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A B S T R A C T 

We conduct hydrodynamical MOND simulations of isolated disc galaxies o v er the stellar mass range M � /M � = 10 

7 –10 

11 using 

the adaptive mesh refinement code PHANTOM OF RAMSES ( POR ), an adaptation of the RAMSES code with a Milgromian gravity 

solver. The scale lengths and gas fractions are based on observed galaxies, and the simulations are run for 5 Gyr. The main aim 

is to see whether the existing sub-grid physics prescriptions for star formation and stellar feedback reproduce the observed main 

sequence and reasonably match the Kennicutt–Schmidt relation, which captures how the local and global star formation rates 
relate to other properties. Star formation in the models starts soon after initialization and continues as the models evolve. The 
initialized galaxies indeed evolve to a state which is on the observed main sequence and the Kennicutt–Schmidt relation. The 
available formulation of sub-grid physics is therefore adequate and leads to galaxies that largely behave like observed galaxies, 
grow in radius, and hav e flat rotation curv es – pro vided we use Milgromian gravitation. Furthermore, the strength of the bars 
tends to be inversely correlated with the stellar mass of the galaxy, whereas the bar length strongly correlates with the stellar mass. 
Irrespective of the mass, the bar pattern speed stays constant with time, indicating that dynamical friction does not affect the bar 
dynamics. The models demonstrate Renzo’s rule and form structures at large radii, much as in real galaxies. In this framework, 
baryonic physics is thus sufficiently understood to not pose major uncertainties in our modelling of global galaxy properties. 

Key words: gravitation – hydrodynamics – methods: numerical – galaxies: general – galaxies: star formation – galaxies: struc- 
ture. 
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 I N T RO D U C T I O N  

alaxies are rather simple systems (Disney et al. 2008 ) that obey
ell-defined scaling relations (Sanders 1990 ). These include the
ass discrepancy–acceleration relation/radial acceleration relation

McGaugh, Lelli & Schombert 2016 ; Lelli et al. 2017 ), the Faber–
ackson relation (Faber & Jackson 1976 ; McGaugh 2004 ; Lelli et al.
017 ), the baryonic Tully–Fisher relation (BTFR; Tully & Fisher
977 ; McGaugh et al. 2000 ; McGaugh 2012 ), the main sequence
MS) of galaxies (Speagle et al. 2014 ), and the Kennicutt–Schmidt
KS) relation (Schmidt 1959 ; Kennicutt 1998 ). The formation of
tars in the galaxy and their feedback on the gas need to be
reated numerically with sub-grid physics algorithms given that these
rocesses act on scales � 1 pc, much below the typical numerical
esolution of around 10–100 pc. Ho we ver, it is gravitation which
o v erns how the star-forming gas settles to form a galaxy. This creates
 problem because gravitation is the least understood of the funda-
ental forces. Based on Solar system data and the work of Newton

 1687 ), gravity was interpreted to be a geometric effect caused by
 E-mail: tnsrikanth1998@gmail.com (STN); pkroupa@uni-bonn.de (PK); 
ndranilbanik1992@gmail.com (IB) 
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he distortion of space–time itself (Einstein 1916 ), causing deviations
rom Newtonian gravity in the strong field regime that explain e.g.
he orbit of Mercury. More recently, Verlinde ( 2011 ) suggested
ravitation to be an entropic force which arises from differences in
he information content of space, while Stadtler, Kroupa & Schmid
 2021 ) suggest gravitation to be a consequence of the wave nature of
atter. Given the lack of a deep physical understanding of gravitation

nd its relation to the quantum mechanical properties of space–time
nd matter, it is perhaps not surprising that significant deviations
rom the non-relativistic Newtonian formulation arise in the rotation
urves (RCs) of galaxies (Faber & Gallagher 1979 , and references
herein). After all, this flat RC problem arises on much larger scales
and within a much weaker gravitational acceleration field) than the
olar system scales that yielded the empirical constraints used in the
ormulation of General Relativity more than a century ago. 

.1 Milgromian dynamics (MOND) 

 modern non-relativistic theory of gravitation was proposed by
ekenstein & Milgrom ( 1984 ) following Milgrom ( 1983a ), who
oted that deviations from Newtonian dynamics appear only when
he Newtonian gravitational acceleration g 

N 
� a 0 ≈ 3 . 9 pc Myr −2 

Begeman, Broeils & Sanders 1991 ; Gentile, Famaey & de Blok
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011 ). Galaxies very often fall in this regime. Their RCs can be
atched rather well if the gravitational acceleration g = 

√ 

a 0 g N , 
hich leads to flat RCs because g then declines only inversely with
istance. Another immediate prediction is that all galaxies must be 
n the BTFR (Milgrom 1983b ), i.e. that the RC of an isolated galaxy
ith baryonic mass M b must become asymptotically flat at the level 

 

f 
= 

(
GM b a 0 

)1 / 4 
, (1) 

here M b is the total baryonic mass of the galaxy. MOND uses only
he observed distribution of baryons to compute the gravitational 
otential. This procedure works quite well (Kroupa et al. 2018 ; 
anders 2019 ). Indeed, MOND successfully predicted tight scaling 
elations that were subsequently observed (Famaey & McGaugh 
012 ; Lelli et al. 2017 ). 
Due to the acceleration-dependent gravity law in MOND, the 

entral surface density � 0 is an important quantity. The vertical New- 
onian gravity at the centre of a thin disc galaxy is g 

N,z 
= 2 πG� 0 .

ow surface brightness galaxies (LSBs) have � 0 ≤ � † , where � † is
he critical surface density in MOND. 

 † ≡ a 0 

2 πG 

= 137 M � pc −2 . (2) 

alaxies with a lower central surface density show a non-Newtonian 
ehaviour ( g > g 

N 
). MOND has been successful in explaining the

ynamics of galaxies in this regime (McGaugh 2020 ). This is also true 
or the case of AGC 114905, which was claimed to be problematic
Mancera Pi ̃ na et al. 2022 ) – but it can be reconciled with MOND
f the inclination has been o v erestimated, a rather plausible scenario
Banik et al. 2022b ). 

Although MOND was originally phrased as a unique relation 
etween g and g 

N 
, it was obvious from the start that this can only

old in spherical symmetry. That is why Bekenstein & Milgrom 

 1984 ) formulated a generalized classical Lagrangian and derived 
 Milgromian version of the Poisson equation that supersedes the 
sual linear Poisson equation. This approach uses an aquadratic 
agrangian (AQ UAL; Bek enstein & Milgrom 1984 ). The other 
vailable approach for such a generalization of the classical La- 
rangian and Poisson equations uses an auxiliary field sourced by 
he baryonic matter. This is called the quasi-linear formulation of 

OND (QUMOND; Milgrom 2010 ). 
Both formalisms have been implemented numerically: Tiret & 

ombes ( 2008a ) developed an N -body solver for the AQUAL
ormulation to study the evolution of spiral galaxies using pure stellar
iscs. Gas dynamics was later included using a sticky particle scheme 
Tiret & Combes 2008b ). RAYMOND (Candlish, Smith & Fellhauer 
015 ) is another N -body and hydrodynamics solver that can solve
oth the AQUAL and QUMOND formulations of MOND. There are 
ultiple N -body solvers that have been used to investigate diverse 

cenarios in MOND (Brada & Milgrom 1999 , 2000 ; Londrillo &
ipoti 2009 ; Angus, Diaferio & Kroupa 2011 ; Wu & Kroupa 2013 ).
mong these, a highly efficient publicly available algorithm has 
een developed to handle only the less computationally intensive 
UMOND approach. This is the PHANTOM OF RAMSES ( POR ) solver
eveloped in Bonn (L ̈ughausen, Famaey & Kroupa 2015 ; Nagesh 
t al. 2021 ), which we use in this study. It is a modification of
he adaptive mesh refinement (AMR) code RAMSES (Teyssier 2002 ) 
hat is widely used to simulate astrophysical problems assuming 
ewtonian gravity. Importantly for our work, only the gravity solver 

s modified in POR – the non-gravitational baryonic physics is not 
odified. POR has been applied to model interacting systems like the 
ntennae (Renaud, F amae y & Kroupa 2016 ), the Sagittarius tidal

tream around the Milky Way (MW; Thomas et al. 2017 ), tidal tails
f open star clusters in the Solar neighbourhood (Kroupa et al. 2022 ),
he tidal stability of dwarf galaxies in the Fornax Cluster (Asencio
t al. 2022 ), the shell galaxy NGC 474 (B ́ılek et al. 2022 ), and
he Local Group satellite planes, which in MOND condensed out of
idal debris expelled by a past MW-M31 encounter (B ́ılek et al. 2018 ;
anik et al. 2022a ). POR has also been used to simulate the formation
f galaxies, with the result that rotating gas clouds naturally collapse
nto exponential disc galaxies (Wittenburg, Kroupa & F amae y 2020 ).
on-rotating clouds on the other hand form elliptical galaxies on the
bserved short time-scales (Eappen et al. 2022 ). 
For in-depth re vie ws of MOND, we refer the reader to Famaey &
cGaugh ( 2012 ) and Banik & Zhao ( 2022 ), while Merritt ( 2020 )

iscusses the philosophical aspects of the missing gravity problem. 

.2 Star formation 

tars form in molecular clouds (MCs) containing mostly molecular 
ydrogen ( H 2 ). The o v erall star formation rate (SFR) of a galaxy
s mainly dependent on its ability to form MCs, which have a wide
ange of mass, size, and density. MCs are sufficiently dense regions
f the interstellar medium (ISM) of a galaxy to contain subregions
hat may collapse under their own gravity, which is possible if the
loud mass M cloud exceeds the thermal Jeans mass M J (Jeans 1902 ).
nce M cloud > M J , the gas cloud collapses and condenses to form

tars. Processes like magnetic fields and turbulence regulate the star- 
orming efficiency by acting against this collapse. But the most 
mportant mechanism that regulates collapse is self-regulation (Yan, 
roupa & Jerabkova 2023 ): when stars form in MCs, protostellar
inds and massive OB stars destroy the clouds via ionization, 
eating by ultraviolet photons, stellar winds, and supernova blast 
aves. Although these processes can quench star formation locally, 

he shock waves can compress gas in another cloud, inducing star
ormation globally. These processes play an important role that 
egulates galaxy formation and evolution. The interplay of only a 
e w observ able parameters like luminosity, stellar mass, and gas
urface density � g leads to the emergence of some tight empirical
elations such as the MS (which relates the SFR to the stellar mass M � ;
peagle et al. 2014 ) and the KS relation (which relates the gas surface
ensity � g to the SFR surface density � SFR ; Kennicutt 1998 ). The
emi-analytic study of Zonoozi et al. ( 2021 ) provides a theoretical
omparison between the KS law and the galaxy MS in Newtonian
nd Milgromian gravity based on the assumption that clouds convert 
 fixed proportion of their mass to stars per free-fall time. 

.3 Aim 

he main aim of this article is to investigate how well the existing
umerical implementation of star formation and feedback available 
n POR (as incorporated in the 2015 version of RAMSES ; Teyssier
002 ) allows the reproduction of real galaxies by numerical models.
he intent is to compute model galaxies using the available sub-
rid physics and then test how well they resemble real galaxies
ith different levels of sophistication of the sub-grid physics. 
dditionally, a study of the bars formed in these simulations will

lso be performed to check if MOND might alleviate significant 
ensions with the � cold dark matter ( � CDM; Efstathiou, Sutherland
 Maddox 1990 ; Ostriker & Steinhardt 1995 ) standard model of

osmology (Roshan et al. 2021b ). 
The article is structured as follows: Section 2 gives a brief

ntroduction to the numerical methods. The set-up of the models 
s described in Section 3 . Their results are presented and discussed
n Section 4 . We conclude in Section 5 . 
MNRAS 519, 5128–5148 (2023) 
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 N U M E R I C A L  M E T H O D S  

OR is a patch to the publicly available code RAMSES (Teyssier
002 ), a grid-based code that uses the AMR technique. RAMSES

lso has a hydrodynamical solver, enabling simulations with gas
nd star formation. POR is a patch to the 2015 version of RAMSES

hat was added by L ̈ughausen et al. ( 2015 ) in order to solve a
umerical implementation of QUMOND (Milgrom 2010 ), whose
eld equation for the potential � is 

 

2 � ≡ − ∇ · g = − ∇ · (νg 
N 

)
, (3) 

here g is the true gravity, g 
N 

is the Newtonian gravity, and ν
s an interpolation function between the Newtonian and MOND
egimes such that g = νg 

N 
in spherical symmetry. We use the simple

nterpolating function (F amae y & Binney 2005 ) as this seems to work
ell with recent observations (Gentile et al. 2011 ; Iocco, Pato &
ertone 2015 ; Banik & Zhao 2018 ; Chae, Bernardi & Sheth 2018 ). 

= 

1 

2 
+ 

√ 

1 

4 
+ 

a 0 

g 
N 

, (4) 

ith g 
N 

being calculated from the baryon density ρb using the
tandard Poisson equation 

 · g 
N 

= − 4 πGρb . (5) 

hroughout this work, we use the notation that v ≡ | v | for any vector
 , with N subscripts denoting Newtonian quantities. 

The POR package is publicly available, 1 along with a published user
anual to set up isolated and interacting disc galaxy simulations and
 brief re vie w of all hitherto performed research with POR (Nagesh
t al. 2021 ). 

.1 Star formation recipe 

cti v ating the POR patch changes the Poisson solver from Newtonian
o MONDian, but the hydrodynamical solver used remains the
efault one that is available in the 2015 version of RAMSES . It
ses a second-order Godunov scheme with a Riemann solver for
he conserv ati v e Euler equations (Te yssier 2002 ; Rasera & Te yssier
006 ). As explained in section 3.1 of Dubois & Teyssier ( 2008 ) and
ection 2.1 of Wittenburg et al. ( 2020 ), gas in each cell is converted
o stellar particles such that the SFR density 

SFR = 

ρ

t � 
if ρ > ρ0 , (6) 

here ρ is the mean gas volume density in the cell, ρ0 is the density
hreshold for star formation, and t � is the star formation time-scale,
hich is proportional to the local free-fall time t ff . 

 � = t ff 

(
ρ

ρ0 

)−1 / 2 

, t ff = 

√ 

3 π

32 Gρ
. (7) 

he justification to use the Newtonian free-fall time here is that, in
he rele v ant regime, it is essentially identical to the MONDian one
see fig. 8 of Zonoozi et al. 2021 ). Hence the computation of this
uantity was not modified in the POR version of the RAMSES code.
e refer the reader to their study for a detailed analytic discussion

f free-fall times in MOND and what this implies for the SFR. 
In RAMSES , a cell is ready to form stars if ρ > ρ0 . The number

f formed stellar particles is N , which is drawn from a Poisson
istribution with mean N . This corresponds to equation (12) of
NRAS 519, 5128–5148 (2023) 
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R  

c  

b

ubois & Teyssier ( 2008 ), but we reproduce this here with slightly
ifferent notation as their version contains a typo (missing power of
 ). The Poisson probability distribution function 

 ( N ) = 

N 

N 

N ! 
exp 

(−N 

)
, N = 

ρSFR d 3 x d t 
m � 

. (8) 

he mean value N depends on the local SFR density ρSFR (equation 6 ),
he time-step d t , the volume d 3 x of the gas cell, and the mass m � =
0 d 3 x of the newly formed stellar particles, using an instantaneous
ecycling scheme to account for supernovae (SNe) and stellar winds
Section 2.2 ). At each time-step, RAMSES checks if ρ > ρ0 and if so,
t uses the Poisson distribution (equation 8 ) to determine how many
tellar particles should be formed. As a result, the possibility remains
hat N = 0 randomly even if ρ > ρ0 and thus N > 0. 

Since the mass of a newly formed particle depends on the volume
f the corresponding gas cell and this decreases as the refinement
evel increases, star formation in the simulation depends on the
esolution. If the cell size is large, it takes a significant amount
f time for the density to exceed the threshold ρ0 , which causes star
ormation to be modelled by a few rarely formed but individually
assive star particles. In the case of higher resolution, the cells are

maller and the star particles that form in these cells have a lower
ass. A higher resolution simulation is also better able to resolve

ensity contrasts, making it more likely to have cells where ρ >

0 . This causes the density of gas to exceed ρ0 in less time, thus
orming more particles and increasing the SFR. Therefore, the mass
f the formed stellar particles and how many there are depend on
he spatial resolution of the code. The amount of gas consumed from
 gas cell to make a stellar particle is also dependent on the star-
orming efficiency. In addition, RAMSES has a safety catch such that
t most 90 per cent of the gas in a cell is consumed by star formation
Dubois & Teyssier 2008 ; Wittenburg et al. 2020 ). 

.2 Feedback prescription 

eedback from SNe is one of the key phenomena that impacts
tar formation in a galaxy. The thermal and kinetic energy from a
upernov a af fects the ISM through small-scale effects like turbulence,
hermal instability, and metal enrichment. These processes affect
ubsequent star formation. RAMSES handles the supernova mass
emoval by assuming that each time a stellar particle of mass m � 

s created, the mass remo v ed from the gas cell is m � (1 + ηsn ), with
sn accounting for the extra mass of the stellar particle that goes into
Ne. This mass of value m � (1 + ηsn ) is remo v ed from the gas cell

mmediately and m � ηsn is released back into the ISM some time t sne 

fter the formation of the particle (Dubois & Teyssier 2008 ). In our
odels, ηsn = 0.1 and t sne = 10 Myr, which are the default values.
his corresponds to an invariant initial mass function (IMF) for the

ong-lived stellar particle of mass m � , with a fraction ηsn being lost
n mass from the birth stellar population through SNe that detonate
 v er a characteristic time-scale t sne . Wittenburg et al. ( 2020 ) provide
 brief comparison of different star formation prescriptions available
n POR and their effects on disc galaxy formation from monolithic
ollapse of a rotating gas cloud evolved in MOND (an application
o the formation of ellipticals can be found in Eappen et al. 2022 ).
AMSES offers three different types of feedback prescriptions which
an be classified as simple, intermediate, and complex. These are
riefly described below. 

https://bitbucket.org/SrikanthTN/bonnPoR/src/master/
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.2.1 Simple feedback 

n this case, all the energy from SNe is deposited as thermal energy
nto the ISM. When the gas density ρ > ρ0 , a certain fraction of the
as is converted into stellar particles (Section 2.1 ), with the remaining 
as handled by a polytropic equation of state which forces the gas
emperature T to satisfy 

 ≥ T 0 

(
ρ

ρ0 

)γ0 −1 

, (9) 

ith equality arising if ρ < ρ0 . Here, T 0 is the average ISM
emperature and γ 0 is the polytropic index, which we take to be 5/3
s appropriate for a monoatomic gas (see section 3.2 of Dubois &
eyssier 2008 ). Since the characteristic time-scale for radiative losses 

n star-forming regions is shorter than the numerical time-step, the 
hermal energy just radiates away before having a significant effect 
n the local ISM (Dubois & Teyssier 2008 ). 

.2.2 Intermediate feedback 

he intermediate (complexity) feedback prescription allows one to 
pecify the fraction of SNe energy to be released into the ISM as
inetic energy, with a radial energy injection scale r sn . This injection
cale is called the supernova bubble radius. For every stellar particle 
reated, there is a corresponding blast wave that carries supernova 
jecta and gas out to the blast radius, with a velocity computed
sing the local Sedov spherical blast wave solution. SNe then release 
nergy, mass, momentum, and metallicity into the respective cells. 
he remaining thermal energy is accounted for in the polytropic 
quation of state (equation 9 ). By default, the 2015 version of RAMSES 

ses a 100 per cent kinetic energy feedback fraction and calculates 
he maximum radius of supernova ejecta using the length of the 
ell under consideration. Pure thermal feedback can be acti v ated by
etting the kinetic feedback fraction to zero. 

.2.3 Comple x feedbac k 

he complex feedback prescription involving radiative transfer is 
AMSES-RT (Rosdahl et al. 2013 ), which is available in RAMSES . In

his case, RAMSES computes radiative cooling and heating processes 
eparately, without the need to change the complete hydrodynamical 
olver. This is because the thermochemistry mainly depends on the 
as density, temperature, metallicity, and ionization state – but by 
efault, collisional ionization equilibrium (CIE) is assumed, enabling 
onization states to be calculated using temperature and density alone. 
hus, the code does not track the ionization states. 
In the case of our models, the cooling function is computed using

ook-up tables from the Sutherland & Dopita ( 1993 ) cooling model
n the temperature and metallicity plane, while tables from Courty 
 Alimi ( 2004 ) are used for different cooling/heating processes.
he heating term mainly includes photoionization, while the cooling 

erm includes recombination, collisional excitation and ionization, 
ompton scattering, and bremsstrahlung. All these processes are not 
omputed in detail as the code assumes CIE and calculates cooling, 
eating, and ionization rates using temperature and density alone. 
he temperature and energy density are updated at the end along 
ith the Euler equations (Wittenburg et al. 2020 ). 
RAMSES-RT (unlike RAMSES ) uses a first-order Godunov scheme 

o solve the Euler equations. RAMSES-RT handles radiative transfer 
ifferently to RAMSES . The code keeps track of ionization states that
re computed carefully keeping track of photons, collisions, and 
ost importantly a non-equilibrium thermochemistry (Rosdahl et al. 

013 ; Wittenburg et al. 2020 ). 
We do not run models with the complex feedback prescription as
t is computationally e xpensiv e. Not running this prescription also
elps to emphasize that Milgromian disc galaxy models do not need
omplex feedback prescriptions to behave like real galaxies. 

 M O D E L S  A N D  SET-UP  

ur aim here is not to perform galaxy formation simulations but
o set up already formed rotating disc galaxies with realistic mass
istributions and gas fractions. The aim is to check if the models
evelop star formation activity comparable to that of observed 
alaxies. 2 If this occurs, then the existing sub-grid algorithms 
escribed abo v e would be adequate in the conte xt of MOND. 

.1 Initial conditions 

e present five models of disc galaxies with M � /M � in the range 10 7 –
0 11 and gas fractions as dictated by observations (Lelli, McGaugh &
chombert 2016 ). The models have two main components: an inner
tellar disc with a radial scale length R d and an outer gas disc with
adial scale length R g , which we set to 2 . 5 R d for reasons discussed
elow. 

.1.1 Calculation of the stellar and gas disc scale lengths 

he independent parameter of our models is the stellar mass M � .
his is used to calculate the luminosity L 3.6 at 3 . 6 μm with an
ssumed mass-to-light ratio of 0.5 Solar units at this mid-infrared 
avelength (Lelli et al. 2016 ; Schombert, McGaugh & Lelli 2022 ).
 3.6 is then used to calculate the gas mass M g = 1 . 33 M HI (to account
or primordial helium) using equation (4) of Lelli et al. ( 2016 ): 

log 10 M HI = 0 . 54 log 10 L 3 . 6 + 3 . 90 , (10) 

here masses and luminosities are in Solar units and disc scale
engths are in kpc, a convention used throughout this work. The
o-obtained M HI is used to calculate the radius R 1 at which the gas
urface density is 1 M � pc −2 by inverting equation (3) of Lelli et al.
 2016 ), which gives 

log 10 R 1 = 

log 10 ( M HI ) − 7 . 20 

1 . 87 
. (11) 

ote that the sign in front of the 7.20 was incorrect in Lelli et al.
 2016 ), a mistake which has been rectified abo v e. The stellar R d is
lso found from the gas mass by combining equations (3) and (6) of
elli et al. ( 2016 ), which yields 

log 10 R d = 0 . 62 log 10 M HI − 5 . 40 . (12) 

e now have the stellar R d , but we still do not know the exponential
cale length R g of the gas component. We therefore guess this and
ubstitute the guess into the gas surface density profile 

 g = 

M g 

2 πR g 
2 exp 

(−R/R g 

)
. (13) 

Since we already know that � g should be 1 M � pc −2 at the radius R
 R 1 , we can confirm whether our guess for R g is correct. We use a
ewton–Raphson procedure to vary R g in order to ensure the surface
ensity reaches the desired level at the radius R 1 . In this way, we
ound that a very good approximation is 

 g = 2 . 5 R d . (14) 
MNRAS 519, 5128–5148 (2023) 
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Table 1. Parameters calculated using the SPARC scaling relations and the Newton–Raphson method (Section 3.1.1 ) for the galaxy 
models, named according to their initial stellar mass in Solar units. M tot = M � + M g is the total baryonic mass of the model 
with stellar mass M � and gas fraction f g . The stellar disc exponential scale length is R d (equation 12 ), R 1 is the radius at which 
� g = 1 M � pc −2 , while R g is the exponential gas disc scale length. The last column is the ratio between the initial central surface 
density and the MOND critical surface density (equation 2 ). 

Model name M tot (M �) M � (M �) f g R d (kpc) R 1 (kpc) R g (kpc) ˜ R eff � 0 / � † 

1e7 1.02 × 10 8 1.0 × 10 7 90.2 per cent 0.28 2 .20 0 .72 0.68 0.34 
1e8 3.44 × 10 8 1.0 × 10 8 71.0 per cent 0.62 4 .28 1 .56 1.29 0.50 
1e9 2.11 × 10 9 1.0 × 10 9 52.6 per cent 1.35 8 .33 3 .38 2.42 1.28 
1e10 1.38 × 10 10 1.0 × 10 10 27.8 per cent 2.92 16 .21 7 .36 4.13 3.74 
1e11 1.13 × 10 11 1.0 × 10 11 11.8 per cent 6.33 31 .52 15 .82 7.45 9.21 
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Figure 1. The rotational period t rot (equation 17 ) at the ef fecti ve radius ˜ R eff 

(equation 15 ), shown as a function of the initial total baryonic mass M tot of 
each model. 
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he initial conditions obtained in this manner are listed in Table 1 ,
hich shows the fraction of the total mass in stars ( f s ) and in gas

 f g ). We use these to define the ef fecti ve radius ˜ R eff of a simulated
alaxy by taking a weighted mean of its initial stellar and gas disc
cale lengths ˜ 
 eff ≡ R d f s + R g f g . (15) 

.1.2 Setting up a disc in Milgromian gravity 

e set up the galaxy simulations using a version of DISK INITIAL

ONDITIONS ENVIRONMENT ( DICE ; Perret et al. 2014 ) adapted to
OND gravity (as discussed in more detail in Banik et al. 2020 ).

he modified version is publicly available. 1 We adapted the template
or the MW as that is already structurally most similar to the models
e wish to consider. In particular, our models have an inner stellar
isc and an outer gas disc, as explained above. To ensure a stable
isc, it must not be completely dynamically cold. The minimum
elocity dispersion is set by the Toomre condition (Toomre 1964 ),
hose generalization to MOND was given in equation (7) of Banik

t al. ( 2020 ) based on earlier analytic results (Banik, Milgrom &
hao 2018 ). In DICE , we set a floor of 1.25 on the MOND Toomre
arameter. The implementation of the aforementioned modifications
as been discussed e xtensiv ely in section 2 of Banik et al. ( 2020 ). 

In the DICE hydrodynamical template for the MW, it is possible to
pecify the gas fraction in the disc and its temperature. The template
s structured such that the required parameters for the inner and
uter components can be set independently. We obtain the required
arameters from Table 1 and adopt a uniform initial temperature
f T = 25 000 K (25 kK) for all the models. This is not the
bsolute temperature – it is actually a measure of the 1D gas velocity
ispersion σ g , which DICE calculates (Banik et al. 2020 ) using 

g = 

√ 

kT 

μm p 

, (16) 

here k is the Boltzmann constant, T is the temperature of the gas,
= 7/4 is the mean molecular weight of the gas, and m p is the mass

f a proton. Thus, our models all have σ g = 10.9 km s −1 initially. 

.2 Simulation set-up 

he DICE outputs were provided as inputs for POR , which adds the gas
sing the condinit routine (Teyssier, Chapon & Bournaud 2010 )
ased on the parameters specified in the namelist file. Initially, all
odels have 2.0 × 10 6 particles. All the models were set up using
 radial double exponential profile (one for the stars and one for the
as) in which both stellar and gas discs are modelled as exponential.
he thickness of the disc is modelled using a sech 2 profile, which is
etailed in section 2.3.1 of Banik et al. ( 2020 ) for the gas component
NRAS 519, 5128–5148 (2023) 
here the thickness changes with radius. The initial gas temperature
2 ISM = T gas = 25 kK, though the gas can subsequently cool down

o a minimum temperature of T2 star = 10 kK as the calculation
roceeds. We adopt a star formation efficiency of 2 per cent (Dubois
 Teyssier 2008 ). The number density threshold n 0 = 0.1 cm 

−3 

ranslates to a density threshold of ρ0 ≈ 0 . 1 H cm 

−3 , which is adapted
rom Dubois & Teyssier ( 2008 ). Every time the gas density or particle
umber density exceeds this threshold, the grid is refined, i.e. the cells
n this grid split into 2 3 child cells in 3D. 

All of the presented models use the intermediate feedback pre-
cription in which SNe provide feedback with a kinetic energy
raction of 50 per cent at the supernova bubble radius r sn = 150 pc
Dubois & Teyssier 2008 ). The smallest allowed cell is smaller than
he diameter of the supernova bubble, while the Jeans length is
esolved into at least four cells. Without resolving the Jeans length,
he gas in a collapsing region might fragment artificially (Truelo v e
t al. 1998 ). We run our highest mass model with one extra level of
efinement to demonstrate numerical convergence (Appendix D ). 

The galaxy models are advanced for 5 Gyr with an output
requency interval of 100 Myr. 3 The rotational period at any radius r
s calculated using 

 rot ( r ) = 

2 πr 

v c ( r ) 
, (17) 

here v c ( r ) is the circular velocity as returned by DICE . The rotational
eriod of each model at its ef fecti ve radius differs little between
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Table 2. The box size and highest spatial resolution of each model. Since 
results are converged for model 1e11, we assume that we have sufficient 
resolution for the other models (Appendix D ). 

Model Box size Highest spatial 
name (kpc) resolution (pc) 

1e7 100 97.65 
1e8 160 156.25 
1e9 300 146.64 
1e10 350 170.89 
1e11 400 195.31 

m  

c

t  

=  

r  

s  

i  

a  

a  

l
s  

s

3

T
p
a
a  

R

t
s

V

w  

i  

a  

v  

b
c
e  

c

4

4

T  

t
t
P
o  

b  

Figure 2. SFR as a function of time in model 1e11. 

Figure 3. The galaxy MS, relating M � and the global SFR. The green circles 
are observed galaxies in the Local Cosmological Volume (Karachentsev et al. 
2013 ), while the red (blue) points show our models with intermediate (simple) 
feedback. The SFR is the average over the period 1–4.5 Gyr. The dashed line 
(equation 20 ) is the MS from Speagle et al. ( 2014 ), with the shaded magenta 
band showing a scatter of ±0.3 dex. 

t  

o  

d  

c  

f  

a  

f
m
F  

4
 

f  

g
o  

i  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/519/4/5128/6895558 by C
N

R
S user on 24 M

arch 2023
odels (Fig. 1 ). Assuming that t rot ≈ 225 Myr, the model galaxies
omplete ≈22 revolutions during the 5 Gyr simulations. 

The minimum number of refinement levels is levelmin = 7, while 
he maximum is levelmax = 10 for models 1e7 and 1e8 and levelmax
 11 for models 1e9, 1e10, and 1e11. The cell size in the best-

esolv ed re gions is determined by levelmax (Table 2 ), while the cell
ize in the least resolved regions is set by levelmin . Since our main
nterest is the sub-grid physics of star formation in POR , all parameters
re kept constant between our models except the total mass, stellar
nd gas disc scale length, box length, and gas fraction. The larger
evelmax in the higher mass models is required because their larger 
ize means a higher resolution is needed to reach the same highest
patial resolution in pc. 

.3 Data extraction and barycentre adjustment 

he mass, position, velocity, acceleration, and birth time of each 
article are extracted using the EXTRACT POR software. The gas data 
re extracted using RDRAMSES , which treats gas cells as particles 
t their cell centres and prints out the results. EXTRACT POR and
DRAMSES are publicly available. 1 

After extracting the particle and gas data for all the models, 
he barycentre position R and velocity V are calculated at every 
napshot. 

R = 

1 

M p + M g 

⎛ ⎝ 

N p ∑ 

i= 1 

m p,i r p,i + 

N g ∑ 

i= 1 

m g,i r g,i 

⎞ ⎠ , (18) 

 = 

1 

M p + M g 

⎛ ⎝ 

N p ∑ 

i= 1 

m p,i v p,i + 

N g ∑ 

i= 1 

m g,i v g,i 

⎞ ⎠ , (19) 

here M p ( M g ) is the total mass of stellar (gas) particles, N p ( N g )
s the number of stellar (gas) particles, r p,i ( r g,i ) is the position of
 stellar (gas) particle labelled by the index i , and v p,i ( v g,i ) is the
elocity of a stellar (gas) particle. In the analyses presented next, the
arycentre position and velocity are subtracted for the snapshot under 
onsideration. This corrects for barycentre drift due to numerical 
ffects, though we note that the drift is small for the isolated models
onsidered here (see footnote 14 to Banik et al. 2020 ). 

 RESULTS  

.1 The MS of galaxies 

o analyse the SFR, one of the most important variables is the birth
ime of each particle. All particles present initially have a negative 
imestamp (birth time) set by EXTRACT POR for safety reasons. 
articles formed during the simulation have their birth time written 
ut in Myr. The SFR and star formation history (SFH) are calculated
y looping o v er all particles and binning them in time according to
heir timestamp while skipping the initial set of particles. The masses
f all particles formed within any temporal bin are summed up and
ivided by its duration to get the SFR, which is then plotted at the
entre of the corresponding interval. The SFH obtained in this way
or model 1e11 is shown in Fig. 2 , while the SFHs of the other models
re shown in Appendix A . We only consider data after approximately
our revolutions, which corresponds to ≈900 Myr. This allows the 
odels to reach dynamical equilibrium, reducing numerical effects. 
or analyses related to star formation, we consider the data up to
.5 Gyr as the SFR reaches zero for some models after this. 
Fig. 3 shows the average SFR over the period 1–4.5 Gyr as a

unction of the average M � . We also show observed values for
alaxies within 11 Mpc (the Local Cosmological Volume) based 
n Karachentsev, Makarov & Kaisina ( 2013 ). The best fit to the MS
n a larger sample is given by equation (28) of Speagle et al. ( 2014 )
MNRAS 519, 5128–5148 (2023) 
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Figure 4. Gas mass in the disc region (out to 10 ˜ R eff ) as a function of time. 
The blue, green, magenta, orange, and red curves correspond to models 1e11, 
1e10, 1e9, 1e8, and 1e7, respectively. 

Figure 5. Gas depletion time τ g as a function of gas mass. The green dots 
are observed data from Pflamm-Altenburg & Kroupa ( 2009 ) assuming an 
invariant IMF, while the red crosses (dots) show simulated τ g , 1 ( τ g , 2 ) values 
(see the text). 
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hich, neglecting uncertainties, is 

log 10 SFR = ( 0 . 84 − 0 . 026 t ) log 10 

(
M � 

M �

)
− ( 6 . 51 − 0 . 11 t ) , (20) 

here the SFR is in M � yr -1 and t is the age of the universe in Gyr. We
how this as the dashed black line in Fig. 3 , with the shaded magenta
egion showing a scatter of ±0.3 dex based on the uncertainties
uoted in the abo v e coefficients in Speagle et al. ( 2014 ). 
All five models are run with the intermediate feedback prescrip-

ion, while three models (1e7, 1e9, and 1e11) are also run with
imple feedback in which there is no kinetic feedback from SNe
Section 2.2.1 ). The results of these eight simulations are shown in
ig. 3 , where the models with intermediate (simple) feedback are
lotted as red squares (blue circles). It is immediately apparent that
he type of feedback has little effect on the SFR, suggesting that the
 v erall evolution of the galaxy models is not very sensitive to the
ub-grid physics. 

It has been shown that galaxies in the Local Cosmological Volume
ave a nearly constant SFH (Kroupa et al. 2020 ). Our models are
solated and so do not accrete gas from their surroundings. This
revents our model galaxies from remaining on the MS throughout
heir evolution. To check whether galaxies would be on the MS in

OND after a Hubble time, it is necessary to conduct a cosmological
OND simulation that includes gas hydrodynamics, work which is

urrently in progress (Wittenburg et al., in preparation). 

.2 Gas depletion time-scale 

he gas depletion time-scale τ g measures the time taken by a galaxy
o exhaust its gas content M g given the current SFR (Pflamm-
ltenburg & Kroupa 2009 ). We employ two methods to determine
g . In the first method, we find 

g, 1 = 

M g 

Ṁ � 

, (21) 

here M g is the neutral gas mass at the desired time and Ṁ � is the SFR
hen. Since the gas supply gets exhausted in a finite time, we calculate
he quantities entering τ g , 1 using the average of the snapshots in the
eriod 1–4.5 Gyr. The idea is to estimate what the SFR would be if
 galaxy had the observed mass distribution and gas fraction, not to
heck whether that is feasible in MOND in the first place – addressing
he latter would require a cosmological simulation. 

The abo v e method is quite sensitiv e to fluctuations in the SFR, an
ssue that we attempt to address with our second method to find τ g .
he gas mass within a cylindrical radius of 10 ˜ R eff is plotted as a

unction of time (Fig. 4 ). After an initial ‘settling down’ phase that
asts ≈1 Gyr, the gas mass starts to decrease roughly exponentially.

e perform a linear regression between time and the logarithm of
he gas mass o v er the period 1–4.5 Gyr and take τ g , 2 to be the inverse
f the slope. 
Fig. 5 shows the gas depletion times obtained using these methods,

ith τ g , 1 ( τ g , 2 ) values shown using red crosses (dots). The smaller
reen stars show observational results (Pflamm-Altenburg & Kroupa
009 ). It is clear that both τ g , 1 and τ g , 2 are comparable to those
f observed galaxies. It should be noted that these values of gas
epletion time-scales inherently assume an invariant galaxy-wide
MF. This is at present not a tangible proposition (Kroupa et al. 2013 ;
e ̌r ́abkov ́a et al. 2018 ; Kroupa & Jerabkova 2021 ; Yan, Je ̌r ́abkov ́a
 Kroupa 2021 ). The calculation by Pflamm-Altenburg & Kroupa

 2009 ) using the integrated galactic IMF (IGIMF; Kroupa & Weidner
003 ; Weidner & Kroupa 2006 ) theory predicts τ g ≈ 3 Gyr for all
NRAS 519, 5128–5148 (2023) 
ate-type galaxies (fig. 6 of Pflamm-Altenburg & Kroupa 2009 ). Note
hat the green points in Fig. 5 are not corrected for the IGIMF effect.

.3 The KS relation 

he KS law is an empirical relation between the SFR surface density
 SFR and the gas surface density � g for disc galaxies (Schmidt

958 ; Kennicutt 1998 ). The KS diagram is used to investigate disc-
veraged SFRs and gas densities. It has also been shown that the KS
elation can be applied to sub-kpc-scale star-forming regions within
alaxies (Bigiel et al. 2008 ). Here, we investigate whether different
egions of the models agree with the KS relation. For the models,
 SFR and � g are calculated by binning in cylindrical polar radius.
hese annular bins have a constant width 
 R , which we set to ≈10 ×

he highest spatial resolution. The bins go out to a maximum radius
f R max = 5 ˜ R eff for the corresponding model. The number of radial
ins for each model is then R max / 
 R . We find the SFR in each annulus
 v er the time interval 1–4.5 Gyr. This SFR is divided by the area of
he bin, which gives � SFR . Similarly, by calculating the mass of gas
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Figure 6. The KS diagram relating the surface densities of gas and of star formation. Left : Different annuli in the models. Blue, green, magenta, orange, and 
red correspond to models 1e11, 1e10, 1e9, 1e8, and 1e7, respectiv ely. Right : Observ ed late-type galaxies (red) and LSBs (blue), taken from Shi et al. ( 2011 ). 
The dashed blue line (equation 22 ) is taken from Kennicutt ( 1998 ). 
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4 We also tried not mass-weighting the particles. Both techniques give very 
similar results. 
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articles in each bin and dividing this by the area of the bin, we can
btain � g . An example of this analysis is shown in Appendix E . 
� SFR and � g are plotted in Fig. 6 , where models are shown in

he left panel. The right panel shows observed late-type galaxies 
nd LSBs taken from Shi et al. ( 2011 ). To represent the observed
alaxies, we use equation (28) in Kennicutt ( 1998 ), with a scatter in
he original data of 0.49 dex. 

 SFR = 2 . 5 × 10 −10 � g 
1 . 4 , (22) 

here � g is in M � pc −2 and � SFR is in M � pc −2 yr −1 , with un-
ertainties omitted for clarity. Fig. 6 shows different star-forming 
egions within each model galaxy, giving a better idea of their 
ontribution to the global SFR. Some simulated regions fall on the KS 

elation, some are within the range of the data, and some are below
t. Notice how most regions are compatible with the KS relation 
or models 1e10 and 1e11. Star-forming regions in the lower mass
odels are typically below the KS relation. This follows the trend 

n observed LSBs, which are also slightly below the MS relation 
Fig. 3 ). 

.4 Renzo’s rule 

ince Milgromian galaxies are purely baryonic, the distribution of 
aryons dictates the gravitational field both locally and globally. A 

ajor implication is that features in the baryonic surface density � 

hould reflect on the dynamics of the galaxy. Renzo’s rule is the
bservation that any feature in the luminosity profile of a galaxy 
as an imprint on the RC, and vice versa (Sancisi 2004 ). While this
akes sense in Newtonian gravity at high surface brightness where 

he baryons dominate the gravitational potential, Renzo’s rule has 
een observed in galaxies independently of their surface brightness, 
ncluding in LSBs where conventionally the RC is mostly not due 
o the baryons. This is discussed in F amae y & McGaugh ( 2012 ) and
eferences therein. 

We computed RCs for our models at two different times in
heir evolution. The circular velocity v c = 

√ −r · g , where r is the
osition of a particle and g is its acceleration. The v c estimates from
ifferent particles were averaged in each annulus. Fig. 8 shows the
Cs of all the models out to 10 ef fecti ve radii at 3 and 5 Gyr. The

urface density profiles at these times are shown in Fig. 7 . These
rofiles are not completely smooth. Local star-forming gas clumps 
n the disc gravitationally perturb the stellar particles around them, 
o the localized gravitational field superimposes itself on the global 
alactic gravitational field. The effect is seen as kinks and bumps in
he RCs (Fig. 8 ), much as in real low-mass galaxies – although a bit

ore pronounced here than in most observed massive discs. 

.5 Vertical velocity dispersion 

he v ertical v elocity dispersion σ z can be used as a measure of how
ynamically hot the disc is. We find the mass-weighted σ z of all the
tellar particles using equation ( 22 ) of Banik et al. ( 2020 ). 4 

2 
z = 

∑ 

i m �,i 

∑ 

i m �,i v 
2 
z,i −

(∑ 

i m �,i v z,i 
)2 (∑ 

i m �,i 

)2 − ∑ 

i m 

2 
�,i 

, (23) 

here i is the particle index, m � , i is the mass of particle i , and its
 ertical v elocity relativ e to that of the barycentre is v z, i . Once we
ave found σ z in this way, we divide it by the asymptotic rotational
elocity v 

f 
of the corresponding model (equation 1 ) in order to
MNRAS 519, 5128–5148 (2023) 
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Figure 7. The total surface density of all our models after 3 Gyr (left) and 5 Gyr (right), as indicated in the legend. 

Figure 8. The rotation curve of every model at 3 Gyr (left) and 5 Gyr (right). The same colour scheme is used as in Fig. 7 to show the different models. 
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btain a dimensionless measure of how dynamically hot the disc is. 5 

his calculation was repeated for different snapshots and different
nnuli. The results are shown in Fig. 9 at 1 Gyr (shortly after the disc
ettles down) and at 5 Gyr, when the simulation ends. The majority
f the discs have a ratio σz /v f ≤ 0 . 2, implying that the stellar discs
emain dynamically cold throughout their evolution. 

The gas is a diffuse component that gets redistributed by feedback
rom SNe. To get a sensible estimate of the gas disc thickness, we
ad to restrict attention to gas cells within some maximum distance
n the vertical direction. We tried a cut-off of some rational multiple
f ˜ R eff , but the choice of cut-off seems to bias the result. We therefore
how the edge-on view of the gas to show its thickness as well as
hat of the stellar component. It is evident from Appendix C that the
as mostly lies in a thin disc and that stars form within it. 

Newly formed stars are expected to be dynamically colder than
he general stellar population due to their recent formation out of
he dissipative gas component. Fig. 10 shows σ z of the particles that
ormed during the simulation. In the first Gyr, most particles form
NRAS 519, 5128–5148 (2023) 

 Note that the calculation needs to include both particles that were initially 
resent and those that form during the simulation. 

a  

f  

y  

a

ithin the plane of the disc. By the end of the simulation, the newly
ormed particles have a higher σ z . This is due to secular heating of
he stellar component by fluctuations in the gravitational potential.
art of the reason is also that the gas gets heated by SNe, which

hickens the gas disc and slightly affects the in-plane star formation
rocess. Note also that for this reason, in the lower mass models,
he newly formed stars form in a thicker and dynamically hotter
tate than in models 1e10 and 1e11. In the lowest mass model, σ z 

f the newly formed stars actually increases with radius due to the
hallow gravitational potential of the outer discs in such models and
heir fragility to SNe heating. Face-on and edge-on views of all the

odels are shown in Appendix C , where it can nevertheless be seen
hat star formation largely occurs in the disc plane. 

.6 Outer disc streams 

assive models like 1e10 and 1e11 develop structures in their discs
t large radii (Fig. 11 ). These structures have self-sustaining star
ormation activity. Fig. C5 shows that such o v erdense re gions hav e
ounger stars than the typical disc, thus leading one to interpret them
s distinct non-disc entities. 
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Figure 9. σz /v f of all stellar particles as a function of galactocentric distance after 1 Gyr (left) and 5 Gyr (right). 

Figure 10. σz /v f of newly formed particles as a function of galactocentric distance after 1 Gyr (left) and 5 Gyr (right). 

Figure 11. Gas distribution of model 1e10 at 4560 Myr. Notice the clump 
towards the top left which appears like a satellite, even though the simulation 
is of an isolated disc galaxy. 
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Observationally, some structures in the MW disc are candidates to 
ave formed due to past mergers of dwarf satellite galaxies with the
W, though many recent studies tend to show that these are mostly
ade of stellar populations characteristic of the outer disc itself (e.g.
aporte et al. 2020 , and references therein). In the case of our models,

hese structures are initially part of the outer disc, from where they
rbit outwards to large radii and later turn around and merge with
he disc. Our models thus demonstrate that such structures naturally 
rise in MOND without any external perturbation, thus raising the 
ossibility that observed similar structures around disc galaxies are 
arts of their outer disc rather than external objects, as can be seen
n the movies. 

.7 Bar analysis 

n this section, we study the properties of the central galactic bar in
odels 1e11, 1e10, and 1e9. The lower mass models 1e8 and 1e7

re not considered here due to their more turbulent behaviour, which
educes the reliability of the results. We quantify the bar in terms
f its length, strength, and pattern speed at different times. We then
se this information to report the R parameter (equation 28 ) and
MNRAS 519, 5128–5148 (2023) 
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M

Figure 12. Bar strength in model 1e11 (blue), 1e10 (green), and 1e9 
(magenta). All models show a similar time evolution. Bar strengths in the 
range 0.2–0.4 are weak, while values ≥0.4 constitute strong bars. 
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Figure 13. Bar length using Fourier amplitude decomposition (equation 27 ) 
for models 1e11 (blue), 1e10 (green), and 1e9 (magenta). 
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ompare its distribution to observations and to cosmological � CDM
imulations. The procedure described in this section is very similar
o that applied in Roshan et al. ( 2021b ). 

.7.1 Bar strength 

o quantify the strength of the bar, we consider the azimuthal Fourier
xpansion of the stellar surface density, which is generally what
bservers use to analyse bars. The disc is divided into annuli with a
xed width of 
 r = 0.5 kpc. To confine the calculations to the bar
egion, we consider the disc out to R = 10 kpc. In each annulus, the
ourier coefficients are calculated as 

 m 

( R ) ≡ 1 

M ( R ) 

N ∑ 

k= 1 

m k cos ( m φk ) , m = 1 , 2 , .. , (24) 

 m 

( R ) ≡ 1 

M ( R ) 

N ∑ 

k= 1 

m k sin ( m φk ) , m = 1 , 2 , .. , (25) 

here the annulus contains N particles. The mass of particle k is m k 

nd the corresponding azimuthal angle is φk . The mean radius of the
nnulus is R and the stellar mass within it is M ( R ). 

We then focus on the case m = 2 and find 

 2 ( R ) ≡
√ 

a 2 ( R ) 2 + b 2 ( R ) 2 . (26) 

he maximum value o v er different annuli, A 

max 
2 , is defined as the bar

mplitude. This definition is common in the literature (e.g. Guo et al.
019 ; Rosas-Gue v ara et al. 2020 ). According to this criterion, the
alactic bars can be classified as weak bars with 0 . 2 ≤ A 

max 
2 < 0 . 4

nd strong bars with A 

max 
2 ≥ 0 . 4. Fig. 12 illustrates the evolution

f the bar strength in models 1e11 (blue), 1e10 (green), and 1e9
magenta). From this figure, it is apparent that in all three models,
he strength of the bar shows a rather strong decrease in the beginning
tages of the evolution before shifting to a more steady trend after the
ystem reaches a more stable state. The initial decrease is expected
ince the strength of the m = 2 mode is affected by the existence of
piral arms in the system, which are strong initially but disappear
fter some evolution of the disc. Furthermore, after the disc reaches
he more stable state, the bar strength shows a dependence on the

ass of the system. Although all three models are mainly in the
eak regime, model 1e9 shows a higher strength and evolves near

he edge of the strong bar regime, while model 1e11 has the weakest
ar. This is broadly consistent with the fact that the bar fraction tends
NRAS 519, 5128–5148 (2023) 
o be smaller for galaxies with a higher stellar mass (see the S 

4 G
bservations in Erwin 2018 ). 
An important aspect of our results is that bars form naturally

n MOND even when it predicts a significant enhancement to
ewtonian gravity at all radii (McGaugh & de Blok 1998a ). This

s because all Milgromian galaxies are self-gravitating. Ho we ver,
his is not the case in � CDM for a galaxy dominated by a stabilizing
ark halo (McGaugh & de Blok 1998b ). As a result, these ‘sub-
aximal discs’ are expected to only very rarely have a strong bar,

s shown recently with TNG50 (Kashfi, Roshan & F amae y 2023 ).
hose authors showed that this result is in contradiction with the
bserved fact that bars in sub-maximal discs are quite common in
he SPARC sample, even though this selects against barred galaxies.

hile some bars might be triggered externally, environmental effects
hould already be included in a cosmological simulation. 

.7.2 Bar length 

 common method to estimate the bar length also uses the azimuthal
ourier decomposition of the surface density in different annuli
Ohta, Hamabe & Wakamatsu 1990 ; Aguerri et al. 2000 ; Guo et al.
019 ). This is known to give an appropriate estimate of the bar length
n simulations (Athanassoula & Misiriotis 2002 ). In this method, the
ar length is defined as the outer radius at which the ratio of the
urface densities in the bar ( A b ) and inter-bar ( A ib ) regions satisfies
he relation 

A b 

A ib 

> 0 . 5 

[(
A b 

A ib 

)
max 

+ 

(
A b 

A ib 

)
min 

]
, (27) 

here A b = A 0 + A 2 + A 4 + A 6 , A ib = A 0 − A 2 + A 4 − A 6 , and A m

s the Fourier strength of azimuthal mode m, which we find using
quation 26 (in this system, A 0 ≡ 1). 

Applying this procedure, Fig. 13 shows the bar length for model
e11 (blue), 1e10 (green), and 1e9 (magenta). This figure shows that
he bar length is positively correlated with the mass of the system.
ll three models follow a similar and almost steady evolution o v er

ime. 
It should be mentioned that Kim et al. ( 2021 ) study 379 observed

alaxies with redshift z in the range 0.2 < z ≤ 0.835 and masses
0 < log 10 ( M � / M �) < 11.4. They report that the bar length strongly
epends on the galaxy mass (they rise together). Furthermore, they
utline that the bar length shows no significant change o v er this
edshift range. They conclude that little or no evolution in the bar
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Figure 14. Bar pattern speed using the Tremaine–Weinberg method for 
model 1e11 (blue), 1e10 (green), and 1e9 (magenta). The models follow 

a similar trend with time in that �p remains almost constant. 
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ength is present for the last ≈7 Gyr. Moreo v er, P ́erez, Aguerri &
 ́endez-Abreu ( 2012 ) and Lee et al. ( 2022 ) report a similar result
hen studying the bar length and its relation with redshift. Our 

esults are thus in good compliance with observations regarding the 
ependence of the bar length on galaxy mass and time. 

.7.3 Pattern speed 

alaxy bars are expected to rotate almost as a solid body, leading
o a well-defined angular rotation rate or pattern speed �p . It is
ot straightforward to calculate this from observations as only one 
napshot in the galaxy’s evolution is accessible. Different techniques 
ave been used in the literature to get around this difficulty. The
nly model-independent technique is known as the Tremaine–
einberg (TW) method (Tremaine & Weinberg 1984 ). This has been 

uccessfully used in both observational studies (e.g. Aguerri et al. 
015 ; Cuomo et al. 2019 ; Williams et al. 2021 ) and theoretical studies
e.g. Gerssen & Debattista 2007 ; Zou et al. 2019 ). In this method,
he pattern speed is obtained from the ratio �p sin i = 〈 V 〉 / 〈 X 〉 , where
 is the disc inclination with respect to the sky plane, 〈 V 〉 is the
uminosity-weighted average line of sight (LOS) velocity V LOS , and 
 X 〉 is the luminosity-weighted average position X parallel to the
ajor axis of the galactic disc. 〈 V 〉 and 〈 X 〉 are usually referred to as

he kinematic and photometric integrals, respectively. 
To have results that can be compared with observations, we employ 

he TW method to calculate the pattern speed in our simulations.
e follow the same procedure as that described in Roshan et al.

 2021b ). The density and the velocity of the simulated stellar particles
re used as the tracers in the pseudo-slits that are implemented for
alculating 〈 V 〉 and 〈 X 〉 . Since the TW method works more precisely
ith intermediate values of the disc inclination angle ( i ) and bar
osition Angle (PA), we choose i = 45 ◦ and PA = 60 ◦ (Debattista
003 ; Cuomo et al. 2019 ; Zou et al. 2019 ). Then the number of
venly spaced slits N s , their width 
 s , height h s ≥ N s 
 s , and length
 s are varied until we find a convergent value for the pattern speed.
he mean of the obtained values is then calculated, with the largest
eviation from the mean used as the reported error of the calculation.
It should be noted that for some snapshots, the pattern speed 

eems to converge to two or more separate values. The appearance 
f multiple pattern speeds for a single galaxy has previously been 
oted for the cases where in addition to the bar, the galactic disc
osts extra features such as rings and/or spiral arms (Debattista, 
erhard & Sevenster 2002 ; Meidt et al. 2008 ). When such cases

rise in our simulation, the pattern speed is reported with a rather
arge uncertainty. This is mostly seen in model 1e11. 

Fig. 14 demonstrates the pattern speed results for models 1e11, 
e10, and 1e9 as blue, green, and magenta dots, respectively. The 
attern speed in all three models traces a similar trend and remains
lmost constant during the system’s evolution. This is in contrast to 
he evolution of the pattern speed in isolated simulations conducted 
ithin the context of CDM, where due to the dynamical friction 

aused by the dark matter particles, the bar loses its angular velocity
nd slows down (Ghafourian, Roshan & Abbassi 2020 ; Roshan et al.
021a ). 

.7.4 R parameter 

 well-known way to quantify the bar rotational speed is the 
imensionless R parameter, 

 ≡ R CR 

R 

, (28) 

bar 
here R bar is the bar length and R CR is the corotation radius, the
adius at which the disc particles rotate with the same angular speed
s the bar. Therefore, this is the radius where v c ( R CR ) = R CR �p ,
hich must be solv ed iterativ ely for R CR . Bars with R = 1 –1 . 4 are

ast bars that almost extend to their corotation radius. If R > 1 . 4, the
ar would be short and in the slow re gime. F or the cases with R < 1,
he bar surpasses the corotation radius. Such cases are considered 
o be unphysical and are generally thought to indicate that the bar
ength is o v erestimated and/or the corotation radius is underestimated 
Cuomo et al. 2021 ). 

Observational studies indicate that bars in real galaxies are mostly 
ast (Corsini 2011 ; Aguerri et al. 2015 ; Cuomo et al. 2019 ; Guo
t al. 2019 ). Ho we ver, in the CDM scenario, simulations of isolated
alaxies (Debattista & Sell w ood 2000 ; Athanassoula 2003 ) as well
s cosmological simulations (Algorry et al. 2017 ; Roshan et al.
021b ) lead to bars rotating mainly in the slow re gime. Inv estigations
egarding this inconsistency are still ongoing, As already mentioned, 
ccording to studies of isolated disc galaxies, bars slo w do wn during
he secular evolution of a galaxy mainly due to Chandrasekhar 
ynamical friction caused by the CDM particles. This is highlighted 
y considering extended gravity theories where galaxies lack a DM 

alo or by considering CDM models in which dynamical friction 
ith the halo is unphysically suppressed using a rigid halo. In

his case, there is no massive halo absorbing angular momentum 

rom the baryonic disc, eliminating the increasing trend of the 
 parameter with time (Ghafourian et al. 2020 ; Roshan et al. 

021a ). 
In the CDM scenario, dynamical friction causes the pattern speed 

o slow down, moving the corotation resonance outwards. Since R 

annot have been much smaller than its typical present value of ≈1,
t should not have increased substantially o v er time. To a v oid such
n increase, the bar length would have to rise with time in order to
eep up with the corotation radius as it migrates outward. Ho we ver,
s already mentioned in Section 4.7.2 , studies show that the observed
izes of bars at higher redshift do not differ substantially from those
f bars in the local Universe. Therefore, the increasing trend of the R
arameter with time in � CDM simulations is at odds with the near
onstancy of bar lengths, which is more easily understood as due to
MNRAS 519, 5128–5148 (2023) 
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Figure 15. R parameter for the models 1e11 (blue), 1e10 (green), and 1e9 
(magenta). All the models behave similarly in the sense that R remains almost 
constant during their evolution. The dashed lines show the fast bar regime 
(1 ≤ R ≤ 1 . 4). 

Figure 16. The posterior inference on the population logarithmic mean R 

and its intrinsic dispersion for the MOND simulation data at t ≥ 1.5 Gyr 
(dashed black) and t ≥ 3 Gyr (solid black) in comparison to the observations 
(blue) and TNG50 simulation results (red). The vertical dashed grey lines 
indicate the fast bar region. 
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ar lengths and corotation radii having changed little o v er the past
everal Gyr. 

It is worth mentioning that earlier studies (e.g. Debattista &
ell w ood 2000 ; Athanassoula 2003 ) state that the decrease in the
ar rotational velocity could be a v oided if the CDM halo density
s low in the centre of the disc, which is possible with a maximal
isc. A similar result was reported by Fragkoudi et al. ( 2021 ) based
n 16 galaxies from the Auriga zoom-in galaxy simulations (Grand
t al. 2017 ). These galaxies have fast bars. Ho we ver, such a selection
oes not follow abundance matching – the galaxies have too little
M, leading to selection bias. The only reason to consider such
 small sample size given other studies with hundreds of galaxies
e.g. Roshan et al. 2021a ) is if the resolution is much higher, but
ragkoudi et al. ( 2021 ) indicated that resolution is not the reason for

heir somewhat perplexing results. It is also not the case that high-
esolution simulations in the � CDM paradigm inevitably lead to fast
ars (e.g. Zana et al. 2018 , 2019 ). 
Some studies claim that the decreasing pattern speed is not neces-

arily due to dynamical friction from the CDM halo. For example,
i, Shlosman & Romano-Diaz ( 2022 ) consider a limited number
f galaxies in very high-resolution zoom-in simulations with the
IZMO code (Hopkins 2017 ) at higher redshifts and claim that the bar
roperties are significantly affected by the environment, especially
ergers and close flybys. The large values of R are attributed to

he abo v e-mentioned mechanisms rather than dynamical friction.
lthough this subject is out of the scope of our paper, it should be

tressed that irrespective of the underlying physics, their result is
till inconsistent with pattern speed observations. On the other hand,
sing isolated simulations it is claimed in Beane et al. ( 2022 ) that a
as fraction of about 5 per cent can prevent the bar from slowing down
n Milky-Way-like galaxies. Ho we ver, the gas component is already
mplemented in state-of-the-art cosmological simulations – it does
ot operate to stabilize the bar pattern speed. One may speculate that
he way in which gas should be modelled in dark matter cosmological
imulations still needs modifications. Ho we ver, it is important to
ote that no work has shown a CDM galaxy to develop a fast bar if
imulated at high resolution but to develop a slow bar if simulated at
he resolution of large cosmological hydrodynamical � CDM simu-
ations like TNG50 (Pillepich et al. 2018 ; Nelson et al. 2019 ). There-
ore, its results should be trusted as representative of the � CDM
osmology. 

Fig. 15 shows the evolution of the R parameter in our models
e11 (blue), 1e10 (green), and 1e9 (magenta). As expected, the R
arameter remains almost constant with time. The mean value of R
s 1 . 7 + 0 . 6 

−0 . 4 (model 1e11), 1 . 5 + 0 . 2 
−0 . 2 (model 1e10), and 1 . 7 + 0 . 3 

−0 . 3 (model
e9), which is rather close to the fast bar regime. 
Given the lack of secular evolution, it is reasonable to consider our
odels viewed at different times as representative of a population

f galaxies viewed at the same time. This is helpful because
bservationally, the R parameter is only known at low z. To do
 comparison of this sort, we used the reported values for the bar
ength and corotation radius of the 104 galaxies in Cuomo et al.
 2020 ) to calculate the R parameter and its error for each observed
alaxy in this sample. Then the range for the abo v e-mentioned mean
 and its error for each simulated model is considered and the

umber of observed galaxies having an o v erlap with this range is
ounted. The number of observed galaxies that match this criterion
s 54 (51.9 per cent), 64 (61.5 per cent), and 52 (50.0 per cent)
or models 1e11, 1e10, and 1e9, respectively. Our galaxy models
herefore agree reasonably well with observations. 

For a better comparison, we study the statistical distribution of the
 parameter in our models using the exact same method applied by
NRAS 519, 5128–5148 (2023) 
oshan et al. ( 2021b ). For more information regarding the employed
ethod, we refer the reader to their section 5. In Fig. 16 , we plot

he posterior inference on the mean value of R and its related
ntrinsic dispersion in log-space. In this figure, the black contours
re calculated for the MOND simulation for all the data points
esulting from the three mass models 1e11, 1e10, and 1e9 M � at
 ≥ 1.5 Gyr (dashed) and t ≥ 3 Gyr (solid). The galaxies in these
ontours are contrasted to the red contours yielded by galaxies in the
NG50 simulation (Roshan et al. 2021b ) and the galaxies in the blue
ontours of the observational results (Cuomo et al. 2020 ). Note that
he MOND simulations studied here are isolated, so their comparison
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Figure 17. Evolution of the central stellar surface density in the models 
shown (see the legend). Values are shown in units of the critical surface 
density in MOND (equation 2 ). Some central concentration of mass is evident 
in all cases, though no bulge forms (see Appendix C ). 
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o � CDM cosmological simulations and observational data can only 
rovide a general perspective on the fast bar issue. One obvious 
hortcoming of our results is that we only consider a small number
f galaxies, so a more complete MOND simulation should lead to a
arger intrinsic dispersion in R , which would be more in line with
he observations. Improving the resolution should also slightly reduce 
he typical value of R (see fig. 21 of Roshan et al. 2021a ). Despite
he isolated nature of our simulations and other shortcomings, it is
lear that MOND holds great promise in explaining the observed fast
ars, which ho we ver falsify � CDM cosmology at 13 σ significance
Roshan et al. 2021b ) based on TNG50 or TNG100. 

The tension with � CDM is mostly due to the simulated bars
eing too short (Frankel et al. 2022 ). This tension is greatly reduced
n our MOND simulations, but not completely eliminated. The 
omewhat high R value in our simulations might be influenced by 
nderestimation of the bar length according to the employed method 
or measuring the bar size, as suggested by Frankel et al. ( 2022 ). As
llustrated in Fig. 16 , by giving the disc enough time to pass the phase
f the initially strong spirals and settle down completely, even better 
ompatibility to the fast bar regime is obtained in the simulation 
ata. Furthermore, the o v erall constanc y of the R parameter o v er
ime complies with observational findings (P ́erez et al. 2012 ; Kim
t al. 2021 ; Lee et al. 2022 ). 

Our results regarding the R parameter are similar to the MOND 

imulation in Roshan et al. ( 2021a ), where R stayed roughly constant
ith time (see their fig. 22). Ho we ver, the galaxy bar in their work
as mostly in the fast regime, whereas our galaxy bars are somewhat

lower. One possible reason for this difference is that they considered 
 galaxy where the central surface density is 10 � † initially, whereas
ur models start with lower values (Table 1 ). The central density of
he stellar component rises only modestly and by an almost similar
actor in all cases (Fig. 17 ), so the initial values in Table 1 give
 good indication of how deep the galaxies are into the MOND
egime. Ho we ver, this is likely not the issue because model 1e11
s not too distinct from the model in Roshan et al. ( 2021a ) in this
espect. Another difference is that they considered a purely stellar 
odel with 5 × 10 6 particles. Our models have a lower resolution in

he gas component because it is computationally v ery e xpensiv e
o allow enough refinement levels to have that many gas cells 
n the disc re gion. Moreo v er, our results could also differ due to
he hydrodynamic nature of our simulations and the fact that they 
nclude star formation and supernova feedback. The existence of 
as in the system affects the bar’s evolution because of its effect
n the distribution of angular momentum (Frankel et al. 2022 , and
eferences therein). Further work will be required to clarify if bars are
ndeed expected to be slow in the MOND framework, which could
ose a problem similar to that faced by � CDM (Roshan et al. 2021b ).
n general, unlike the cosmological simulations considered in their 
ork, the simulations presented here are not yet at a stage where they

an be directly compared to observational surv e ys. Ho we ver, we do
xpect that a lack of dynamical friction from a massive halo should
mpro v e the agreement with observations of fast galaxy bars. This
s evident in the much lower values of R in our MOND simulations
ompared to TNG50. 

 DI SCUSSI ON  A N D  C O N C L U S I O N S  

e presented hydrodynamical simulations of Milgromian disc galax- 
es that include star formation and stellar feedback. Our models 
o v er the stellar mass range M � /M � = 10 7 –10 11 , with the disc
cale lengths and gas fractions chosen based on the SPARC data
et (Lelli et al. 2016 ). Our aim was to check if combining MOND
ith the sub-grid physics encoded in RAMSES leads to star formation

ctivity that adequately resembles the observed SFRs of galaxies. 
he disc galaxies were set up using DICE (Banik et al. 2020 ) and then
dvanced for 5 Gyr using POR (L ̈ughausen et al. 2015 ; Nagesh et al.
021 ). To a v oid fine-tuning the model parameters in an attempt to
eproduce observations, all our models have the same star formation 
arameters (efficiency, ISM temperature, floor temperature, and 
eedback prescriptions). Our main results are as follows: 

(i) The models agree reasonably well with the observed MS 

Fig. 3 ) – their global SFR is reasonable given their M � . 
(ii) The simple and intermediate complexity feedback prescrip- 

ions (Sections 2.2.1 and 2.2.2 , respectively) give rather similar 
esults, with the SFR being close to the MS value with either
rescription. Thus, Milgromian galaxies are not very sensitive to 
he choice of feedback prescription and do not expel a substantial
ortion of their gas, in line with observational studies (Recchi &
roupa 2015 ; Marasco et al. 2023 ). 
(iii) The gas depletion time-scales calculated using two methods 

gree fairly well with observations (Fig. 5 ). Less massive galaxies
ave a longer gas depletion time-scale for an invariant canonical IMF,
 trend also seen in our models. 

(iv) Our galaxies deplete their gas in a small fraction of a Hubble
ime, whereas observed galaxies have a roughly constant SFH 

Kroupa et al. 2020 ). This deficiency of our models is caused by
he fact that to maintain a constant SFR, a galaxy needs to accrete
as, a process not considered here. Including gas accretion from the
urroundings would require a cosmological MOND simulation. 

(v) The gas mass in the disc decreases roughly exponentially with 
ime in models 1e11, 1e10, and 1e9. The gas mass seems to hit a floor
n models 1e8 and 1e7, indicating inefficiency in the star formation
rocess. This could be due to low-mass star-forming regions not 
eing resolved. The minimum mass of stellar particles is ≈ 10 4 M �
or models 1e11, 1e10, and 1e9, but this drops to 10 3 M � for models
e8 and 1e7. 

(vi) The KS relation (Kennicutt 1998 ) is a tight empirical relation
etween the local surface densities of gas and of star formation in
isc galaxies. By dividing our galaxies into annuli, we found that
ost regions of model 1e11 lie on the KS relation (Fig. 6 ), which

s expected because it lies on the MS. Ho we ver, models 1e10 and
e9 fall below the MS. As a result, many regions of these models
MNRAS 519, 5128–5148 (2023) 
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M

Table 3. Parameters of all models at the end of their evolution (after 5 Gyr). 
The columns show the model name, total stellar mass, total galaxy mass 
within 10 ˜ R eff , the exponential scale lengths for the stellar and gas discs, and 
the root mean square thickness of the stellar component. 

Model M � M tot R d R g z rms 

name (M �) (M �) (kpc) (kpc) (kpc) 

1e7 1.10 × 10 7 8.37 × 10 7 0.37 1 .08 0.20 
1e8 1.10 × 10 8 2.51 × 10 8 0.64 2 .64 0.20 
1e9 1.16 × 10 9 1.47 × 10 9 1.43 5 .24 0.55 
1e10 1.10 × 10 10 1.14 × 10 10 5.31 10 .73 0.68 
1e11 1.05 × 10 11 1.05 × 10 11 9.71 22 .57 1.95 
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all below the KS relation. This may not be problematic for our
odels because the KS relation was only tested with high surface

rightness galaxies. Observed LSBs deviate below the KS relation
Kennicutt 1998 ; Bigiel et al. 2008 ). It is thus good that models 1e8
nd 1e7 (typical LSBs) also deviate below the KS relation. However,
here are regions from models 1e11, 1e10, and 1e9 that deviate more
ignificantly from the KS relation. These regions typically contain
as-rich clumps with a low SFR. 

(vii) Since Milgromian galaxies are purely baryonic, our models
emonstrate a correspondence between features in the baryonic
urface density profile and in the RC (Fig. 8 ). This correspondence
as been observed in real galaxies (Famaey & McGaugh 2012 ) and
s called Renzo’s Rule (Sancisi 2004 ). Its inevitability in MOND
s related to its important prediction that baryons dominate the
ravitational potential both locally and globally. 
(viii) The importance of self-gravity at all radii explains why our
odels naturally form structures at large radii (Fig. 11 ). This gives

ew insight into such structures, which are often thought of as non-
isc entities like an infalling satellite. These structures might need
o be reinterpreted as part of the outer disc, though we note that they
hould still be moving within the disc plane. 

(ix) Fig. 9 shows that our models remain as thin discs throughout
heir evolution. The final parameters are shown in Table 3 , which
eveals that R d and R g have increased over the 5 Gyr duration of
ur simulations. Expansion of the disc was also noted in the MOND
imulations presented in Roshan et al. ( 2021a ). This implies that
ilgromian galaxies naturally expand during their evolution, so

ophisticated feedback prescriptions are not required to prevent the
aryons from collapsing to the centre. 
(x) The evolution of the bar properties o v er time is illustrated

n Figs 12 –15 for the three models with a stellar mass of 10 9 M �,
0 10 M �, and 10 11 M �. According to these plots, all three models
roduce weak bars with a length that is almost unchanged during
he disc’s evolution. The bar length is larger and the bar is weaker
or the more massive models, which is consistent with observational
esults. Moreo v er, employing the TW method, it has been shown
hat after some initial fluctuations, the bar pattern speed remains
onstant for all three models until the end of the simulation. A related
nding is that due to the absence of DM particles in our models,

he R parameter shows no increasing trend. The o v erall constanc y
f the bar length, pattern speed, and R parameter o v er time shows
onsistency with observational findings, although the bars are slower
han in previous stellar-only MOND models (Roshan et al. 2021a ).
his is probably related to the inclusion of hydrodynamics. A more
etailed study of the influence of hydrodynamics and gas fraction on
ar properties in MOND is left to further work. The MOND models
emain simplified since they are not in a cosmological setting, but
ndicate good agreement with observed galaxies. Our results show
hat MOND holds great promise in explaining why galaxies typically
NRAS 519, 5128–5148 (2023) 
ave fast bars, a result which is in severe tension with � CDM (see
ig. 16 ). 

The main sub-grid parameters include the star formation effi-
ienc y, the superno va bubble radius, the fraction of energy from SNe
njected as kinetic energy, and various other feedback parameters.
hese were previously tested in RAMSES (Teyssier 2002 ; Rasera &
eyssier 2006 ; Dubois & Teyssier 2008 ; Wittenburg et al. 2020 ). Our
ork demonstrates that in the context of MOND, the adopted values

or these parameters in 2015 already allow us to adequately reproduce
he properties of disc galaxies. Therefore, our main conclusion
s that significant fine-tuning of the sub-grid parameters is not
equired to achieve fairly realistic model galaxies in terms of their
FR. Despite some deviations, our models agree with observations
ithin uncertainties, especially at the low-mass end where relatively

ittle prior work has been done. Moreo v er, changing the feedback
rescription has little effect on the results, backing up the hypothesis
hat galaxies are simple systems (Disney et al. 2008 ). Though they
re undoubtedly subject to complex feedback processes, these play
 relatively minor role (Kroupa 2015 ). This can be understood
hrough an analogy to ho w Ne wtonian gravity works in planetary
ystems despite our still incomplete understanding of the complex
rocesses underpinning the formation of stars and planets out of
as clouds. The relatively minor role of feedback is of importance
or cosmological MOND simulations because it means that, in
rinciple, these can be run safely with the simple or intermediate
eedback prescriptions. It remains to be seen if such prescriptions will
emain appropriate in order to produce realistic galaxy populations
rather than individual galaxies) in a cosmological context, which
ill be the ob vious ne xt step in our endea v ours (Wittenb urg et al.,

n preparation). 
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PPENDI X  A :  STAR  F O R M AT I O N  HI STORIES  

or model 1e11 (Fig. 2 ), the SFR rises smoothly until it peaks
t ≈1.5 Gyr, after which it declines as the gas is used up. For
odels 1e10 and 1e9 (top panels of Fig. A1 ), the SFR rises and

eclines gradually, in contrast to the other models. For models
e8 and 1e7 (bottom panels of Fig. A1 ), there is an instant burst
f star formation within the first 100 Myr, i.e. the SFR peaks
t the first time-step, declining or staying constant thereafter. At
he end of their evolution, the SFR becomes zero. This is not
ue to exhaustion of gas mass, but rather occurs because the
as density becomes smaller than the threshold required for star
ormation. 
8 (bottom left), and 1e7 (bottom right). Model 1e11 is shown in Fig. 2 . 
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PPEN D IX  B:  R A D I A L  VELOCITY  

ISPER SION  

n this section, we present the ratio between the radial velocity 
ispersion σ r and the asymptotic circular velocity v 

f 
(equation 1 ) 

fter 1 and 5 Gyr. To find σ r , we divide the galaxy into annuli and
nd the radial velocity v r of all particles in each annulus. 

 r = 

x v x + y v y √ 

x 2 + y 2 
. (B1) 

e then find the dispersion in v r for the particles in each annulus.
he results are shown in Fig. B1 , while Fig. B2 shows a version
f this for only the particles that formed during the simulation. For
omparison, σ r ≈ 26–33 km s −1 in the solar neighbourhood of the 
W for stars aged in the range 1–5 Gyr (Yu & Liu 2018 ). This

ranslates to σr /v f ≈ 0 . 2. Model 1e10 is analogous to the MW in
igure B1. σr /v f of all stellar particles as a function of galactocentric distance aft
egend. 

Figure B2. σr /v f of newly formed stellar particles as a function o
ass, so it is reassuring that at 5 R d , the simulated value of σr /v f is
imilar to that of the MW. 

PPENDI X  C :  FAC E-O N  A N D  E D G E - O N  V I E W S  

he gas data extracted from RDRAMSES can be binned in 2D to
btain xy and xz projections. Figs C1 , C2 , C3 , C4 , and C5 show these
rojections for models 1e7, 1e8, 1e9, 1e10, and 1e11, respectively, 
or the final snapshot at 5 Gyr. All the new stellar particles that
ormed during the simulation are plotted on the gas distribution for
he corresponding model. The stellar particles are colour-coded based 
n their birth time, which helps to provide some information on the
ge distribution of the stars. Note that in the edge-on views, there
re white gaps in the image because the gas density is zero in those
ixels and we use a logarithmic colour scheme. 
MNRAS 519, 5128–5148 (2023) 

er 1 Gyr (left) and 5 Gyr (right), shown for all our models as indicated in the 

f galactocentric distance after 1 Gyr (left) and 5 Gyr (right). 
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M

Figure C1. Model 1e7 after 5 Gyr, shown face-on (left) and edge-on (right). The colour shows the gas density. The newly formed stellar particles are shown as 
coloured dots, with the colour indicating the formation time as indicated on the colour bar. 

Figure C2. Similar to Fig. C1 , but for model 1e8. 

Figure C3. Similar to Fig. C1 , but for model 1e9. 
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Figure C4. Similar to Fig. C1 , but for model 1e10. 

Figure C5. Similar to Fig. C1 , but for model 1e11. 
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Figure D1. The SFH of model 1e11 with levelmax = 11 and levelmax = 12 . 
Improving the resolution hardly affects the result. 
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PPEN D IX  D :  EFFECT  O F  RESOLUTION  

n Section 2.1 , we discussed the effect of resolution on the SFR.
ig. D1 shows the SFH of model 1e11 with levelmax = 11 and 12.
he SFR of model 1e11 with levelmax = 11 gradually rises and

eaches a peak at 1.5 Gyr. The SFR for the models with levelmax
 11 and 12 are identical to within 1 per cent up to 1.3 Gyr. The

evelmax = 12 model was able to run only up to this point due to
omputational limitations. 
MNRAS 519, 5128–5148 (2023) 
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Figure E1. Top : The annular binning procedure used in much of this work 
for model 1e10 at 5 Gyr, showing circular bins out to 5 ˜ R eff . Bottom : How 

each of these bins contributes to the KS plot. The numbers indicate which bin 
is shown, starting from the centre and working outwards. For comparison, 
observations are well fit by equation 22 , shown here as the dotted line 
surrounded by a shaded red band showing the uncertainty. 
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PPENDIX  E:  A N N U L A R  B I N N I N G  F O R  K S  

NALY SIS  

s mentioned in Section 4.3 , annular bins with a constant width of
10 × the highest resolution were constructed for each model out to
 

˜ R eff . Each point on the KS plot (Fig. 6 ) corresponds to a particular
in. Fig. E1 shows an example of the annular binning for model 1e10
top panel), along with the corresponding values from each bin on
he KS plot (bottom panel). The technique applied is the same for all

odels. We used a maximum radius of 5 ˜ R eff as little star formation
ccurs further out. 
NRAS 519, 5128–5148 (2023) 
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