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A B S T R A C T 

Rebirth of X-ray polarimetric instruments will have a significant impact on our knowledge of compact accreting sources. The 
properties of inner-accreting regions of active galactic nuclei (AGNs) or X-ray binary systems, such as black-hole spin, their 
disc inclination and orientation, shape, and size of their corona, can be polarimetrically studied, parallelly to the well-known 

X-ray spectroscopic and timing techniques. In this work, we provide a new spectropolarimetric numerical estimate of X-rays in 

the lamp-post coronal model for a distant observer, including a polarized reflected radiation from the accretion disc. The local 
disc reflection was simulated using the codes TITAN and STOKES and includes variable disc ionization as well as Monte Carlo 

treatment of Compton multiple scatterings. We introduce a relativistic code KYNSTOKES based on our well-tested KY package 
that accounts for all relativistic effects on radiation near a black hole, apart from the returning radiation, and adds a possibility 

of polarized coronal emission. We study the spectrum, polarization degree and polarization angle at spatial infinity for various 
global system parameters and we demonstrate the difference at infinity, if analytical local reflection computations are used. We 
newly predict that in the hard X-rays the reflected component can be 25 per cent polarized and the total emission can be 9 per cent 
polarized in the most fa v ourable, yet realistic configurations of radio-quiet AGNs. Thus, the relativistic disc reflection remains 
important for the interpretation of X-ray polarimetric observations. 

Key words: accretion, accretion discs – black hole physics – polarization – radiative transfer – relativistic processes – scattering. 
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 I N T RO D U C T I O N  

-ray polarimetric and spectroscopic missions planned for this and 
he next decade will significantly enhance our knowledge of compact 
ccreting sources. Whether it is the polarimetric missions: IXPE 

Weisskopf et al. ( 2022 ), launched successfully on 2021 December 
] or eXTP [Zhang et al. ( 2016 , 2019a ), due to be launched in the
econd half of 2020s], or, for example, the spectroscopic ATHENA 

ission [Barret et al. ( 2020 ), due to be launched in 2030s], the new
nstruments on board of such satellites will significantly expand the 
urrent windows into the high-energy Universe. Thus, it is high time 
o revisit theoretical models of X-ray emission from the two most
ommon classes of X-ray accreting objects: the supermassive black 
oles (BHs) in active galactic nuclei (AGNs) and the stellar-mass 
Hs in X-ray binary systems (XRBs; see e.g. Antonucci 1993 ; Done,
ierli ́nski & Kubota 2007 ; Tr ̈umper & Hasinger 2008 ; Seward &
harles 2010 ; Abramowicz & Fragile 2013 ; Fabiani & Muleri 2014 ;
etzer 2015 ). 
In particular it is the polarization models of AGNs and XRBs

hat require attention, because the field of X-ray polarimetry is 
urrently re-opening after being silent for almost 40 yr (Fabiani 
 Muleri 2014 ). The IXPE mission has already brought a handful of
 E-mail: jakub.podgorny@asu.cas.cz 

K  

o
s  

2023 The Author(s) 
ublished by Oxford University Press on behalf of Royal Astronomical Society 
igh-quality X-ray polarimetric observations of AGNs (Marinucci 
t al. 2022 ; Gianolli et al. 2023 ; Ingram et al. 2023 ; Tagliacozzo
t al. 2023 ; Ursini et al. 2023 ) and XRBs (Krawczynski et al.
022 ; Kushwaha et al. 2023 ; Podgorn ́y et al. 2023 ; Ratheesh et al.
023 ; Rawat, Garg & M ́endez 2023 ; Rodriguez Cavero et al. 2023 ;
eledina et al. 2023 ). Studying the X-ray polarization signal will
ring an independent method for determining the observer inclination 
nd source orientation on the sky (Dov ̌ciak, Karas & Matt 2004b ;
ov ̌ciak et al. 2008 ; Li, Narayan & McClintock 2009 ; Dov ̌ciak

t al. 2011 ; Marin 2014 , 2016 ) or determining the spin of BHs
Connors & Stark 1977 ; Stark & Connors 1977 ; Connors, Piran &
tark 1980 ; Dov ̌ciak et al. 2008 ; Li et al. 2009 ; Schnittman & Krolik
009 ; Taverna et al. 2020 , 2021 ), complementary to the well-known
pectroscopic (using either the iron K α line profile or the thermal
isc continuum emission) and timing (kHz QPOs) techniques [see 
eynolds ( 2019 ) and references therein]. 
In our study, we focus on the inner-accretion models of radio-quiet

ources. The concept of a hot gaseous corona abo v e the accretion
isc has been investigated in the past decades and put forward as
 promising explanation for the primary X-ray power-law emission 
ypically observed in AGNs and XRBs (see e.g. Sunyaev & Titarchuk
980 ; Haardt 1993 ; Haardt & Maraschi 1993 ; Do v e et al. 1997 ;
rolik 1999 ; Seward & Charles 2010 ). The Compton up-scattering
f thermal disc photons on the coronal electrons produces X-ray 
ignal that can reach directly the observer or that can be further re-

http://orcid.org/0000-0001-5418-291X
http://orcid.org/0000-0003-0079-1239
http://orcid.org/0000-0003-4952-0835
mailto:jakub.podgorny@asu.cas.cz
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rocessed by the disc or by more distant components of the system.
he primary X-rays can already obtain partial scattering-induced
olarization ( � 10 per cent ) in the corona (Poutanen & Svensson
996 ; Schnittman & Krolik 2010 ; Beheshtipour, Krawczynski &
alzac 2017 ; Beheshtipour 2018 ; Marinucci et al. 2018 ; Tamborra

t al. 2018 ; Krawczynski & Beheshtipour 2022 ; Krawczynski et al.
022 ; Ursini et al. 2022 ; Poutanen, Veledina & Beloborodov 2023 ).
ur objective is to focus on the reflection of the X-ray power-

aw emission from the accretion disc and to discuss spectral and
olarization signatures of such radiation for a distant observer, i.e.
fter integrating the reflected Stokes parameters in the local co-
o ving frame o v er the accretion disc, including all the special and

eneral relativistic (GR) effects in the vicinity of a central black
ole when the system is viewed as point source from spatial infinity.
he most important process that should significantly enhance the
olarization degree of the total signal in the hard X-rays is Compton
own-scattering of the coronal photons in the disc (Matt 1993 ;
outanen, Nagendra & Svensson 1996 ; Schnittman & Krolik 2009 ;
ov ̌ciak et al. 2011 ; Podgorn ́y et al. 2022 ). We may then add the
irect primary radiation that reaches a distant observer through the
ame strong-gravity environment and construct toy models of inner-
ccreting X-ray emission of AGNs and XRBs. 

The integration and ray-tracing processes require choosing some
rescribed simple coronal geometry, which is until today one of
he main unknowns of such modeling (see e.g. Kubota & Done
018 ; Marinucci et al. 2018 ; Poutanen, Veledina & Zdziarski 2018 ).
everal global geometries of the corona can be considered. In this
aper, we would like to explore the outcome of the most simple
oronal archetype: the lamp-post model (Matt, Perola & Piro 1991 ;
artocchia & Matt 1996 ; Henri & Petrucci 1997 ; Petrucci & Henri

997 ; Martocchia, Karas & Matt 2000 ; Miniutti & Fabian 2004 ;
ov ̌ciak, Karas & Yaqoob 2004a ; Dov ̌ciak et al. 2011 ; F ̈urst et al.
015 ; Miller et al. 2015 ; Parker et al. 2015 ; Dov ̌ciak & Done 2016 ;
ied ́zwiecki, Zdziarski & Szanecki 2016 ; Walton et al. 2017 ; Ursini

t al. 2020 ). The lamp-post model assumes a small patch of a
ot corona, sometimes interpreted as a failed jet, located on the
otational axis of the disc at some height abo v e the central black hole.

e represent an isotropic point-like source with stationary power-
aw emission. Although non-stationarity of the primary source is
ometimes considered (Beloborodov 1999 ; Malzac, Beloborodov &
outanen 2001 ), here we assume a stationary situation. Other classes
f models assume e.g. the extended corona (Haardt & Maraschi 1991 ;
aardt 1993 ; Poutanen & Svensson 1996 ; Dabrowski & Lasenby
001 ; Malzac, Dumont & Mouchet 2005 ; Nied ́zwiecki & Życki
008 ; Schnittman & Krolik 2010 ; Marinucci et al. 2018 ; Poutanen
t al. 2018 ; a diffuse optically thin hot corona near abo v e large area
f the disc ranging from slab to spherical assumptions) or a truncated
nner accretion disc (i.e. not extending to the innermost stable circular
rbit) with the so-called hot inner accretion flow , which can be
ivided into sub-classes based on plasma interaction of the hot flow
ith the inner edge of the cold disc (Poutanen & Svensson 1996 ;
o v e et al. 1997 ; Esin, McClintock & Narayan 1997 ; Esin et al.
998 ; Zdziarski et al. 1998 ; Liu et al. 2007 ; Poutanen & Vurm 2009 ;
eledina, Poutanen & Vurm 2013 ; Poutanen et al. 2018 ). 
In the literature, one can find X-ray local spectral reflection models

ssuming a stratified disc atmosphere in hydrostatic equilibrium
ccomplished with the codes TITAN and NOAR (R ́o ̇za ́nska et al.
002 ; Dumont et al. 2003 ), or with the ATM24 code (R ́o ̇za ́nska &
adej 2008 ; R ́o ̇za ́nska et al. 2011 ; Vincent et al. 2016 ). Although

he constant density assumption is still until today a debatable
implification (Nayakshin, Kazanas & Kallman 2000 ; Ballantyne,
oss & Fabian 2001 ; Nayakshin & Kallman 2001 ; P ́equignot et al.
NRAS 524, 3853–3876 (2023) 
001 ; Dumont et al. 2002 ; R ́o ̇za ́nska et al. 2002 , 2011 ; Ross & Fabian
007 ; R ́o ̇za ́nska & Madej 2008 ; Vincent et al. 2016 ; Podgorn ́y et al.
022 ), numerous attempts of this kind led to important models for the
-ray astronomical community. For example, the models PEXRAV

nd PEXRIV (Magdziarz & Zdziarski 1995 ), REFLIONX (Ross &
 abian 1993 , 2005 ; Ross, F abian & Young 1999 ), and more recently

he XILLVER tables (Garc ́ıa & Kallman 2010 ; Garc ́ıa, Kallman
 Mushotzky 2011 ; Garc ́ıa et al. 2013 ) computed with the code
STAR (Kallman & Bautista 2001 ), include a detailed computation
f ionization structure of the disc. In addition to these, we refer to
ur previous paper (Podgorn ́y et al. 2022 ), where completely new
ocal reflection tables suitable for AGNs were presented, assuming
 constant density slab, and where we compared them to other
ttempts of spectral modeling in the literature. These local reflection
ables were obtained using (1) the radiative transfer code TITAN

Dumont et al. 2003 ) to obtain the ionization structure of a disc
nd (2) the 3D Monte Carlo code STOKES (Goosmann & Gaskell
007 ; Marin et al. 2012 ; Marin, Goosmann & Gaskell 2015 ; Marin
018 ) that incorporates the physics of absorption, re-emission, and
ultiple scattering to produce a complete spectropolarimetric output.
herefore, in addition to the spectral tables, our previous study
rovides an up-to-date unique numerical simulation of the locally
eflected polarization quantities. A single-scattering Chandrasekhar’s
nalytical approximation was often used to estimate the reflected
olarization degree and angle in the past (Chandrasekhar 1960 ;
ov ̌ciak et al. 2004b ; Schnittman & Krolik 2009 ; Dov ̌ciak et al.
011 ), which was already pro v en to pro vide misleadingly higher
olarization degree estimates in the local co-moving frame than the
recise numerical simulations (Podgorn ́y et al. 2022 ). 
Using the new local computations from Podgorn ́y et al. ( 2022 ),

he aim of this article is to introduce realistic models of the Stokes
arameters in X-rays of the AGN inner-accreting region for a distant
bserver in the lamp-post reflection scenario, which will be already
uitable for fitting of real sources with the tool XSPEC (Arnaud
996 ). We focus on the AGNs rather than XRBs, because in the
nergy ranges important for the forthcoming polarimetric missions
 � 2 keV), it is so far easier to simulate the reflection in the local
o-moving frame for them due to the expected lower densities (10 13 –
0 18 cm 

−3 for AGN discs, 10 19 –10 25 cm 

−3 for XRB discs) and lower
emperatures (10 3.5 –10 6 K for AGN discs, 10 5 –10 7.5 K for XRB
iscs) with the absence of the direct thermal black-body component
n X-rays (No viko v & Thorne 1973 ; Shakura & Sunyaev 1973 ;
eynolds & Nowak 2003 ; Abramowicz & Fragile 2013 ; Comp ̀ere
 Oliveri 2017 ; Kubota & Done 2018 ). Although it is more likely

hat XRB sources in our Galaxy will in this decade bring more
aluable information than the fainter AGNs in the scope of photon-
emanding polarimetry (Fabiani & Muleri 2014 ), it is more practical
o first build a complete simulation kit for AGNs, which can be then
asily modified once precise local reflection polarization tables for
RBs are computed, which we plan to do in the future also with the

ode STOKES [the polarization induced by absorption of the thermal
adiation in the upper layer of the disc for XRBs has been already
ecently greatly estimated in Taverna et al. ( 2021 ), also using the
odes CLOUDY (Ferland et al. 2013 , 2017 ) and STOKES , and it was
lready studied before by e.g. Dov ̌ciak et al. ( 2008 )]. 

Similarly to the XILLVER local spectral reflection tables, which
ave their own relativistic extension RELXILL developed (Dauser
t al. 2014 ; Garc ́ıa et al. 2014 ), in this paper we introduce the STOKES

pectral and polarization tables tied with the well-tested relativistic
Y package (Dov ̌ciak et al. 2004a , 2011 ), covering all of their
arametric dependencies, and thus creating a new XSPEC compatible
odel named KYNSTOKES . The spectropolarimetric reflection sce-
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ario utilizing the KY codes was already addressed in Dov ̌ciak et al.
 2011 ) in the lamp-post coronal assumption, using the NOAR spectral
eflection tables for neutral disc and using the Chandrasekhar’s 
pproximation for polarization studies. They discussed the role of 
H spin, observer’s inclination, and lamp-post height abo v e the 
H with respect to the emergent X-ray polarization. The analytical 

ormulae used for reflection from the disc therein (Chandrasekhar 
960 ) involve only the elastic Rayleigh single scattering, which 
s greatly impro v ed by this work, presenting Compton multiple- 
cattering treatment and addition of spectral lines. Compared to 
he results presented in Dov ̌ciak et al. ( 2011 ), and apart from the
ewly addressed ionization structure of the disc and the numerically 
imulated local reflection, we also corrected a sign error in Dov ̌ciak
t al. ( 2011 ) concerning the local polarization angle, added arbitrary
olarization of the primary source and implemented calculations 
f the relativistic rotation of the primary polarization angle from 

he lamp towards a distant observer and from the lamp towards the
isc, where we can now interpolate incident polarization in the local 
rame owing to the new STOKES tables. As this paper endea v ors to
resent new theoretical models and to discuss their inherent spectral 
nd polarization features, we plan to address any direct and more 
ophisticated observ ational perspecti ves related to particular targets 
r instruments in our future studies. 
The structure of the text is as follows: Section 2 provides an

 v erview of the physical model assumed, the numerical techniques 
erformed [stressing the no v elties with respect to the previous 
ttempt by Dov ̌ciak et al. ( 2011 )]. Section 3 is devoted to the
btained spectral and polarization properties for a distant observer. In 
ection 4 we present a comparison with a similar approach previously 
ppearing in the literature, discuss the strengths and weaknesses 
f the new model, and lay the ground for more e xtensiv e, future
esearch. In Section 5 we conclude our analysis. 

 T H E  M O D E L  A N D  N U M E R I C A L  

MPLEMENTATION  

.1 Physical model of the BH and its accreting structure 

he computation of the results presented in Section 3 is split in three
eparate stages. First, we take an optically thick slab of constant 
ensity in a local frame co-moving with the disc, i.e. without any
elati vistic ef fects on the radiation. We use the radiati ve transfer code
ITAN to solve for the ionization structure of the illuminated slab 
teratively, assuming non-LTE conditions and 500 vertical layers of 
he disc’s plane-parallel atmosphere. In a second step we remain 
n the local frame and use the same physical setup but in a Monte
arlo simulator STOKES . This approach provides a detailed treatment 
f the polarization, which is not implemented in TITAN . Conversely, 
 Monte Carlo simulation is unable to calculate the disc structure
elf-consistently. Therefore, in order to take into account for all line 
nd continuum process in STOKES inside the disc atmosphere, we 
mplement as input to STOKES the information on the temperature, 
ensity (constant in our case), and ionization structure (fractional 
bundance of each element in different states of ionization) per each 
ayer from TITAN , which computed the same problem in step 1. After
hat we average the spatial resolution of TITAN to a maximum of
0 vertical layers for computational efficiency of the Monte Carlo 
ethod. Combining consistently (i.e. for the same physical problem) 
 radiative transfer calculus treatment with a Monte Carlo simulator, 
e arrive at local spectropolarimetric reflection tables (in detail 
escribed in Podgorn ́y et al. 2022 ). These take into account the
hoton energy redistribution via disc re-processing, being dependent 
n the local incident and emission angles, the ionization parameter 
representing the local bolometric flux and the slab density) and the
rimary power-law index. 
The tables are then used in the third stage, which is the main

ocus of this paper. We interpolate and integrate them across the
ccretion disc with the new KYNSTOKES code. We assume on-axis 
pherical corona geometry approximated by a point source as the 
nly primary source of X-ray radiation and we take into account all
R effects (apart from disc’s self-irradiation) on radiation that travels 
etween the corona and the disc, between the disc and the observer,
nd between the corona and the observer. Further we consider an
quatorial geometrically thin and optically thick Keplerian accretion 
isc of fixed radial size. Using the KYNSTOKES integrator, we then
btain a spatially unresolved total spectropolarimetric output for 
 distant observer. Multiple scatterings inside the disc are taken 
nto account, but if a photon escapes the geometrically thin disc
tmosphere, we do not account for higher order re-processing inside 
he disc, if the photon’s trajectory would be bent such that it would
e reflected again off the disc. Photons from the lamp and from the
rst re-processing in the disc that do not arrive to the distant observer
re discarded. Let us now describe each step in more detail. 

.1.1 Local reflection 

n Podgorn ́y et al. ( 2022 ) we presented the local X-ray reflection
omputations that will be primarily used for the results presented 
n this paper. We assumed the disc to be locally a plane-parallel
lab with an electron scattering-dominated atmosphere (No viko v 
 Thorne 1973 ; Shakura & Sunyaev 1973 ). We studied semi-

nfinite and optically thick medium with constant density n H = 

0 15 cm 

−3 . The illumination by a primary power-law radiation then
reates vertically stratified ionization structure characterized by the 
onization parameter in [erg × cm × s −1 ] (see e.g. Tarter, Tucker &
alpeter 1969 ), 

= 

4 π
∫ 

F E ( r)d E 

n H 
, (1) 

here F E ( r ) ∼ E 

−� + 1 is the radiation flux locally received on the
urface of the slab. We adopted the typical solar abundance from
splund, Gre vesse & Sauv al ( 2005 ) with A Fe = 1.0, neglecting

he presence of dust. Thermal emission was yet excluded from 

ur study, as well as the impact of inverse Compton scattering in
he disc re-processing. We ne glect an y possible primary radiation
mpact from the opposite side of the disc. Linear polarization of
he incident X-rays was allowed, because it is expected at the hot
oronal electrons due to Compton up-scattering of thermal photons 
see e.g. Haardt 1993 ; Haardt & Maraschi 1993 ; Schnittman &
rolik 2010 ). The emergent spectropolarimetric state was studied 

fter computations of various line and continuum processes inside 
he disc, most importantly the multiple Compton down-scattering. 

e refer to Podgorn ́y et al. ( 2022 ) for detailed implementation of
hese assumptions using the codes TITAN and STOKES . 

Three distinct polarization states of the primary radiation were 
onsidered: (i) unpolarized light with the linear polarization de- 
ree p 0 = 0 per cent , (ii) horizontally polarized light with p 0 =
00 per cent and the incident polarization angle, 1 χ0 = 90 ◦, (iii) 
MNRAS 524, 3853–3876 (2023) 
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iagonally polarized light with p 0 = 100 per cent and χ0 = 45 ◦.
he illumination and reflection from the slab was then studied for all
ossible incident polar angles, 2 δi , emergent polar angles, 3 δe , and az-
muthal angles, 4 � e . See fig. 1 in Dov ̌ciak et al. ( 2011 ) for a scheme.

Given these assumptions and configurations, the locally reflected
ux F E in [keV × cm 

−2 × s −1 × keV 

−1 ] (see Podgorn ́y et al. ( 2022 )
or the details on the normalization used) and its polarization degree
 and polarization angle χ can then be studied with respect to energy,
he parameters ξ , �, μi , μe , � e , and the variable incident polarization
tates. We refer to table 1 in Podgorn ́y et al. ( 2022 ), which summa-
izes the resulting Flexible Ima g e Transport System (FITS) local
eflection tables and the complete adopted parametric grid. More
han 3.5 × 10 8 photons were emitted per each configuration. We
ro v ed that the Monte Carlo approach leads into spectral features that
atch well with other predictions in literature using the equations of

adiative transfer. The spectral discrepancies vanish especially near
he so-called Compton hump at around 20 keV. Gaining confidence
n the spectral results, we discussed the obtained local polarization,
hich has been for the first time properly numerically simulated for
isc re-processing. We demonstrated that in the energy band 2–12 
eV important for the upcoming polarimetric missions, the locally
eflected X-rays even for unpolarized primary radiation can reach
 up to about 90 per cent in the most fa v ourable parametric config-
rations. Ho we ver, with the implementation of multiple scattering,
he predicted degree of polarization is generally lower than using the
ommon single-scattering Chandrasekhar’s analytical approximation 
Chandrasekhar 1960 ). We obtained constant continuum polarization
ngle in energy with some variations in spectral lines. The spectral
ines being present mostly below 2 keV generally tend to depolarize
he emission at soft X-rays. We demonstrated that variable incident
olarization impacts the local spectral and polarization output heav-
ly, depending on the dominant scattering angle in the medium; none
he less, if we evenly integrate over the incident and emergent angular
pace, the impact of variable incident polarization on the spectral part
f the emergent radiation is negligible. 
Here we would like to provide a couple of new results obtained

rom our local computations using simple integration in the incident
nd emergent local angular space for unpolarized primary radiation,
n addition to those presented in Podgorn ́y et al. ( 2022 ). The
ntegrated local tables over the angular parameters represent an
mportant middle step towards the analysis of the global results
hat will be discussed in Section 3 , because they mimic the general
elativistic integration over the disc in an even way, i.e. not preferring
ny direction due to light aberration and light bending effects.
ntegrating the local tables with an even weight over all cosines
f incident angles μi and emergent azimuthal angles � e , but not o v er
he emergent inclination angles μe , gives Newtonian insights and
epresents the dependence on disc inclination for a distant observer.
uch examination is also additionally valuable, because it allows
etter photon statistics 5 in the full available energy resolution of 300
ogarithmically spaced bins between 0.1 and 100 keV. 

Fig. 1 provides this integrated version of the local photon-flux in
he top panels for � = 2 corrected for the primary power-law slope,
NRAS 524, 3853–3876 (2023) 

 Then μi represents a cosine of an angle δi measured from the disc’s normal. 
 Then μe represents a cosine of an angle δe measured from the disc’s normal. 
 A relative azimuthal angle measured counter-clockwise at the disc plane 
etween the emission and the incident ray directions projected to the disc’s 
urface. 
 In Podgorn ́y et al. ( 2022 ) we rather summed o v er the 10 neighbouring energy 
ins for basic discussion of the polarimetric quantities. 

a  

r  

e  

a  

I  

b  

p  

i  

a  
.e. multiplied by E 

2 , and divided by the ionization parameter ξ ,
hich sets the amplitude of the spectra. In this way we can inspect

he effects of continuum absorption and spectral line profiles with
espect to the varying ionization parameter, which is represented by
he colour code. The selected three values of μe = 0.875, 0.475,
.175 (from left to right) are the closest available values from the
ITS tables that correspond to the global inclination angles discussed

n the next sections and in Dov ̌ciak et al. ( 2011 ), for which this paper
epresents a major update. We also show the local polarization degree
ersus energy for the same set of parameters. 

We observe that the integrated polarization degree maintains
ts behaviour with energy and the ionization parameter, as it was
lready shown and explained in Podgorn ́y et al. ( 2022 ) for one
eneric angular configuration. The enhancement by absorption is
till present. Due to the good photon statistics in the highest available
esolution, we may notice that the emission lines clearly depolarize.
pectral lines due to photo-absorption or recombination are assumed

o be unpolarized. Nevertheless, line polarization may be induced
y (multiple) resonant line scattering. Therefore, the corresponding
outines in STOKES include the treatment w ork ed out and presented
n the series of papers by Lee ( 1994 ), Lee, Blandford & Western
 1994 ), and Lee & Blandford ( 1997 ). The competing Auger effect
s also implemented. The polarization of the scattered line photon
epends on the quantum numbers characterizing the electronic
ransition of the resonant line. It co v ers a wide range in strength,
ut may become as rele v ant as for Thomson scattering. For example,
orodnitsyn & Kallman ( 2010 , 2011 ) showed a notable polarization

ontribution due to resonance lines below 2 keV in a detailed study
f warm absorbers in AGNs. In our study, we obtained a dominance
f fluoerescence lines, resulting in depolarization with respect to
he Compton scattered continuum. Ho we ver, if higher spatial and
nergy resolution were implemented, it could result into some highly
olarized resonance lines niether washed out by subsequent multiple
cattering before escaping the atmosphere, niether by the relativistic
ntegration of total disc emission. It is also worth mentioning that any
urrent or forthcoming X-ray polarimeter is incapable of resolving
ndividual spectral lines in polarization, especially in case of faint
GN (Fabiani & Muleri 2014 ). 
The angular superposition sets the average emergent polarization

egree to have a maximum of only about 5–10 per cent in the total
ange, although the maxima can be even lower depending on the
ocal ionization of the medium and a particular energy band. We do
ot show the integrated local polarization angle as it only obtains χ

90 ◦ value at all energies ( � 2 ◦ variation in the total range), apart
ithin unpolarized lines where the polarization position angle is, by
efinition, undefined. In Fig. 1 we also show the local polarized
ux (i.e. the first two quantities multiplied) for the same set of
arameters. It not only supports the antagonistic behaviour of the
ux and polarization degree with energy, but represents the original
tokes parameters Q = Ip cos 2 χ and U = Ip sin 2 χ without any sign
scillations (because the continuum of χ remains constant in energy),
nd again abstracted away from the slope and amplitude changes. 

One can see that the dependency on ξ does not change char-
cter with variable μe . The emergent inclination angle, roughly
epresenting the global disc inclination in the Newtonian limit, is
xpected to decrease the total flux (from left to right), because more
bsorption takes place for emergent directions closer to the disc plane.
f we suppress the aberration of light and general relativistic light
ending effects in this sense, the local computations predict higher
olarization degrees for higher disc inclination, while the difference
s not large abo v e δe ≈ 60 ◦. The av erage polarization fraction is
bout three times larger for δe ≈ 60 ◦ than for δe ≈ 30 ◦ in the studied
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Figure 1. Local reflection spectral results EF E / ξ (corrected for primary power-law slope and divided by ionization parameter to unify the amplitude, top panel), 
polarization degree versus energy (middle panel), and polarized flux (bottom panel) obtained by STOKES , integrated in incident inclination angles and emergent 
azimuthal angles for spectral index � = 2.0. The colour code corresponds to various ionization parameters ξ . We show the values of μe = 0.875, 0.475, 0.175 
(left-hand to right-hand panels, δe = 28.96 ◦, 61.65 ◦, 79.92 ◦) correspondent to the global disc inclinations displayed in the next sections. 
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nergy bands and for the studied ξ values. This generally results 
nto the highest polarized flux for medium emission inclination 
ngles (around δe ≈ 60 ◦), which suggests the most fa v ourable global
nclination for polarization measurements. 

.1.2 Global model and the relativistic effects 

e keep the convention of polarization angle χ = 0 being parallel 
o the disc axis of symmetry and increasing counter-clockwise when 
iewing in the photon’s incoming direction. For a sketch of the lamp-
ost model of the accreting structure that we adopt, see fig. 1 in
ov ̌ciak et al. ( 2011 ). Similarly to this work, we assume an ele v ated

sotropically emitting point-like source at height h on the rotational 
xis abo v e the equatorial plane, illuminating the geometrically thin 
isc in this plane with a power-law radiation with some observed 
rimary isotropic flux L X / L Edd at 2–10 keV in the units of Eddington
uminosity L Edd . The disc is assumed to have a Keplerian velocity
rofile and a constant radial density profile (in this paper n H = 10 15 

m 

−3 ). The system can be inclined at general inclination i and with
rbitrary orientation with respect to the distant observer. We assume 
he emission region to be unobscured, i.e. we do not aim to model any
ther outer components of the accreting structure, such as jets, the 
road-line regions, narrow-line regions, polar winds, or a dusty torus. 
We prescribe the inner and outer disc radius r in and r out (in the

esults presented r in is fixed at the inner-most circular orbit (ISCO),
 out = 400 GM c −2 ) and compute the geodesics from the lamp to the
isc in Kerr space-time with arbitrary normalized black-hole spin a 
nd black-hole mass M BH . The disc is assumed to be geometrically
hin in the equatorial plane but optically thick, i.e. we consider only
hotons coming from the source or disc directly to the observer 
nd no source on the opposite side and we neglect the disc self-
rradiation (see e.g. Schnittman & Krolik 2010 ; Dauser et al. 2022 ).
he effects of radiation returning to the disc after being re-processed
nce could affect the resulting polarization picture though, which 
s discussed in Section 4.2 as one of the critical simplifications of
his work. Otherwise all special and general relati vistic ef fects are
ncluded, such as the aberration of light, Doppler and gravitational 
edshifts, light bending and rotation of the polarization plane. We then 
uperpose geodesics from the disc to the distant observer ( reflected-
nly radiation ) and from the lamp to the distant observer ( primary
adiation ) to produce a combined spectro-polarimetric outcome at 
nfinity ( total radiation ). 

.2 Numerical models 

s a major impro v ement with respect to Dov ̌ciak et al. ( 2011 ), we
ncorporated the new local reflection FITS tables from Podgorn ́y et al. 
 2022 ) that were computed with the codes TITAN and STOKES . These
nclude numerically simulated polarization properties of the disc 
eflection as well as detailed calculations of the vertical ionization 
isc structure. Thus polarization properties of the reflection from 

onized discs can be studied. Further, the reflection tables were com-
uted for three independent incident polarization states defined by the 
olarization degree and angle, ( p , χ ) = (0, –), (1, π /2), (1, π /4). The
isc response computed by the STOKES code is a linear transformation
f the incident Stokes parameters, I , Q , and U , and therefore the disc
esponse to an arbitrary incident polarization state can be computed 
rom this basis. Since GR effects do not change the polarization
egree between the primary source and the disc and they change the
olarization angle by χd , one can finally express the reflected Stokes
arameters (commonly denoted here as S ) at each point as 

( p 0 , χ0 + χd ) = S(0 , −) + p 0 { [ S(0 , −) − S(1 , π/ 2)] cos 2( χ0 + χd ) 

+ [ S(1 , π/ 4) − S(0 , −)] sin 2( χ0 + χd ) } , (2) 
MNRAS 524, 3853–3876 (2023) 
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Table 1. Summary of all figures provided in Sections 3 and 4 that concern discussion of the KYNSTOKES results and comparisons for the global model viewed 
from infinity. 

y -axis → Intensity (normalized to value at 50 keV) Polarization degree Polarization angle 
x -axis (and curves displayed) ↓ Reflected-only EF r, E Total EF E Reflected-only p r Total p Reflected-only χ r Total χ

vs E (for three disc ionizations , 2 × h , 2 3 4 5 8 ( = 8 ) 
2 × a , 3 × i , unpolarized primary) 

vs h and i (for neutral disc, 2 × a , 6 9 b 

fiv e ener gy bands , unpolarized primary) 

vs h and i (for highly ionized disc, 2 × a , 7 a 10 
fiv e ener gy bands , unpolarized primary) 

vs E (for neutral disc, 2 × h , one choice of ( a , i ) 11 12 13 
three incident polarization states ) 

vs E (for neutral disc, 2 × h , 2 × a , 3 × i , 14 
three incident polarization states ) 

vs E (for two different reflection tables , neutral 
disc, 

17 c 18 c 19 c 20 c 

1 × h , 2 × a , 3 × i , 3 incident polarization states) 

We stress in bold the most visible distinction of the curves in each figure, which is given by the colour code. All figures and curves within are for the case � = 2, if not 
mentioned otherwise. We distinguish the disc ionization by the M BH and L X / L Edd parameters in the global model (see the text further). a Is also re-created for � = 3 in 
Fig. 16 . 
b Is also re-created for p 0 = 0.01, χ0 = 90 ◦ in Fig. 15 . 
c The x -axis range is shrinked to E ∈ [1 , 100] keV. 
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here the primary polarization state is defined by the polarization
egree, p 0 , and the polarization angle, χ0 . Naturally, when
e compute the observed polarization, full general-relativistic

omputations of the change of the polarization angle from the lamp
owards a distant observer and towards the disc as well as from
he disc towards the observer are implemented, see Appendix A
or more details. Lastly, note that with respect to Dov ̌ciak et al.
 2011 ), we have also corrected a sign error in the definition of the
ocal polarization angle of the disc emission, see Appendix B for

ore details. Because we plan to rework the entire discussion of
olarization for a distant observer in Section 3 , using the new local
eflection tables from Podgorn ́y et al. ( 2022 ) and including other
mpro v ements in the KY codes since Dov ̌ciak et al. ( 2011 ), this
orrection does not propagate to the main results of this paper. We
ame the new model as KYNSTOKES , with reference to the Monte
arlo code, STOKES , that was used to compute the local reflection
olarization tables. See the data availability section for a link to
xternal repository of KYNSTOKES , including user instructions. 

 RESULTS  F O R  A  DISTANT  OBSERV ER  

n order to discuss the spectral and polarization properties obtained
y KYNSTOKES clearly, for each set of parameters, we will first
laborate on the reflected-only emission and then show the total
mission including the primary radiation. We will first discuss the
pectra, polarization degree, and polarization angle versus energy
or unpolarized primary radiation and � = 2 and only in the end add
 commentary on the effect of non-zero incident polarization and
ariable photon-index. We show examples for two cases of the black-
ole spin, non-rotating Schwarzschild black hole with a = 0, and
aximally rotating Kerr black hole with a = 1, three inclinations, i =

0 ◦, 60 ◦, and 80 ◦, 6 for the energy range of 0 . 1 − 100 keV with 300
NRAS 524, 3853–3876 (2023) 

 Although the high inclinations are not plausible for direct observations due 
o expected obscuration, the obtained spectro-polarimetric properties might 
e useful for precise modeling of e.g. torus illumination (Marin et al. 2018a ; 

M
w
s

nergy bins following the resolution of the local reflection tables,
lthough KYNSTOKES allows arbitrary binning. Note that while the y -
ange for all shown quantities (relative flux, polarization degree, and
ngle) is fixed within panels of each figure for better comparison,
t changes between the figures for better readability. Table 1
ummarizes the order and content of all figures in the main paper
ody. 

.1 Intensity 

igs 2 and 3 represent the reflected-only and total spectra for a
election of different ionizations of the disc, corona heights, BH
pins, and system inclinations. We show the spectra normalized to
he value of each curve at 50 keV and we multiply by E 

� in order
o ignore the amplitude and slope changes and in order to show
bsorption and spectral features more clearly. The disc integrated
eflection spectra show the usual features such as the Fe K α line at 6–
 keV, a forest of lines below 3 keV, and the Compton hump abo v e 10 
eV that are relativistically smeared, especially in the configurations
here more radiation reaches the inner-most parts of the disc (i.e. for

ower primary source heights and higher black-hole spins) and for
igher inclinations. Note that in case of the total observed emission,
hese features are further diluted by the continuum power law, Fig.
 . This general spectral behaviour obtained by KYNSTOKES using
he STOKES local tables resembles well the predictions previously
ppearing in the literature (see e.g. Garc ́ıa et al. 2014 ). It was
hecked that high lamp-post heights represent Newtonian limits on
ight bending effects and angular aberration (approaching the results
hown in Fig. 1 ). 

Typically the blurred Fe K α line in the total spectrum serves as a
owerful feature for fitting inclination, spin and disc’s ionization in
pectra of AGN and XRBs (see e.g. Dov ̌ciak et al. 2004b ; Miniutti
arin, Dov ̌ciak & Kammoun 2018b ) therefore we show these examples as 
ell. In addition, by this choice we allow a direct comparison with the similar 

election of parameters in Dov ̌ciak et al. ( 2011 ). 
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Figure 2. The reflected-only spectra of the accretion disc for distant observer, EF r, E , normalized to value at 50 keV, obtained by KYNSTOKES for black-hole 
spins a = 0 (top) and a = 1 (bottom), disc inclinations i = 30 ◦ (left), i = 60 ◦ (middle), and i = 80 ◦ (right), � = 2 and unpolarized primary radiation, using the 
STOKES local reflection model in the lamp-post scheme. We show cases of two different heights of the primary point-source abo v e the disc h = 3 GM c −2 (solid 
lines) and h = 15 GM c −2 (dashed lines), and neutral disc (for M BH = 1 × 10 8 M � and observed 2–10 keV flux L X / L Edd = 0.001, black lines), moderately 
ionized disc (for M BH = 3 × 10 6 M � and observed 2–10 keV flux L X / L Edd = 0.01, blue lines) and highly ionized disc (for M BH = 1 × 10 5 M � and observed 
2–10 keV flux L X / L Edd = 0.1, red lines). 

Figure 3. The total spectra of the accretion disc for distant observer, EF E , normalized to value at 50 keV, for the same parametric setup as in Fig. 2 , displayed 
in the same manner. 
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 Fabian 2004 ; Vaughan & Fabian 2004 ; Seward & Charles 2010 )
ue to the fact that its shape strongly depends on these parameters
hrough the GR ef fects, e.g. the relati vistic broadening of the line is

ost extreme in cases when more radiation hits innermost regions 
f the disc close to the black hole. We refer to Cunningham ( 1975 );
ov ̌ciak et al. ( 2011 , 2014 ), and Dauser et al. ( 2014 ) for an e xtensiv e
iscussion of these effects. Here we just shortly summarize the main
eatures: 
MNRAS 524, 3853–3876 (2023) 
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Figure 4. The reflected-only polarization degree, p r , versus energy for the same parametric setup as in Fig. 2 , displayed in the same manner. 

 

v
 

a  

w
 

w
 

i
 

b

 

i  

i  

p  

t  

p  

m  

t  

p  

c  

M  

h  

a  

o  

w

7

D
8

p

3

F  

r  

u  

r  

b  

s  

t  

e  

i  

o  

h  

d  

l  

o  

g  

f  

T  

t  

t  

e
 

d  

r  

T  

m  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/524/3/3853/7226711 by guest on 12 February 2024
(i) the emission angle is not equal to the observer’s inclination and
aries with the position on the disc, 

(ii) the emission from different areas of the disc is shifted in energy
nd amplified or suppressed by GR effects in a non-axisymmetric
ay, 
(iii) the illumination pattern and thus ionization of the disc changes

ith primary source height and thus changes the disc response, 7 

(iv) the relativistic rotation of the polarization angle depends on
nclination, black-hole spin, and lamp-post height, 8 

(v) the BH spin shrinks the inner disc radius and changes light
ending effects in the vicinity of the black hole. 

The spectrum for a distant observer depends strongly on the
onization of the accretion disc. The ionization in the global model
s mainly influenced by the BH mass and intrinsic luminosity of the
rimary source. The latter increases the ionization parameter, while
he former diminishes ionization because it changes the distance in
hysical units between the source and the disc. In a more realistic
odel, we would have to account also for the effect of BH mass on

he disc density [directly involved in the definition of the ionization
arameter ( 1 )] and that the disc density changes with radial
oordinate. In our examples we chose three realistic combinations of
 BH and L X / L Edd to mimic (almost) neutral, moderately ionized and

ighly ionized disc. The disc ionization (dependent on radius) creates
 specific spectral signature for a distant observer, and contributions
f differently ionized parts of the disc to the total observed spectrum
ill be dependent on the corona height and BH spin. 
NRAS 524, 3853–3876 (2023) 

 In this paper, the energy dependence differs substantially in comparison with 
ov ̌ciak et al. ( 2011 ), as ionization of the disc is properly treated. 
 This is also a new effect to be considered, as we have now implemented the 
ossibility of a polarized primary towards the disc and towards the observer. 
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.2 Polarization degree 

igs 4 and 5 represent the polarization degree with energy for the
eflected-only and total emission, respectively. These results are
nique, because the local reflection tables from Podgorn ́y et al. ( 2022 )
epresent the first numerical estimate of locally induced polarization
y disc reflection, including proper treatment of multiple Compton
catterings and ionization. We show the same parametric configura-
ions as on the spectral Figs 2 and 3 . One may now estimate to what
xtent disc reflection can enhance the polarization degree in the AGN
nner-accreting region in the lamp-post scheme. Global reflected-
nly polarization degree can reach up to 25 per cent in the Compton
ump region in the most fa v ourable configurations. The polarization
egree induced by reflection at infinity is of course lower than in the
ocal co-moving frame. This was already indicated by the magnitude
f the local polarization degree, p ( E ), integrated over all emission an-
les shown in Fig. 1 that is much lower when compared to the results
or particular scattering geometry provided in Podgorn ́y et al. ( 2022 ).
he total polarization degree can reach up to 9 per cent in the Comp-

on hump region in the most fa v ourable configurations. This illus-
rates the depolarization effect of the completely unpolarized primary
mission when added to the highly polarized reflected component. 

We refer to Table 2 for the predicted average total polarization
egree values in the energy ranges of the forthcoming main X-
ay polarimetric missions for a few generic parametric selections.
he presented model with the STOKES local reflection tables has
uch higher energy resolution than any currently functioning or

orthcoming X-ray polarimeter [in 2–8 keV for IXPE (Weisskopf
t al. 2022 ) and eXTP (Zhang et al. 2016 , 2019a ), in 15–80 keV
or XL-Calibur (Abarr et al. 2021 )] could achieve for such faint
ources as AGNs, in order to e.g. apply the predicted line behaviour
or polarimetric fitting of AGN properties. We plan to provide
 deep discussion of observational prospects by KYNSTOKES in a
uture paper, including data simulations for some particular X-ray
olarimetric missions. 
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Figure 5. The total polarization degree, p , versus energy for the same parametric setup as in Fig. 2 , displayed in the same manner. 

Table 2. The average total polarization degree 100 · p [ per cent ] between 2–8 keV (the IXPE or eXTP mission range) 
and 15–80 keV (the XL-Calibur balloon experiment range) for unpolarized primary radiation and � = 2. 

i = 30 ◦ i = 60 ◦ i = 80 ◦

a = 0 0.33 2.17 1.03 7.47 1.03 8.40 
h = 3 GM c −2 a = 1 0.55 2.15 2.12 6.65 1.01 4.08 

a = 0 0.24 1.78 0.81 4.97 0.43 3.50 
IXPE and eXTP (2–8 keV) h = 15 GM c −2 a = 1 0.24 1.73 0.59 4.59 0.36 2.57 

a = 0 2.29 2.47 7.48 8.24 7.95 9.01 
h = 3 GM c −2 a = 1 2.51 2.62 7.78 7.97 4.63 4.80 

a = 0 2.03 2.24 5.44 6.10 3.99 4.60 
XL-Calibur (15–80 keV) h = 15 GM c −2 a = 1 1.98 2.18 5.11 5.70 3.25 3.72 

We show cases of neutral disc ( M BH = 1 × 10 8 M � and observed 2–10 keV flux L X / L Edd = 0.001, left cells in black) 
and highly ionized disc ( M BH = 1 × 10 8 M � and observed 2–10 keV flux L X / L Edd = 0.1, right cells in red) and various 
combinations of lamp-post heights h , black-hole spins a and disc inclinations i . 
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The general pattern of the reflected polarization degree with energy 
or a distant observer resembles the pattern expected from the local 
eflection tables in Podgorn ́y et al. ( 2022 ) or their integration in
ngular space in Fig. 1 . The role of the ionization parameter ξ is
gain represented by the combination of M BH and L X / L Edd that mostly
ffect the disc o v erall ionization in Figs 4 and 5 ; we can clearly see
epolarization of lines resulting from the local reflection tables. This 
s mostly prominently on the Fe line complex, where you can note
hat the decrease of polarization degree has inverse line profile with 
he increase of flux in the spectra, including the relativistic smearing. 

Due to relativistic effects, both the emission angle and the change 
f polarization angle vary across the disc. In some cases this can
ead to enhancement of the polarization degree, rather than further 
epolarization with respect to the uniform integration in angular 
pace (for detailed discussion, see e.g. Dov ̌ciak et al. 2011 ). This is
een also in our latest results by comparison of amplitudes of the
eflected polarization degree curves in Figs 1 and 4 . For example,
he inclination of 60 ◦ and low BH spin for the highly ionized disc
ay lead to energy averaged polarization degree around 15 per cent 
ompared to the maximum 10 per cent obtained by the simple
ewtonian integration.The dependence of the polarization degree 
n height and inclination for two BH spin values and different
nergy bands in the full general-relativistic regime is shown in 
igs 6 and 7 for a neutral and ionized disc, respectively. These
an be directly compared with the results presented in Dov ̌ciak et al.
 2011 ). Comparing the energy dependence on both of these figures,
ne can clearly see the energy flattening of p ( E ) for the ionized
ase as opposed to the neutral case. For both of these cases, the
v erage polarization de gree rises with energy in all configurations,
ecause the harder the detected X-rays are, the more we register
urely Compton-scattered photons carrying highly polarized signal. 
Figs 6 and 7 for the total emission suggest a non-monotonic

ehaviour of p with inclination. It is important to model the
olarization also for high inclinations precisely, because the AGN 

orus polarization models have to account with a possibly polarized 
llumination (Marin et al. 2018a , b ). The highest polarized fraction
f the X-rays at infinity in our model is generally reached at about
 ≈ 65 ◦. The primary radiation that reaches the observer directly is
MNRAS 524, 3853–3876 (2023) 
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Figure 6. Top panel: The total average polarization de gree, p , v ersus height of the primary point-source abo v e the disc for disc inclinations i = 30 ◦ (left), i = 

60 ◦ (middle), and i = 80 ◦ (right), � = 2, unpolarized primary radiation, M BH = 1 × 10 8 M �, and observed 2–10 keV flux L X / L Edd = 0.001, i.e. neutral disc. 
We show cases of two black-hole spins a = 0 (dashed) and a = 1 (solid) and for energy bands E ∈ [0.2, 2] keV (black), E ∈ [2, 8] keV (blue), E ∈ [8, 12] keV 

(green), E ∈ [12, 20] keV (orange), and E ∈ [20, 50] keV (red). Bottom panel: The total average polarization de gree, p , v ersus disc inclination for heights of the 
primary point-source abo v e the disc h = 3 GM c −2 (left), h = 15 GM c −2 (middle), and h = 100 GM c −2 (right), for the same configuration as on the top panel. 
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lmost unaffected by the inclination. In Fig. 1 we already showed
hat the rise (from i ≈ 30 ◦ to i ≈ 60 ◦) and some flattening (from i ≈
0 ◦ to i ≈ 80 ◦) of the polarization degree occurs in plain integration
f the local tables in the ( μi , � e ) space. Thus, we conclude that the
ehaviour of p with i is a combination of averaging over different
ocal geometries and global relati vistic ef fects. For the highest
nclinations, the polarized fraction decreases, because the reflection
raction is lower with respect to the unpolarized primary and because
ore configurations of geometry of scattering are included. The

amp-post with fixed height does not change the incident reflection
ngles for different disc inclination, while the emission angles vary
ue to light-bending. The critical point (with photons that reach the
bserver being emitted in the normal direction to the disc) may be
ocated very close behind the BH from the observer’s point of view at
igh inclinations. Since the reflected flux is the highest from the inner-
ost disc regions, the low-polarized contribution (see Fig. 1 ) from the

ighest local emission cosines μe can be significant in the total signal.
From Fig. 4 one may infer that higher spin produces lower o v erall

mplitude of the reflected polarization for most of the configurations.
his is because in the parts closest to the ISCO (which descends

owards the BH for faster rotating BHs) there is more dramatic
hange of the polarization angle and the emission angle, leading
o the globally depolarized signal. Figs 6 and 7 show the more subtle
ole of spin for the total spectra at infinity in various cases, when
he primary is added. The further we reach out with the lamp-post
NRAS 524, 3853–3876 (2023) 
eight, the less of an impact spin has. In the most inclined sources
ith the lowest lamp-post heights (i.e. when vast majority of studied
eodesics are prone to large spacetime curvature), the distinction
etween the two studied spin cases is the clearest. 

We expect the total polarization to decrease with height, since
he fraction of unpolarized primary radiation increases due to light-
ending effects. We note that for heights close to h = 100 GM c −2 we
ack a fraction of the reflected light due to the default disc truncation at
 out = 400 GM c −2 . The top panels of Figs 6 and 7 remain qualitatively
he same, if we extend the outer disc radius to r out = 1000 GM c −2 ,
nly with a slightly higher polarized fraction at the high lamp-post
eight tail. This monotonous behaviour of polarization with height is
nly distorted for lamp-posts closest to the BH, where the geometry
f scattering varies a lot in the inner accretion disc and the strong-
ravity effects are largest. 

.3 Polarization angle 

s in the previous sections, also in this one it is assumed that the
rimary radiation is unpolarized. This is why the total polarization
ngle χ is the same as the reflected-only polarization angle χ r at
nfinity. Despite the fact that the polarization in this case can only
riginate in the disc re-processing, we note that the polarization
ngle is in general a v ery sensitiv e quantity to the general relativistic
ffects, as its rotation in the polarization plane can be significant even
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Figure 7. The total average polarization degree, p , versus energy for ionized disc ( M BH = 1 × 10 5 M � and observed 2–10 keV flux L X / L Edd = 0.1), otherwise 
for the same parametric setup as in Fig. 6 , displayed in the same manner. 
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t large distances far from the black hole (see fig. 3 in Dov ̌ciak et al.
008 ). 
The polarization angle energy dependence of the reflected radia- 

ion for the same parameter values as in Figs 2 , 3 , 4 , and 5 is shown
n Fig. 8 . One can see polarizaion angle variations due to unpolarized
pectral lines at energies below 3 keV and close to iron line complex
hat were already present in the local tables [see Podgorn ́y et al.
 2022 ) and Section 2.1.1 ]. In the same manner with the ionization
arameter, ξ , in the local co-moving frame, the spectral lines are 
ost dominant for the case of neutral disc (black lines). For high

nclination, low height and high BH spin cases, we again observe 
he relativistic weighted integration and line broadening that smear 
nd suppress these sharp energy features originating from the local 
eflection tables. 

Note that in the local reflection tables the continuum polarization 
ngle is almost constant in energy with its value close to χ r ≈
0 ◦, i.e. close to be parallel with the disc, if uniformly integrated
n the angular space (Podgorn ́y et al. 2022 ). When computing
he relativistic reflection from the full accretion disc, the total 
olarization angle comes out to be 0 ◦ � χ r � 20 ◦ slightly increasing
ith height and we notice steeper increase for the heights abo v e ≈ 40
M c −2 and non-constancy in energy (most significantly for higher 

 and a ). We account this to the interplay of distorted geometry
f scattering (i.e. the selection of incident and emission angles –
ncluding aberration effects – that causes weighting of directions 
n the course of the relativistic integration), light-bending effects 
long the geodesics (from the disc to the observer only in this
ase of unpolarized primary) and the general-relativistic rotation 
f the polarization angle along the geodesics (from the disc to
he observer only in this case of unpolarized primary), which are
ll more likely for increasing a and i and decreasing h . We also
ro vide the dependenc y on height and inclination of the average
olarization angle in different energy bands and the two extreme 
pin cases. Figs 9 and 10 represent the neutral and ionized disc cases,
espectively. Especially in the ionized case (or at higher energies in
eneral), which are not distorted by spectral lines variations, we 
ay inspect the continuum χ r dependency on height and inclination 

n a greater detail. The trend changes for low heights and high
nclinations are caused by the relati vistic ef fects. The height of the
amp-post only affects the different geometry of scattering here, as 
here is no polarization angle to be studied from the lamp to the disc,
or directly from the lamp to the observer. The polarization angle
an take arbitrary value, if the polarization degree is approaching 
ero. Another situation when the polarization angle is arbitrary is 
hen the photon direction is parallel with the normal to the disc,
hich defines the angle by projection to the polarization plane. The
epartures at high heights for the polarization angle can be explained
y the first case (see Figs 6 and 7 ), the departures at low inclinations
y the second case in addition to the first. One can also notice on
he dispersion in the colour code (most prominently for the highest
amp-posts) the slight dependency on energy for the continuum χ r 

t infinity. 
MNRAS 524, 3853–3876 (2023) 
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Figure 8. The reflected-only polarization angle, χ r , versus energy for the same parametric setup as in Fig. 2 , displayed in the same manner. 
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.4 Non-zero incident polarization impact 

n this section, we plan to discuss the impact of variable incident
olarization that we studied in semi-realistic conditions of p 0 =
 (purple lines in figures), p 0 = 0.01 and χ0 = 0 ◦ (green lines
n figures), p 0 = 0.01 and χ0 = 90 ◦ (orange lines in figures;
eheshtipour et al. 2017 ; Beheshtipour 2018 ; Tamborra et al. 2018 ).
ut we note that KYNSTOKES allows for studies of arbitrary primary
olarization state, which is calculated at the disc from the 0 per cent
nd 100 per cent polarized local reflection tables through ( 2 ). We
reserve the distinction in height h by the solid ( h = 3 GM c −2 ) and
ashed lines ( h = 15 GM c −2 ) in the figures. We did not find any
ignificant impact on the spectral results for a distant observer (a
esult already predicted by the local studies in Podgorn ́y et al. 2022 )
herefore we reduce the discussion only to the polarization quantities.

Apart from the total polarization angle χ for the case of neutral
isc, where the discussion is more interesting and the impact is large,
he effect of non-zero incident polarization is qualitatively similar for
he a and i cases studied. Therefore, Figs 11 , 12 , and 13 provide the
esulting p r , p , and χ r , respectively, with energy for one combination
f a and i and the neutral disc. We also omit the results for highly
onized discs, as the stronger reflection contribution in such cases
s responsible for the same primary polarization effects seen in the
eutral reflection without the more interesting high contribution of
rimary radiation of particular polarization. 
The polarization degree (total or reflected-only) tends to have

ualitatively the same response to the tested incident polarization
ases at hard X-rays for all other parameter values and it results in
he change of the polarization degree of � 1 per cent . The originally
orizontally polarized light (orange lines) is slightly diminished with
espect to the unpolarized light (purple lines), while the vertically
olarized light (green lines) is slightly enhanced. This effect is also
een if we test larger p 0 = 2 per cent with linearly higher difference
rom p 0 = 0 per cent on the output. Regarding the disc re-processing
tage, in the local co-moving frame we already showed in Podgorn ́y
NRAS 524, 3853–3876 (2023) 
t al. ( 2022 ) that the Q and U Stokes parameters depend on the
nitial polarization state. This dependency is further complicated for
 distant observer due to the superposition of photons with different
olarization angles, which change along each geodesic differently.
ow for the orange and green lines the relativistic rotation also
atters for the photon trajectories between the lamp and the disc

nd between the lamp and the observer. In general the impact of
his variable incident polarization of p ≤ 1 per cent on the observed
olarization angle is � 1.5 ◦ in the reflected (continuum) component
nd � 4 ◦ when the primary is added, because it adds an unprocessed
ignal with constant direction of polarization, which disrupts the
ymmetry for a distant observer. Otherwise the results in both
mergent polarization degree and angle are symmetric with respect
o the unpolarized primary case when switching from horizontal to
ertical incident polarization angle and keeping the same non-zero
ncident polarization degree. 

The primary emission at infinity also disrupts the general pattern
or the neutral disc case in the orange lines at E < 8 keV, i.e. the
nergy band, where the IXPE and eXTP instruments operate. This
ccurs for both, the total polarization degree and angle, and is due
o the lack of reflected component at soft X-rays for the low-ionized
isc. The total polarization degree for the neutral disc case tends to
nite in the green and orange at the soft X-rays, because the primary
adiation pre v ails o v er the weak reflected component and the total
olarization degree obtains more its original 1 per cent value even
n the orange lines (with horizontally oriented polarization at the
amp-post). It is the orange lines which have significantly different
rientation of the polarization vector with respect to the dominant
0 ◦ value for the originally unpolarized light (purple lines) after the

isc re-processing and relativistic integration. Therefore this effect is
he clearest in Fig. 14 for the polarization angle. Fig. 15 provides an
qui v alent of Fig. 9 for the neutral disc case of the total χ , but for p 0 
 0.01 and χ0 = 90 ◦. We show this figure to probe the dependency

n energy, h , i , and a of this effect visible in Fig. 14 in the orange
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Figure 9. Top panel: The total average polarization angle, χ , versus height of the primary point-source above the disc for disc inclinations i = 30 ◦ (left), i = 

60 ◦ (middle), and i = 80 ◦ (right), � = 2, unpolarized primary radiation, M BH = 1 × 10 8 M �, and observed 2–10 keV flux L X / L Edd = 0.001, i.e. neutral disc. 
We show cases of two black-hole spins a = 0 (dashed) and a = 1 (solid) and for energy bands E ∈ [0.2, 2] keV (black), E ∈ [2, 8] keV (blue), E ∈ [8, 12] keV 

(green), E ∈ [12, 20] keV (orange), and E ∈ [20, 50] keV (red). Bottom panel: The total average polarization angle, χ , versus disc inclination for heights of the 
primary point-source abo v e the disc h = 3 GM c −2 (left), h = 15 GM c −2 (middle), and h = 100 GM c −2 (right), for the same configuration as on the top panel. 

l  

e  

b  

o  

a  

l

3

L  

p
w  

i  

r
p
N
u  

t  

t
I  

t  

M  

g  

e  

a
t

r  

t  

p
t  

a  

d  

d
m  

S  

(
b

a  

o  

p
�  

t  

m
c  

t  

a  

i  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/524/3/3853/7226711 by guest on 12 February 2024
ines from a dif ferent perspecti ve. We may notice that the lowest
nergy bands tend to obtain the original χ0 = 90 ◦ value (or close
y, since the rotation of the polarization angle from the lamp to the
bserv er is ne gligible) and that the energy limit where this plays
 role mo v es upwards for higher heights, as the reflected radiation
ooses its impact at infinity. 

.5 Dependence on the photon index � 

et us provide a few comments to the dependency of all Stokes
arameters for the unpolarized primary radiation on the � parameter, 
hich we held fixed until now. We did not discuss these dependencies

n detail in Podgorn ́y et al. ( 2022 ) on the local level, because the
eflection tables produced by STOKES had uneven grid in the ξ
arameter with respect to the � parameter for technical reasons. 
ow that KYNSTOKES performs all the necessary interpolations for 
s, we can reopen the discussion for a distant observer. We omit from
he discussion the basic slope change in the total output for both
he primary and reflected components, which is of course present. 
n general, this parameter also affects the disc ionization, which is
heoretically more interesting. This is because if we fix the L X / L Edd ,
 BH , and h parameters, which mostly affect the ionization in the

lobal setup, the definition ( 1 ) of ξ imposes integration over the total
nergy range, and thus the photon index of the primary power-law is,
long with the constant n H assumption, the only remaining parameter 
hat changes the local ξ . 

What we indeed observe in our reflected-only and total spectral 
esults for various � tested is that higher photon index makes
he spectral lines and absorption originating in the local disc re-
rocessing more pronounced, since less energetic photons ionize 
he disc (see e.g. the local spectral behaviour with ξ integrated in
ngular space in Fig. 1 ). This is consistent with the local reflection
ependencies on � provided in fig. 6 in Garc ́ıa et al. ( 2013 ), which
iscusses the XILLVER tables obtained by a completely different 
ethod. This brings additional confidence to the use of our new

TOKES local tables in addition to the discussion in Podgorn ́y et al.
 2022 ), including their local polarization component, which cannot 
e compared to any similar simulation in the current literature. 
Since line features and absorption caused by disc ionization are 

lso imprinted to the polarization degree with energy for a distant
bserver (see Figs 4 and 5 ), � affects the energy dependence of
olarization degree at infinity induced by reflection. With higher 
, we tend to see sudden depolarization between 0.8–4 keV, where

he polarization degree with energy had a nearly flat curve in the
oderately ionized (blue curves) and highly ionized (red curves) 

ases in Figs 4 and 5 . We document the resulting dependency of the
otal polarization degree on � in different energy bands by providing
 remake of Fig. 7 (showing the results for � = 2.0) but for � = 3.0
n Fig. 16 . Notice the extended y -axis and the blue lines (representing
MNRAS 524, 3853–3876 (2023) 
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Figure 10. The total average polarization angle, χ , with energy for ionized disc ( M BH = 1 × 10 5 M � and observed 2–10 keV flux L X / L Edd = 0.1), otherwise 
for the same parametric setup as in Fig. 9 , displayed in the same manner. 

Figure 11. The reflected-only polarization degree, p r , versus energy of the 
accretion disc for distant observer, obtained by KYNSTOKES for black-hole spin 
a = 0, disc inclination i = 80 ◦, � = 2 and for the neutral disc ( M BH = 1 ×
10 8 M � and observed 2–10 keV flux L X / L Edd = 0.001), using the STOKES local 
reflection model in the lamp-post scheme. We show cases of two different 
heights of the primary point-source abo v e the disc h = 3 GM c −2 (solid lines) 
and h = 15 GM c −2 (dashed lines), and three different polarization states of 
the primary source: p 0 = 0 (purple), p 0 = 0.01 and χ0 = 0 ◦ (green), p 0 = 

0.01 and χ0 = 90 ◦ (orange). 
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Figure 12. The total polarization degree, p , versus energy for black-hole 
spin a = 1, otherwise for the same parametric setup as in Fig. 11 , displayed 
in the same manner. 
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 ∈ [2, 8] keV, which is the energy range of the IXPE and eXTP
olarimeters) being significantly lower than rest of the curves. It
urther illustrates how the amount of reflected flux and how the
isc ionization are connected to the h , a , i parameters, holding the
 BH = 1 × 10 5 M � and observed 2–10 keV flux L X / L Edd = 0.1 fixed
NRAS 524, 3853–3876 (2023) 
ith respect to the previously shown highly ionized disc case with
 = 2.0 in Fig. 7 . The polarization angle for a distant observer is
lso affected by � in terms of enhanced or suppressed presence of
he line features. 

 DI SCUSSI ON  

.1 Comparison with other computations 

e refer to Podgorn ́y et al. ( 2022 ) where we already compared the
pectral part of the STOKES local tables to the XILLVER (Garc ́ıa
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Figure 13. The reflected-only polarization angle, χ r , versus energy for black- 
hole spin a = 1, otherwise for the same parametric setup as in Fig. 11 , 
displayed in the same manner. 
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 Kallman 2010 ; Garc ́ıa et al. 2011 , 2013 ) and REFLIONX (Ross
 Fabian 1993 , 2005 ; Ross et al. 1999 ) tables directly in the local

o-moving frame and discussed possible reasons for discrepancies. 
et us now compare only the polarization part of the output in

he same lamp-post integration scheme, but with different local 
eflection computations. From the same KY package (Dov ̌ciak 
t al. 2004a , 2011 ) we will use the KYNLPCR routine, which uses
he NOAR spectral reflection computations (R ́o ̇za ́nska et al. 2002 )
nd the commonly used Chandrasekhar’s analytical approximation 
Chandrasekhar 1960 ) of single-scattering induced polarization. We 
ill provide the results for the latest version of KYNLPCR . Therefore,
ur results may differ from the previous publications using KYNLPCR 
Dov ̌ciak et al. 2004a , 2011 ), because of the latest updates mentioned
n Section 2.2 . By performing the identical relativistic integration 
igure 14. The total polarization angle, χ , versus energy of the accretion disc fo
nd a = 1 (bottom), disc inclinations i = 30 ◦ (left), i = 60 ◦ (middle), and i = 80 ◦ (
ux L X / L Edd = 0.001), using the STOKES local reflection model in the lamp-post s
bo v e the disc h = 3 GM c −2 (solid lines) and h = 15 GM c −2 (dashed lines), and 
 0.01 and χ0 = 0 ◦ (green), p 0 = 0.01 and χ0 = 90 ◦ (orange). 
see Section 2.1.2 ) and assuming a neutral disc, we aim to show the
ifference and importance of the local reflection tables. 
For simplicity, we will focus on the h = 3 GM c −2 and � = 2 case

nly, but let us keep the display scheme of spins a = 0 (top) and a = 1
bottom) and disc inclinations i = 30 ◦ (left), i = 60 ◦ (middle), and i =
0 ◦ (right). We truncate the energy range below 1 keV for reasonable
omparison due to the neutrality of the NOAR computations, which 
re used in KYNLPCR and which thus lack a soft X-ray component.
e do not show the ionized case comparison for the same reason

nd only show neutral disc in KYNSTOKES ( M BH = 1 × 10 8 M � and
bserved 2–10 keV flux L X / L Edd = 0.001). We keep the colour code
rom Section 3 for different incident polarization set by the p 0 and χ0 

alues. We will use solid lines for the KYNSTOKES results and dashed
ines for the KYNLPCR results. 

Figs 17 and 18 show the reflected-only and total polarization 
egree with energy. Figs 19 and 20 show the same comparison
or the reflected-only and total polarization angle with energy. 
espite a general similarity of the two simulated polarization 
egree shapes with energy for a distant observer, in all of the
isplayed configurations in Figs 17 and 18 , we observe a significant
epolarization in KYNSTOKES results with respect to the predictions 
y Chandrasekhar’s approximation in the Compton hump region 
bo v e 10 keV, where only continuum processes appear. This is the
nergy band where e.g. the XL-Calibur polarimeter operates. The 
esult was already predicted by direct comparison on the local level
n Podgorn ́y et al. ( 2022 ), and it appears even in the total emission
etected at spatial infinity. The main reason for the depolarization 
y approximately 55 per cent is multiple scatterings, which are 
onsidered by the Monte Carlo simulator STOKES (Goosmann & 

askell 2007 ; Marin et al. 2012 , 2015 ; Marin 2018 ) and which cause
arger dispersion in the emergent polarized signal. Also the elastic 
MNRAS 524, 3853–3876 (2023) 

r distant observer, obtained by KYNSTOKES for black-hole spins a = 0 (top) 
right), � = 2 and neutral disc ( M BH = 1 × 10 8 M � and observed 2–10 keV 

cheme. We show cases of two different heights of the primary point-source 
three different polarization states of the primary source: p 0 = 0 (purple), p 0 

/524/3/3853/7226711 by guest on 12 February 2024
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Figure 15. The total average polarization angle, χ , with energy for primary polarization of p 0 = 0.01 and χ0 = 90 ◦, otherwise for the same parametric setup 
as in Fig. 9 , displayed in the same manner. 
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ayleigh scattering assumed by the Chandrasekhar’s approximation
s less realistic in such physical environment when compared to the
roper Compton down-scattering taken into account by STOKES . 
The unification of green and orange lines for the total polarization

egree p in Fig. 18 towards the mid and soft X-rays for KYNLPCR
dashed lines) now confirms our previous explanation of this feature
or KYNSTOKES (solid lines) in Section 3.4 . There is a complete lack
f reflected component at soft X-rays for a distant observer in the
YNLPCR code that assumes a cold neutral disc. A similar (but non-
ero) weak reflected component with respect to the primary radiation
s present at mid and soft X-rays in the KYNSTOKES computations for
he neutral disc case, which we discuss here. Thus, the polarization
egree is in the case of orange lines prone to obtain its original
 per cent value given by the dominant direct primary radiation. 
This is even more clear on the display of total polarization angle

n Fig. 20 , where the dashed orange lines obtained by KYNLPCR
lso follow the original χ0 = 90 ◦ value below � 8 keV. We see
hat it happens in more cases for the dashed orange lines than for
he solid orange lines produced by KYNSTOKES . This is due to the
rue neutral disc assumption and a complete lack of the reflected
omponent at soft X-rays in KYNLPCR . In Figs 19 and 20 we
bserve some disunity between the dashed and solid lines in the
e gion abo v e 10 keV, which cannot be accounted to the treatment of
pectral lines or reflectivity by the neutral or almost neutral disc, but
s again due to the characteristic Compton recoil dominating at these
nergies, which cannot be imitated by the Chandrasekhar’s analytical
pproximation. None the less, the predictions for the reflected-only
nd total polarization angle by KYNLPCR and KYNSTOKES are also
ualitatively similar for the tested parameters. 
NRAS 524, 3853–3876 (2023) 

X  
.2 Future modeling impro v ements 

ur current model contains many simplifications and much room
or impro v ement that we aim to achiev e in the near future. Staying
n the lamp-post scheme, which itself is a simplified concept (see
.g. Kubota & Done 2018 ; Marinucci et al. 2018 ; Poutanen et al.
018 ), we may first develop the non-isotropic lamp-post emission.
his would certainly impro v e precision in polarization quantities,
specially for the reflected component, because the disc is expected
o recei ve v ariable flux and polarization, depending on each position
nd each incident angle. For the realistic primary flux and primary
olarization estimates (even departing from the strict point-like
ource, assuming a small 3D patch on the rotational axis of the
isc), we may use the MONK code (Zhang, Dov ̌ciak & Bursa
019b ). This Monte Carlo code is able to simulate Comptonization
f the disc thermal radiation in the hot corona with variable 
D shapes. 
Concerning the disc re-processing computed by the current STOKES

onte Carlo method, we already pointed out in Podgorn ́y et al.
 2022 ) a number of possibilities for impro v ement. It is desired
o incorporate effects of Comptonization, synchrotron emission, or
hermal disc radiation into the STOKES simulations. Inclusion of the
hermal treatment and absorption in X-rays (see Taverna et al. 2021 )
o this reflection study would allow to use the current model for
-ray binary accretion discs, if also higher disc densities (10 19 –10 25 

m 

−3 ) and temperatures (10 5 –10 7.5 K) were considered (No viko v &
horne 1973 ; Shakura & Sun yaev 1973 ; Re ynolds & Nowak 2003 ;
bramowicz & Fragile 2013 ; Comp ̀ere & Oliveri 2017 ; Kubota
 Done 2018 ). Once consistent local X-ray reflection tables for
RBs are produced, we may easily produce the global XRB model
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Figure 16. The total average polarization degree, p , with energy for � = 3.0, otherwise for the same parametric setup as in Fig. 7 , displayed in the same manner. 

Figure 17. The reflected-only polarization degree versus energy, p r , of the accretion disc for distant observer in the lamp-post scheme for black-hole spins a = 

0 (top) and a = 1 (bottom), disc inclinations i = 30 ◦ (left), i = 60 ◦ (middle), and i = 80 ◦ (right), � = 2, height of the primary point-source abo v e the disc h = 

3 GM c −2 and neutral disc (for M BH = 1 × 10 8 M � and observed 2–10 keV flux L X / L Edd = 0.001). We compare cases of KY disc integration with the STOKES 

local reflection tables (solid lines) and NOAR local reflection tables with Chandrasekhar’s analytical approximation for polarization (dashed lines), and three 
different polarization states of the primary source: p 0 = 0 (purple), p 0 = 0.01 and χ0 = 0 ◦ (green), p 0 = 0.01 and χ0 = 90 ◦ (orange). 
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M

Figure 18. The total polarization degree, p , versus energy for distant observer for the same parametric setup as in Fig. 17 , displayed in the same manner. 

Figure 19. The reflected-only polarization angle, χ r , versus energy for distant observer for the same parametric setup as in Fig. 17 , displayed in the same 
manner. 

w  

d  

a  

i  

r  

e  

2

 

t  

a  

t  

o  

2  

X  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/524/3/3853/7226711 by guest on 12 February 2024
ith the same KY relativistic integration tools. This is timely and
esirable, as higher fluxes are expected from the Galactic sources
nd photon-demanding X-ray polarimetry will give more insights
nto the inner accretion phenomena of stellar-mass black holes (see
ecent observational results by Krawczynski et al. 2022 ; Kushwaha
t al. 2023 ; Podgorn ́y et al. 2023 ; Ratheesh et al. 2023 ; Rawat et al.
023 ; Rodriguez Cavero et al. 2023 ; Veledina et al. 2023 ). 
NRAS 524, 3853–3876 (2023) 
Regarding the accretion disc studies, it would be also beneficial
o release the assumption of constant density in our model and
llow more flexibility in elemental abundance and the shape of
he primary X-ray radiation [including a possible selection of cut-
ffs that substantially influence the reflected output (Garc ́ıa et al.
013 )]. The advantage of the STOKES local spectral tables o v er the
ILLVER tables is the availability of the full ( μi , � e , μe ) local
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Figure 20. The total polarization angle, χ , versus energy for distant observer for the same parametric setup as in Fig. 17 , displayed in the same manner. 
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ngular space, while the XILLVER tables are integrated in the μi 

nd � e parameters. The precision in angular behaviour of the local 
eometry of scattering may become important for the relativistic 
nte gration o v er the disc in curv ed space, especially in the lamp-post
oronal geometries and especially for the treatment of polarization, 
hich is very sensitive to geometry of scattering. We stress that none
f the local reflection tables tested in Podgorn ́y et al. ( 2022 ) and this
tudy assumed a stratified disc atmosphere in hydrostatic equilibrium. 
efraining from the constant disc density assumption may lead 

o significantly different results in both continuum and emission 
ine shapes; ho we ver, direct comparisons are not easy (R ́o ̇za ́nska
t al. 2002 ; Podgorn ́y et al. 2022 ) and any such attempt would be
eneficial. Additionally, as already mentioned in Section 2.1.1 , the 
esolution of the radiative transfer inside the disc photosphere might 
e failing to pick up strong resonance lines, thus underestimating the 
olarization, mostly below 2 keV. 
Lastly, a significant simplification of the global model is the 

eglect of returning radiation, i.e. those rays that originate in the 
orona and are re-processed in the disc that would have such 
rajectories in curved spacetime emerging from the disc to be 
e-processed again in the disc, possibly multiple times before 
eaching the observer. This problem was addressed from the X- 
ay spectroscopic view recently e.g. in Dauser et al. ( 2022 ) for a
amp-post corona and from the X-ray polarimetric view in detail 
n Schnittman & Krolik ( 2009 , 2010 ) but for extended coronal
eometries and with a focus on thermally radiating XRBs. From 

auser et al. ( 2022 ) one can deduce that higher order re-processings
ffect the spectral shape due to contribution from inner regions of
he disc ( � 10 r g ), most importantly for high BH spins ( � 0.9) and
ow lamp-post heights ( � 5 r g ) and highly ionized disc, resulting
n higher unabsorbed fractions. The polarization arising from self- 
rradiation of either thermal emission or extended coronal emission 
eprocessed once from the disc, assuming the analytical formulae for 
iffuse reflection (Chandrasekhar 1960 ), is azimuthally dependent, 
roducing net fraction ∼10 per cent with polarization angle parallel 
o the disc axis, both constant in energy (Schnittman & Krolik 2009 ,
010 ). 
The inner regions are ho we ver the most affected by the GR effects

ausing a non-trivial geometrical superposition of polarization, 
hich makes the effect of returning radiation on polarization more 
npredictable in our case. This work showed that the once reflected
-rays are comparably or more significantly polarized compared to 

he thermal radiation arising from the disc in Schnittman & Krolik
 2009 ) simulations, being the primary source of emission therein.
he polarization of such thermal radiation can be approximated 
y an analytical prescription for scattering-induced polarization 
n semi-infinite atmospheres (Chandrasekhar 1960 ), which results 
n monotonously rising polarization fraction with inclination from 

 per cent (viewed pole-on) up to about 12 per cent (viewed edge-
n). Thus additional polarization due to returning radiation would 
erhaps impact our results similarly or less than being superimposed 
n the direct disc emission as shown in Schnittman & Krolik
 2009 ). Ho we ver, the flux angular distribution will differ, as well
s flux contributions onto and from different disc regions. Because 
he incident polarization state impacts the reflected polarization 
tate to a considerable extent (see Section 3.4 ), it is also unclear
hether we would see the same effects of returning radiation due

o different polarization of the returning primary thermal radiation 
chnittman & Krolik ( 2009 ) or once re-processed Comptonized 
ower-law emerging from the equatorial plane (this work). These 
rguments of unknown impact of incident polarization and both 
ncident and emergent flux angular distribution per each disc region 
n the returning radiation hold for comparisons with extended or 
atchy coronae elongated in the disc plane that are considered in
chnittman & Krolik ( 2010 ) and that (combined with the thermal
adiation) represent yet another case from pure thermal emission, or 
 pure lamp-post model with prescribed coronal emission. This case 
s further complicated by interaction of the returning radiation with 
he coronal scattering regions again, making direct comparisons with 
he model presented in this paper misleading. It is mentioned though
MNRAS 524, 3853–3876 (2023) 
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n Schnittman & Krolik ( 2010 ) that the wedge corona produces
imilar returning radiation image to the returning thermal radiation
nd equi v alently a net vertical polarization, despite suppressing the
eturned flux from larger radii. 

Therefore, by addition of returning radiation we would expect
n increase of polarization results presented here that show on
verage the same vertical orientation of the polarization vector. The
olarization orientation of our results and the returning radiation
rom Schnittman & Krolik ( 2009 , 2010 ) is energy-independent and
he rescattered contribution is more significant in the hard X-rays.
ence, an increase of polarization fraction by a few percent in the 10–
00 k eV band w ould be anticipated without the switch in polarization
ngle in 1–10 keV seen in Schnittman & Krolik ( 2009 , 2010 ) due
o a model with first order polarization orientation roughly parallel
o the disc axis, not perpendicular. Ho we ver, an implementation of
elf-irradiation to KYNSTOKES would be necessary to investigate such
ffects in detail and pro v e the abo v e predictions. 

 SUMMARY  A N D  C O N C L U S I O N S  

n this paper we discussed a new XSPEC model KYNSTOKES that
roduces a complete spectropolarimetric output for a distant observer
f the primary and reflected X-ray emission from black-hole inner-
ccreting regions. We assumed the lamp-post coronal scheme with
 hot compact source of X-ray primary power-law emission located
n the rotational axis of the disc at some height abo v e the BH. We
ade use of the newly computed local reflection tables (Podgorn ́y

t al. 2022 ) by the codes TITAN (Dumont et al. 2003 ) and STOKES

Goosmann & Gaskell 2007 ; Marin et al. 2012 , 2015 ; Marin 2018 )
hat provide a 3D Monte Carlo simulation of the Stokes parameters
mergent from a semi-infinite scattering atmosphere with constant
ensity n H = 10 15 cm 

−3 . Various line and continuum processes are
ncorporated, including the physics of absorption, re-emission, and
ompton down-scattering, which is expected to be a dominant source
f polarization in the reflected X-rays, especially abo v e 10 keV. The
resented model is mainly intended for use for radio-quiet AGN
nner-accretion studies. KYNSTOKES performs the necessary interpo-
ation of the local tables and integrates them over the geometrically
hin accretion disc in the equatorial plane using all special- and
eneral-relati vistic ef fects. The energy-dependent Stokes parameters
or a distant observer are then provided by KYNSTOKES for a range of
arameters, such as the spin of the BH, the disc inclination, the height
f the primary source abo v e the BH, the luminosity of the primary
ource, the mass of the BH, the primary power-law photon index, the
rimary polarization state, the disc emitting area, or possible partial
bscuration. 
Using these techniques, we first showed a new analysis of the

eflected emission in the local co-moving frame complementary to
odgorn ́y et al. ( 2022 ) performing a simple integration of the local

ables in the angular space, which facilitates the discussion of the
lobal results. Then we produced examples of the distant spectral
nd polarimetric output for different configurations. We choose
ifferent intrinsic luminosities and BH masses to study spectral and
olarization properties in different disc ionization states. The most
rominent reflection spectral features, such as the Fe K α line at 6–
 keV, a forest of lines below 3 keV, and the Compton hump abo v e
0 keV, are heavily relativistically smeared. This global spectral
ehaviour resembles well the predictions previously appearing in the
iterature, which provides confidence to the polarization results that
re produced simultaneously by this numerical method, yet uniquely
n the context of current research. 
NRAS 524, 3853–3876 (2023) 
The polarimetric quantities produced by KYNSTOKES represent
 significant impro v ement o v er the results presented in Dov ̌ciak
t al. ( 2011 ) that used similar integrating techniques and the
handrasekhar’s analytical approximation for local scattering (Chan-
rasekhar 1960 ). For the case of unpolarized primary radiation, the
eflected polarization angle tends to be oriented parallel with the disc
xis of symmetry ( ≈0 ◦) at all studied energies for a distant observer.
n the most fa v ourable, yet realistic parametric configurations, the
eflected polarized fraction can reach up to 25 per cent in the Compton
ump region and up to 9 per cent in the same region when an
polarized primary radiation is included. We also studied the impact
f non-zero primary polarization. The effect was negligible for the
pectral results, while it was noticeable for the polarization degree
nd angle at different energy bands, especially in the configurations
f nearly neutral disc when the direct primary radiation is included. 
We also provided a comparison of the polarization results with

he Chandrasekhar’s analytical approximation for single scattering,
reviously used in the KY codes (Dov ̌ciak et al. 2011 ). The newly
onsidered multiple scatterings for the disc re-processing predict a
ecrease of the total polarization degree by approximately 55 per cent
n the Compton hump region with respect to the previously used
nalytical approach within the same disc integration method. 

We believe that the presented results on polarization by reflection
n black-hole accretion discs will be useful for data fitting of real
GN and XRB sources observed by the X-ray polarimeters on
oard of current and future missions such as IXPE (Weisskopf
t al. 2022 ), XL-Calibur (Abarr et al. 2021 ), or eXTP (Zhang et al.
016 , 2019a ). The general-relati vistic ef fects tend to modify the
bservable polarization quantities in a more radical way than the
ure spectral profiles. The relativistic reflection creates a significant
mount of polarized signal, which is heavily dependent on the system
arameters. This raises the opportunities of constraining physical
roperties of such regions in the future and it will help to remo v e
ome parametric degeneracies known from the X-ray spectral studies.

C K N OW L E D G E M E N T S  

P acknowledges financial support from the Charles University,
roject GA UK No. 174121, and from the Barrande Fellowship
rogramme of the Czech and French go v ernments. MD and VK

hank for the support from the Czech Science Foundation project
ACR 21–06825X. JP, AR, and VK thank the Czech-Polish mobility
rogram (M ̌SMT 8J20PL037 and PPN/BCZ/2019/1/00069) and
he European Space Agency PRODEX project 4000132152. AR
as supported by the Polish National Science Center grant No.
021/41/B/ST9/04110. GM acknowledges financial support from
talian Space Agency (ASI-INAF-2017-12-H0). JP, MD, and VK
hank also the institutional support from the Astronomical Institute
VO:67985815. 

ATA  AVAI LABI LI TY  

he model KYNSTOKES underlying this article (created by authors of
his article), including user instructions, is available at https://projec
s.asu.cas.cz/ dovciak/ kynstokes . 

EFERENCES  

barr Q. et al., 2021, Astropart. Phys. , 126, 102529 
bramowicz M. A. , Fragile P. C., 2013, Living Rev. Relativity , 16, 1 
ntonucci R. , 1993, ARA&A , 31, 473 

https://projects.asu.cas.cz/dovciak/kynstokes
http://dx.doi.org/10.1016/j.astropartphys.2020.102529
http://dx.doi.org/10.12942/lrr-2013-1
http://dx.doi.org/10.1146/annurev.aa.31.090193.002353


X-ray polarimetry of lamp-post reflection 3873 

A  

A  

 

B
B  

B
B
B
B
C
C
C
C
C
C
C
D
D  

D  

D
D
D
D
D
D
D
D  

 

D  

D  

D  

 

D
D
D  

E
E  

F  

F
F
F
G
G
G  

G
G
G
H
H
H
H
I
K
K
K

K  

K
K  

L
L
L
L
L
M
M
M
M
M
M
M  

M
M  

M
M  

M
M
M
M
M
M
M
M  

N
N
N
N
N
N  

P
P  

P
P  

P
P
P
P
P
P
R
R
R
R
R
R
R
R
R
R
R  

R
S
S

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/524/3/3853/7226711 by guest on 12 February 2024
rnaud K. A. , 1996, in Jacoby G. H., Barnes J., eds, ASP Conf. Ser. Vol. 101,
Astronomical Data Analysis Software and Systems V. Astron. Soc. Pac., 
San Francisco. p. 17 

splund M. , Grevesse N., Sauval A. J., 2005, in Barnes T. G. I., Bash F. N.,
eds, ASP Conf. Ser. Vol. 336, Cosmic Abundances as Records of Stellar
Evolution and Nucleosynthesis. Astron. Soc. Pac., San Francisco. p. 25 

allantyne D. , Ross R., Fabian A., 2001, MNRAS , 327, 10 
arret D. , Decourchelle A., Fabian A., Guainazzi M., Nandra K., Smith R.,

den Herder J.-W., 2020, Astron. Nachr. , 341, 224 
eheshtipour B. , 2018, PhD thesis, Washington University, St. Louis 
eheshtipour B. , Krawczynski H., Malzac J., 2017, ApJ , 850, 14 
eloborodov A. M. , 1999, ApJ , 510, L123 
oyer R. H. , Lindquist R. W., 1967, J. Math. Phys. , 8, 265 
arter B. , 1968, Phys. Rev. , 174, 1559 
handrasekhar S. , 1960, Radiative Transfer. Dover Publications, New York 
omp ̀ere G. , Oliveri R., 2017, MNRAS , 468, 4351 
onnors P. A. , Stark R. F., 1977, Nature , 269, 128 
onnors P. A. , Piran T., Stark R. F., 1980, ApJ , 235, 224 
unningham C. T. , 1975, ApJ , 202, 788 
unningham C. T. , Bardeen J. M., 1973, ApJ , 183, 237 
abrowski Y. , Lasenby A. N., 2001, MNRAS , 321, 605 
auser T. , Garc ́ıa J., Parker M. L., Fabian A. C., Wilms J., 2014, MNRAS ,

444, L100 
auser T. , Garc ́ıa J. A., Joyce A., Licklederer S., Connors R. M. T., Ingram

A., Reynolds C. S., Wilms J., 2022, MNRAS , 514, 3965 
one C. , Gierli ́nski M., Kubota A., 2007, A&AR , 15, 1 
orodnitsyn A. , Kallman T., 2010, ApJ , 711, L112 
orodnitsyn A. , Kallman T., 2011, Ap&SS , 336, 245 
ov ̌ciak M. , 2004, PhD thesis, Charles University 
ov ̌ciak M. , Done C., 2016, Astron. Nachr. , 337, 441 
ov ̌ciak M. , Karas V., Yaqoob T., 2004a, ApJS , 153, 205 
ov ̌ciak M. , Karas V., Matt G., 2004b, MNRAS , 355, 1005 
ov ̌ciak M. , Karas V., Martocchia A., Matt G., Yaqoob T., 2004c, in Hled ́ık S.,

Stuchl ́ık Z., eds, RAGtime 4/5: Workshops on Black Holes and Neutron
Stars. Silesian University, Opava, p. 33 

ov ̌ciak M. , Muleri F., Goosmann R. W., Karas V., Matt G., 2008, MNRAS ,
391, 32 

ov ̌ciak M. , Muleri F., Goosmann R. W., Karas V., Matt G., 2011, ApJ , 731,
75 

ov ̌ciak M. , Svoboda J., Goosmann R. W., Karas V., Matt G., Sochora V.,
2014, in Stuchl ́ık Z., T ̈or ̈ok G., Pech ́a ̌cek T., eds, Proc.f RAGtime 14-16.
Silesian University, Opava, p. 51 

o v e J. B. , Wilms J., Maisack M., Begelman M. C., 1997, ApJ , 487, 759 
umont A.-M. , Czerny B., Collin S., Zycki P. T., 2002, A&A , 387, 63 
umont A.-M. , Collin S., Paletou F., Coup ́e S., Godet O., Pelat D., 2003,

A&A , 407, 13 
sin A. A. , McClintock J. E., Narayan R., 1997, ApJ , 489, 865 
sin A. A. , Narayan R., Cui W., Gro v e J. E., Zhang S.-N., 1998, ApJ , 505,

854 
abiani S. , Muleri F., 2014, Astronomical X-Ray Polarimetry. Aracne, Roma
erland G. J. et al., 2013, Rev. Mex. Astron. Astrofis., 49, 137 
erland G. J. et al., 2017, Rev. Mex. Astron. Astrofis., 53, 385 
 ̈urst F. et al., 2015, ApJ , 808, 122 
arc ́ıa J. , Kallman T. R., 2010, ApJ , 718, 695 
arc ́ıa J. , Kallman T. R., Mushotzky R. F., 2011, ApJ , 731, 131 
arc ́ıa J. , Dauser T., Reynolds C. S., Kallman T. R., McClintock J. E., Wilms

J., Eikmann W., 2013, ApJ , 768, 146 
arc ́ıa J. et al., 2014, ApJ , 782, 76 
ianolli V. E. et al., 2023, MNRAS , 523, 4468 
oosmann R. W. , Gaskell C. M., 2007, A&A , 465, 129 
aardt F. , 1993, ApJ , 413, 680 
aardt F. , Maraschi L., 1991, ApJ , 380, L51 
aardt F. , Maraschi L., 1993, ApJ , 413, 507 
enri G. , Petrucci P. O., 1997, A&A , 326, 87 

ngram A. et al., 2023, preprint ( arXiv:2305.13028 ) 
allman T. , Bautista M., 2001, ApJS , 133, 221 
rawczynski H. , Beheshtipour B., 2022, ApJ , 934, 4 
rawczynski H. et al., 2022, Science , 378, 650 
rolik J. H. , 1999, Active Galactic Nuclei: from the Central Black Hole to
the Galactic Environment. Princeton Univ. Press, Princeton, NJ 

ubota A. , Done C., 2018, MNRAS , 480, 1247 
ushwaha A. , Jayasurya K. M., Agrawal V. K., Nandi A., 2023, MNRAS ,

524, L15 
ee H. W. , 1994, MNRAS , 268, 49 
ee H. W. , Blandford R. D., 1997, MNRAS , 288, 19 
ee H. W. , Blandford R. D., Western L., 1994, MNRAS , 267, 303 
i L.-X. , Narayan R., McClintock J. E., 2009, ApJ , 691, 847 
iu B. F. , Taam R. E., Meyer-Hofmeister E., Meyer F., 2007, ApJ , 671, 695 
agdziarz P. , Zdziarski A. A., 1995, MNRAS , 273, 837 
alzac J. , Beloborodov A. M., Poutanen J., 2001, MNRAS , 326, 417 
alzac J. , Dumont A. M., Mouchet M., 2005, A&A , 430, 761 
arin F. , 2014, MNRAS , 441, 551 
arin F. , 2016, MNRAS , 460, 3679 
arin F. , 2018, A&A , 615, A171 
arin F. , Goosmann R. W., Gaskell C. M., Porquet D., Dov ̌ciak M., 2012,

A&A , 548, A121 
arin F. , Goosmann R. W., Gaskell C. M., 2015, A&A , 577, A66 
arin F. , Dov ̌ciak M., Muleri F ., Kislat F . F ., Krawczynski H. S., 2018a,

MNRAS , 473, 1286 
arin F. , Dov ̌ciak M., Kammoun E. S., 2018b, MNRAS , 478, 950 
arinucci A. , Tamborra F., Bianchi S., Dov ̌ciak M., Matt G., Middei R.,

Tortosa A., 2018, Galaxies , 6, 44 
arinucci A. et al., 2022, MNRAS , 516, 5907 
artocchia A. , Matt G., 1996, MNRAS , 282, L53 
artocchia A. , Karas V., Matt G., 2000, MNRAS , 312, 817 
att G. , 1993, MNRAS , 260, 663 
att G. , Perola G. C., Piro L., 1991, A&A, 247, 25 
iller J. M. et al., 2015, ApJ , 799, L6 
iniutti G. , Fabian A. C., 2004, MNRAS , 349, 1435 
isner C. W. , Thorne K. S., Wheeler J. A., 1973, Gravitation. W.H. Freeman

and Company, San Francisco 
ayakshin S. , Kallman T. R., 2001, ApJ , 546, 406 
ayakshin S. , Kazanas D., Kallman T. R., 2000, ApJ , 537, 833 
etzer H. , 2015, ARA&A , 53, 365 
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PPENDIX  A :  GENERAL-RELATIVISTIC  

RE ATMENT  O F  T H E  POLARIZATION  STATE  

et us provide how the GR calculations of the change of the
olarization angle from the lamp to the observer and from the
amp to the disc are implemented in KYNSTOKES in detail. We
se similar approach as in Connors & Stark ( 1977 ), Connors et al.
 1980 ), Dov ̌ciak ( 2004 ), and Dov ̌ciak et al. ( 2004b , c ), where more
heoretical background is given. The polarization angle χ in the local
eference frame is defined as increasing in the counter-clockwise
irection in the incoming view of photon. It is the angle between the
nit spatial polarization three-vector 
 f and a disc normal projected
o the polarization plane (perpendicular to the photon’s momentum).
ere, we first provide an o v erview of the general procedure and then

how the derivation of the change of the polarization angle for the
wo cases of polarized radiative transfer that have been newly added
o KYNSTOKES in order to allo w non-tri vial polarization states of
he coronal emission. We will use Greek subscript and superscript
etters for denoting all four-vector components and round brackets
ith Latin letters for components in particular local reference frame

defined by a tetrade) as is usual. 
We denote the local polarization vector that is defined in local

eference frame of the primary source on the axis as a unit spatial
olarization three-vector, 
 f 0 . If the local reference frame is defined by
n ortonormal tetrade e μ(a) , then the four components of the polariza-

ion four-vector in this tetrade are f (a) 
0 ≡ (0 , 
 f 0 ) and corresponding

olarization four-vector is f μ0 = e 
μ
(a) f 

(a) 
0 . The polarization four-vector

s then parallelly transported along a geodesic from the lamp either to
 particular point at the disc in the equatorial plane, or to a particular
NRAS 524, 3853–3876 (2023) 
irection at spatial infinity representing a distant observer. At the
nding point of the parallel transport, the polarization four-vector
 

μ will, generally, possess a non-zero time component in the local
eference frame. To keep all the properties of the polarization three-
ector after the transformation, we need to subtract a multiple of a
ull vector so that the time component is set to zero and the space
art is not rotated. This means performing a transformation 

 

′ (a) = f (a) − f (t) 

p 

(t) 
p 

(a) (A1) 

s the last step to obtain a properly defined polarization vector in
he local reference frame at a particular disc point or for a particular
istant observer. 
As usual in the polarized radiative transfer in GR, to be efficient,

e use the Walker–Penrose theorem (Walker & Penrose 1970 )
roving the existence of a conserved complex quantity K S = κ1 

 i κ2 characterizing parallel transport along null geodesics in Kerr
pace-time. The Walker–Penrose constant, K S , connects the four-
ector components of parallelly transported vector, f μ, to the photon
omentum, p μ, as a tangent to given geodesic in the following way 

 S = 

1 

r + ia cos θ
{ ( r 2 + a 2 )( p r f t − p t f r ) 

+ a( p r f ϕ − p ϕ f r ) (A2) 

+ 

i 

sin θ
[ p θf ϕ − p ϕ f θ

− a sin 2 θ ( p t f θ − p θf t )] } . 
In our case this constant characterizes parallel transport of a

olarization four-vector, f μ, along a light ray. This constant is
niquely defined by this four-vector and the photon four-momentum
 

μ at the lamp-post location. Hence, in order to find the polarization
ngle for each distant observer or at each point of the disc, i.e. to
nd three components of the polarization four-vector f μ in the local
eference frame, these three unknown components can be expressed
t the receiving point by means of the κ1 and κ2 quantities, while
1 and κ2 can be expressed by means of the initial p μ and f μ0 of
ach photon at the emission point due to the conservation of K S .
ast but not least, we have to construct the local polarization angle
according to its definition at the receiving point. 
We will derive the final expressions in the Kerr space-time with
etric coefficients g μν , using the global Boyer-Lindquist coordinates
 t , r , θ , ϕ} , see Boyer & Lindquist ( 1967 ). 9 We track only the
hotons from the rotation axis, thus the Carter’s constants of
otion (Carter 1968 ) are in a reduced form l = αsin i = 0, q =
 

β2 + ( α2 − a 2 ) cos 2 i = 

√ 

β2 − − − a 2 cos 2 i with α and β being
he impact parameters measured perpendicular to and parallel with
he spin axis of the black hole projected onto the observer’s sky (Cun-
ingham & Bardeen 1973 ), respectively. We follow Carter ( 1968 )
nd Misner, Thorne & Wheeler ( 1973 ) for the expressions of p μ
omponents. While p ϕ = 0 is trivial and we normalize the conserved
nergy as p t = −1, the other photon momentum components are
 p θ | = 

√ 

q 2 + a 2 cos 2 θ and | p r | = 

√ 

( r 2 + a 2 ) 2 − � ( q 2 + a 2 ) /�
ith � = r 2 − 2 r + a 2 . Note that to connect the final photon
estination point at the observer (defined by the observer inclination,
 ) or at the disc (defined by the radius, r ) with the initial photon
omentum at the primary source (defined by the height, h , and

onstant of motion, q ), we still need to perform ray-tracing from the
amp-post to the observer and to the disc. 
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Figure A1. Change of the polarization angle, χp , between the lamp-post and 
the observ er v ersus lamp-post height h for BH spin a = 1 and three different 
observer’s inclinations i = 30 ◦, 60 ◦, and 85 ◦. 

Figure A2. Change of the polarization degree χd between the lamp-post and 
the disc as a function of radius r of the disc in the equatorial plane for BH 

spin a = 1 and for several different lamp-post heights. 
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Having laid down the procedure, let us first solve the case of
ransfer from the lamp to a distant observer and derive expressions
or the change of polarization angle χp at spatial infinity with respect 
o the initial polarization angle χ0 = 0 at the lamp location, i.e. initial
olarization vector parallel to the projection of symmetry axis into 
he polarization plane. We may express κ1 and κ2 on the rotation axis 
f symmetry (i.e. at the lamp-post) as 

1 = h 

√ 

q 2 + a 2 

h 

2 + a 2 
, (A3) 

2 = −a 

√ 

q 2 + a 2 

h 

2 + a 2 
, (A4) 

here we set f 0 t = f 0 ϕ = 0 and the other two components, f 0 r and
 0 θ are expressed from general conditions of (i) polarization vector 
eing perpendicular to the momentum, f μp μ = 0, and (ii) polarization
ector being normalized to unity, f μf μ = 1. Now let us perform the
ransformation ( A1 ) at spatial infinity (using the conditions f μp μ =
 

μp μ = 0) 

 

′ (t) = 0 , (A5) 

 

′ (r) = r 2 p 

θ ( p 

θf r − p 

r f θ ) , (A6) 

 

′ ( θ ) = rp 

r ( p 

θf r − p 

r f θ ) , (A7) 

 

′ ( ϕ) = r sin if ϕ , (A8) 

here we transformed f μ and p μ into the local reference frame defined 
y the orthonormal tetrade e (t) μ ≡ ( −1 , 0 , 0 , 0), e (r) μ ≡ (0 , 1 , 0 , 0),
 

( θ ) 
μ ≡ −r (0 , 0 , 1 , 0), e ( ϕ) 

μ ≡ r sin i (0 , 0 , 0 , 1). Combining ( A5 )–
 A8 ) with ( A2 ) yields κ1 and κ2 for each geodesic at spatial infinity
i.e. at the observer’s location) 

1 = βf ′ ( θ ) + a sin if ′ ( ϕ) , (A9) 

2 = −a sin if ′ ( θ ) + βf ′ ( ϕ) . (A10) 

utting ( A9 ) equal to ( A3 ) and ( A10 ) equal to ( A4 ) brings the
xpression for the change of the polarization angle χp at the local
eference frame of the observer 

tan χp ≡ −f ′ ( ϕ) 

f ′ ( θ ) 
= a 

β − h sin i 

a 2 sin i + hβ
. (A11) 

he dependence of χp on height is visualized in Fig. A1 for
aximally spinning BH and three observer inclinations. 
Now let us focus on the transfer from the lamp to the disc. We

 v aluate the κ1 and κ2 constants from the definition of K S by ( A2 ) in
he equatorial plane (i.e. at the disc) 

1 = 

r 2 + a 2 

r 
p r f t + 

r 2 + a 2 

r 
f r + 

ap r 

r 
f ϕ , (A12) 

2 = 

ap θ

r 
f t + 

a 

r 
f θ + 

p θ

r 
f ϕ . (A13) 

long with the conditions p μp μ = 0, f μp μ = 0 and f μf μ = 1, we
ay express f t , f θ , f ϕ as functions of κ1 , κ2 , p θ , p r , and the metric

oefficients. This approach turns out to simplify the computations. 
nstead of performing transformation ( A1 ), we will subtract the r -
omponent of f μ in the equatorial plane 

 

′ 
μ = f μ − f r 

p r 

p μ, (A14) 

ecause this transformation largely simplifies expressions. Since the 
olarization vector is perpendicular to the photon momentum and 
efinition of polarization angle is in the plane perpendicular to the
hoton momentum, any transformation f ′ μ = f μ + Ap μ does not
hange its value [the tetrade vectors e μ(y) and e μ(z) , defined below, into
hich we project the polarization vector f 

′ μ in the angle definition
 A23 ) are perpendicular to the photon momentum]. This yields the
educed components of f ′ μ in the form of 

 

′ 
t = − �p 

θ

ar( p 

r ) 2 
κ2 + 

[
( r 2 + a 2 ) 

a 

� ( p 

θ ) 2 

( p 

r ) 2 
+ g tϕ 

]
f ϕ 

g ϕϕ 

, (A15) 

 

′ 
r = 0 , (A16) 

 

′ 
θ = 

g ϕϕ 

ar( p 

r ) 2 
κ2 − ( r 2 + a 2 ) p 

θ

a( p 

r ) 2 
f ϕ , (A17) 

 

′ 
ϕ = f ϕ = 

arp 

r κ1 + r ( r 2 + a 2 ) p 

θ κ2 

q 2 + a 2 
, (A18) 

here g t ϕ = −2 a / r , g ϕϕ = [( r 2 + a 2 ) 2 − � a 2 ]/ r 2 are taken from the
err metric in the equatorial plane. We assume Keplerian accretion 
MNRAS 524, 3853–3876 (2023) 
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isc (No viko v & Thorne 1973 ), where the components of the four-
elocity are U 

t = ( r 2 + a 
√ 

r ) /r / 
√ 

r 2 − 3 r + 2 a 
√ 

r , U 

r = U 

θ = 0
nd U 

ϕ = �K U 

t with relativistic Keplerian rotational velocity �K =
 r 3/2 + a ) −1 . To define the polarization angle χd , we need to construct
n orthonormal tetrade in the local co-moving frame with the disc.
e choose the time tetrade vector to be defined by the four-velocity

f the orbiting material, the first spatial tetrade vector to be directed
n the direction of motion of the incoming photon, the second spatial
etrade vector to be defined by the projection of the local disc normal
nto the plane perpendicular to the photon momentum, and the last
patial tetrade vector is created as the vector product of the others so
hat the full orthonormal tetrade is formed.Thus we set 
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here ε αβγμ = −δαβγμ/ 
√ −g is the permutation tensor defined by

he permutation symbol, δαβγμ, and the metric tensor determinant,
 −g = r 2 , and n μ = (0, 0, −1/ r , 0) is the local disc’s normal. Then

sing the relations f μp μ = 0, U θ = 0, p ϕ = 0, ( A16 ), ( A19 )–( A22 ) we
rrive at the expression for the change of polarization angle χd at the
ocal reference frame of the observ er co-mo ving with the disc with
espect to the initial polarization angle χ0 = 0 at the lamp location 
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here U 

μf ′ μ = U 

t f ′ t + U 

ϕ f ′ ϕ , p νU 

ν = −U 

t , f ′ t , f 
′ 
θ , and f ′ ϕ follow

rom ( A15 ), ( A17 ), and ( A18 ), respectively, where the constants κ1 

nd κ2 have to be inserted from ( A3 ) and ( A4 ), respectively. The
adial dependence of χd is visualized in Fig. A2 for maximally
pinning BH and several lamp-post heights. 
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igure B1. Correction of fig. 4 (right-hand panel) in Dov ̌ciak et al. ( 2011 ).
he emergent polarization angle χ in the local co-moving frame and its
ependence on the emergent azimuthal angle � e for three pairs of incident
nd emergent cosines of inclination angles μi and μe . 

PPENDI X  B:  C O R R E C T I O N  O F  L O C A L  DISC  

EFLECTI ON  C O M P U TAT I O N S  

e note that a sign error was present in the definition of local
olarization angle in polarization induced by reflection computations
n Dov ̌ciak et al. ( 2011 ), using the Chandrasekhar’s formulae
Chandrasekhar 1960 ). This correction does not propagate to the
ain results of the current paper, but it should be borne in mind, if

ne attempts to compare the latest results to the ones in Dov ̌ciak et al.
 2011 ). The Stokes parameter −U was assumed instead of U for the
mergent light rays in the local co-moving frame. Thus, right-hand
anel of fig. 4 in Dov ̌ciak et al. ( 2011 ) should have an opposite y -
xis, and we correctly display it here in Fig. B1 . This local error then
ropagated into the global computations of both polarization angle
nd degree, i.e. figs 6 and 8–14 in Dov ̌ciak et al. ( 2011 ). 

his paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 
© 2023 The Author(s) 
Published by Oxford University Press on behalf of Royal Astronomical Society 

uest on 12 February 2024


	1 INTRODUCTION
	2 THE MODEL AND NUMERICAL IMPLEMENTATION
	3 RESULTS FOR A DISTANT OBSERVER
	4 DISCUSSION
	5 SUMMARY AND CONCLUSIONS
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES
	APPENDIX A: GENERAL-RELATIVISTIC TREATMENT OF THE POLARIZATION STATE
	APPENDIX B: CORRECTION OF LOCAL DISC REFLECTION COMPUTATIONS

