baryons being frozen and with the baryons being live. 

.1 Stability of the dark matter halo: frozen baryons 

s a first step, we do not allow the baryons to mo v e and turn off the
ynamics of � , given in equation ( 8 ). This simulation corresponds to
 dm 

in T able 1 . W e find that the dipolar DM halo is stable on galactic
 ∼100 Myr) and cosmological ( ∼10 Gyr) times. 

In Fig. 2 , we present the Newtonian and dipolar contributions to
he gravitational acceleration, that scale as r −2 and r −1 . This shows
hat we are indeed in a configuration where a MOND-like force
ould hold together the baryons if they were allowed to mo v e. The
M particles, on the other hand, feel a zero net force and are thus at

est. 
One interesting aspect about the potential W( � ) of equation ( 13 )

s that, following Blanchet & Le Tiec ( 2009 ), it is expressed in
owers of � / a 0 . Therefore, there will be a small difference between
he gravitational force generated by −∇ · � � (with � determined 
y equation ( 11 ) in our initial conditions) and the internal force
� F int computed from the potential of equation ( 13 ) expressed as a
aylor series in � / a 0 with a cut-off at order 3. The smaller the value
f � / a 0 , i.e. the deeper one is in the MOND regime, the better that
pproximation. Starting from equation ( 7 ), � g − � F int can be corrected 
y higher order terms of the potential proportional to � g n 

√ 

g n /a 0 . 
hese higher order corrections to the equilibrium solution � v = 

� 0 
re totally negligible in the deep-MOND regime but interestingly, 
e could still measure them in this idealized case. We have found
 perfect match with the analytical prescription from an analytical 
xpansion to higher order terms of equation ( 12 ), thereby validating
he computation of the forces in our code. 

In order not to confuse those higher order effects with the other
hysical effects we want to highlight in this paper, we only consider
n this paper the exact potential W e given in equation ( 14 ). 

.2 Stability of the baryonic profile: frozen polarization 

o w, follo wing the configuration K b of Table 1 , we let evolve the
aryonic King profile. But we turn off the dynamics of � � , given in
quation ( 8 ), assuming we remain in a static spherical configuration.
n galactic time-scales, we report that the baryonic King profile is
ery stable. We ran our numerical experiment for several Hubble 
imes (30 Gyr) and did not find any instability. This was expected:
he baryons remain stable in the MONDian gravitational potential 

hat we have constructed initially. Checking this gave us confidence 
MNRAS 517, 498–506 (2022) 

art/stac2670_f2.eps
art/stac2670_f3.eps


504 C. Stahl et al. 

M

Figure 4. Particle projection of the baryons present in the simulation K 10 at three different times: 0, 1.5, and 13 Gyr of our King model. At galactic time-scales 
(left-hand and middle panels), the King model remains stable, even though it has its own dynamics for each baryonic particle. At cosmological time-scales, in 
the right-hand panel, the dynamical instability triggered by the time evolution of the polarization vector dominates the motion of the baryons and the baryonic 
core has totally dissolved. 

Figure 5. Left-hand panel : Time evolution of the the mass enclosed in spheres of radius r . While the initial condition represents the standard King profile, the 
deformation of this profile characterizes the dynamical instability proper to the dipolar DM model. Right-hand panel : The time evolution of � ( r = 1.7 kpc) for 
different DM densities. We checked that the scaling of the typical time is as expected ∝ 1 / 

√ 

ρdm 
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hat our initial numerical setup was not swamped by numerical or
ynamical instabilities that would be degenerated with our next non-
rivial check involving physics proper to the dipolar DM model. 

.3 Ev erything li v e: instability of the polarization 

 unique feature of the dipolar DM model is the dynamics of
he polarization field that we now study in detail, following the
onfiguration K 10 of Table 1 . 

Fig. 4 shows snapshots of the evolution of the baryons. The first two
napshots show no significant evolution, demonstrating that on a few
ynamical time-scales (1.5 Gyr), our galaxy remains stable. Ho we ver
etting our galaxy evolve some more Hubble times (13 Gyrs), it
issolves: Most of the baryons escaped from the centre of the galaxy.
We present the RAR in Fig. 3 for the simulation K 10 . At initial

imes, we reco v er e xactly the deep-MOND re gime: The RAR is
hen simply given by g tot = 

√ 

g N × a 0 . As the dynamical instability
evelops, the RAR starts to deform as � grows exponentially,
NRAS 517, 498–506 (2022) 
nd impacts the whole gravitational sector. The Newtonian gravity
ecreases in the stronger field regime as the centre of the galaxy gets
mptied, but the the total acceleration now exceeds the deep-MOND
ne. 
Another way to apprehend this instability is to consider the mass

nclosed in a sphere centred at the centre of the galaxy. We show
t in the left-hand panel of Fig. 5 . The initial line corresponds to a
ing-profile distribution and as time passes, the distribution evolves

o a very dissolved galaxy. 

.4 Characteristic time of the instability 

e now elaborate a bit more on the dipolar DM instability . Physically ,
he dark matter is sourced by � g and clumps into structures, the dipolar
ark matter is at rest: � v = 

� 0 because the internal force � F int exactly
ompensates the gravitational force � g . The polarization � � ho we ver
nly feels the internal force � F int that will diverge within the free-fall
ime of the dark matter. Working at leading order and replacing � F int 
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y its expression from equations ( 7 ), ( 10 ), and ( 12 ) in terms of � � ,
quation ( 15 ) then reads: 

d 2 � � 

d t 2 
� 4 πGρdm 

� � , (21) 

eading to exponential solutions with a characteristic time τ � 

 

π/Gρdm 

m (Blanchet & Le Tiec 2009 ), of the order of the free-
all time. 

In the suite of simulations K 1 , K 4 , K 7 , K 10 , we varied the density
f the dipolar DM halo to measure the scaling of the instability, and
e show the results in the right-hand panel of Fig. 5 . As expected, by
tting our results to an exponential, we did find the scaling 1 / 

√ 

ρdm 

.
e check the numerical convergence of this result by performing 

 low-resolution simulation of K 1 by multiplying the mass of the 
aryons particles by a factor 2 (and, hence, dividing the number of
aryons by a factor 2). The time evolution of � agrees to less than
 per cent thus validating our choice of resolution. 
It is also interesting to note that the presence of the instability of the

ipolar DM confirms a posteriori the necessity of the weak clustering 
ypothesis, and means that the density of dipolar DM particles is
ecessarily close to the critical density. This is of rele v ance for direct
etection of such dipolar DM particles, which would have a very low
ensity in the Solar neighbourhood. 

 C O N C L U S I O N S  A N D  PERSPECTIVES  

e performed for the first time N -body experiments within the 
ipolar DM scenario proposed in Blanchet & Le Tiec ( 2009 ). In
his article, paving the way for more involved setups, we focused 
n the galactic realization of dipolar DM. We re vie wed the rele v ant
nalytical results in Section 2 and showed how we implemented 
hem in RAMSES in Section 3 . We restricted ourselves to spherical
ymmetric configurations as well as the low-acceleration (‘deep- 
OND’) re gime. We e xplicitly gav e in Section 2.2 the exact form

f the potential in this setup. 
We studied the equilibrium solution of a low-density static spher- 

cally symmetric DM fluid with � v = 

� 0 . This equilibrium configu- 
ation relies on the weak clustering hypothesis, namely that once 
he medium polarizes itself in the non-linear regime of structure 
ormation, the internal force counteracts gravity, and allows most 
articles not at rest to escape, thereby leaving only a very low-
onopolar density almost at rest with respect to its own frame. 
After carefully checking that when freezing the baryons and 

reezing the DM fluid and its polarization separately, our galaxy was 
table and reco v ering the e xpected gravitational field, we ran liv e
imulations with different densities for the DM halo, and found back 
he instability analytically expected from Blanchet & Le Tiec ( 2009 ),
ith a characteristic time τ ∝ 1 / 

√ 

ρdm 

. This dynamical instability 
t the level of the polarization vector translates into a dissolution
f the galaxies that we simulated o v er cosmological time-scales. 
e explored how they dissolved with the cumulative mass profile 

nd the scaling of this instability with respect to the density of
M, confirming the analytical expectations. This thus validates our 

ode whilst independently confirming from a numerical perspective 
revious analytical computations. 
We explicitly show how our simulated galaxies naturally remain 

n the RAR o v er time within the Dipolar DM framework. As the
ynamical instability develops, this results breaks down and we show 

ow the RAR gets destroyed, starting from the centre of our galaxies
here the Newtonian gravitational field was the strongest. 
Our work opens new perspectives to test the dipolar DM frame- 

ork. A natural continuation will be to investigate setups where two 
alaxies such as the one considered in the article are merging. The
ain perspective for this model will then be to go cosmological and

erform a zoom simulation where both cosmological and galactic 
ynamics coexist. There, one fascinating feature of the dipolar DM 

s the presence of a non-gaussianities growing with time Blanchet 
t al. ( 2013 ). This very rare type of non-gaussianities could be a
moking gun of this model but also a way to constrain the form of
he potential of such a model. 

U THORS’  C O N T R I BU T I O N  

ased on an original idea put forward by BF and RI, CS implemented
n RAMSES the dipolar dark matter equation helped by YD. The
imulations presented in this work were performed by CS using 
nitial data provided by GT. CS and BF drafted the manuscript and
ll authors impro v ed it heavily by their comments. 
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ours required to obtain the data for this work, we have used 0.47
CO2eq. 
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