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Key Points:

e Emergence of a continuous description of sediment transport using the transport
length model and the erosion-deposition framework

 Unified theory of sediment transport encompassing the diversity of transport modes
such as bed load and suspended load

e Model applicable to both non-stationary and stationary regimes while showing that

transport in suspension is likely never at capacity
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Abstract

In natural rivers, sediment heterogeneity and flow variability control the diversity of trans-
port modes that occur. Although these different modes contribute to the total sediment
transport, a law extending from bed load to suspended load that is relevant for a wide
range of sediment mixtures and flow conditions is lacking. Besides, a transport-limited as-
sumption is often made in modeling of fluvial morphodynamics and thus potentially misses
under-/over-capacity regimes associated with a particular range of grain sizes and hydraulic
conditions. We present a Multi Grain-Size Total Load model based on widely accepted
concepts of sediment transport and developed within the transport length framework in
combination with an erosion-deposition formulation. The new transport length model cap-
tures the diversity of transport modes as a physical continuum. Transport capacities for
single or bimodal grain sizes are reasonably predicted when compared to published data
and scale with the bed shear stress through a continuously varying exponent linked to
the characteristic transport height. Modeled transport lengths extend over several orders
of magnitude at given flow conditions. Extremely long distances suggest that suspended
transport is probably never at capacity. The model can be extended to populations of vari-
ous grain sizes with a threshold of motion corrected from hiding-exposure. However, further
experimental constraints are needed to better describe entrainment and saltation in strongly
heterogeneous bed load transport. The new theoretical formalism we introduce paves the
way for a Multi Grain-Size Total Load Sediment Transport model that includes the variety

of transport modes in both non-stationary and stationary regimes.

Plain Language Summary

In natural rivers, flow variability and sediment heterogeneity affect how sediment grains
are transported. Whether grains move close to the bed or higher in the water column, they
all contribute to the total sediment transport as bed load and suspended load, respectively.
However, a unique law that predicts the total amount of sediment that can be transported
by a river for a wide range of sediment mixtures and flow conditions is lacking. Besides, in
modeling of fluvial morphodynamics, the river is often assumed at capacity, meaning that
it carries the maximum sediment load it can, and thus under-/over-capacity regimes are
potentially missed. We present a Multi Grain-Size Total Load model, built by bringing to-
gether widely accepted concepts of sediment transport, that includes the variety of transport

modes in both capacity and under-/over-capacity regimes. The two main components of this
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model are: 1) the transport length defined as the distance over which sediments are trans-
ported and, 2) the erosion-deposition formulation that explicitly describes the transfer of
sediment from the sediment bed to the above water column, and conversely. While the new
transport length model captures the transport from bed load to suspension continuously,

the erosion-deposition model applies to several grain sizes.

1 Introduction

In a river, the erosion of sediment grains and their transport are two processes at stake.
To account for these processes in modeling river morphodynamics, two approaches exist: i)
an equilibrium between hydraulic conditions and capacities is assumed and the topographic
changes are calculated as a spatial gradient of capacities, ii) exchanges between the water
column and the sediment bed are described with the deposition and erosion rates. This
second approach is made possible by using the erosion-deposition framework (Krone, 1962;
Partheniades, 1965; Hairsine & Rose, 1992), where erosion and deposition can be linked by
a transport length that depends on the grain ejection height, the hydraulic conditions and
the sediment properties. This length is defined as the distance required by the sediment
transport rates to adjust to a disturbance, i.e., when erosion and deposition balance each
other again after a change in bed shear stress (Daubert & Lebreton, 1967; Jain, 1992;
Kooi & Beaumont, 1994; Charru, 2006; El kadi Abderrezzak & Paquier, 2009). Thus, this
transport length is a lag distance also refered to as a disequilibrium length. It is important
for simulating transient states (Fernandez-Luque & Beek, 1976; Galappatti & Vreugdenhil,
1985; Davy & Lague, 2009) and to study unsteady morphodynamic systems such as bed
forms (Ganti et al., 2014) and braiding patterns (Davy & Lague, 2009).

Through their motion, individual sediment grains contribute to the overall sediment
transport. Under the same flow conditions, sediment grains of varying sizes are transported
differently resulting in different transport modes defined according to the frequency of con-
tact with the bed. The mode of transport depends on the transport stage T* = 7/7. — 1
where 7 [Pa] is the bed shear stress and 7. [Pa] is the critical bed shear stress of the sediment
(Yalin, 1972; Ackers & White, 1973; van Rijn, 1984a). A positive transport stage means
that grains are in motion. In the vicinity of the threshold of motion, bed load transport
dominates and sediment grains are in frequent contact with the bed. They roll at very
low transport stages 7" < 1 and move through intermittent jumps, meaning they alternate

periods of rest and saltation, at low to moderate transport stages 1 < T* < 100 (Auel
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et al., 2017). For T* > 100, suspension dominates and sediment grains are transported
over the water column instead of concentrating in a layer near the bed. Depending on the
flow intensity, the same grain may be resting, transported as bed load or suspended load
(Hjulstrom, 1935). Water discharge events are key drivers of landscape evolution since very
large, infrequent floods may cause suspension of grains that are most of the time transported
as bed load (Larsen & Lamb, 2016). Therefore, it is important to incorporate changes in
motion regime of sediment grains from bed load to suspended load when water discharge
variability is considered. Similarly, the knowledge of the partitioning of total sediment load
into bed load and suspended load remains difficult to define (Turowski et al., 2010) as are
transport capacities (often called “transport laws”) for a wide range of grains sizes due to

concomitant bed load and suspended load transport.

To our knowledge, there is no framework based on the disequilibrium length, which
integrates a whole grain size distribution and that connects saltation with suspension. To
account for the different modes of transport in modeling morphodynamic instabilities, one
attempt has been made to produce a continuous model of particle transport length that
covers two modes of transport, namely saltation and suspension (Nagshband et al., 2017).
Nagshband et al. (2017) suggest to use two equations that differs in form: one for the
transport in saltation and one for the suspension. In this paper, we propose a conceptual
advance of the disequilibrium length framework to account for both bedload and suspended
load. Our approach could be used to study river systems that are not at equilibrium, i.e.,
either at over- or under-capacity. The concept of under- and over-capacity emerges from
the ratio between the deposition rate and the erosion rate, two fluxes that have different
domains of variations. Under-capacity corresponds to the erosion rate that prevails over the
deposition rate after, for instance, a slope increase. By symmetry, over-capacity corresponds
to the deposition rate that prevails over the erosion rate. These transient responses occur
over a finite distance whose extent depends on the disequilibrium length. The distance will

be very short for bed load and longer for suspended load.

Most of the transport laws consider bed load only (e.g., Meyer-Peter & Miiller, 1948) or
suspended load only (van Rijn, 1984b). Total load may be described as a whole (Engelund
& Hansen, 1967) or as a sum of the bed load and suspended load contributions (van Rijn,
1984b). Transport laws were established by correlating measurements of the shear stress
exerted on the sediment bed and the sediment transport rate per unit flume width at

equilibrium, also referred to as stream capacity.

—4—
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Transport laws that account for sediment heterogeneity in size consider the transport
of each grain size through its fraction in a sediment mixture and by considering grain
interactions through a corrected threshold of motion (Kleinhans & van Rijn, 2002; Wilcock
& Crowe, 2003). The threshold of motion of heterogeneous sediments differs from that
of monodisperse sediments due to hiding-exposure effects (Einstein, 1950; Wilcock, 1993).
While fine grains are harder to put in motion when they are sheltered behind coarse grains,
coarse grains are easier to entrain when they stick out of surrounding fine grains. The
threshold of motion is a key parameter in the erosion of sediment grains since it gives the
value of shear stress that needs to be exceeded for grains to be ejected from the sediment

bed to the water column.

Despite the large number of grain-scale and reach-scale studies on sediment transport
(e.g., Meyer-Peter & Miiller, 1948; Engelund & Hansen, 1967; van Rijn, 1984a, 1984b;
Charru et al., 2004; Lajeunesse et al., 2010; Houssais & Lajeunesse, 2012), there is no
continuous transport law that covers both bed load and suspended load for a wide range of
flow strengths and grain sizes. Such a unified theory of sediment transport should ideally
capture both the different modes of transport and the magnitude and scaling of transport
rates, but also potential grain interactions due to sediment heterogeneity. Meeting these
requirements is a challenge since the continuous model of sediment transport must rely
on widely accepted notions and predict well justified equations or experiments. Using the
erosion-deposition formulation in combination with the transport length framework linking
saltation to suspension could help to fill this gap since a simple relationship emerges at
equilibrium: the stream capacity is equal to the product of the transport length and the
erosion rate (Davy & Lague, 2009). In addition, grain-scale studies have contributed to the
parametrization of the erosion-deposition formulation through the measurement of fluxes
at equilibrium: first derived from viscous flow studies (Charru et al., 2004), it has been
extended later to turbulent flows and both uniform and bimodal sediments (Lajeunesse et

al., 2010; Houssais & Lajeunesse, 2012).

In this paper, we aim to gather concepts and observations on sediment transport in order
to: 1) build a continuous formulation of transport length that covers the variety of sediment
transport processes ; 2) develop by extension a continuous model of sediment transport
from bed load to suspended load for a population of grain sizes. The self-consistent theory
presented in this paper remains as simple (reduced complexity) as possible while keeping its

physical relevance through the use of few parameters that represent basic physical processes.
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The parameterization of Davy and Lague (2009) for the transport length serves as a base
to our continuous model of transport length, as well as the work by Einstein (1950) and
Wilcock (1993) for the effect of surface grain size heterogeneity on entrainment threshold.
The originality of our work resides in the consideration of a characteristic transport height
parameter that describes the transport mode spectrum as a continuum. Then, the contin-
uous formulation of transport length is put to use for the calculation of sediment transport
rates. To illustrate the performance of our continuous model of sediment transport, basic
model predictions for bed load, suspended load and total load are compared to experimental
data. Sensitivity analyses are carried out to identify the most influencing parameters. Ulti-
mately, we show that our continuous transport length model has the power to predict stream
capacities for a wide range of grains sizes that are rolling, saltating or in suspension while
accounting for sediment heterogeneity. However, limits in our understanding of saltating
dynamics in strongly heterogeneous sediment transport hamper our ability to offer a fully

calibrated universal sediment transport model.

2 Erosion-deposition model

In this paper, we extend the model of Davy and Lague (2009), based on a single-grain
approach, to several grain sizes. To do so, we introduce grain size-specific parameters and we
adapt the equations of the transport length model and of the erosion-deposition framework
to account for a spectrum of grain sizes. The model is fully defined by the two expressions
of the fluxes, erosion é and deposition d, or by the erosion rate é and the transport length &.
This transport length £ depends on the ejection height hg, the settling velocity ws and the
horizontal velocity of particles U5 so that the model comes to define four main parameters

(Figure 1):

 the erosion rate é;
 the particle ejection height hg;
« the particle settling velocity ws;

 and the particle horizontal velocity vs.

2.1 Mass balance equations

Two systems are considered: the flowing water column that contains mobile sediments

and the sediment bed that is a layer of immobile sediments at the base of the flow. Sediment
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Figure 1. Sketch showing the model parameters and the role they play in the transport length

that links erosion and deposition.

transport results from the exchanges that occur between these two systems. Erosion is the
physical process that corresponds to the transfer of sediment from the sediment layer to the
stream; conversely, deposition encompasses the transfer that goes the other way around.
In the erosion-deposition framework, the erosion and deposition rates are explicit physical
processes and not included in a single term such as the divergence of the sediment load. For
the transported sediment in the water column, the mass balance equation is defined in the

Eulerian frame as:

8 (Cy h)

o +div(g)=¢é—d (1)

where Cy [-] is the depth-averaged sediment concentration, d [m-s~!] is the deposition rate,
¢ [m-s~1] is the erosion rate, h [m] is the water depth and g, [m?-s~!] is the sediment load

per unit width.

The sediment load per unit width ¢, is related to the stream discharge per unit width

q [m?-s71] as follows:

—T7—
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gs=Csq=Csuh (2)

where u [m-s~!] is the average flow velocity.

2.2 Erosion rate

The basal shear stress exerted by the flow on the sediment bed depends on the water
discharge ¢ and the topographic slope. Following studies measuring grain scale dynamics
and macroscopic sediment fluxes (Charru et al., 2004; Lajeunesse et al., 2010), we assume
that the erosion rate €, also referred to as the entrainment rate, increases linearly with the

excess of bed shear stress as (Partheniades, 1965):

é=ke (1—7) (3)

where k. [m?-s-kg™!] is the entrainment coefficient that incorporates the effect of sediment

properties (e.g., grain size).

Lajeunesse et al. (2010) proposes a formulation of the entrainment coefficient that
appears to hold for bimodal mixtures (Houssais & Lajeunesse, 2012). We thus assume that
their formulation holds for any sediment mixtures and the erosion coefficient is expressed

as (Lajeunesse et al., 2010):

T Ce

k. (4)

"6 s ws
where c. [-] is an empirical constant, ps [kg:'m~3] is the sediment density and w, [m-s~!]
is the sediment fall velocity. This entrainment coeflicient is proportional to the inverse of
the settling velocity as was previously reported in the literature (Garcia & Parker, 1991).
The value of ¢, is calibrated from measurements of saturated density of bed load grains
in the flume experiment of Lajeunesse et al. (2010). We assume that this coefficient is
independent of grain size and also valid for suspended load. The definition of the entrainment

coefficient k. that controls the erosion rate é and its generalization to any grain size is a

new development of the erosion efficiency factor mentioned in Davy and Lague (2009).

For fine grains (d < 100 pm), the settling velocity is equivalent to the Stokes’ law:

ws = R gd?/18 v where d [m] is the sediment grain diameter, g [m-s™2] is the gravity,

R = ps — p/p [-] is the sediment specific gravity (p [kg:m™3] is the water density) and
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v [m?:s7!] is the kinematic viscosity of water. For coarse grains (d > 1 mm), the settling
velocity becomes wg x /R g d, which is equivalent to the Newton’s law. In this paper, we
choose to calculate the settling velocity w, with the formula of Ferguson and Church (2004)
that captures the fall velocity of sediment grains in water over a wide range of sizes and
hydrodynamic conditions (viscous to turbulent). It explicitly encompasses the two known

asymptotic trends on both sides of the particle size spectrum.

Here are a few remarks regarding the erosion rate formulation: 1) The erosion rate
depends on the sediment grain properties (diameter, density, settling velocity and threshold
of motion); 2) The threshold of motion is explicit with no erosion unless the critical shear
stress is exceeded; 3) The various trends of the fall velocity lead to different regimes of
erosion rate. The entrainment coefficient k. scales with ¢, d=2 for fine grains (d < 100 pm),
while it scales with ¢, d~%° for coarse grains (d > 1 mm). The variations of the entrainment
coefficient k. are consistent with the fact that coarse grains are subject to longer periods
of rest than fine grains that spend more time without any contact with the bed (Liu et al.,

2019).

Computation steps of the erosion rate are provided in Appendix A.

2.3 Deposition rate

In the perspective of a unified theory, we consider that sediment is mostly transported
in a layer extending from the top of the alluvial cover with a thickness hs [m] smaller or
equal to the water depth h. This means that the sediment load in this transport layer of

thickness hg is approximately the sediment load g5 of the stream.

The number of grains that fall from the stream onto the bed define the deposition rate

d (Krone, 1962):

d = C* w, (5)

where C? [-] is the sediment concentration in the portion of the water column where most

of the sediment transport occurs.

Considering a population of grains with similar properties (e.g., size), we make the
assumption that all the grains within the layer of dominant transport travel at the same

average velocity T [m -s7!]. The sediment concentration in this layer may thus be described

This article is protected by copyright. All rights reserved.

85U8017 SUOLWILLIOD BRI 8|dedljdde ay) Aq peuseAcb ae sooile VO 8SN JO S3|nJ 4oy AkeiqiauluQ A8]i/ UO (SUOIIPUOD-pUe-SWLB)W0D A3 1M Alelg 1 jeul|uo//sdny) SuonipuoD pue swe | 8yl 8es *[zz0z/TT/80] uo Akiqiauliuo As|iM ‘T Ssuuey 8 @1s1eAIN AQ 97590040 TZ02/620T 0T/10p/wod" A3 |im-Ase.q 1 putuo'sgndnfe//:sdny wouy pepeojumoq ‘el ‘TT0669T2



238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

as the ratio of the sediment flux over the whole water depth to the sediment flux in the layer

where most transport takes place:

The deposition rate d may, therefore, be written as:

7 qs
d= s 7
e, S (™)

We make the hypothesis that the deposition rate may write as d = g, /€, where & [m)]
is the transport length for a given grain size. This formalism was introduced by Kooi and

Beaumont (1994). Ultimately, the transport length £ is as follows:

§=—— (8)

This formulation of the transport length ¢ is similar to the one of Davy and Lague (2009).

Computation steps of the deposition rate are provided in Appendix A.

2.4 Parametrization of the disequilibrium length
2.4.1 Characteristic height hg

The newness of our work with respect to the transport length model presented by
Davy and Lague (2009) mainly resides in the definition of a key parameter: the character-
istic transport height hg, which can be seen as an average grain ejection height. Whereas
Davy and Lague (2009) employed two different definitions, one for bed load and one for sus-
pended load, we present a transport length model that relies on a single expression of the
characteristic transport height hs encompassing a continuum of transport modes, namely,

saltation and suspension.

Experimental studies on saltation height showed that the saltation height hgq; [m]
increases with 7™ (see Ali and Dey (2019) for a review). However, there is no consensus on
how the saltation height hg.;: scales with the transport stage T, likely due to the variety
of hydraulic conditions and sediment properties studied. When saltation dominates, we

suppose that the characteristic transport height hs can be written as:

—10—-
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hoat = ad + adT*® (9)

where a = 0.6, a=0.025 and b=1 are two constants whose value comes from published

empirical formulas of grain saltation height (Auel et al., 2017).

To connect saltation with suspension, we make the hypothesis that the characteristic
transport height hs [m] may be expressed as a sigmoidal function (Figure 2a) bounded by

the saltation height hsq; and the water depth h:

h — hsa
hs = hsalt + i (10)
To

where 7¢ [-] is the gradient of vertical sediment distribution used to calculate the suspension
height hs; when suspension occurs. According to Equation 10, this gradient may be described
as a ratio of heights rg = (h — hsait) / (hs — hsair) and is used to determine how the thickness
of the layer of dominant transport exceeds the saltation height. For very large values of rq,
the portion of the water column where most sediment transport takes place is constricted
within the saltation layer and bed load is the dominant transport process. For a rg of 1,
sediment transport mostly occurs in suspension and extends uniformly over the whole water

column.

A common parameter to assess the dominant mode of sediment transport is the Rouse
number P [-]. Its value describes the shape of the concentration profile between a reference
height z..¢ [m] taken as the bed roughness length 2y [m] and the water depth. Assuming a
logarithmic velocity profile, the sediment concentration profile of Rouse (1937) is described

by the following equation:

h—2z Zzpes P
Cs:Csre e 11
: f( . hsz) (11)

where Cj ¢ [-] is the sediment concentration at the reference height.

Field and laboratory observations have shown that the ratio of the sediment diffusivity
to the eddy viscosity plays a role in the distribution of the suspended sediment through the
water column (van Rijn, 1984b; Rose & Thorne, 2001; Camenen & Larson, 2008; Santini et
al., 2019; de Leeuw et al., 2020). Thus, the Rouse number may be modulated by a diffusivity
ratio 8 [-] that represents the behaviour of sediment grains with respect to the flow (Graf

& Cellino, 2002):
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Figure 2. Characteristic transport parameters. a) Characteristic transport height hs (Equation
10) and characteristic transport velocity vs (Equation 16) plotted against the transport stage T*
for a grain size of 250 nm, a slope of 0.001 and a water depth ranging from 1 cm to 30 m. The
bed shear stress was calculated as 7 = p g h s and a bed roughness of zp = 3 d/30 was assumed. u
corresponds to the average flow speed over the whole water depth (assuming a logarithmic profile),
Ulayer t0 the average flow speed over the characteristic height of transport (Equation 15) and vsait

to the saltation velocity (Equation 14).
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P:
B8 Kk u*

(12)

where £ [-] is the von Kérmén constant (k=0.41) and «* [m-s~'] is the shear velocity. The
ratio of sediment diffusivity to eddy viscosity 8 is commonly assumed equal to 1, meaning
that sediment grains move at the velocity of the water that carries them (Rouse, 1937). For

further calculations in this paper, we take g = 1.

To calculate the gradient of sediment distribution 7o, we first assume that when sus-
pension occurs, hgq+ is very small compared to both the water depth h and the suspension
height hg such that rq &~ h/hs. Then we assume that the gradient ro corresponds to the
ratio between the mean sediment concentration in the entire water column and the sediment

concentration at the reference height z,..r = 2. It is defined as:

h h .
_Caref _ o4 _ Lyu(z)hdz fzol"(g)dz X
o = C = Ls,ref q = Usref — o d - 5 ( 3)
s ) fzo ° (Z) B (Z> - fzo (% hiuzo) In (i) dz

where u [m-s~!] is the water velocity assumed to follow a vertical logarithmic profile. Note
that knowing the reference contration Cj ;s is not needed since its cancels itself in Equation

13.

A similar approach to encompass the complexity of the concentration profile in a single
parameter has been presented in Davy and Lague (2009) with an attempt to calculate the
disequilibrium length of suspended sediment. We used sums to approximate the integrals

and to obtain values of distribution gradient rg.

2.4.2 Characteristic velocity v,

The characteristic transport velocity U, represents the average travel velocity of sedi-

ment grains in the flow from entrainment to re-deposition.

Saltating grains tend to move more slowly than the surrounding water (Fernandez-
Luque & Beek, 1976). The velocity of grains in saltation vs,; [m-s~1] may be expressed as

(Auel et al., 2017):

Vsarr = 1.46 /R g d T*"° (14)
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We assume that saltation velocities calculated with Equation 14 can not exceed the
average water velocity vigyer [m-sfl] over the characteristic transport height hs that stems
from the integration of the log-law velocity profile between the bed roughness zy and the

characteristic height h:

1 hs gy z u* hg 20
ayer = — —In|—)dz=—{In|— | -1+ — 1
e =g [ () e 0 (G) ) @

The characteristic sediment transport velocity v of transported grains thus writes:

min (Vsait, Viayer) , if P >2.5
Ts = (16)

Vlayer if P<25
Figure 2b illustrates these two regimes of sediment velocity. In this example, the char-
acteristic transport velocity vy is equivalent to the saltation velocity vsq;+ at transport stage

values below 10~!, while it is similar to the averaged water velocity in the layer of transport

Viayer above.

2.5 Transport capacity laws

At equilibrium, when the sediment load in the stream varies neither spatially nor tem-
porarily, deposition and erosion balance each other (é = d) and, as a consequence, the
sediment load in the river system is equivalent to the stream capacity ¢¢? [m?-s~1]. Replac-
ing the transport length £ and the erosion coefficient k. in the relationship between erosion
rate é and stream capacity ¢¢? by their expressions (Equations 4 and 8), the equilibrium

sediment load can be written as:

. T hsUs
1=Eé=¢k, (T—TC):gCepsws2 (1 —7e) (17)

Transport laws are commonly expressed in dimensionless form using the Shields number

6 [-] in place of the shear stress 7. The Shields number (Shields, 1936) is defined as:

(18)

For the same purpose, the dimensionless transport rate, or Einstein number (Einstein,

1950), ¢* [-] is defined as:
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* ds

N T

(19)

Consequently, the dimensionless transport rate at equilibrium derived from our model

is expressed as:

e T p hs VRgdus
qs* S5 d w2 (0 —90c) (20)

Equation 20 is an equilibrium model for the total load of a given grain size. It includes
a critical threshold as in many transport laws, especially for bed load. Indeed, we will
show below that our model is similar in form to Meyer-Peter and Miiller (1948), Kleinhans
and van Rijn (2002), Lajeunesse et al. (2010), among others. The scaling behaviour of the
transport capacity ¢5?¢ with the bed shear stress 7 depends on the characteristic height h,

and velocity Ts. The scaling value m [-] such as ¢¢7* o< (§ — 6.)" will be investigated later.

In the following we assume that the model introduced in this section is applicable to
sediment mixtures by accounting for the fraction of the ith size in the erosion and deposition
equations, and by modifying the critical threshold to account for the collective effect of

multiple grain size.

Computation steps of the sediment transport capacity are provided in Appendix A.

3 Elements of calibration

The only model parameter that requires calibration is the erosion constant ¢, and
we estimated it using the data presented in Lajeunesse et al. (2010) for single grains and
Houssais and Lajeunesse (2012) for bimodal mixtures. Bedload transport was studied by
measuring fluxes of spherical sediment grains. In their erosion-deposition model, the erosion
-2

rate i, [m~2-s71] is:

F
d? t,

Ne =

(21)

where F' [-] is the sediment fraction, t. [s] is the erosion time defined as t. = psdws/c. (7 — 7¢).

The deposition rate ny [m=2-s7!] is defined as:
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(22)

. n
ng = —
tq

where n [m~2] is the surface density of moving grains and t4 [s] is the deposition time.

Similar to Lajeunesse et al. (2010) and Houssais and Lajeunesse (2012), we consider
a deposition time that depends on the grain size. Knowing that no suspension occured in
their experiments, we assume that the deposition time should encompass the duration of the
saltation jump, i.e., tg  hgsqr. The saltation height depends on the shear stress (Equation
9); however, the dependence of the deposition time on the shear stress was not accounted
for by Lajeunesse et al. (2010) and Houssais and Lajeunesse (2012). In this paper, we define

a grain-size and shear-stress dependent deposition time:

(23)

Assuming a steady and spatially uniform flow, we have 7y = ri.. Thus, the number of

moving particle at saturation ng,; [m=2] writes as:

P Rgd

5 e (a T +a T*1+b) (24)

F te ps ws

Critical Shields values estimated by Lajeunesse et al. (2010) and Houssais and Laje-
unesse (2012) were also used. Based on bed load data only, the linear regression on all the
experimental data gives c,=37.64 (R?=0.71) (Figure 3a) and leads to an erosion coefficient

ke that varies over three orders of magnitude (Figure 3b).

4 Model consistency and validation
4.1 Transport length

The modeled transport lengths differ significantly from saltation lengths Iz [m] and
excursion lengths I, [m] reported in the literature (Figure 4). Indeed, our model predicts
transport lengths that are at least one order of magnitude smaller than the saltation lengths
(see Ali and Dey (2019) for a review) and at least three orders of magnitude smaller than
the excursion lengths observed by Nagshband et al. (2017) under similar conditions tested in

flume studies. These results suggest that predicted transport lengths are not comparable to
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Figure 3. Model calibration. a) Linear regression of the erosion constant c. based on data
gathered by Lajeunesse et al. (2010) and Houssais & Lajeunesse (2012), b) Plot of k. against grain

diameter d.
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Figure 4. Comparison of modeled transport lengths with measured saltation and excursion
lengths. Model predictions plotted a) against saltation lengths measured by Auel et al. (2017)
for spherical grains (SG) and natural grains (NG) and, b) agains excursion lengths measured by

Nagshband et al. (2017) for plastic and sediment grains of various sizes.

particle travel distances measured in the laboratory or in the field. The difference between

our theory based on flux and experiments on single particles may explain this discrepancy.

Figure 5a inspired by the Hjulstrom diagram (Hjulstrom, 1935) shows that the char-
acteristic height hy formulation presented in this paper illustrates the different transport
behaviors as well as the transition from one mode of transport to the other. Whereas the
hs/h ratio varies between 0 and 1 for fine sediment for a wide range of shear stress values,
it increases from about 0 at low shear stress to less than 0.1 for high stress values for coarse

grains. This shows that fine sediment grains, smaller than ~0.1 mm are systematically
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Figure 5. Characteristic height to grain diameter ratio hs/d (a) and transport length £ (b) for
a bed roughness of 3 d/30, a slope of 0.001, water depths ranging from 1 cm to 30 m, shear stress
values ranging from 1072 to 10® Pa and sediment grain diameters varying from 10 pm to 10 cm.
The Shields curve that gives the critical shear stress for initiation of motion is plotted in dark gray

and the curve that corresponds to initiation of suspension u* = w; is plotted in light gray.

transported in suspension over most of the water depth regardless of the bed shear stress,
while coarse grains exhibit different transport height regimes: rolling, saltation and suspen-
sion but tend to remain concentrated at the bottom of the water column. This result is

consistent with the familiar Hjulstrom diagram.

Figure 5b shows transport length values for a wide range of grain sizes assuming a slope
of 0.001 and a bed shear stress varying with water depth. It appears that the transport
lengths of grains coarser than 100 pm exhibit a slow increase with larger bed shear stress,
whereas fine grains present a sharp rise in transport length values. Considering the shear
stress range presented in Figure 5a, when the transport length of fine grains (d=50 pm)
covers seven orders of magnitude and reaches 10* m, the transport length of coarse grains
(d=5 cm) only varies over one and is up to 1 m (Figure 5b). These magnitudes suggest that
coarse grains saturate over short distances, while fine grains need very long distances (up
to ~10% km) to reach equilibrium and depending on the spatial scale considered may never
be at saturation. The strong variations of transport length with grain size stresses the need
to use a grain size-specific transport length. The characteristic height of transport may be
smaller for finer grains than coarse ones since the finer grains tend to be transported in

saltation or suspension at heights that are lower than the diameter of coarse grains.
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Figure 6. Comparison between model predictions and existing transport capacity laws. Example
given for a grain size of d=1 mm, a slope of 0.005, a bed roughness zo = 3d/30, a Manning coefficient
of 0.02 and a water depth h ranging from 1 cm to 30 m. Continuous values of scaling exponent m

illustrate the connection between bedload and suspended load.

4.2 Comparison with published data of sediment load

Assessing the asymptotic behavior of the transport rates is one way to indirectly val-
idate our model. Furthermore, the comparison of modeled saturated transport rates with
experimental data allows for an evaluation of its predictive capabilities. Our Multi Grain-
Size Total Load model considers a grain size-specific threshold of motion and, when it is
exceeded, a non-zero sediment transport rate value is modeled. Thus, for the comparison
with flume measurements, we only took into account the grain sizes that are predicted in
motion by our model in spite of experimental data exhibiting non-zero and positive transport

rates that contradict the predictions of no motion.

4.2.1 Bed load transport

First, we assess our model predictions for bed load transport considering a single grain
size. Many published bed load transport formulas predict that the dimensionless transport
rate at equilibrium scales with the excess Shields number as ¢°%* « (6 —6.)""® (Meyer-
Peter & Miiller, 1948; Bagnold, 1966; Ashida & Michiue, 1973; Engelund & Fredse, 1976;

Fernandez-Luque & Beek, 1976; Parker et al., 1982; van Rijn, 1984a; Ribberink, 1998; Wong
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& Parker, 2006; Lajeunesse et al., 2010). Modeled transport capacities fall within the range
of magnitudes reported in literature. They exhibit a scaling m that spreads from 1.1 to 2.1
for 1072 < — 0. < 5 x 107! and thus appears to vary around the value of 1.5 mentioned

previously (Figure 6).

For further assessment of the performance of our model in terms of magnitude, we com-
pare the values of transport capacities predicted by our model to flume measurements. To
do so, values of bed load transport predicted by our model were compared to the ones mea-
sured by Lajeunesse et al. (2010) for similar hydraulic conditions and sediment properties.
For the comparison with Lajeunesse et al. (2010), we used the critical threshold of motion
(Table 3 in their paper) and the bed roughness length they measured. We assume that all
grain sizes were at saturation since the transport lengths, up to 3 mm, are very short com-
pared to the 2-m-long flume. Overall, the model appears to reasonably estimate transport
capacities since 95% and 100% of the experimental data are predicted within a factor of 5
and 10, respectively (Figure 7a). Factors of 5 and 10 are believed to be sufficient for a first
attempt at developing a completely new theory on multi grain-size total load transport (i.e.,
potentially unlimited number of grain sizes) under various hydraulic conditions. The good
results may be explained by the fact that we calibrated our model through the erosion coef-
ficient k. against their flume data. Furthermore, the data used by Meyer-Peter and Miiller
(1948) were extracted from the ETH report by Smart and Jaeggi (1983). Parameters such
as water depth, water discharge, flume width, sediment grain size, sediment load serve as
inputs for our calculations. The critical Shields number was calculated using the formula of
Soulsby and Whitehouse (1997) and the bed shear stress was corrected for sidewall effects
(Vanoni & Brooks, 1957; Chiew & Parker, 1994). Since no value was given regarding the
bed state, a bed roughness length of zy = 3 dgg/30 was chosen (van Rijn, 1982). Although
the dimensions of the flume used in the experiment are not indicated, we make the assump-
tion that all grain sizes were at saturation since the transport lengths, up to 1 cm, are very
short. Figure 7b shows the comparison between the transport capacities predicted by our
model and the experimental values of Meyer-Peter and Miiller (1948). Model predictions
are slightly poorer as 74% and 80% of the experimental data are predicted within a factor
of 5 and 10, respectively. Considering only the uniform sediment (5.21-mm and 28.65-mm
grain sizes), 87% and 94% of the experimental data are predicted within a factor of 5 and 10,
respectively. Large incorrect predictions in the vicinity of the threshold of motion are likely

related to incorrect estimates of ., as we have to infer it, and cannot properly account for
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Figure 7. Predictions of bed load transport rates at equilibrium for single grain sizes. Model
predictions compared to flume observations by Lajeunesse et al. (2010; a) and Meyer-Peter &
Miiller (1948; b). The dark and light gray areas correspond to measured values that are predicted

within a factor of 5 and 10, respectively.

bedforms or sediment heterogeneity. Similarly, using the skin-related shear stress instead of
the total shear stress could improve model predictions, but would require additional model

complexity.

Second, we examine our model predictions for bed load experiments considering a spec-
trum of grain sizes. We compare the dimensionless fractional bed load transport capacities
predicted by our model to the data of Houssais and Lajeunesse (2012) and Wilcock et al.
(2001). We used the data available for the following parameters: water discharge, water
depth, hydraulic slope, sediment surface fraction, transport fraction, sediment load, and
sediment diameter. For the comparison with Houssais and Lajeunesse (2012), we used the
critical threshold of motion that they measured (Table 2 in their paper) and a bed roughness
length of zg = 3 d50/30 was assumed. All grain sizes were at saturation since the trans-
port lengths up to 2 mm are very short compared to the 2-m-long flume working section
down stream. Figure 8a shows that the magnitude of the dimensionless modeled transport
capacities are in good agreement with the experimental values of Houssais and Lajeunesse
(2012): 95% and 96% of the experimental data are predicted by our model within a factor
of 5 and 10, respectively. As stated before, our model calibration may explain these good

results. For the comparison with the data of Wilcock et al. (2001), a bed roughness length
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Figure 8. Predictions of bed load transport rates at equilibrium for mixtures. Model predictions
compared to flume observations by Houssais and Lajeunesse (2012; a) and Wilcock, Kenworthy &
Crowe (2001; b). The dark and light gray areas correspond to measured values that are predicted

within a factor of 5 and 10, respectively.

of zg = 3dgp/30 was assumed. The same method as the one mentionned in Wilcock and
Crowe (2003) was applied to calculate values of bed shear stress corrected for sidewall ef-
fects (Vanoni & Brooks, 1957; Chiew & Parker, 1994). We used the bed-surface grain size
reported by Wilcock et al. (2001) for each size and each transport sample to specify Fj,
to estimate the critical shear stress corrected from hiding-exposure effects 7.; (Equations
4 and 6 in Wilcock and Crowe (2003)) and ultimately to calculate the grain-size specific
erosion rate é;. All grain sizes were at saturation since the transport lengths up to 1 cm
are very short compared to the 8-m-long flume working section down stream. Figure 8b
shows that the model predicts transport capacities which are on average consistent with the
experimental data of Wilcock et al. (2001). However, the model overpredicts fluxes at low
excess Shields number, and underpredict them at high excess Shields numbers up to two
orders of magnitude. The evaluation of the fit of the transport capacity as a function of
excess Shields number gives 36% and 50% of the experimental data that are predicted by
our model within a factor of 5 and 10, respectively. We explore the potential causes of the

poorer prediction results of the model in the discussion.
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4.2.2 Total load transport

Total load transport formulas predict stream capacities that combine all modes of trans-
port. Modeled transport capacities fall within the range of magnitudes reported in literature
(Bagnold, 1966; Engelund & Hansen, 1967; van Rijn, 1984b). They exhibit a scaling that
spreads from 2.1 to 2.8 for 5 x 107! < § — #. < 10' and thus appears to vary around the

value of 2.5 found by Engelund and Hansen (1967) (Figure 6).

For further assessment of the performance of our model in terms of magnitude, we com-
pare the magnitudes of transport capacities predicted by our model to flume measurements.
To do so, the data used by Engelund and Hansen (1967) were extracted from the report by
Guy et al. (1966). Parameters such as water depth, water discharge, flume width, sediment
grain size, sediment load serve as inputs for our calculations. The critical Shields num-
ber was calculated using the formula of Soulsby and Whitehouse (1997) and the bed shear
stress was corrected for sidewall effects (Vanoni & Brooks, 1957; Chiew & Parker, 1994).
The state of the bed was described for some of the experiments but lacking for others. When
the state of the bed is not described, we assume the bed to be plane with a roughness length
of zg = 3 dgp/30 (van Rijn, 1982). When sand dunes are reported along with their height
H [m] and length L, [m], we consider the roughness length to be zg = max (3 dgo /30,8 }LI—Z)
since it gives the best results with our model (Nielsen, 1992). All grain sizes were at sat-
uration since the transport lengths up to 24 cm are very short compared to the 45-m-long
flume. Figure 9 shows the comparison between the total transport capacities predicted by
our model and the experimental values of Guy et al. (1966). The model predicts 51% and
66% of the total transport capacities within a factor of 5 and 10, respectively (Figure 9).

This is obtained without calibration of the model in the “suspension” regime.

The discrepancy between predictions and observations is likely to stem from the mea-
surements of the sediment load since local changes in bed shear stress and turbulences may
have caused a strong variability in sampled concentration of suspended sediment (Guy et
al., 1966). Another parameter that may play a role is the bed roughness length zy associated

with the presence of dunes affecting the velocity profile.

5 Sensitivity analysis

The following sensitivity analysis was conducted to understand how the different pa-

rameters of our model impact the predictions of transport length and transport capacity and
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Figure 9. Predictions of total load transport rates at equilibrium for single grain sizes. Model
predictions compared to flume observations by Guy et al. (1966). The dark and light gray areas

correspond to measured values that are predicted within a factor of 5 and 10, respectively.

identify key variables that should be measured beforehand and those that do not require a

precise parametrization.

5.1 Diffusivity ratio

The diffusivity ratio 8 gives shape to the vertical sediment concentration profile via
the modified Rouse number (Equations 11 and 12). It affects the characteristic transport
height hs by controlling the gradient of vertical sediment distribution in the water column
ro (Equations 10 and 13). Thus the diffusivity ratio plays a role in the transport length &
(Equation 8) and the deposition rate d for sediment transported in suspension (Equation 7).
Tests reveal that a change in the ratio of sediment diffusivity to eddy viscosity influences the
deposition rate predictions far from the threshold of motion but has only limited effect in its
vicinity (Figure 10a). Different formulas exist to calculate the diffusivity ratio (Rouse, 1937;
van Rijn, 1984b; Rose & Thorne, 2001; Cheng et al., 2013; Santini et al., 2019; Chauchat et
al., 2022). Rose and Thorne (2001) established that this ratio varies between 0 and 3.1 and
increases with a decreasing ratio of the shear velocity to the settling velocity. Santini et al.
(2019) modified the equation proposed by Rose and Thorne (2001) to account for the change
in sediment distribution through the water column due to water depth. These two formulas

lead to longer modeled transport lengths and thus lower deposition rates at large excess
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Figure 10. Sensitivity analysis of the Multi Grain-Size Total Load Sediment Transport Model.
The effect on the deposition rate via the transport length (upper row) and transport capacity
(lower row) of three parameters was tested: a-b) diffusivity ratio 3, c-d) bed roughness length zo,
e-f) threshold of motion .. Three formulas of the diffusivity ratio were tested: 8 = 1 (Rouse, 1937),
B = f (", ws) (Rose & Thorne, 2001) and 8 = f (u",ws, h,d) (Santini et al., 2019). Three values
of bed roughness length were tested according to the ones reported in van Rijn (1984a). Three
formulas of critical Shields number were tested: Soulsby and Whitehouse (1997) (6. = f(d)),

0.=0.005 and 6.=0.5.

Shields number when g < 1 (Figure 10a). Consequently, variations in diffusivity ratio affect
predictions of suspended load transport rates but not bed load transport rates (Figure 10b).
Indeed, at large excess Shields number, the scaling of the dimensionless transport capacity
increases with decreasing diffusivity ratio and the magnitude of the dimensionless transport

capacity rises.

5.2 Bed roughness length

The bed roughness length zy calculated using the bed roughness height k is considered
as the reference height of the parabolic velocity profile. This parameter is used to calculate

the characteristic height hs via the vertical gradient of sediment distribution rg which plays
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a role for suspended sediment (Equations 10 and 13) and to compute the characteristic
velocity s (Equation 16). Consequently, the bed roughness length plays a role in the
transport length ¢ (Equation 8) and the deposition rate d (Equation 7) for all transport
modes. Figure 10c shows that a change in bed roughness height affects the deposition rate
predictions in the vicinity of the threshold of motion but has only limited impact away from
it. Consequently, it mostly affects bed load transport predictions. Indeed, a decrease in
bed roughness height from ks = 10 dgg to ks = dgg is associated with an increase in the
modeled transport lengths and thus a decrease in deposition rates at low excess Shields
number (Figure 10c). We note that having bed roughness explicitely in the model allows to
potentially account for the presence of bed forms, for which formulas exist (van Rijn, 1982,
1984c; Grant & Madsen, 1986; Nielsen, 1992). At low excess Shields number, the scaling
of the dimensionless transport capacity decreases slightly with higher bed roughness height

and the magnitude of the dimensionless transport capacity decreases (Figure 10d).

5.3 Threshold of motion

The transport stage 7™ influences the characteristic transport height ks (Equation 10)
and, in turns, the characteristic transport velocity Uy in the saltation regime (Equation 16).
Thus, the critical shear stress 7. beyond having an explicit role in the erosion rate (Equation
3), also has an implicit contribution to the deposition rate d through the transport length
¢ (Equations 7 and 8). A change in the threshold of motion affects the deposition rate
and erosion rate (not shown here) predictions, with the largest variations in rate occurring
close to the threshold. Indeed, the modeled deposition rates increase with increasing critical
Shields number (Figure 10e). Ultimately, variations in threshold of motion affect bed load
predictions by several orders of magnitudes (Figure 10f). The grain-size specific threshold of
motion is a critical parameters to tune when predicting bedload transport capacities. Note

that the critical shear stress may also vary with the bed slope (Recking, 2009).

6 Discussion about the continuous model of sediment transport
6.1 Transport length

Our continuous model of sediment transport length covers the full spectrum of transport
modes from rolling or sliding to suspension, passing by saltation. The power of this Multi-

Mode Transport Length model is due to a single parameter: the characteristic transport
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height hs. hg brings physical consistency by representing sediment motion as a continuum of
motion and thus enhances the richness of sediment transport prediction for an heterogeneous
population of sediment grains. This parameter is the key to the unified theory of sediment
transport since it includes the complexity of all the transport modes with dependencies on

sediment properties and hydraulic conditions (water discharge, slope).

The transport length varies strongly non-linearly with grain size and is affected by the
slope for fine grains transported in suspension only (Figures 5b and 1la). Such a large
dispersion of transport lengths may play an important role in the generation of anomalous
diffusion for populations of heterogeneous sediments (Martin et al., 2012). The new model
predicts disequilibrium lengths £ that do not identify with published equations of saltation
and suspension lengths. Using the latter values would lead to significant over-estimation of

transport capacities.

6.2 Single grain-size transport law

Our model is able to predict the transport capacity across a wide range of transport
stages, and manages to seize the two transport law scalings with the shear stress regularly
reported in the literature: m ~1.5 for bed load transport (Meyer-Peter & Miiller, 1948) and
m ~2.5 for total load transport (Engelund & Hansen, 1967). Our model is locally consistent
with existing transport law scalings but differs also from them since the scaling continuously
varies with the transport stage (Figures 6 and 11b). Since the erosion rate increases linearly
with increasing shear stress, changes in scaling of the stream capacities with the shear stress
stem from the variations in the magnitude of transport length. More precisely, the change
in scaling mainly comes from the characteristic transport height hs and the fact that the
contribution of the suspension prevails on the saltation in Equation 10. As hs continuously

changes with 7™, so does the scaling exponent.

We can explore asymptotic behaviors to understand the origin of the scaling exponents.

 In the vicinity of the threshold of motion, sediment tend to be transported in saltation
as bed load. When the characteristic height (Equation 10) is independent of the
shear stress, hy =~ 0.6 d o< 7%, the characteristic velocity scales with the shear stress

as U, o< T* or u* o< 705 (Equation 16). Consequently, the transport length scales

0.5 1.5
)

with the bed shear stress as & o< 7°° resulting in a saturated flux scaling as 7

which is similar to the formula derived by Meyer-Peter and Miiller (1948). With
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increasing shear stress during bed load transport, a second regime of saltation height
takes place. The characteristic height (Equation 10) scales with the shear stress as
hs ~ 0.6 d + 0.025d T* o 7', while the characteristic velocity still depends on the

shear stress as Ty o 7°° (Equation 16). Consequently, the transport length scales

1.5 2.5

with the bed shear stress as & o< 74° resulting in a saturated flux scaling as 7°°,
which is similar to the formula derived by Engelund and Hansen (1967).

e Far from the threshold of motion, sediment tend to be transported as suspended
load in a layer with a thickness that tends towards the water depth h. While the
characteristic height (Equation 10) has a linear dependency on the shear stress hy &
h o 7!, the characteristic velocity (Equation 16) is about the depth-averaged flow
velocity @ and thus scales with the shear stress as T, oc 79-5. Therefore, the associated
transport length scales with the bed shear stress as & oc 7! which results in a

5

saturated load scaling as 72-5 similar to the formula derived by Engelund and Hansen

(1967).

It appears that two modes of transport lead to a scaling of 2.5 of the total load with
the bed shear stress. Scaling values between the saltation and the suspension regimes may
be larger than 2.5 (Figure 11b) since it corresponds to a transition phase between the two
transport modes, when the gradient of sediment distribution ry has a non-zero scaling with
the shear stress. For fine grains, the transition between the 1.5 and 2.5 scaling exponents
is sensitive to the bed slope (Figure 11b) with scaling values that increase (above 2.5) with

decreasing slope.

The equilibrium transport rate equation that stems from our new transport length for-
mulation combined to the erosion-deposition framework can be simply expressed for spher-
ical grains. Although our model has no free parameter but rather uses relations deduced
from experimental measurements carried out in very variable conditions, it yet succeeds in
predicting transport capacities consistent with the existing single grain-size laws and for a
wide range of grain sizes and transport rates. Indeed, the erosion coefficient k. equation
derived from Lajeunesse et al. (2010) and Houssais and Lajeunesse (2012) appears to reason-
ably predict the erosion rate for the single grain-size approach when grains are transported
as bed load. Further tests should be carried out to examine the effects of non-spherical
grains, large sediment concentrations, grain collisions, etc., on this entrainment coefficient.

Furthermore, the sensitivity analyses reveal that some parameters critically affect model
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Predictions of transport lengths and transport rates at equilibrium. a) Transport

length & plotted against the dimensionless excess of shear stress § — .. b) Dimensionless transport

eqx

capacity gs

plotted against the dimensionless excess of shear stress 6§ — 6.. A grain diameter of

500 pm, a hydraulic slope of 0.001 and a water depth ranging from 1 cm to 30 m were considered.

The bed roughness was taken as zo = 3dgo/30.
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predictions and thus should be carefully chosen. Bed load predictions are affected by the
threshold of motion 6. and impacted by the bed roughness length z, through the character-
istic velocity of transport 5. The bed roughness length zy calculated using bedform height
and length or assumed as zg = 3 dgp/30 may differ from the actual one. Under-estimating
the bed roughness length results in predicted transport capacities much greater than the
measured ones. Besides, the threshold of motion obviously influences the modeled transport

lengths and thus transport capacities to a small extent.

For suspended load, our model over-estimates the transport capacities predicted by
van Rijn (1984b) (Figure 6) and measured by Guy et al. (1966) (Figure 9). For 6 —
6. > 1, the increasing trend may be caused by the approximation we make to calcu-
late the gradient of distribution rg. This gradient writes without approximation as rg =
Cs h/hs (¢ — gsait) / (@s — qs,sa1t). However, we assume that fluxes related to the saltation
layer ggqi+ and gs sqi are negligible compared to fluxes over the whole water column for sed-
iment in suspension and thus that the gradient of sediment distribution writes ro ~ h/hs.
This may be a too gross approximation that results in under-estimation of this gradient
and thus in predicted transport capacities much greater than observed ones. Besides, sus-
pended/total load predictions are influenced by the diffusivity ratio 8 that determines the
distribution of the sediment over the water column. In addition, we use the total shear stress
instead of the skin- and bedform-related shear stresses to predict the bed load and suspended
load, respectively. Thus, the associated shear stress may be wrongly estimated since it does
not account for the presence of bedforms and thus causes over-/under-predictions of trans-

port capacities.

6.3 Extension to a multi grain-size model

The model presented before can be extended to a population of grains with various
sizes by considering the grain-size specific deposition rate d; = gs,i/€ and the grain-size
specific erosion rate é; = F; ke; (T — 7.,;) where F; [-] is the grain-size specific fraction
and by accounting for the effects of grain interactions on the grain-size specific threshold of

motion.

In contrast to monodisperse sediment, grains in sediment mixtures are subject to dif-
ferent drag forces that control their mobility (Einstein, 1950). Indeed, hiding effects that

occur when fine grains are sheltered behind coarser grains lead to an increase in bound-
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ary shear stress required to move fine grains. This boundary shear stress is closer to the
value of boundary shear stress needed to initiate motion of coarse grains. Similarly, coarse
grains protude through the surface and are more exposed to the flow, meaning that ex-
posure effects lead to a decrease in boundary shear stress required to move coarse grains.
As a consequence, the critical boundary shear stress 7, ; is corrected to account for these

hiding-exposure effects.

Empirical equations (Einstein, 1950; Wilcock, 1993) express the corrected critical shear

stress as:

di \'7"
Tei = Gi Te50 Where ¢ = (dl ) (25)
50

where ¢; [] is the empirical factor of hiding-exposure, 7. 50 [Pa] is the critical shear stress
associated to the median diameter dsg[m] of the sediment mixture and v[—] is the exponent of
hiding-exposure independent of the grain size (0 < v < 1; Parker and Toro-Escobar (2002)).
Equation 25 is generic enough to capture asymptotic behaviours in which hiding-exposure
effects dominate or not. An exponent v = 0 to the case when they are no hiding-exposure
effects, while an exponent of v = 1 means equal mobility, i.e., all grains sizes in a mixture

have the critical shear stress of the median grain size.

Contrary to the previous equation that assumes fine grains sitting on coarser grains and
that does not consider bed armouring, the theoretical formula of Egiazaroff (1965) could be

used to calculate the factor of hiding-exposure (;:

o logy, (19) ?
= <1Og10 (19di/d50)) (26)

Wilcock and Crowe (2003) suggests another approach to estimate the grain-size specific
critical shear stress that fundamentally differs from the power law relationship (Equation
25) and the Egiazaroff function (Equation 26). They established a model of hiding-exposure
factor that has the form of a power function but with an exponent ~; that depends on the

grain size:

0.67
1+ exp (1.5 - ﬂ)

dso

vi=1- (27)
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This hiding function reveals the grain-size sorting that occurs between the bed surface and
the subsurface through the d;/dso ratio as well as the impact of the sand fraction on the

bed mobility.

It is worth noting that the model presented in this paper is based on equations estab-
lished for sediment of single size. Thus, all the processes associated with sediment mixture
of various sizes are likely not encompassed in the current formulation of both the char-
acteristic transport height hs and the erosion coefficient k.. This likely explains why the
application of the model to the Wilcock et al. (2001) experiments shows residuals that are
strongly correlated with the transport stage. This trend may emerge from the definition of
the saltation height hgyy = 0.6 d for very low excess Shields numbers. At a given excess
Shields number, this leads to higher saltation heights for coarse grains and smaller saltation
heights for fine grains. This may be counterintuive for a population of grain transported
simultaneously, and does result in a decreasing trend in the predicted transport capacities
with excess Shields number. In the absence of theoretical or experimental data describing
hs for strongly heterogeneous sediment mixtures, we hypothetise that hs should depend
on an effective grain size, or measure of the bed roughness. For instance, modifying the
first right-member of the equation of Auel et al. (2017) by using the median diameter:
hsat = 0.6ds9 +ad T*b7 removes the decreasing trend. A significant offset exists between
the predicted and observed bedload fluxes, that can be compensated by reducing the co-
efficient of erosion k. by a factor three (Figure 12). This results in 39% and 57% of the
experimental data that are predicted by our model within a factor of 5 and 10, respectively.
Indeed, if the critical shear stress of entrainment must be adjusted for a population of grains,
it is very likely that the coefficient of erosion may also depends on hiding-exposure effects
that are yet to fully comprehend. If Equations 25, 26 and 27 are indicative of the level of
complexity needed to account for hiding-exposure effect, we do expect that hs and k. may
have potentially complex formulations. The above tweak of Eq. 9 and k. is only indicative
that the new framework we propose may offer generalization between single grain-size and
multi grain-size total load transport in a complete new way, bringing us closer to a universal

sediment transport model, both in stationary and non-stationary conditions.

7 Conclusions

Despite numerous sediment transport formulas, none is applicable for both bed load and

suspended load while also considering sediment heterogeneity and various flow conditions.
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Figure 12. Adjusted predictions of bed load transport rates at equilibrium for flume observations
by Wilcock et al. (2001). A modified version of Eq. 9, haare = 0.6 dso +a d T*°, was used as well as
an erosion coefficient k. three times smaller. The dark and light gray areas correspond to measured

values that are predicted within a factor of 5 and 10, respectively.

The combination of the transport length model with the erosion-deposition framework leads
to the emergence of a continuous theory of sediment transport that may be applied for a

wide range of shear stresses and sediment mixtures.

We present a continuous model of sediment transport length that depends on three
parameters: a characteristic height, a characteristic velocity and a settling velocity. The
former two relates to the portion of the water column where most of the sediment fluxes
occurs. The characteristic height is the key parameter that encompasses the diversity of
transport modes while the characteristic velocity includes the influence of bed properties
such as the bed roughness that is highly sensitive to the granulometry and the state of the
bed, e.g., bed forms. Hence, the transport length embraces the variety of physical processes
that govern grain motion as a continuum. To our knowledge, this is one of the first models
that attempts to capture all the modes of transport, i.e., rolling, saltation and suspension,

for a population of heterogeneous grains regardless of the water discharge.

The new parametrization of the transport length combined to the erosion-deposition
framework allows for the calculation of equilibrium transport rates, i.e., stream capacities.
Our continuous transport model is applied to both bed load and suspended load thanks to

the transport length that dictates how the transport rate scales with the bed shear stress.
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Besides, the Multi-Mode transport length model we developed could be a powerful tool to
study sediment mixtures when different modes of transport may be observed simultaneously.
The adaptation of the erosion-deposition framework for multi grain-size transport is done
by considering hiding-exposure effects and sediment fractions but adjustment are needed
to have a fully functional model for sediment mixtures. Its application in the context of
channel morphodynamics would require an additional component that accounts for grain

size sorting between the transport, the bed surface, and the bed subsurface.
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Appendix A Computation of deposition and erosion rates

The input data required to compute the deposition and erosion rates are: the sediment

grain diameter d, the sediment diffusivity ratio 3, the sediment density ps, the sediment

settling velocity ws, the sediment Shields number 6., the water depth A, the sediment flux

gs (for non-stationary conditions) the water density p, the hydraulic slope s, the depth-

averaged water velocity w,the channel width W and the bed roughness length zy5. The value

of three constants such as the gravitational constant g, the von Karman constant x and the

empirical constant for the erosion coeffcient ¢, are also needed.

The computation of the deposition rate is as follows:

. compute the bed shear stress 7 as 7 = p g Ry, s where R;, = hW/ (2h + W) is the

hydraulic radius;

. compute the critical shear stress 7. according to Soulsby and Whitehouse (1997) and

potentially corrected from hiding-exposure effects in the case of multi grain sizes;

. compute the erosion coefficient k. using Equation 4;

. compute the erosion rate é using Equation 3.

The computation of the deposition rate is as follows:

10.
11.

12.

. compute the bed shear stress 7 as 7 = p g R, s where R, = hW/(2h + W) is the

hydraulic radius;

. compute the critical shear stress 7. according to Soulsby and Whitehouse (1997) and

potentially corrected from hiding-exposure effects in the case of multi grain sizes;

. compute the transport stage T* as T* = 7/7. — 1;

. compute the saltation height hg,;; using Equation 9;

. compute the shear velocity u* as u* = \/%;

. compute the Rouse number P using Equation 12;

. compute the distribution gradient ro using Equation 13;

. compute the characteristic transport height hs using Equation 10;

. compute the saltation velocity vsq;¢ using Equation 14;

compute the average water velocity in the transport layer v;qyer using Equation 15;
compute the characteristic transport velocity v using Equation 16;

compute the disequilibrium length £ using Equation 8;
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The stationary total sediment load is obtained as ¢¢¢ = £ é (Equation 17).

13. compute the deposition rate d using Equation 7.
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Notation

a : factor for the saltation height

a : empirical constant for the saltation height

b : exponent for the saltation height

B : diffusivity coefficient

ce : empirical constant for the erosion coefficient

C; : sediment concentration

Cs.rer @ sediment concentration at the reference height
C': : sediment concentration in the layer of transport
d : sediment grain diameter

dso : median diameter

dgo : 90% of the grains are smaller than this diameter
d : deposition rate

€ : erosion rate

F : surface volume fraction

g : gravitational constant (9.81m - s~2)

~ : exponent of hiding-exposure

h : water depth

hs : characteristic sediment transport height

hgqir : saltation height

k : von Kéarman constant

k. : erosion coefficient

ks : roughness height

lsait : saltation length

lsusp : suspension length

m : scaling of the transport rate with bed shear stress
v : kinematic viscosity of water (1076 m? - s71)

n : surface density of moving particles

T : erosion rate

ng : deposition rate

P : Rouse number

q : water discharge per unit width
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gs : sediment load in the stream per unit width
g9 : transport capacity
q: : dimensionless transport rate

R : sediment specific gravity

ro @ gradient of sediment distribution above the saltation layer

p : water density (1000 kg -m~3)

ps : sediment density (2650 kg - m~ unless mentionned otherwise)

tq : deposition time

te : erosion time

T* : transport stage

T : bed shear stress

Te : critical shear stress

6 : Shields number

0. : critical Shields number

0,50 : critical Shields number for the ds
u : average flow velocity

u*

: shear velocity

Vlayer : average water velocity in the transport layer
Vs : characteristic sediment transport velocity

Vsqit : saltation velocity

wg : sediment settling velocity

& : sediment transport length

zo : roughness length

zZref : reference height of the Rouse profile

¢ : hiding-exposure factor
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