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ABSTRACT

We numerically explore on galaxy scales the dipolar dark matter (DM) model based on the concept of gravitational polarization.
This DM model has been proposed as a natural way to reproduce observed tight galactic scaling relations such as the baryonic
Tully—Fisher relation and the Radial Acceleration Relation. We present a customized version of the RAMSES code including
for the first time the dynamics of this Dipolar DM in N-body simulations. As a first application of this code, we check that
we recover an equilibrium configuration that had been found analytically, where a low density Dipolar DM halo is at rest with
respect to its central galaxy, recovering the aforementioned scaling relations. A characteristic signature of this equilibrium model
is that it harbours a dynamical instability with a characteristic time depending on the Dipolar DM halo density, which we recover
numerically. This represents a first step towards more involved simulations needed to test this framework, ranging from galaxy

interactions to structure formation.

Key words: software: simulations — Galaxy: evolution — Galaxy: general — Galaxy: structure —dark matter.

1 INTRODUCTION

The nature of the dark sector of the Universe, comprised of the
putative dark matter (DM) and dark energy components, is today
one of the most pressing questions in physics. Over the last decades,
the cosmological picture that has emerged is that of a matter sector of
the Universe dominated by cold dark matter (CDM!) that represents
~85 per cent of the global matter content, itself only accounting for
~30 percent of the energy budget at (present-day) redshift z = 0.
The rest of the energy budget (dark energy) is taken care of by a
cosmological constant A, responsible for the late-time acceleration
of the expansion of the Universe.

Whilst this ACDM model is successful on large scales (Aghanim
et al. 2020; Gil-Marin et al. 2020), some tensions remain, both
cosmologically (e.g. Verde, Treu & Riess 2019; Abdalla et al. 2022)
and on the scale of individual galaxies (e.g. Bullock & Boylan-
Kolchin 2017). Galaxy formation and evolution happen however
on scales where the complex physics of baryons can play a non-
trivial role in shaping the DM distribution, through gravitational
feedback: Modelling precisely this complex physics and feedback is
an active field of research, relying at present on subgrid models in
cosmological hydrodynamical simulations (e.g. Schaye et al. 2015;
Wang et al. 2015; Pillepich et al. 2018; Hopkins et al. 2018; Dubois
etal. 2021). Currently, different simulations produce different results
and the jury is still out on whether at least some of the ‘small-
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!CDM is made of non-baryonic particles that are non-relativistic at decou-
pling and that, for all practical purposes in cosmology, do not interact with
themselves or with baryons.

scale’ problems of ACDM can be addressed through feedback alone.
In particular, it is highly unclear whether the apparent conspiracy
between the distribution of baryons and DM in galaxies — giving rise
to tight scaling relations such as the Baryonic Tully—Fisher Relation
(BTFR; Lelli, McGaugh & Schombert 2016; Desmond 2017) or the
radial acceleration relation (RAR; McGaugh, Lelli & Schombert
2016; Lelli et al. 2017) and its associated diversity of rotation curve
shapes (Oman et al. 2015; Ghari et al. 2019) — can be explained
naturally (for discussions within LCDM; see e.g. Ferrero et al.
2017; Glowacki, Elson & Davé 2020; Dubois et al. 2021).

In this context, it is mandatory to explore whether the above
challenges could perhaps find their root in an alteration of the
fundamental nature of DM. In view of the tight correlation between
the gravitational field generated by baryons and the total one in
galaxies, the most direct and also most radical alternative would be
that gravity has, in fact, a different behaviour in galaxies and that
DM is non-existent on these scales. This hypothesis, put forward
almost exactly 40 yr ago by Milgrom (1983), is known as Modified
Newtonian Dynamics (MOND). With a simple recipe for the alter-
ation of the gravitational law in the ultra-low acceleration regime,
this hypothesis naturally reproduces most galactic observations
(Famaey & McGaugh 2012), and in particular the BTFR and RAR
which were actually predicted by Milgrom well before they were
precisely assessed by observations. The main challenge with such an
approach, however, is to reproduce the dynamics of galaxy clusters
as well as all the successes of ACDM on large scales, including the
angular power spectrum of the CMB (Aghanim et al. 2020) or the
matter power spectrum (Chabanier, Millea & Palanque-Delabrouille
2019). Recent realizations of relativistic MOND theories (Skordis &
Zlosnik 2021) address some of these problems through a Lagrangian
depending on the spatial gradient squared of a scalar field as well as
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on its temporal derivative. The time-dependent term can then mimick
the effect of DM in time-dependent configurations, and for instance
reproduce the angular power spectrum of the CMB. Such bottom-
up approaches however still lack a founding principle to justify the
very peculiar form of the Lagrangian. Another possible approach
is then to consider that DM is basically just CDM cosmologically
speaking, but that additional fundamental medium- or long-range
interactions with baryons naturally reproduce MOND in galaxies
(e.g. Berezhiani & Khoury 2015; Berezhiani, Famaey & Khoury
2018; Famaey, Khoury & Penco 2018; Famaey et al. 2020). The
observed tight galactic scaling relations such as the BTFR and the
RAR would then not amount to an emergent phenomenon related to
stellar feedback, but would rather have a fundamental origin, related
to the very nature of DM itself.

One of the first suggestions of this kind in the literature was that of
Blanchet (2007), who proposed that galactic scale phenomenology
could result from the gravitational polarization of a DM fluid carrying
dipole moments aligned with the gravitational field, as we will
review in detail in Section 2. This original hypothesis actually
stemmed from the fact that the MOND Poisson equation proposed
by Bekenstein & Milgrom (1984) is in manifest analogy with the
first of Maxwell’s equations in matter, describing the electric field
inside a dielectric medium, with the dielectric coefficient being in
analogy with the so-called ‘interpolating function’ of MOND. In a
non-linear medium, the dielectric coefficient can be a function of the
magnitude of the electric field, and it always screens the electric
charges, thereby reducing the electric field within the dielectric.
However, contrary to electrostatics, ‘gravitational charges’ of the
same sign (i.e. simply masses) always attract each other: Therefore,
in a ‘digravitational’ medium, the digravitational coefficient should
produce an antiscreening of the ordinary masses by the polarization
masses, thereby enhancing the gravitational field within such a
medium.

Subsequently, Blanchet & Le Tiec (2008) proposed a covariant
action for describing phenomenologically the dynamics of this
DM medium endowed with a dipole moment vector, and polariz-
able in a gravitational field. This model was then refined and its
phenomenology was analytically studied in detail in Blanchet &
Le Tiec (2009), notably showing that it does recover ACDM at
linear perturbation order. Another variant of the model was later
proposed in Bernard & Blanchet (2015) to actually allow for an
easier microphysics interpretation of the dipole moment, and it was
then refined to avoid ghost instabilities at linear order in Blanchet &
Heisenberg (2015), and shown to be an acceptable effective field
theory below the strong coupling scale (Blanchet & Heisenberg
2017).

Numerical simulations of galaxies embedded in such a dipolar
DM medium have however never been carried out. Here, we propose
to implement for the first time the equations of motion of dipolar
DM in the RAMSES code (Teyssier 2002) to perform the first-ever
galaxy simulations in this context. Our ambition is limited in scope
in this first exploratory paper: We mainly set ourselves the task of
checking that the analytical results previously obtained are recovered
in numerical simulations. This will serve as a first step toward the
development of full simulations of galaxy interactions, and later
structure formation, in this context.

For this work, we start from the original covariant formulation of
Blanchet & Le Tiec (2008, 2009): Despite its lack of microphysical
interpretation in terms of actual DM particles, this model adequately
describes the effective dynamics of a DM fluid endowed with a
dipole moment vector. The model is reviewed in Section 2, and we
then present our numerical setup in Section 3. Results are presented
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in Section 4 and conclusions and perspectives are discussed in
Section 5.

2 DIPOLAR DARK MATTER: THEORETICAL
FRAMEWORK

The dipolar DM hypothesis is a proposition that aims to explain
the observed phenomenology at galactic scales, that is usually well
described by MOND, as the consequence of a new fundamental
property of the DM medium. Note that this dipolar DM framework
will not necessarily always reproduce the MOND phenomenology,
and could therefore in principle also account for deviations from
it. The hypothesis is motivated by the form of the MOND Poisson
equation (Bekenstein & Milgrom 1984),

V- (ug) = —4nGpy, (1

where py, is the baryon density, g is the gravitational acceleration,
and u(g) is the so-called ‘interpolating function” which approaches
glay when g < ag and 1 when g > ag, where g = |g| is the norm of
the gravitational acceleration and ay ~ 107! m s~2 is an acceleration
constant.As noted by Blanchet (2007), this equation is in manifest
analogy with the first of Maxwell’s equations in matter, describing
the electric field inside a dielectric medium,

V. (HE> — 47p,, )

where p, is the free charge density, E is the electric field, and He =
1 4+ x. is the dielectric coefficient, where y.(E) is the electric
susceptibility that can be a function of the norm of the electric
field in a non-linear medium. By analogy, one can therefore rewrite
the MOND interpolating function as a ‘digravitational’ coefficient
u(g) =1 + x(g), and rewrite the generalized Poisson equation of
MOND as

V20 = 472G (pb _v. ﬁ) , 3)

where @ is the gravitational potential such that Vo = g,and =
—(x £)/(47 G). For instance, for the so-called ‘simple’ interpolating
function of MOND (Famaey & Binney 2005; Gentile, Famaey &
de Blok 2011), the corresponding form of the x-function is x(g) =
—apllap + 8.

The term —V - II in equation (3) is usually called the ‘phantom
DM’ density in the MOND context: It is in this context a math-
ematical erzatz representing the DM density that would produce
the MOND gravitational potential in the context of Newtonian
gravity (e.g. Milgrom 1986; Oria et al. 2021). In that context,
it is a mathematical artefact, a fictitious mass term, but the idea
of the dipolar DM model is to make this term a frue source of
the gravitational field, without modifying the Newtonian Poisson
equation, by considering it to be the mass density ppo of the
polarization masses associated with the polarization field fina
‘digravitational’ DM medium. In order to reproduce the MOND
phenomenology, one simply needs the polarization field M to be
aligned with the gravitational field g, with the right gravitational
susceptibility .

2.1 The action and equations of motion

To effectively realize such a DM model, Blanchet & Le Tiec (2008,
2009) proposed a covariant action for a polarizable DM fluid. Let
x* be the coordinates of spacetime, 7 the proper time associated
with the metric g, and u" = % the usual proper 4-velocity of the
fluid. The dipolar DM fluid is described by a mass current J* = ou”
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where o is the rest mass density. As the velocity is time-like, one has
ol = —J,J*, and as expected the 4-current is conserved V,J* =0,
where V, is the canonical covariant derivative associated with g, .
As the fluid is polarizable, it also carries a dipole moment vector
&, It has dimension of length, and its corresponding polarization
4-vector reads: [1* = o&#. As in standard electromagnetism, the
polarization vector is a coarse grained quantity which impacts the
master equations of motion. The (complicated) small-scale behaviour
of the individual microscopic components of the fluid are not
modelled. In this sense, the theory that we consider here is an effective
theory. In the following, IT* or equivalently &* will be considered
as an independent variable from J*, and is an internal degree of
freedom of the DM fluid. This is to be contrasted with the typical
vector—tensor theories where the extra vector is coupled to the metric
(e.g. Zlosnik, Ferreira & Starkman 2007, see Heisenberg 2019 for a
review and Gémez 2022 for a recent take on it).

Following Blanchet & Le Tiec (2009), the action describing our
polarized fluid reads in natural units:

/a%r[ o+ I — W], @)

where W is a potential depending on the norm of the space-like
projection of the polarization vector 1" perpendicular to the 4-
velocity of the fluid. A suitable choice of the potential will allow
one to recover the MOND phenomenology on galactic scales.
Our propagating degrees of freedom are the matter fluid and its
polarization vector. The dot denotes here the Lagrangian derivative
along the fluid trajectory, that is £ = u"V,&*. As J* is time-like,
the presence of the coupling between the polarization and the matter
current restricts the polarization to be space-like since a timelike part
would be a pure divergence term and would not propagate. This is to
be contrasted with Einstein-aether (Jacobson 2007) and TeVes-like
theories (Bekenstein 2004) that consider a new time-like vector field.
Throughout the rest of this article, we will only consider the space-
like projections of our new internal variables perpendicularly to the
4-velocity (§ and T whose norm will be denoted & or I).

Aiming at implementing the dipolar DM framework into a N-body
experiment, we now consider the non-relativistic limit of equation (5)
which after explicitly expanding the coupling J#&* gives for the
matter action of DM (Blanchet & Le Tiec 2009):

E) - W(l'l)] , (&)

=2
v > d
§S=[d* m| = —-—®+g-E+0- >
/ x|:pd <2 +g-&+0 ar

where  is the fluid velocity, @ is the usual Newtonian gravitational
potential, g = —V® the usual Newtonian gravitational force, and
d/dr is the Lagrangian derivative. Note also that, from here, our
notation differs from the one of Blanchet & Le Tiec (2009) as we
denote the monopolar part of the DM density as pgm (called o* in
Blanchet & Le Tiec 2009).

Varying the action with respect to its degrees of freedom, one gets
the equations of motion

¥ _ Go_F, ©)
dl —_ nts

where

. o

Fi = ﬁW , @)
and

e T , Lo o
?zpdeimjLV(W—nw)Jr(nvv) Vo. ®)
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Note that, unlike standard DM, the polarization fluid is corrected by
a new internal force whose intensity depends on the first derivative
of the potential, WW'. This shows that in a General Relativistic setup
the motion of DM is not geodesic.

Finally, the gravitational field equation is obtained by varying the
action with respect to ®, together with the usual gravitational part of
the action in the weak-field limit Sgray = [d*x(V®)?/(87 G), and with
the baryon contributions to the matter action, giving for the Poisson
equation:

V20 = 4nG (pb+pdm—€~ﬁ). )

Remarkably, if the dipolar DM fluid clusters weakly on galaxy scales
in the non-linear regime, i.e. with pgy < pp such that p = py, this is
precisely the form of the MOND Poisson equation (equation 3), as

— _x®g
long as o= G

2.2 The potential

The next crucial aspect is to understand how the polarization of the
DM medium can allow the polarization field to have the desired
dependence on the gravitational field g. Blanchet & Le Tiec (2008,
2009) showed that, at linear perturbation order in cosmology, the
dipolar DM model is essentially identical to what is expected in
the ACDM context. However, it was also argued that the dynamics
should be vastly different in the non-linear regime because of the
internal force counterbalancing the effect of gravity. It was indeed
shown that an exact solution of the equations governing the dynamics
of dipolar DM exists when the dipole moments are in equilibrium
at rest, and the DM fluid has zero net velocity in its halo reference
frame. In this equilibrium configuration, the internal force therefore
precisely counterbalances gravity, and the DM particles that are not
at rest would simply fly away from the galactic halo. It was thereby
heuristically inferred that the DM density contrast in a typical galaxy
at low redshift should be very small, with a typical density not much
above the critical density, whilst the internal force should be basically
equal to the gravitational one, in direction and magnitude, i.e.

W) = g. (10)

In the deep-MOND regime (g < ag), we know that we need m=
X(g)g with x(g) = (g/ag) — 1, hence

i=-% (1-%). (11)
4G ag

Taking into account that the two vectors point in the same direction

and solving this equation for g, then Taylor-expanding the solution

around zero, leads to the requirement that

(4n GT1)?

4nGI+ ——— + 0O (7). (12)
dap

g =Wl =

Therefore, the explicit expression for the potential in the deep-
MOND limit proposed in Blanchet & Le Tiec (2009) was:
a? ,  (4nG)?
& G +27GIT" + ——— 340
This potential, valid for the deep-MOND regime, can in principle
be adapted to any form of the interpolating function. Note that the
first term is chosen to have the same order of magnitude (~ ag when
considering the expansion in powers of [1/ay) and units as the other
ones, and can naturally play the role of the cosmological constant
A~ ag as the zero-point of the dipolar DM potential in this context.
The smaller the value of I1/ay, i.e. the deeper one is in the MOND
regime, the better the Taylor-expanded version of the potential is

W= I+ O (1) . (13)
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accounting for the MOND dynamics. However, the absence of higher
order terms can lead to small deviations which could lead to some
unexpected effects in our numerical experiments. Therefore, for later
use, we also lay down here the exact potential obtained by solving
equation (11) and integrating without Taylor-expanding, but keeping
the same 0-th order term as above:

2 [4rcn 1( 167161'[)3/2 5}
- 220 2.

ay
87t G

W, =
6

(14)

ao 6 ao

Anticipating our numerical results, this exact deep-MOND version
of the potential will be useful to control numerical errors.

3 NUMERICAL SETUP

A static spherically symmetric DM fluid with v =0 (namely, no
tangential nor radial motions) is an equilibrium configuration, as
previously shown analytically by Blanchet & Le Tiec (2009).
However, it is an unstable equilibrium, but the characteristic time
of the instability was shown to be of the order of a Hubble time. The
main goal of this paper will be to implement the equations of dipolar
DM in the RAMSES code (in the spirit of Liighausen, Famaey &
Kroupa 2015; in the MOND context), and use the analytical solution
found by Blanchet & Le Tiec (2009) as a very first application of
the code. This equilibrium solution also relies on the weak clustering
hypothesis, namely that once the medium polarizes itself in the non-
linear regime of structure formation, the internal force counteracts
gravity, and allows most particles not at rest to escape. Since the
internal force of the dipolar DM fluid almost exactly compensates
for gravity, an initial population of DM particles with a velocity
dispersion of ~30kms~! ~ 30 kpc Gyr~! would leave within 1 Gyr
only a very low-monopolar density around the galaxy, almost at rest
with respect to its own frame. This reasonable hypothesis in the
dipolar DM context will need to be backed by further simulations of
structure formation and is beyond the scope of this work. Thus in all
simulations presented in this work, the dark matter has zero initial
velocity: v = 0. Moreover, f[(t =0) =0 as per the equilibrium
solution of Blanchet & Le Tiec (2009).

3.1 Initial conditions for the polarization

In the previous section, we have shown how to devise a poten-
tial YW with the desired behaviour in the deep-MOND regime.
Defining g, = —V®y, the force a test particles would feel in a
Newtonian setup with baryons only, the deep-MOND regime implies
& = /8&n0o. As an initial condition for I in this regime, we impose

equation (11) together with f[(t = 0) = 0. Such a choice ensures
that the dipolar DM is in equilibrium at rest. We also ensured that
the monopolar DM density is low, hence that the weak clustering hy-
pothesis applies, and we will check later in our numerical experiment
that we are indeed in the deep-MOND regime. Our goal is to simulate
the equilibrium solution investigated analytically in previous work:
for this, we will be setting up a spherical galaxy, for both baryons
and dipolar DM.

3.2 Time evolution

With the initial conditions for the polarization vector chosen in the
previous subsection, the initial potential is identical to the deep-
MOND regime. However, one specificity of the dipolar DM is that
the polarization vector has a specific dynamics given by equation (8).
For the experiment, we are planning to conduct in the context of the
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static equilibrium solution, and in order to follow the exact same
assumptions as in the analytical case, we follow the approximation
made in Appendix A of Blanchet & Le Tiec (2008), neglecting all
but the first term of the right hand side of equation (8):

&en 5

? - pdeim- (15)
For our purpose of spherical symmetry, it is a good approximation
and allows to check the setup and results of Blanchet & Le Tiec
(2008, 2009). In follow-up works, we will need to take into account
the non-spherical terms.

Following the usual update on the position and velocity of particles
in RAMSES (Teyssier 2002) which is done by a leapfrog scheme, we
implemented the time evolution of the polarization vector field with
a second leapfrog that allows for symplectic dynamics also for the
polarization vector M. Fora given time-step At that we choose equal
to the particles time-step update?

TG + A1/2) = T() + Find)pan sy (16)
H(r + Ar) = T(r) + T(r + At/2)At (17)
T + Af) = Tt + 80 + Fint + ADpam L. (18)

We store the value of f[(t) (as well as those of fI, Pdm, and Fiy) on
the cells of the RAMSES grid to be able to evolve the gravitational
sector. Assuming the cells are indexed i, j, , all those quantities are
centred in i, j, kK while the divergence in equation (9) is calculated
using the standard finite difference on neighbouring cells:

V.I= [(ﬁiJrl,j,k - ﬁi—l,j,k) +
(ﬁi,j+l.k - ﬁi,j—l,k) + (ﬁi.j,k+1 - ﬁi,j.k—l)] /@dx),  (19)

with dx is the spacing of the fine RAMSES grid.

As discussed in Blanchet & Le Tiec (2009), the time evolution
leads to an instability that destabilizes the galaxy on a time-scale of
the order of the free-fall time 7 o¢ 1/,/0dm, Which is of the order of
a Hubble time for densities around the critical density. Our goal will
now be to test this analytical prediction with our numerical scheme.

3.3 Simulating a dwarf galaxy with a King profile

Table 1 sums up the parameters used in all our simulations. In
particular, the right-hand part of the table describes the distribution
of baryons, which represent a spherical low-surface brightness dwarf
galaxy.

The dark matter is represented by a uniform sphere of 4 x 10°
particles of polarized dark matter with a density® which can be as
low as the critical density and with zero initial velocity: v = 0. The
initial state of the polarization field is here given by equation (11)
with ¢ = /g, ao. We present this configuration in the left-hand panel
of Fig. 1. We first tested that the limiting radius of the DM sphere did
not affect the results in the case of a central point mass representing

2Here, we also assume the weak clustering hypothesis: The time step Af is
chosen as the minimum of the Courant conditions and free-fall times for the
polarization I, and the baryons. However the two time-scales related to o
(the Courant-like condition oc IT/IT and the free-fall time oc 1/ +/Pdm) are
much larger than the free-fall baryon time-scale 1/,/pp, provided that we are
in the weak clustering hypothesis.

3Densities are in units of the critical density of the Universe: p. =
136 Mg kpe 3.
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Table 1. Summary of the different simulations carried out in this paper. The columns give the simulation identifier, the dark matter density at the
distribution radius in units of the critical density (Using Hy = 70kms~! Mpc~!, the critical density reads p, = 136 Mg kpc~3), the radius of the
dark matter distribution in kpc, the number of particles of dark matter, whether dark matter is allowed to move, the baryon density in units of the
critical density, the total mass of the baryons in solar masses, the number of baryon particles, the tidal radius of the King model in kpc, the number of
particles, their mass in solar masses, whether baryons are allowed to move, and whether the polarization dynamics [given by equation (8)] is turned
on. The size of the simulated box is always 200 kpc, with a grid of 128%. We allowed for 12 refinement levels thus leading to an effective resolution

of 49 pc.
Simulation Pdm Tdm Npel Mpel DM M Pb My, r Npel Myl Baryon
(kpc) (Mgp) moves? moves? Mp) (kpc) Mp) moves?
Kdm 10 pe 20 4 % 100 11 v/ X 10° pe 1.1 x 108 2.7 10° 1.1 x 103 X
Kp 10 pe 20 4 % 100 11 v/ X 10° p. 1.1 x 108 2.7 10° 1.1 x 103 v
Kio 10 pe 20 4 % 100 11 v v 10° pe 1.1 x 108 2.7 10° 1.1 x 103 v
K Pe 20 4 % 100 1.1 v v 10° p 1.1 x 108 2.7 10° 1.1 x 103 v
K4 4 p. 20 4 x 10° 4.6 v/ v 105 pe 1.1 x 108 2.7 10° 1.1 x 103 v/
K7 7 pe 20 4 % 10° 8.0 v v 10° p. 1.1 x 108 2.7 10° 1.1 x 103 v
DM baryon
T T T T T T T T T T
20 B q o —
100 2
=
v
10 1 - :.g
4
a o
g o Ll ¢ 2
;B
107 m©
o o
o
101 1 T [}
=
b U
10° @,
2
=20} 1 - o
=20 —-10 0 10 20 -20 —-10 0 10 20

x (kpc)

x (kpc)

Figure 1. A particle projection of our initial configurations for the dark matter and the baryons in the simulation Kjo. The total box length is 200 kpc. In the
left-hand panel, we display the uniform sphere of density 10 p.. Due to projection effects, more dark matter particles are projected at the centre of the box but
the sphere is still uniform. In the right-hand panel, the baryonic core consists of a King profile, corresponding to a total mass of 1.1 x 108 M.

the baryons. We tried two different limiting radii rg,, = 70 kpc and
ram = 20kpc, getting an identical behaviour for the dynamics of the
DM and its polarization field. Therefore, we chose r4m = 20 kpc for
all the following simulations.

The (collisionless) baryons of the dwarf galaxy are represented
by a self-consistent King model in the deep-MOND regime of
baryonic mass 1.1 x 108 M. The King model, as described in
Section 4.3 of Binney & Tremaine (2008), is a lowered-isothermal
model described by a distribution function depending on the binding
energy, a characteristic density and a central velocity dispersion
parameter o. It hence has a density profile which is proportional
to the relative binding potential /:

2y
302) ’

o eV erf ﬂ _ ﬂ 1+
P o o

where erf represents the error function. The Poisson equation can then
be solved inside-out, and the chosen central value of i parametrizes
the limiting radius 7, at which the density falls to zero. The concentra-

(20)
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tion of a King model is given by C = log(\/47 G por;/30) where pg
is its central density. In our case, the MOND Poisson equation is
solved instead of the Newtonian one: The explicit construction
and the validation of such a MONDian King model are given in
Thomas et al. (2017).* For this work, we will use the parameters
o = 25kms™! for the central velocity dispersion, a limiting radius
re = 2.38kpc, and a concentration C = 0.376, leading to a half-light
radius r, = 0.7764 kpc. Our model will be numerically represented
by 10° particles of 1146 Mg, It leads to a baryonic configuration
that is in the deep-MOND regime everywhere, as one can inspect
from Fig. 2. In the right-hand panel of Fig. 1, we present a graphical
representation of this initial configuration.

We ran three types of simulations with this King profile: one in
which the baryons are frozen, letting only the DM and its polarization

4The program used to generate the baryonic initial conditions is available at
https://github.com/GFThomas/MOND.
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Figure 2. The initial acceleration profile for the simulation K. The total box
length is 200 kpc. The baryonic core consists of a King profile, corresponding
to a total mass of 1.1 x 108Mg. The new force introduced by the dipolar
DM indeed scales as r~! as expected from the MONDian dynamics in its
asymptotic regime. We represent the theoretical prediction in dashed lines
and the measurements from our N-body experiments in plain lines. Note that
at large and small r, the measurements starts to differ from the prediction,
due to numerical discretization effects of the grid and the number of particles
used to model the constant density sphere of DM.
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Figure 3. The time evolution of the RAR for the simulation Kjq. It shows
that, the dipolar DM model recovers the theoretical (MOND) line with a
great agreement at galactic times-scales. The dashed—green line represents
the linear (Newtonian) relation. A departure from MOND occurs once the
instabilities on IT have developed, the RAR gets deformed as the baryons were
ejected from the central (stronger field) region. Note that the RAR remains
stable for longer in simulation K.

field evolve with time, a second one in which the baryons are live
but the polarization field is frozen, and a third one in which the DM,
its polarization field and the baryons are live. For all simulations,
we chose a box length of 200 kpc discretized on a 128 coarse grid.
We allowed for 12 levels of refinement thus leading to an effective
resolution of 49 pc. In all cases, we considered only the particle sector
of RAMSES: In other words, we assume that the baryonic matter is
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in the form of (collisionless) stars. We modified the gravity sector
of RAMSES so that baryons and DM feel at all times the gravity of
baryons, of the monopolar DM density, and of the dipolar V - IT term.
The Poisson equation is solved using the conjugate gradient method.
We imposed reflexive boundary conditions for I and Dirichlet (P =
0 on the edges of the simulation box) condition for the potential.

4 RESULTS

Our goal in this paper is twofold: First, construct under the simple
hypothesis described in the previous section, equilibrium configu-
rations for galaxies and their halo; second, explore numerically the
theoretically predicted instability that is a specific signature of the
dipolar DM model.

To do so, we first performed several checks that the configuration
that we initially impose is stable when turning off the dynamics of
the polarization, and then we characterized the instability that arises
when the dynamics of the polarization field is turned on. We did this
with both the baryons being frozen and with the baryons being live.

4.1 Stability of the dark matter halo: frozen baryons

As a first step, we do not allow the baryons to move and turn off the
dynamics of I, given in equation (8). This simulation corresponds to
Kam in Table 1. We find that the dipolar DM halo is stable on galactic
(~100 Myr) and cosmological (~10 Gyr) times.

In Fig. 2, we present the Newtonian and dipolar contributions to
the gravitational acceleration, that scale as ¥~ and r~'. This shows
that we are indeed in a configuration where a MOND-like force
would hold together the baryons if they were allowed to move. The
DM particles, on the other hand, feel a zero net force and are thus at
rest.

One interesting aspect about the potential YW(IT) of equation (13)
is that, following Blanchet & Le Tiec (2009), it is expressed in
powers of I1/ay. Therefore, there will be a small difference between
the gravitational force generated by —V - n (with TT determined
by equation (11) in our initial conditions) and the internal force
F ine computed from the potential of equation (13) expressed as a
Taylor series in I1/ay with a cut-off at order 3. The smaller the value
of I1/ay, i.e. the deeper one is in the MOND regime, the better that
approximation. Starting from equation (7), g — F int can be corrected
by higher order terms of the potential proportional to g,+/g,/ao.
These higher order corrections to the equilibrium solution v =0
are totally negligible in the deep-MOND regime but interestingly,
we could still measure them in this idealized case. We have found
a perfect match with the analytical prescription from an analytical
expansion to higher order terms of equation (12), thereby validating
the computation of the forces in our code.

In order not to confuse those higher order effects with the other
physical effects we want to highlight in this paper, we only consider
in this paper the exact potential WV, given in equation (14).

4.2 Stability of the baryonic profile: frozen polarization

Now, following the configuration K, of Table 1, we let evolve the
baryonic King profile. But we turn off the dynamics of , given in
equation (8), assuming we remain in a static spherical configuration.
On galactic time-scales, we report that the baryonic King profile is
very stable. We ran our numerical experiment for several Hubble
times (30 Gyr) and did not find any instability. This was expected:
The baryons remain stable in the MONDian gravitational potential
that we have constructed initially. Checking this gave us confidence
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Figure 4. Particle projection of the baryons present in the simulation Kjq at three different times: 0, 1.5, and 13 Gyr of our King model. At galactic time-scales
(left-hand and middle panels), the King model remains stable, even though it has its own dynamics for each baryonic particle. At cosmological time-scales, in
the right-hand panel, the dynamical instability triggered by the time evolution of the polarization vector dominates the motion of the baryons and the baryonic

core has totally dissolved.
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Figure 5. Left-hand panel : Time evolution of the the mass enclosed in spheres of radius . While the initial condition represents the standard King profile, the
deformation of this profile characterizes the dynamical instability proper to the dipolar DM model. Right-hand panel : The time evolution of IT1(r = 1.7 kpc) for
different DM densities. We checked that the scaling of the typical time is as expected o 1/./pdm-

that our initial numerical setup was not swamped by numerical or
dynamical instabilities that would be degenerated with our next non-
trivial check involving physics proper to the dipolar DM model.

4.3 Everything live: instability of the polarization

A unique feature of the dipolar DM model is the dynamics of
the polarization field that we now study in detail, following the
configuration Ko of Table 1.

Fig. 4 shows snapshots of the evolution of the baryons. The first two
snapshots show no significant evolution, demonstrating that on a few
dynamical time-scales (1.5 Gyr), our galaxy remains stable. However
letting our galaxy evolve some more Hubble times (13 Gyrs), it
dissolves: Most of the baryons escaped from the centre of the galaxy.

We present the RAR in Fig. 3 for the simulation Kj¢. At initial
times, we recover exactly the deep-MOND regime: The RAR is
then simply given by gt = v/gn X do. As the dynamical instability
develops, the RAR starts to deform as IT grows exponentially,
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and impacts the whole gravitational sector. The Newtonian gravity
decreases in the stronger field regime as the centre of the galaxy gets
emptied, but the the total acceleration now exceeds the deep-MOND
one.

Another way to apprehend this instability is to consider the mass
enclosed in a sphere centred at the centre of the galaxy. We show
it in the left-hand panel of Fig. 5. The initial line corresponds to a
King-profile distribution and as time passes, the distribution evolves
to a very dissolved galaxy.

4.4 Characteristic time of the instability

‘We now elaborate a bit more on the dipolar DM instability. Physically,
the dark matter is sourced by £ and clumps into structures, the dipolar
dark matter is at rest: ¥ = 0 because the internal force Fj, exactly
compensates the gravitational force g. The polarization I however
only feels the internal force a int that will diverge within the free-fall
time of the dark matter. Working at leading order and replacing Fi
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by its expression from equations (7), (10), and (12) in terms of I,
equation (15) then reads:

¢ .

a >~ 47 G pgm 1, (21)
leading to exponential solutions with a characteristic time 7 ~~
V7 /G pamm (Blanchet & Le Tiec 2009), of the order of the free-
fall time.

In the suite of simulations K;, K4, K7, K;¢, we varied the density
of the dipolar DM halo to measure the scaling of the instability, and
we show the results in the right-hand panel of Fig. 5. As expected, by
fitting our results to an exponential, we did find the scaling 1/.,/0dm.
We check the numerical convergence of this result by performing
a low-resolution simulation of K; by multiplying the mass of the
baryons particles by a factor 2 (and, hence, dividing the number of
baryons by a factor 2). The time evolution of IT agrees to less than
1 per cent thus validating our choice of resolution.

Itis also interesting to note that the presence of the instability of the
dipolar DM confirms a posteriori the necessity of the weak clustering
hypothesis, and means that the density of dipolar DM particles is
necessarily close to the critical density. This is of relevance for direct
detection of such dipolar DM particles, which would have a very low
density in the Solar neighbourhood.

5 CONCLUSIONS AND PERSPECTIVES

We performed for the first time N-body experiments within the
dipolar DM scenario proposed in Blanchet & Le Tiec (2009). In
this article, paving the way for more involved setups, we focused
on the galactic realization of dipolar DM. We reviewed the relevant
analytical results in Section 2 and showed how we implemented
them in RAMSES in Section 3. We restricted ourselves to spherical
symmetric configurations as well as the low-acceleration (‘deep-
MOND”’) regime. We explicitly gave in Section 2.2 the exact form
of the potential in this setup.

We studied the equilibrium solution of a low-density static spher-
ically symmetric DM fluid with v = 0. This equilibrium configu-
ration relies on the weak clustering hypothesis, namely that once
the medium polarizes itself in the non-linear regime of structure
formation, the internal force counteracts gravity, and allows most
particles not at rest to escape, thereby leaving only a very low-
monopolar density almost at rest with respect to its own frame.

After carefully checking that when freezing the baryons and
freezing the DM fluid and its polarization separately, our galaxy was
stable and recovering the expected gravitational field, we ran live
simulations with different densities for the DM halo, and found back
the instability analytically expected from Blanchet & Le Tiec (2009),
with a characteristic time t o 1/,/pqm. This dynamical instability
at the level of the polarization vector translates into a dissolution
of the galaxies that we simulated over cosmological time-scales.
We explored how they dissolved with the cumulative mass profile
and the scaling of this instability with respect to the density of
DM, confirming the analytical expectations. This thus validates our
code whilst independently confirming from a numerical perspective
previous analytical computations.

We explicitly show how our simulated galaxies naturally remain
on the RAR over time within the Dipolar DM framework. As the
dynamical instability develops, this results breaks down and we show
how the RAR gets destroyed, starting from the centre of our galaxies
where the Newtonian gravitational field was the strongest.

Our work opens new perspectives to test the dipolar DM frame-
work. A natural continuation will be to investigate setups where two
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galaxies such as the one considered in the article are merging. The
main perspective for this model will then be to go cosmological and
perform a zoom simulation where both cosmological and galactic
dynamics coexist. There, one fascinating feature of the dipolar DM
is the presence of a non-gaussianities growing with time Blanchet
et al. (2013). This very rare type of non-gaussianities could be a
smoking gun of this model but also a way to constrain the form of
the potential of such a model.
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