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Abstract14

In natural rivers, sediment heterogeneity and flow variability control the diversity of trans-15

port modes that occur. Although these different modes contribute to the total sediment16

transport, a law extending from bed load to suspended load that is relevant for a wide17

range of sediment mixtures and flow conditions is lacking. Besides, a transport-limited as-18

sumption is often made in modeling of fluvial morphodynamics and thus potentially misses19

under-/over-capacity regimes associated with a particular range of grain sizes and hydraulic20

conditions. We present a Multi Grain-Size Total Load model based on widely accepted21

concepts of sediment transport and developed within the transport length framework in22

combination with an erosion-deposition formulation. The new transport length model cap-23

tures the diversity of transport modes as a physical continuum. Transport capacities for24

single or bimodal grain sizes are reasonably predicted when compared to published data25

and scale with the bed shear stress through a continuously varying exponent linked to26

the characteristic transport height. Modeled transport lengths extend over several orders27

of magnitude at given flow conditions. Extremely long distances suggest that suspended28

transport is probably never at capacity. The model can be extended to populations of vari-29

ous grain sizes with a threshold of motion corrected from hiding-exposure. However, further30

experimental constraints are needed to better describe entrainment and saltation in strongly31

heterogeneous bed load transport. The new theoretical formalism we introduce paves the32

way for a Multi Grain-Size Total Load Sediment Transport model that includes the variety33

of transport modes in both non-stationary and stationary regimes.34

Plain Language Summary35

In natural rivers, flow variability and sediment heterogeneity affect how sediment grains36

are transported. Whether grains move close to the bed or higher in the water column, they37

all contribute to the total sediment transport as bed load and suspended load, respectively.38

However, a unique law that predicts the total amount of sediment that can be transported39

by a river for a wide range of sediment mixtures and flow conditions is lacking. Besides, in40

modeling of fluvial morphodynamics, the river is often assumed at capacity, meaning that41

it carries the maximum sediment load it can, and thus under-/over-capacity regimes are42

potentially missed. We present a Multi Grain-Size Total Load model, built by bringing to-43

gether widely accepted concepts of sediment transport, that includes the variety of transport44

modes in both capacity and under-/over-capacity regimes. The two main components of this45
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model are: 1) the transport length defined as the distance over which sediments are trans-46

ported and, 2) the erosion-deposition formulation that explicitly describes the transfer of47

sediment from the sediment bed to the above water column, and conversely. While the new48

transport length model captures the transport from bed load to suspension continuously,49

the erosion-deposition model applies to several grain sizes.50

1 Introduction51

In a river, the erosion of sediment grains and their transport are two processes at stake.52

To account for these processes in modeling river morphodynamics, two approaches exist: i)53

an equilibrium between hydraulic conditions and capacities is assumed and the topographic54

changes are calculated as a spatial gradient of capacities, ii) exchanges between the water55

column and the sediment bed are described with the deposition and erosion rates. This56

second approach is made possible by using the erosion-deposition framework (Krone, 1962;57

Partheniades, 1965; Hairsine & Rose, 1992), where erosion and deposition can be linked by58

a transport length that depends on the grain ejection height, the hydraulic conditions and59

the sediment properties. This length is defined as the distance required by the sediment60

transport rates to adjust to a disturbance, i.e., when erosion and deposition balance each61

other again after a change in bed shear stress (Daubert & Lebreton, 1967; Jain, 1992;62

Kooi & Beaumont, 1994; Charru, 2006; El kadi Abderrezzak & Paquier, 2009). Thus, this63

transport length is a lag distance also refered to as a disequilibrium length. It is important64

for simulating transient states (Fernandez-Luque & Beek, 1976; Galappatti & Vreugdenhil,65

1985; Davy & Lague, 2009) and to study unsteady morphodynamic systems such as bed66

forms (Ganti et al., 2014) and braiding patterns (Davy & Lague, 2009).67

Through their motion, individual sediment grains contribute to the overall sediment68

transport. Under the same flow conditions, sediment grains of varying sizes are transported69

differently resulting in different transport modes defined according to the frequency of con-70

tact with the bed. The mode of transport depends on the transport stage T ∗ = τ/τc − 171

where τ [Pa] is the bed shear stress and τc [Pa] is the critical bed shear stress of the sediment72

(Yalin, 1972; Ackers & White, 1973; van Rijn, 1984a). A positive transport stage means73

that grains are in motion. In the vicinity of the threshold of motion, bed load transport74

dominates and sediment grains are in frequent contact with the bed. They roll at very75

low transport stages T ∗ < 1 and move through intermittent jumps, meaning they alternate76

periods of rest and saltation, at low to moderate transport stages 1 < T ∗ < 100 (Auel77
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et al., 2017). For T ∗ > 100, suspension dominates and sediment grains are transported78

over the water column instead of concentrating in a layer near the bed. Depending on the79

flow intensity, the same grain may be resting, transported as bed load or suspended load80

(Hjulström, 1935). Water discharge events are key drivers of landscape evolution since very81

large, infrequent floods may cause suspension of grains that are most of the time transported82

as bed load (Larsen & Lamb, 2016). Therefore, it is important to incorporate changes in83

motion regime of sediment grains from bed load to suspended load when water discharge84

variability is considered. Similarly, the knowledge of the partitioning of total sediment load85

into bed load and suspended load remains difficult to define (Turowski et al., 2010) as are86

transport capacities (often called “transport laws”) for a wide range of grains sizes due to87

concomitant bed load and suspended load transport.88

To our knowledge, there is no framework based on the disequilibrium length, which89

integrates a whole grain size distribution and that connects saltation with suspension. To90

account for the different modes of transport in modeling morphodynamic instabilities, one91

attempt has been made to produce a continuous model of particle transport length that92

covers two modes of transport, namely saltation and suspension (Naqshband et al., 2017).93

Naqshband et al. (2017) suggest to use two equations that differs in form: one for the94

transport in saltation and one for the suspension. In this paper, we propose a conceptual95

advance of the disequilibrium length framework to account for both bedload and suspended96

load. Our approach could be used to study river systems that are not at equilibrium, i.e.,97

either at over- or under-capacity. The concept of under- and over-capacity emerges from98

the ratio between the deposition rate and the erosion rate, two fluxes that have different99

domains of variations. Under-capacity corresponds to the erosion rate that prevails over the100

deposition rate after, for instance, a slope increase. By symmetry, over-capacity corresponds101

to the deposition rate that prevails over the erosion rate. These transient responses occur102

over a finite distance whose extent depends on the disequilibrium length. The distance will103

be very short for bed load and longer for suspended load.104

Most of the transport laws consider bed load only (e.g., Meyer-Peter & Müller, 1948) or105

suspended load only (van Rijn, 1984b). Total load may be described as a whole (Engelund106

& Hansen, 1967) or as a sum of the bed load and suspended load contributions (van Rijn,107

1984b). Transport laws were established by correlating measurements of the shear stress108

exerted on the sediment bed and the sediment transport rate per unit flume width at109

equilibrium, also referred to as stream capacity.110

–4–

 21699011, ja, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2021JF006546 by U

niversite D
e R

ennes 1, W
iley O

nline L
ibrary on [08/11/2022]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



A
cc

ep
te

d
 A

rt
ic

le

This article is protected by copyright. All rights reserved.  

 

 

 

 

 

 

 

manuscript submitted to JGR: Earth Surface

Transport laws that account for sediment heterogeneity in size consider the transport111

of each grain size through its fraction in a sediment mixture and by considering grain112

interactions through a corrected threshold of motion (Kleinhans & van Rijn, 2002; Wilcock113

& Crowe, 2003). The threshold of motion of heterogeneous sediments differs from that114

of monodisperse sediments due to hiding-exposure effects (Einstein, 1950; Wilcock, 1993).115

While fine grains are harder to put in motion when they are sheltered behind coarse grains,116

coarse grains are easier to entrain when they stick out of surrounding fine grains. The117

threshold of motion is a key parameter in the erosion of sediment grains since it gives the118

value of shear stress that needs to be exceeded for grains to be ejected from the sediment119

bed to the water column.120

Despite the large number of grain-scale and reach-scale studies on sediment transport121

(e.g., Meyer-Peter & Müller, 1948; Engelund & Hansen, 1967; van Rijn, 1984a, 1984b;122

Charru et al., 2004; Lajeunesse et al., 2010; Houssais & Lajeunesse, 2012), there is no123

continuous transport law that covers both bed load and suspended load for a wide range of124

flow strengths and grain sizes. Such a unified theory of sediment transport should ideally125

capture both the different modes of transport and the magnitude and scaling of transport126

rates, but also potential grain interactions due to sediment heterogeneity. Meeting these127

requirements is a challenge since the continuous model of sediment transport must rely128

on widely accepted notions and predict well justified equations or experiments. Using the129

erosion-deposition formulation in combination with the transport length framework linking130

saltation to suspension could help to fill this gap since a simple relationship emerges at131

equilibrium: the stream capacity is equal to the product of the transport length and the132

erosion rate (Davy & Lague, 2009). In addition, grain-scale studies have contributed to the133

parametrization of the erosion-deposition formulation through the measurement of fluxes134

at equilibrium: first derived from viscous flow studies (Charru et al., 2004), it has been135

extended later to turbulent flows and both uniform and bimodal sediments (Lajeunesse et136

al., 2010; Houssais & Lajeunesse, 2012).137

In this paper, we aim to gather concepts and observations on sediment transport in order138

to: 1) build a continuous formulation of transport length that covers the variety of sediment139

transport processes ; 2) develop by extension a continuous model of sediment transport140

from bed load to suspended load for a population of grain sizes. The self-consistent theory141

presented in this paper remains as simple (reduced complexity) as possible while keeping its142

physical relevance through the use of few parameters that represent basic physical processes.143
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The parameterization of Davy and Lague (2009) for the transport length serves as a base144

to our continuous model of transport length, as well as the work by Einstein (1950) and145

Wilcock (1993) for the effect of surface grain size heterogeneity on entrainment threshold.146

The originality of our work resides in the consideration of a characteristic transport height147

parameter that describes the transport mode spectrum as a continuum. Then, the contin-148

uous formulation of transport length is put to use for the calculation of sediment transport149

rates. To illustrate the performance of our continuous model of sediment transport, basic150

model predictions for bed load, suspended load and total load are compared to experimental151

data. Sensitivity analyses are carried out to identify the most influencing parameters. Ulti-152

mately, we show that our continuous transport length model has the power to predict stream153

capacities for a wide range of grains sizes that are rolling, saltating or in suspension while154

accounting for sediment heterogeneity. However, limits in our understanding of saltating155

dynamics in strongly heterogeneous sediment transport hamper our ability to offer a fully156

calibrated universal sediment transport model.157

2 Erosion-deposition model158

In this paper, we extend the model of Davy and Lague (2009), based on a single-grain159

approach, to several grain sizes. To do so, we introduce grain size-specific parameters and we160

adapt the equations of the transport length model and of the erosion-deposition framework161

to account for a spectrum of grain sizes. The model is fully defined by the two expressions162

of the fluxes, erosion ė and deposition ḋ, or by the erosion rate ė and the transport length ξ.163

This transport length ξ depends on the ejection height hs, the settling velocity ws and the164

horizontal velocity of particles vs so that the model comes to define four main parameters165

(Figure 1):166

• the erosion rate ė;167

• the particle ejection height hs;168

• the particle settling velocity ws;169

• and the particle horizontal velocity vs.170

2.1 Mass balance equations171

Two systems are considered: the flowing water column that contains mobile sediments172

and the sediment bed that is a layer of immobile sediments at the base of the flow. Sediment173

–6–
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Figure 1. Sketch showing the model parameters and the role they play in the transport length

that links erosion and deposition.

transport results from the exchanges that occur between these two systems. Erosion is the174

physical process that corresponds to the transfer of sediment from the sediment layer to the175

stream; conversely, deposition encompasses the transfer that goes the other way around.176

In the erosion-deposition framework, the erosion and deposition rates are explicit physical177

processes and not included in a single term such as the divergence of the sediment load. For178

the transported sediment in the water column, the mass balance equation is defined in the179

Eulerian frame as:180

∂ (Cs h)

∂t
+ div (qs) = ė− ḋ (1)

where Cs [-] is the depth-averaged sediment concentration, ḋ [m·s−1] is the deposition rate,181

ė [m·s−1] is the erosion rate, h [m] is the water depth and qs [m2·s−1] is the sediment load182

per unit width.183

The sediment load per unit width qs is related to the stream discharge per unit width184

q [m2·s−1] as follows:185

–7–
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qs = Cs q = Cs u h (2)

where u [m·s−1] is the average flow velocity.186

2.2 Erosion rate187

The basal shear stress exerted by the flow on the sediment bed depends on the water188

discharge q and the topographic slope. Following studies measuring grain scale dynamics189

and macroscopic sediment fluxes (Charru et al., 2004; Lajeunesse et al., 2010), we assume190

that the erosion rate ė, also referred to as the entrainment rate, increases linearly with the191

excess of bed shear stress as (Partheniades, 1965):192

ė = ke (τ − τc) (3)

where ke [m2·s·kg−1] is the entrainment coefficient that incorporates the effect of sediment193

properties (e.g., grain size).194

Lajeunesse et al. (2010) proposes a formulation of the entrainment coefficient that195

appears to hold for bimodal mixtures (Houssais & Lajeunesse, 2012). We thus assume that196

their formulation holds for any sediment mixtures and the erosion coefficient is expressed197

as (Lajeunesse et al., 2010):198

ke =
π

6

ce
ρs ws

(4)

where ce [-] is an empirical constant, ρs [kg·m−3] is the sediment density and ws [m·s−1]199

is the sediment fall velocity. This entrainment coefficient is proportional to the inverse of200

the settling velocity as was previously reported in the literature (Garcia & Parker, 1991).201

The value of ce is calibrated from measurements of saturated density of bed load grains202

in the flume experiment of Lajeunesse et al. (2010). We assume that this coefficient is203

independent of grain size and also valid for suspended load. The definition of the entrainment204

coefficient ke that controls the erosion rate ė and its generalization to any grain size is a205

new development of the erosion efficiency factor mentioned in Davy and Lague (2009).206

For fine grains (d < 100 µm), the settling velocity is equivalent to the Stokes’ law:207

ws = R g d2/18 ν where d [m] is the sediment grain diameter, g [m·s−2] is the gravity,208

R = ρs − ρ/ρ [-] is the sediment specific gravity (ρ [kg·m−3] is the water density) and209

–8–
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ν [m2·s−1] is the kinematic viscosity of water. For coarse grains (d > 1 mm), the settling210

velocity becomes ws ∝
√
R g d, which is equivalent to the Newton’s law. In this paper, we211

choose to calculate the settling velocity ws with the formula of Ferguson and Church (2004)212

that captures the fall velocity of sediment grains in water over a wide range of sizes and213

hydrodynamic conditions (viscous to turbulent). It explicitly encompasses the two known214

asymptotic trends on both sides of the particle size spectrum.215

Here are a few remarks regarding the erosion rate formulation: 1) The erosion rate216

depends on the sediment grain properties (diameter, density, settling velocity and threshold217

of motion); 2) The threshold of motion is explicit with no erosion unless the critical shear218

stress is exceeded; 3) The various trends of the fall velocity lead to different regimes of219

erosion rate. The entrainment coefficient ke scales with ce d
−2 for fine grains (d < 100 µm),220

while it scales with ce d
−0.5 for coarse grains (d > 1 mm). The variations of the entrainment221

coefficient ke are consistent with the fact that coarse grains are subject to longer periods222

of rest than fine grains that spend more time without any contact with the bed (Liu et al.,223

2019).224

Computation steps of the erosion rate are provided in Appendix A.225

2.3 Deposition rate226

In the perspective of a unified theory, we consider that sediment is mostly transported227

in a layer extending from the top of the alluvial cover with a thickness hs [m] smaller or228

equal to the water depth h. This means that the sediment load in this transport layer of229

thickness hs is approximately the sediment load qs of the stream.230

The number of grains that fall from the stream onto the bed define the deposition rate231

ḋ (Krone, 1962):232

ḋ = C∗
s ws (5)

where C∗
s [-] is the sediment concentration in the portion of the water column where most233

of the sediment transport occurs.234

Considering a population of grains with similar properties (e.g., size), we make the235

assumption that all the grains within the layer of dominant transport travel at the same236

average velocity vs [m ·s−1]. The sediment concentration in this layer may thus be described237

–9–
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as the ratio of the sediment flux over the whole water depth to the sediment flux in the layer238

where most transport takes place:239

C∗
s =

qs
hs vs

(6)

The deposition rate ḋ may, therefore, be written as:240

ḋ =
qs
hs vs

ws (7)

We make the hypothesis that the deposition rate may write as ḋ = qs/ξ, where ξ [m]241

is the transport length for a given grain size. This formalism was introduced by Kooi and242

Beaumont (1994). Ultimately, the transport length ξ is as follows:243

ξ =
hs vs
ws

(8)

This formulation of the transport length ξ is similar to the one of Davy and Lague (2009).244

Computation steps of the deposition rate are provided in Appendix A.245

2.4 Parametrization of the disequilibrium length246

2.4.1 Characteristic height hs247

The newness of our work with respect to the transport length model presented by248

Davy and Lague (2009) mainly resides in the definition of a key parameter: the character-249

istic transport height hs, which can be seen as an average grain ejection height. Whereas250

Davy and Lague (2009) employed two different definitions, one for bed load and one for sus-251

pended load, we present a transport length model that relies on a single expression of the252

characteristic transport height hs encompassing a continuum of transport modes, namely,253

saltation and suspension.254

Experimental studies on saltation height showed that the saltation height hsalt [m]255

increases with T ∗ (see Ali and Dey (2019) for a review). However, there is no consensus on256

how the saltation height hsalt scales with the transport stage T ∗, likely due to the variety257

of hydraulic conditions and sediment properties studied. When saltation dominates, we258

suppose that the characteristic transport height hs can be written as:259

–10–
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hsalt = α d + a d T ∗b (9)

where α = 0.6, a=0.025 and b=1 are two constants whose value comes from published260

empirical formulas of grain saltation height (Auel et al., 2017).261

To connect saltation with suspension, we make the hypothesis that the characteristic262

transport height hs [m] may be expressed as a sigmoidal function (Figure 2a) bounded by263

the saltation height hsalt and the water depth h:264

hs = hsalt +
h− hsalt

r0
(10)

where r0 [-] is the gradient of vertical sediment distribution used to calculate the suspension265

height hs when suspension occurs. According to Equation 10, this gradient may be described266

as a ratio of heights r0 = (h− hsalt) / (hs − hsalt) and is used to determine how the thickness267

of the layer of dominant transport exceeds the saltation height. For very large values of r0,268

the portion of the water column where most sediment transport takes place is constricted269

within the saltation layer and bed load is the dominant transport process. For a r0 of 1,270

sediment transport mostly occurs in suspension and extends uniformly over the whole water271

column.272

A common parameter to assess the dominant mode of sediment transport is the Rouse273

number P [-]. Its value describes the shape of the concentration profile between a reference274

height zref [m] taken as the bed roughness length z0 [m] and the water depth. Assuming a275

logarithmic velocity profile, the sediment concentration profile of Rouse (1937) is described276

by the following equation:277

Cs = Cs,ref

(
h− z
z

zref
h− zref

)P
(11)

where Cs,ref [-] is the sediment concentration at the reference height.278

Field and laboratory observations have shown that the ratio of the sediment diffusivity279

to the eddy viscosity plays a role in the distribution of the suspended sediment through the280

water column (van Rijn, 1984b; Rose & Thorne, 2001; Camenen & Larson, 2008; Santini et281

al., 2019; de Leeuw et al., 2020). Thus, the Rouse number may be modulated by a diffusivity282

ratio β [-] that represents the behaviour of sediment grains with respect to the flow (Graf283

& Cellino, 2002):284
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Figure 2. Characteristic transport parameters. a) Characteristic transport height hs (Equation

10) and characteristic transport velocity vs (Equation 16) plotted against the transport stage T ∗

for a grain size of 250 µm, a slope of 0.001 and a water depth ranging from 1 cm to 30 m. The

bed shear stress was calculated as τ = ρ g h s and a bed roughness of z0 = 3 d/30 was assumed. u

corresponds to the average flow speed over the whole water depth (assuming a logarithmic profile),

vlayer to the average flow speed over the characteristic height of transport (Equation 15) and vsalt

to the saltation velocity (Equation 14).

–12–
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P =
ws

β κ u∗
(12)

where κ [-] is the von Kármán constant (κ=0.41) and u∗ [m·s−1] is the shear velocity. The285

ratio of sediment diffusivity to eddy viscosity β is commonly assumed equal to 1, meaning286

that sediment grains move at the velocity of the water that carries them (Rouse, 1937). For287

further calculations in this paper, we take β = 1.288

To calculate the gradient of sediment distribution r0, we first assume that when sus-289

pension occurs, hsalt is very small compared to both the water depth h and the suspension290

height hs such that r0 ≈ h/hs. Then we assume that the gradient r0 corresponds to the291

ratio between the mean sediment concentration in the entire water column and the sediment292

concentration at the reference height zref = z0. It is defined as:293

r0 =
Cs,ref
Cs

= Cs,ref
q

qs
= Cs,ref

∫ h
z0
u (z)h dz∫ h

z0
Cs (z)u (z)h dz

=

∫ h
z0
ln
(
z
z0

)
dz∫ h

z0

(
h−z
z

z0
h−z0

)P
ln
(
z
z0

)
dz

(13)

where u [m·s−1] is the water velocity assumed to follow a vertical logarithmic profile. Note294

that knowing the reference contration Cs,ref is not needed since its cancels itself in Equation295

13.296

A similar approach to encompass the complexity of the concentration profile in a single297

parameter has been presented in Davy and Lague (2009) with an attempt to calculate the298

disequilibrium length of suspended sediment. We used sums to approximate the integrals299

and to obtain values of distribution gradient r0.300

2.4.2 Characteristic velocity vs301

The characteristic transport velocity vs represents the average travel velocity of sedi-302

ment grains in the flow from entrainment to re-deposition.303

Saltating grains tend to move more slowly than the surrounding water (Fernandez-304

Luque & Beek, 1976). The velocity of grains in saltation vsalt [m·s−1] may be expressed as305

(Auel et al., 2017):306

vsalt = 1.46
√
R g d T ∗0.5 (14)

–13–
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We assume that saltation velocities calculated with Equation 14 can not exceed the307

average water velocity vlayer [m·s−1] over the characteristic transport height hs that stems308

from the integration of the log-law velocity profile between the bed roughness z0 and the309

characteristic height hs:310

vlayer =
1

hs

∫ hs

z0

u∗

κ
ln

(
z

z0

)
dz =

u∗

κ

(
ln

(
hs
z0

)
− 1 +

z0
hs

)
(15)

The characteristic sediment transport velocity vs of transported grains thus writes:311

vs =


min (vsalt, vlayer) , if P ≥ 2.5

vlayer, if P < 2.5

(16)

Figure 2b illustrates these two regimes of sediment velocity. In this example, the char-312

acteristic transport velocity vs is equivalent to the saltation velocity vsalt at transport stage313

values below 10−1, while it is similar to the averaged water velocity in the layer of transport314

vlayer above.315

2.5 Transport capacity laws316

At equilibrium, when the sediment load in the stream varies neither spatially nor tem-317

porarily, deposition and erosion balance each other (ė = ḋ) and, as a consequence, the318

sediment load in the river system is equivalent to the stream capacity qeqs [m2·s−1]. Replac-319

ing the transport length ξ and the erosion coefficient ke in the relationship between erosion320

rate ė and stream capacity qeqs by their expressions (Equations 4 and 8), the equilibrium321

sediment load can be written as:322

qeqs = ξ ė = ξ ke (τ − τc) =
π

6
ce

hs vs
ρs ws2

(τ − τc) (17)

Transport laws are commonly expressed in dimensionless form using the Shields number323

θ [-] in place of the shear stress τ . The Shields number (Shields, 1936) is defined as:324

θ =
τ

ρ R g d
(18)

For the same purpose, the dimensionless transport rate, or Einstein number (Einstein,325

1950), q∗s [-] is defined as:326

–14–
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q∗s =
qs√
R g d3

(19)

Consequently, the dimensionless transport rate at equilibrium derived from our model327

is expressed as:328

qeq∗s =
π

6
ce

ρ

ρs

hs
d

√
R g d vs
ws2

(θ − θc) (20)

Equation 20 is an equilibrium model for the total load of a given grain size. It includes329

a critical threshold as in many transport laws, especially for bed load. Indeed, we will330

show below that our model is similar in form to Meyer-Peter and Müller (1948), Kleinhans331

and van Rijn (2002), Lajeunesse et al. (2010), among others. The scaling behaviour of the332

transport capacity qeqs with the bed shear stress τ depends on the characteristic height hs333

and velocity vs. The scaling value m [-] such as qeq∗s ∝ (θ − θc)m will be investigated later.334

In the following we assume that the model introduced in this section is applicable to335

sediment mixtures by accounting for the fraction of the ith size in the erosion and deposition336

equations, and by modifying the critical threshold to account for the collective effect of337

multiple grain size.338

Computation steps of the sediment transport capacity are provided in Appendix A.339

3 Elements of calibration340

The only model parameter that requires calibration is the erosion constant ce and341

we estimated it using the data presented in Lajeunesse et al. (2010) for single grains and342

Houssais and Lajeunesse (2012) for bimodal mixtures. Bedload transport was studied by343

measuring fluxes of spherical sediment grains. In their erosion-deposition model, the erosion344

rate ṅe [m−2·s−1] is:345

ṅe =
F

d2 te
(21)

where F [-] is the sediment fraction, te [s] is the erosion time defined as te = ρsdws/ce (τ − τc).346

The deposition rate ṅd [m−2·s−1] is defined as:347

–15–
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ṅd =
n

td
(22)

where n [m−2] is the surface density of moving grains and td [s] is the deposition time.348

Similar to Lajeunesse et al. (2010) and Houssais and Lajeunesse (2012), we consider349

a deposition time that depends on the grain size. Knowing that no suspension occured in350

their experiments, we assume that the deposition time should encompass the duration of the351

saltation jump, i.e., td ∝ hsalt. The saltation height depends on the shear stress (Equation352

9); however, the dependence of the deposition time on the shear stress was not accounted353

for by Lajeunesse et al. (2010) and Houssais and Lajeunesse (2012). In this paper, we define354

a grain-size and shear-stress dependent deposition time:355

td =
hs
ws
≈ hsalt

ws
(23)

Assuming a steady and spatially uniform flow, we have ṅd = ṅe. Thus, the number of356

moving particle at saturation nsat [m−2] writes as:357

nsat d
2

F
=
td
te

= ce
ρ

ρs

R g d

ws2
θc

(
α T ∗ + a T ∗1+b

)
(24)

Critical Shields values estimated by Lajeunesse et al. (2010) and Houssais and Laje-358

unesse (2012) were also used. Based on bed load data only, the linear regression on all the359

experimental data gives ce=37.64 (R2=0.71) (Figure 3a) and leads to an erosion coefficient360

ke that varies over three orders of magnitude (Figure 3b).361

4 Model consistency and validation362

4.1 Transport length363

The modeled transport lengths differ significantly from saltation lengths lsalt [m] and364

excursion lengths lsusp [m] reported in the literature (Figure 4). Indeed, our model predicts365

transport lengths that are at least one order of magnitude smaller than the saltation lengths366

(see Ali and Dey (2019) for a review) and at least three orders of magnitude smaller than367

the excursion lengths observed by Naqshband et al. (2017) under similar conditions tested in368

flume studies. These results suggest that predicted transport lengths are not comparable to369

–16–
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Figure 3. Model calibration. a) Linear regression of the erosion constant ce based on data

gathered by Lajeunesse et al. (2010) and Houssais & Lajeunesse (2012), b) Plot of ke against grain

diameter d.

–17–
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Figure 4. Comparison of modeled transport lengths with measured saltation and excursion

lengths. Model predictions plotted a) against saltation lengths measured by Auel et al. (2017)

for spherical grains (SG) and natural grains (NG) and, b) agains excursion lengths measured by

Naqshband et al. (2017) for plastic and sediment grains of various sizes.

particle travel distances measured in the laboratory or in the field. The difference between370

our theory based on flux and experiments on single particles may explain this discrepancy.371

Figure 5a inspired by the Hjulström diagram (Hjulström, 1935) shows that the char-372

acteristic height hs formulation presented in this paper illustrates the different transport373

behaviors as well as the transition from one mode of transport to the other. Whereas the374

hs/h ratio varies between 0 and 1 for fine sediment for a wide range of shear stress values,375

it increases from about 0 at low shear stress to less than 0.1 for high stress values for coarse376

grains. This shows that fine sediment grains, smaller than ∼0.1 mm are systematically377

–18–
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Figure 5. Characteristic height to grain diameter ratio hs/d (a) and transport length ξ (b) for

a bed roughness of 3 d/30, a slope of 0.001, water depths ranging from 1 cm to 30 m, shear stress

values ranging from 10−2 to 103 Pa and sediment grain diameters varying from 10 µm to 10 cm.

The Shields curve that gives the critical shear stress for initiation of motion is plotted in dark gray

and the curve that corresponds to initiation of suspension u∗ = ws is plotted in light gray.

transported in suspension over most of the water depth regardless of the bed shear stress,378

while coarse grains exhibit different transport height regimes: rolling, saltation and suspen-379

sion but tend to remain concentrated at the bottom of the water column. This result is380

consistent with the familiar Hjulström diagram.381

Figure 5b shows transport length values for a wide range of grain sizes assuming a slope382

of 0.001 and a bed shear stress varying with water depth. It appears that the transport383

lengths of grains coarser than 100 µm exhibit a slow increase with larger bed shear stress,384

whereas fine grains present a sharp rise in transport length values. Considering the shear385

stress range presented in Figure 5a, when the transport length of fine grains (d=50 µm)386

covers seven orders of magnitude and reaches 104 m, the transport length of coarse grains387

(d=5 cm) only varies over one and is up to 1 m (Figure 5b). These magnitudes suggest that388

coarse grains saturate over short distances, while fine grains need very long distances (up389

to ∼103 km) to reach equilibrium and depending on the spatial scale considered may never390

be at saturation. The strong variations of transport length with grain size stresses the need391

to use a grain size-specific transport length. The characteristic height of transport may be392

smaller for finer grains than coarse ones since the finer grains tend to be transported in393

saltation or suspension at heights that are lower than the diameter of coarse grains.394

–19–
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Figure 6. Comparison between model predictions and existing transport capacity laws. Example

given for a grain size of d=1 mm, a slope of 0.005, a bed roughness z0 = 3d/30, a Manning coefficient

of 0.02 and a water depth h ranging from 1 cm to 30 m. Continuous values of scaling exponent m

illustrate the connection between bedload and suspended load.

4.2 Comparison with published data of sediment load395

Assessing the asymptotic behavior of the transport rates is one way to indirectly val-396

idate our model. Furthermore, the comparison of modeled saturated transport rates with397

experimental data allows for an evaluation of its predictive capabilities. Our Multi Grain-398

Size Total Load model considers a grain size-specific threshold of motion and, when it is399

exceeded, a non-zero sediment transport rate value is modeled. Thus, for the comparison400

with flume measurements, we only took into account the grain sizes that are predicted in401

motion by our model in spite of experimental data exhibiting non-zero and positive transport402

rates that contradict the predictions of no motion.403

4.2.1 Bed load transport404

First, we assess our model predictions for bed load transport considering a single grain405

size. Many published bed load transport formulas predict that the dimensionless transport406

rate at equilibrium scales with the excess Shields number as qeq∗s ∝ (θ − θc)1.5 (Meyer-407

Peter & Müller, 1948; Bagnold, 1966; Ashida & Michiue, 1973; Engelund & Fredse, 1976;408

Fernandez-Luque & Beek, 1976; Parker et al., 1982; van Rijn, 1984a; Ribberink, 1998; Wong409
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& Parker, 2006; Lajeunesse et al., 2010). Modeled transport capacities fall within the range410

of magnitudes reported in literature. They exhibit a scaling m that spreads from 1.1 to 2.1411

for 10−2 < θ − θc < 5 × 10−1 and thus appears to vary around the value of 1.5 mentioned412

previously (Figure 6).413

For further assessment of the performance of our model in terms of magnitude, we com-414

pare the values of transport capacities predicted by our model to flume measurements. To415

do so, values of bed load transport predicted by our model were compared to the ones mea-416

sured by Lajeunesse et al. (2010) for similar hydraulic conditions and sediment properties.417

For the comparison with Lajeunesse et al. (2010), we used the critical threshold of motion418

(Table 3 in their paper) and the bed roughness length they measured. We assume that all419

grain sizes were at saturation since the transport lengths, up to 3 mm, are very short com-420

pared to the 2-m-long flume. Overall, the model appears to reasonably estimate transport421

capacities since 95% and 100% of the experimental data are predicted within a factor of 5422

and 10, respectively (Figure 7a). Factors of 5 and 10 are believed to be sufficient for a first423

attempt at developing a completely new theory on multi grain-size total load transport (i.e.,424

potentially unlimited number of grain sizes) under various hydraulic conditions. The good425

results may be explained by the fact that we calibrated our model through the erosion coef-426

ficient ke against their flume data. Furthermore, the data used by Meyer-Peter and Müller427

(1948) were extracted from the ETH report by Smart and Jaeggi (1983). Parameters such428

as water depth, water discharge, flume width, sediment grain size, sediment load serve as429

inputs for our calculations. The critical Shields number was calculated using the formula of430

Soulsby and Whitehouse (1997) and the bed shear stress was corrected for sidewall effects431

(Vanoni & Brooks, 1957; Chiew & Parker, 1994). Since no value was given regarding the432

bed state, a bed roughness length of z0 = 3 d90/30 was chosen (van Rijn, 1982). Although433

the dimensions of the flume used in the experiment are not indicated, we make the assump-434

tion that all grain sizes were at saturation since the transport lengths, up to 1 cm, are very435

short. Figure 7b shows the comparison between the transport capacities predicted by our436

model and the experimental values of Meyer-Peter and Müller (1948). Model predictions437

are slightly poorer as 74% and 80% of the experimental data are predicted within a factor438

of 5 and 10, respectively. Considering only the uniform sediment (5.21-mm and 28.65-mm439

grain sizes), 87% and 94% of the experimental data are predicted within a factor of 5 and 10,440

respectively. Large incorrect predictions in the vicinity of the threshold of motion are likely441

related to incorrect estimates of θc, as we have to infer it, and cannot properly account for442
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Figure 7. Predictions of bed load transport rates at equilibrium for single grain sizes. Model

predictions compared to flume observations by Lajeunesse et al. (2010; a) and Meyer-Peter &

Müller (1948; b). The dark and light gray areas correspond to measured values that are predicted

within a factor of 5 and 10, respectively.

bedforms or sediment heterogeneity. Similarly, using the skin-related shear stress instead of443

the total shear stress could improve model predictions, but would require additional model444

complexity.445

Second, we examine our model predictions for bed load experiments considering a spec-446

trum of grain sizes. We compare the dimensionless fractional bed load transport capacities447

predicted by our model to the data of Houssais and Lajeunesse (2012) and Wilcock et al.448

(2001). We used the data available for the following parameters: water discharge, water449

depth, hydraulic slope, sediment surface fraction, transport fraction, sediment load, and450

sediment diameter. For the comparison with Houssais and Lajeunesse (2012), we used the451

critical threshold of motion that they measured (Table 2 in their paper) and a bed roughness452

length of z0 = 3 d50/30 was assumed. All grain sizes were at saturation since the trans-453

port lengths up to 2 mm are very short compared to the 2-m-long flume working section454

down stream. Figure 8a shows that the magnitude of the dimensionless modeled transport455

capacities are in good agreement with the experimental values of Houssais and Lajeunesse456

(2012): 95% and 96% of the experimental data are predicted by our model within a factor457

of 5 and 10, respectively. As stated before, our model calibration may explain these good458

results. For the comparison with the data of Wilcock et al. (2001), a bed roughness length459
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Figure 8. Predictions of bed load transport rates at equilibrium for mixtures. Model predictions

compared to flume observations by Houssais and Lajeunesse (2012; a) and Wilcock, Kenworthy &

Crowe (2001; b). The dark and light gray areas correspond to measured values that are predicted

within a factor of 5 and 10, respectively.

of z0 = 3 d90/30 was assumed. The same method as the one mentionned in Wilcock and460

Crowe (2003) was applied to calculate values of bed shear stress corrected for sidewall ef-461

fects (Vanoni & Brooks, 1957; Chiew & Parker, 1994). We used the bed-surface grain size462

reported by Wilcock et al. (2001) for each size and each transport sample to specify Fi,463

to estimate the critical shear stress corrected from hiding-exposure effects τc,i (Equations464

4 and 6 in Wilcock and Crowe (2003)) and ultimately to calculate the grain-size specific465

erosion rate ėi. All grain sizes were at saturation since the transport lengths up to 1 cm466

are very short compared to the 8-m-long flume working section down stream. Figure 8b467

shows that the model predicts transport capacities which are on average consistent with the468

experimental data of Wilcock et al. (2001). However, the model overpredicts fluxes at low469

excess Shields number, and underpredict them at high excess Shields numbers up to two470

orders of magnitude. The evaluation of the fit of the transport capacity as a function of471

excess Shields number gives 36% and 50% of the experimental data that are predicted by472

our model within a factor of 5 and 10, respectively. We explore the potential causes of the473

poorer prediction results of the model in the discussion.474
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4.2.2 Total load transport475

Total load transport formulas predict stream capacities that combine all modes of trans-476

port. Modeled transport capacities fall within the range of magnitudes reported in literature477

(Bagnold, 1966; Engelund & Hansen, 1967; van Rijn, 1984b). They exhibit a scaling that478

spreads from 2.1 to 2.8 for 5 × 10−1 < θ − θc < 101 and thus appears to vary around the479

value of 2.5 found by Engelund and Hansen (1967) (Figure 6).480

For further assessment of the performance of our model in terms of magnitude, we com-481

pare the magnitudes of transport capacities predicted by our model to flume measurements.482

To do so, the data used by Engelund and Hansen (1967) were extracted from the report by483

Guy et al. (1966). Parameters such as water depth, water discharge, flume width, sediment484

grain size, sediment load serve as inputs for our calculations. The critical Shields num-485

ber was calculated using the formula of Soulsby and Whitehouse (1997) and the bed shear486

stress was corrected for sidewall effects (Vanoni & Brooks, 1957; Chiew & Parker, 1994).487

The state of the bed was described for some of the experiments but lacking for others. When488

the state of the bed is not described, we assume the bed to be plane with a roughness length489

of z0 = 3 d90/30 (van Rijn, 1982). When sand dunes are reported along with their height490

Hs [m] and length Ls [m], we consider the roughness length to be z0 = max
(

3 d90/30, 8
H2

s

Ls

)
491

since it gives the best results with our model (Nielsen, 1992). All grain sizes were at sat-492

uration since the transport lengths up to 24 cm are very short compared to the 45-m-long493

flume. Figure 9 shows the comparison between the total transport capacities predicted by494

our model and the experimental values of Guy et al. (1966). The model predicts 51% and495

66% of the total transport capacities within a factor of 5 and 10, respectively (Figure 9).496

This is obtained without calibration of the model in the “suspension” regime.497

The discrepancy between predictions and observations is likely to stem from the mea-498

surements of the sediment load since local changes in bed shear stress and turbulences may499

have caused a strong variability in sampled concentration of suspended sediment (Guy et500

al., 1966). Another parameter that may play a role is the bed roughness length z0 associated501

with the presence of dunes affecting the velocity profile.502

5 Sensitivity analysis503

The following sensitivity analysis was conducted to understand how the different pa-504

rameters of our model impact the predictions of transport length and transport capacity and505
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Figure 9. Predictions of total load transport rates at equilibrium for single grain sizes. Model

predictions compared to flume observations by Guy et al. (1966). The dark and light gray areas

correspond to measured values that are predicted within a factor of 5 and 10, respectively.

identify key variables that should be measured beforehand and those that do not require a506

precise parametrization.507

5.1 Diffusivity ratio508

The diffusivity ratio β gives shape to the vertical sediment concentration profile via509

the modified Rouse number (Equations 11 and 12). It affects the characteristic transport510

height hs by controlling the gradient of vertical sediment distribution in the water column511

r0 (Equations 10 and 13). Thus the diffusivity ratio plays a role in the transport length ξ512

(Equation 8) and the deposition rate ḋ for sediment transported in suspension (Equation 7).513

Tests reveal that a change in the ratio of sediment diffusivity to eddy viscosity influences the514

deposition rate predictions far from the threshold of motion but has only limited effect in its515

vicinity (Figure 10a). Different formulas exist to calculate the diffusivity ratio (Rouse, 1937;516

van Rijn, 1984b; Rose & Thorne, 2001; Cheng et al., 2013; Santini et al., 2019; Chauchat et517

al., 2022). Rose and Thorne (2001) established that this ratio varies between 0 and 3.1 and518

increases with a decreasing ratio of the shear velocity to the settling velocity. Santini et al.519

(2019) modified the equation proposed by Rose and Thorne (2001) to account for the change520

in sediment distribution through the water column due to water depth. These two formulas521

lead to longer modeled transport lengths and thus lower deposition rates at large excess522
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Figure 10. Sensitivity analysis of the Multi Grain-Size Total Load Sediment Transport Model.

The effect on the deposition rate via the transport length (upper row) and transport capacity

(lower row) of three parameters was tested: a-b) diffusivity ratio β, c-d) bed roughness length z0,

e-f) threshold of motion θc. Three formulas of the diffusivity ratio were tested: β = 1 (Rouse, 1937),

β = f (u∗, ws) (Rose & Thorne, 2001) and β = f (u∗, ws, h, d) (Santini et al., 2019). Three values

of bed roughness length were tested according to the ones reported in van Rijn (1984a). Three

formulas of critical Shields number were tested: Soulsby and Whitehouse (1997) (θc = f (d)),

θc=0.005 and θc=0.5.

Shields number when β < 1 (Figure 10a). Consequently, variations in diffusivity ratio affect523

predictions of suspended load transport rates but not bed load transport rates (Figure 10b).524

Indeed, at large excess Shields number, the scaling of the dimensionless transport capacity525

increases with decreasing diffusivity ratio and the magnitude of the dimensionless transport526

capacity rises.527

5.2 Bed roughness length528

The bed roughness length z0 calculated using the bed roughness height ks is considered529

as the reference height of the parabolic velocity profile. This parameter is used to calculate530

the characteristic height hs via the vertical gradient of sediment distribution r0 which plays531
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a role for suspended sediment (Equations 10 and 13) and to compute the characteristic532

velocity vs (Equation 16). Consequently, the bed roughness length plays a role in the533

transport length ξ (Equation 8) and the deposition rate ḋ (Equation 7) for all transport534

modes. Figure 10c shows that a change in bed roughness height affects the deposition rate535

predictions in the vicinity of the threshold of motion but has only limited impact away from536

it. Consequently, it mostly affects bed load transport predictions. Indeed, a decrease in537

bed roughness height from ks = 10 d90 to ks = d90 is associated with an increase in the538

modeled transport lengths and thus a decrease in deposition rates at low excess Shields539

number (Figure 10c). We note that having bed roughness explicitely in the model allows to540

potentially account for the presence of bed forms, for which formulas exist (van Rijn, 1982,541

1984c; Grant & Madsen, 1986; Nielsen, 1992). At low excess Shields number, the scaling542

of the dimensionless transport capacity decreases slightly with higher bed roughness height543

and the magnitude of the dimensionless transport capacity decreases (Figure 10d).544

5.3 Threshold of motion545

The transport stage T ∗ influences the characteristic transport height hs (Equation 10)546

and, in turns, the characteristic transport velocity vs in the saltation regime (Equation 16).547

Thus, the critical shear stress τc beyond having an explicit role in the erosion rate (Equation548

3), also has an implicit contribution to the deposition rate ḋ through the transport length549

ξ (Equations 7 and 8). A change in the threshold of motion affects the deposition rate550

and erosion rate (not shown here) predictions, with the largest variations in rate occurring551

close to the threshold. Indeed, the modeled deposition rates increase with increasing critical552

Shields number (Figure 10e). Ultimately, variations in threshold of motion affect bed load553

predictions by several orders of magnitudes (Figure 10f). The grain-size specific threshold of554

motion is a critical parameters to tune when predicting bedload transport capacities. Note555

that the critical shear stress may also vary with the bed slope (Recking, 2009).556

6 Discussion about the continuous model of sediment transport557

6.1 Transport length558

Our continuous model of sediment transport length covers the full spectrum of transport559

modes from rolling or sliding to suspension, passing by saltation. The power of this Multi-560

Mode Transport Length model is due to a single parameter: the characteristic transport561
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height hs. hs brings physical consistency by representing sediment motion as a continuum of562

motion and thus enhances the richness of sediment transport prediction for an heterogeneous563

population of sediment grains. This parameter is the key to the unified theory of sediment564

transport since it includes the complexity of all the transport modes with dependencies on565

sediment properties and hydraulic conditions (water discharge, slope).566

The transport length varies strongly non-linearly with grain size and is affected by the567

slope for fine grains transported in suspension only (Figures 5b and 11a). Such a large568

dispersion of transport lengths may play an important role in the generation of anomalous569

diffusion for populations of heterogeneous sediments (Martin et al., 2012). The new model570

predicts disequilibrium lengths ξ that do not identify with published equations of saltation571

and suspension lengths. Using the latter values would lead to significant over-estimation of572

transport capacities.573

6.2 Single grain-size transport law574

Our model is able to predict the transport capacity across a wide range of transport575

stages, and manages to seize the two transport law scalings with the shear stress regularly576

reported in the literature: m ≈1.5 for bed load transport (Meyer-Peter & Müller, 1948) and577

m ≈2.5 for total load transport (Engelund & Hansen, 1967). Our model is locally consistent578

with existing transport law scalings but differs also from them since the scaling continuously579

varies with the transport stage (Figures 6 and 11b). Since the erosion rate increases linearly580

with increasing shear stress, changes in scaling of the stream capacities with the shear stress581

stem from the variations in the magnitude of transport length. More precisely, the change582

in scaling mainly comes from the characteristic transport height hs and the fact that the583

contribution of the suspension prevails on the saltation in Equation 10. As hs continuously584

changes with T ∗, so does the scaling exponent.585

We can explore asymptotic behaviors to understand the origin of the scaling exponents.586

• In the vicinity of the threshold of motion, sediment tend to be transported in saltation587

as bed load. When the characteristic height (Equation 10) is independent of the588

shear stress, hs ≈ 0.6 d ∝ τ0, the characteristic velocity scales with the shear stress589

as vs ∝ T ∗ or u∗ ∝ τ0.5 (Equation 16). Consequently, the transport length scales590

with the bed shear stress as ξ ∝ τ0.5 resulting in a saturated flux scaling as τ1.5,591

which is similar to the formula derived by Meyer-Peter and Müller (1948). With592
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increasing shear stress during bed load transport, a second regime of saltation height593

takes place. The characteristic height (Equation 10) scales with the shear stress as594

hs ≈ 0.6 d + 0.025 d T ∗ ∝ τ1, while the characteristic velocity still depends on the595

shear stress as vs ∝ τ0.5 (Equation 16). Consequently, the transport length scales596

with the bed shear stress as ξ ∝ τ1.5 resulting in a saturated flux scaling as τ2.5,597

which is similar to the formula derived by Engelund and Hansen (1967).598

• Far from the threshold of motion, sediment tend to be transported as suspended599

load in a layer with a thickness that tends towards the water depth h. While the600

characteristic height (Equation 10) has a linear dependency on the shear stress hs ≈601

h ∝ τ1, the characteristic velocity (Equation 16) is about the depth-averaged flow602

velocity ū and thus scales with the shear stress as vs ∝ τ0.5. Therefore, the associated603

transport length scales with the bed shear stress as ξ ∝ τ1.5 which results in a604

saturated load scaling as τ2.5 similar to the formula derived by Engelund and Hansen605

(1967).606

It appears that two modes of transport lead to a scaling of 2.5 of the total load with607

the bed shear stress. Scaling values between the saltation and the suspension regimes may608

be larger than 2.5 (Figure 11b) since it corresponds to a transition phase between the two609

transport modes, when the gradient of sediment distribution r0 has a non-zero scaling with610

the shear stress. For fine grains, the transition between the 1.5 and 2.5 scaling exponents611

is sensitive to the bed slope (Figure 11b) with scaling values that increase (above 2.5) with612

decreasing slope.613

The equilibrium transport rate equation that stems from our new transport length for-614

mulation combined to the erosion-deposition framework can be simply expressed for spher-615

ical grains. Although our model has no free parameter but rather uses relations deduced616

from experimental measurements carried out in very variable conditions, it yet succeeds in617

predicting transport capacities consistent with the existing single grain-size laws and for a618

wide range of grain sizes and transport rates. Indeed, the erosion coefficient ke equation619

derived from Lajeunesse et al. (2010) and Houssais and Lajeunesse (2012) appears to reason-620

ably predict the erosion rate for the single grain-size approach when grains are transported621

as bed load. Further tests should be carried out to examine the effects of non-spherical622

grains, large sediment concentrations, grain collisions, etc., on this entrainment coefficient.623

Furthermore, the sensitivity analyses reveal that some parameters critically affect model624
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Figure 11. Predictions of transport lengths and transport rates at equilibrium. a) Transport

length ξ plotted against the dimensionless excess of shear stress θ− θc. b) Dimensionless transport

capacity qeq∗s plotted against the dimensionless excess of shear stress θ − θc. A grain diameter of

500 µm, a hydraulic slope of 0.001 and a water depth ranging from 1 cm to 30 m were considered.

The bed roughness was taken as z0 = 3d90/30.
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predictions and thus should be carefully chosen. Bed load predictions are affected by the625

threshold of motion θc and impacted by the bed roughness length z0 through the character-626

istic velocity of transport vs. The bed roughness length z0 calculated using bedform height627

and length or assumed as z0 = 3 d90/30 may differ from the actual one. Under-estimating628

the bed roughness length results in predicted transport capacities much greater than the629

measured ones. Besides, the threshold of motion obviously influences the modeled transport630

lengths and thus transport capacities to a small extent.631

For suspended load, our model over-estimates the transport capacities predicted by632

van Rijn (1984b) (Figure 6) and measured by Guy et al. (1966) (Figure 9). For θ −633

θc > 1, the increasing trend may be caused by the approximation we make to calcu-634

late the gradient of distribution r0. This gradient writes without approximation as r0 =635

Cs h/hs (q − qsalt) / (qs − qs,salt). However, we assume that fluxes related to the saltation636

layer qsalt and qs,salt are negligible compared to fluxes over the whole water column for sed-637

iment in suspension and thus that the gradient of sediment distribution writes r0 ≈ h/hs.638

This may be a too gross approximation that results in under-estimation of this gradient639

and thus in predicted transport capacities much greater than observed ones. Besides, sus-640

pended/total load predictions are influenced by the diffusivity ratio β that determines the641

distribution of the sediment over the water column. In addition, we use the total shear stress642

instead of the skin- and bedform-related shear stresses to predict the bed load and suspended643

load, respectively. Thus, the associated shear stress may be wrongly estimated since it does644

not account for the presence of bedforms and thus causes over-/under-predictions of trans-645

port capacities.646

6.3 Extension to a multi grain-size model647

The model presented before can be extended to a population of grains with various648

sizes by considering the grain-size specific deposition rate ḋi = qs,i/ξi and the grain-size649

specific erosion rate ėi = Fi ke,i (τ − τc,i) where Fi [-] is the grain-size specific fraction650

and by accounting for the effects of grain interactions on the grain-size specific threshold of651

motion.652

In contrast to monodisperse sediment, grains in sediment mixtures are subject to dif-653

ferent drag forces that control their mobility (Einstein, 1950). Indeed, hiding effects that654

occur when fine grains are sheltered behind coarser grains lead to an increase in bound-655
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ary shear stress required to move fine grains. This boundary shear stress is closer to the656

value of boundary shear stress needed to initiate motion of coarse grains. Similarly, coarse657

grains protude through the surface and are more exposed to the flow, meaning that ex-658

posure effects lead to a decrease in boundary shear stress required to move coarse grains.659

As a consequence, the critical boundary shear stress τc,i is corrected to account for these660

hiding-exposure effects.661

Empirical equations (Einstein, 1950; Wilcock, 1993) express the corrected critical shear662

stress as:663

τc,i = ζi τc,50 where ζi =

(
di
d50

)1−γ

(25)

where ζi [-] is the empirical factor of hiding-exposure, τc,50 [Pa] is the critical shear stress664

associated to the median diameter d50[m] of the sediment mixture and γ[−] is the exponent of665

hiding-exposure independent of the grain size (0 ≤ γ ≤ 1; Parker and Toro-Escobar (2002)).666

Equation 25 is generic enough to capture asymptotic behaviours in which hiding-exposure667

effects dominate or not. An exponent γ = 0 to the case when they are no hiding-exposure668

effects, while an exponent of γ = 1 means equal mobility, i.e., all grains sizes in a mixture669

have the critical shear stress of the median grain size.670

Contrary to the previous equation that assumes fine grains sitting on coarser grains and671

that does not consider bed armouring, the theoretical formula of Egiazaroff (1965) could be672

used to calculate the factor of hiding-exposure ζi:673

ζi =

(
log10 (19)

log10 (19di/d50)

)2

(26)

Wilcock and Crowe (2003) suggests another approach to estimate the grain-size specific674

critical shear stress that fundamentally differs from the power law relationship (Equation675

25) and the Egiazaroff function (Equation 26). They established a model of hiding-exposure676

factor that has the form of a power function but with an exponent γi that depends on the677

grain size:678

γi = 1− 0.67

1 + exp
(

1.5− di
d50

) (27)
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This hiding function reveals the grain-size sorting that occurs between the bed surface and679

the subsurface through the di/d50 ratio as well as the impact of the sand fraction on the680

bed mobility.681

It is worth noting that the model presented in this paper is based on equations estab-682

lished for sediment of single size. Thus, all the processes associated with sediment mixture683

of various sizes are likely not encompassed in the current formulation of both the char-684

acteristic transport height hs and the erosion coefficient ke. This likely explains why the685

application of the model to the Wilcock et al. (2001) experiments shows residuals that are686

strongly correlated with the transport stage. This trend may emerge from the definition of687

the saltation height hsalt ≈ 0.6 d for very low excess Shields numbers. At a given excess688

Shields number, this leads to higher saltation heights for coarse grains and smaller saltation689

heights for fine grains. This may be counterintuive for a population of grain transported690

simultaneously, and does result in a decreasing trend in the predicted transport capacities691

with excess Shields number. In the absence of theoretical or experimental data describing692

hs for strongly heterogeneous sediment mixtures, we hypothetise that hs should depend693

on an effective grain size, or measure of the bed roughness. For instance, modifying the694

first right-member of the equation of Auel et al. (2017) by using the median diameter:695

hsalt = 0.6 d50 + a d T ∗b, removes the decreasing trend. A significant offset exists between696

the predicted and observed bedload fluxes, that can be compensated by reducing the co-697

efficient of erosion ke by a factor three (Figure 12). This results in 39% and 57% of the698

experimental data that are predicted by our model within a factor of 5 and 10, respectively.699

Indeed, if the critical shear stress of entrainment must be adjusted for a population of grains,700

it is very likely that the coefficient of erosion may also depends on hiding-exposure effects701

that are yet to fully comprehend. If Equations 25, 26 and 27 are indicative of the level of702

complexity needed to account for hiding-exposure effect, we do expect that hs and ke may703

have potentially complex formulations. The above tweak of Eq. 9 and ke is only indicative704

that the new framework we propose may offer generalization between single grain-size and705

multi grain-size total load transport in a complete new way, bringing us closer to a universal706

sediment transport model, both in stationary and non-stationary conditions.707

7 Conclusions708

Despite numerous sediment transport formulas, none is applicable for both bed load and709

suspended load while also considering sediment heterogeneity and various flow conditions.710

–33–
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Figure 12. Adjusted predictions of bed load transport rates at equilibrium for flume observations

by Wilcock et al. (2001). A modified version of Eq. 9, hsalt = 0.6 d50 + a d T ∗b, was used as well as

an erosion coefficient ke three times smaller. The dark and light gray areas correspond to measured

values that are predicted within a factor of 5 and 10, respectively.

The combination of the transport length model with the erosion-deposition framework leads711

to the emergence of a continuous theory of sediment transport that may be applied for a712

wide range of shear stresses and sediment mixtures.713

We present a continuous model of sediment transport length that depends on three714

parameters: a characteristic height, a characteristic velocity and a settling velocity. The715

former two relates to the portion of the water column where most of the sediment fluxes716

occurs. The characteristic height is the key parameter that encompasses the diversity of717

transport modes while the characteristic velocity includes the influence of bed properties718

such as the bed roughness that is highly sensitive to the granulometry and the state of the719

bed, e.g., bed forms. Hence, the transport length embraces the variety of physical processes720

that govern grain motion as a continuum. To our knowledge, this is one of the first models721

that attempts to capture all the modes of transport, i.e., rolling, saltation and suspension,722

for a population of heterogeneous grains regardless of the water discharge.723

The new parametrization of the transport length combined to the erosion-deposition724

framework allows for the calculation of equilibrium transport rates, i.e., stream capacities.725

Our continuous transport model is applied to both bed load and suspended load thanks to726

the transport length that dictates how the transport rate scales with the bed shear stress.727

–34–
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Besides, the Multi-Mode transport length model we developed could be a powerful tool to728

study sediment mixtures when different modes of transport may be observed simultaneously.729

The adaptation of the erosion-deposition framework for multi grain-size transport is done730

by considering hiding-exposure effects and sediment fractions but adjustment are needed731

to have a fully functional model for sediment mixtures. Its application in the context of732

channel morphodynamics would require an additional component that accounts for grain733

size sorting between the transport, the bed surface, and the bed subsurface.734
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Appendix A Computation of deposition and erosion rates735

The input data required to compute the deposition and erosion rates are: the sediment736

grain diameter d, the sediment diffusivity ratio β, the sediment density ρs, the sediment737

settling velocity ws, the sediment Shields number θc, the water depth h, the sediment flux738

qs (for non-stationary conditions) the water density ρ, the hydraulic slope s, the depth-739

averaged water velocity u,the channel width W and the bed roughness length z0. The value740

of three constants such as the gravitational constant g, the von Karman constant κ and the741

empirical constant for the erosion coeffcient ce are also needed.742

The computation of the deposition rate is as follows:743

1. compute the bed shear stress τ as τ = ρ g Rh s where Rh = hW/ (2h+W ) is the744

hydraulic radius;745

2. compute the critical shear stress τc according to Soulsby and Whitehouse (1997) and746

potentially corrected from hiding-exposure effects in the case of multi grain sizes;747

3. compute the erosion coefficient ke using Equation 4;748

4. compute the erosion rate ė using Equation 3.749

The computation of the deposition rate is as follows:750

1. compute the bed shear stress τ as τ = ρ g Rh s where Rh = hW/ (2h+W ) is the751

hydraulic radius;752

2. compute the critical shear stress τc according to Soulsby and Whitehouse (1997) and753

potentially corrected from hiding-exposure effects in the case of multi grain sizes;754

3. compute the transport stage T ∗ as T ∗ = τ/τc − 1;755

4. compute the saltation height hsalt using Equation 9;756

5. compute the shear velocity u∗ as u∗ =
√
τ/ρ;757

6. compute the Rouse number P using Equation 12;758

7. compute the distribution gradient r0 using Equation 13;759

8. compute the characteristic transport height hs using Equation 10;760

9. compute the saltation velocity vsalt using Equation 14;761

10. compute the average water velocity in the transport layer vlayer using Equation 15;762

11. compute the characteristic transport velocity vs using Equation 16;763

12. compute the disequilibrium length ξ using Equation 8;764

–36–
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13. compute the deposition rate ḋ using Equation 7.765

The stationary total sediment load is obtained as qeqs = ξ ė (Equation 17).766

–37–
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Notation767

a : factor for the saltation height768

α : empirical constant for the saltation height769

b : exponent for the saltation height770

β : diffusivity coefficient771

ce : empirical constant for the erosion coefficient772

Cs : sediment concentration773

Cs,ref : sediment concentration at the reference height774

C∗
s : sediment concentration in the layer of transport775

d : sediment grain diameter776

d50 : median diameter777

d90 : 90% of the grains are smaller than this diameter778

ḋ : deposition rate779

ė : erosion rate780

F : surface volume fraction781

g : gravitational constant (9.81m · s−2)782

γ : exponent of hiding-exposure783

h : water depth784

hs : characteristic sediment transport height785

hsalt : saltation height786

κ : von Kármán constant787

ke : erosion coefficient788

ks : roughness height789

lsalt : saltation length790

lsusp : suspension length791

m : scaling of the transport rate with bed shear stress792

ν : kinematic viscosity of water (10−6 m2 · s−1)793

n : surface density of moving particles794

ṅe : erosion rate795

ṅd : deposition rate796

P : Rouse number797

q : water discharge per unit width798

–38–
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qs : sediment load in the stream per unit width799

qeqs : transport capacity800

q∗s : dimensionless transport rate801

R : sediment specific gravity802

r0 : gradient of sediment distribution above the saltation layer803

ρ : water density (1 000 kg ·m−3)804

ρs : sediment density (2 650 kg ·m−3 unless mentionned otherwise)805

td : deposition time806

te : erosion time807

T ∗ : transport stage808

τ : bed shear stress809

τc : critical shear stress810

θ : Shields number811

θc : critical Shields number812

θc,50 : critical Shields number for the d50813

u : average flow velocity814

u∗ : shear velocity815

vlayer : average water velocity in the transport layer816

vs : characteristic sediment transport velocity817

vsalt : saltation velocity818

ws : sediment settling velocity819

ξ : sediment transport length820

z0 : roughness length821

zref : reference height of the Rouse profile822

ζ : hiding-exposure factor823
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