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1. Introduction
Mixing-induced reactions in porous media affect the transport, transformation and degradation of chemical and 
biological substances in subsurface environments (Dentz et al., 2011, 2023; Rolle & Le Borgne, 2019; Valocchi 
et al., 2019). Hence, they play a central role in a large range of applications such as hyporheic zone processes 
(Bandopadhyay et al., 2018; Hester et al., 2017; Ziliotto et al., 2021), freshwater-saltwater mixing (De Vriendt 
et al., 2022), soil and groundwater remediation (Fu et al., 2014; Kitanidis & McCarty, 2012; Wang et al., 2022), 
geological carbon sequestration (Szulczewski et al., 2012; Zoback & Gorelick, 2012), hydrogen storage (Lysyy 
et al., 2022; Tarkowski, 2019) and geothermal systems (Burté et al., 2019). Reactions in porous media often occur 
in incompletely mixed conditions, where reactants are partly segregated and reaction rates are limited by mixing 
(de Anna, Dentz, et al., 2014; Gramling et al., 2002; Sole-Mari et al., 2020). Therefore, many biogeochemical 
reactions develop in localized mixing hot spots (Bochet et al., 2020; Briggs et al., 2014; Gu et al., 2012; McClain 
et al., 2003).

Under non-uniform flows, velocity gradients deform fluid elements through shear and compression. This defor-
mation enhances chemical gradients and mixing-induced reactions (Benson et  al.,  2017; Bolster et  al.,  2011; 
de Anna, Dentz, et al., 2014; de Anna et al., 2013; De Barros et al., 2012; Engdahl et al., 2014; Hochstetler 
& Kitanidis, 2013; Le Borgne et al., 2014, 2015; Lee & Kang, 2020; Soler-Sagarra et al., 2023; Willingham 
et  al.,  2008; Ye et  al.,  2015). The effect of shear on enhanced reaction has been studied by Bandopadhyay 
et al. (2017), where fluid elements deform linearly in time. Mixing fronts at opposing flows are subject to constant 
compression rates. As a fluid element travels toward/away from the resulting stagnation points, it deforms expo-
nentially over time (De Vriendt et al., 2022; Hester et al., 2017; Hidalgo et al., 2015). Thus, reactions are strongly 
enhanced both at the stagnation point and downstream where fluid elements experience constant acceleration. 
These stagnation points and associate reaction hot spots develop in non-uniform flows (Bresciani et al., 2019), 
as observed in the hyporheic zone (Hester et al., 2017; Marzadri et al., 2017), in fresh-salt water interfaces (De 
Vriendt et al., 2022) and in density-driven flows (Hidalgo et al., 2015). In addition, the exponential elongation/
compression can be created by engineered injection and pumping under chaotic stretching and folding protocols 

Abstract Mixing fronts at the interface of opposing flows are compressed at a constant rate. The resulting 
exponential stretching of fluid elements leads to enhanced chemical gradients and biogeochemical processes. 
This process is similar as what occurs in the pore space of 3D chaotic flows. However, it is so far not known 
how such fluid compression controls the amplitude of mixing and reaction rates in porous media. Here we 
derive analytical predictions for the mixing width, the maximum reaction rate and the reaction intensity in 
compressed mixing fronts as a function of the Péclet and Damköhler numbers. We developed an experimental 
setup providing pore scale measurements of mixing and reaction rates in mixing fronts at the interface of 
converging flows. The theory accurately predicts the scaling of mixing and reaction with the Péclet number 
both in porous micromodels and simple Hele-Shaw cells. Additionally, we found that the presence of pore 
scale heterogeneities in the porous micromodels enhances reaction rates by a factor of 4 compared to the Hele-
Shaw cells. Using numerical simulations of pore scale velocity fields, we attributed this phenomenon to the 
enhancement of pore-scale compression due to the presence of grains in accelerating flows. These findings 
provide new insights into the dynamics of mixing-induced reactions in porous media.

IZUMOTO ET AL.

© 2023. The Authors.
This is an open access article under 
the terms of the Creative Commons 
Attribution License, which permits use, 
distribution and reproduction in any 
medium, provided the original work is 
properly cited.

Enhanced Mixing and Reaction in Converging Flows: Theory 
and Pore-Scale Imaging
Satoshi Izumoto1,2  , Joris Heyman3  , Johan Alexander Huisman2  , Kevin De Vriendt4  , 
Cyprien Soulaine5  , Francesco Gomez3, Hervé Tabuteau1, Yves Méheust3  , and Tanguy Le Borgne3 

1Institut de Physique de Rennes, University Rennes 1, CNRS, Unité Mixte de Recherche 6118, Rennes, France, 2Agrosphere 
(IBG-3), Institute of Bio- and Geosciences, Forschungszentrum Jülich, Jülich, Germany, 3University Rennes 1, CNRS, 
Géosciences Rennes, UMR 6118, Rennes, France, 4Institute of Environmental Assessment and Water Research, IDAEA-
CSIC, Barcelona, Spain, 5Earth Sciences Institute of Orléans, CNRS, Université d'Orléans, BRGM, Orléans, France

Key Points:
•  We developed analytical solutions 

for mixing-induced reaction rates in 
converging flows for any Péclet and 
Damköhler numbers

•  We measured pore scale reaction 
rates in mixing fronts compressed at 
constant rate by converging flows in 
millifluidic experiments

•  The experiments validated the theory, 
showing a four times larger reaction 
rate in porous media compared to 
Hele-Shaw cells

Supporting Information:
Supporting Information may be found in 
the online version of this article.

Correspondence to:
S. Izumoto,
satoshi.izumoto@hotmail.co.jp

Citation:
Izumoto, S., Heyman, J., Huisman, J. A., 
De Vriendt, K., Soulaine, C., Gomez, 
F., et al. (2023). Enhanced mixing and 
reaction in converging flows: Theory and 
pore-scale imaging. Water Resources 
Research, 59, e2023WR034749. https://
doi.org/10.1029/2023WR034749

Received 24 FEB 2023
Accepted 18 JUL 2023

10.1029/2023WR034749
RESEARCH ARTICLE

1 of 18

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0003-4435-3062
https://orcid.org/0000-0002-0327-7924
https://orcid.org/0000-0002-1327-0945
https://orcid.org/0000-0002-1701-6629
https://orcid.org/0000-0002-6151-3286
https://orcid.org/0000-0003-1284-3251
https://orcid.org/0000-0001-9266-9139
https://doi.org/10.1029/2023WR034749
https://doi.org/10.1029/2023WR034749
https://doi.org/10.1029/2023WR034749
https://doi.org/10.1029/2023WR034749
https://doi.org/10.1029/2023WR034749
http://crossmark.crossref.org/dialog/?doi=10.1029%2F2023WR034749&domain=pdf&date_stamp=2023-07-31


Water Resources Research

IZUMOTO ET AL.

10.1029/2023WR034749

2 of 18

(Mays & Neupauer, 2012; Piscopo et al., 2013; Wang et al., 2022). At the pore-scale, in three dimensional porous 
media, similar chaotic mixing dynamics are naturally generated by branching and merging at pore junctions as 
well as by twisting and braiding of streamlines (Heyman et al., 2020; Lester et al., 2013, 2014, 2016; Souzy 
et al., 2020; Turuban et al., 2018, 2019; Ye et al., 2015). Exponential elongation of mixing interfaces hence lead 
to a large enhancement of mixing-induced reaction either locally in converging flows or globally in chaotic flows. 
Yet, it is not known how exponential elongation controls effective mixing and reaction rates over the range of flow 
rates and reaction kinetics relevant to natural systems. Here, we address this question by theoretical, experimental, 
and numerical analysis of a reactive mixing front at the interface of converging flows. We focus on bimolecular 
reactions, which represent the prototype of mixing-induced reaction and are often studied to help understanding 
the control of fluid mixing on more complex reactions such as redox reactions, precipitation and dissolution 
(Rolle & Le Borgne, 2019; Valocchi et al., 2019). We derive scaling laws for the width, maximum reaction rate 
and reaction intensity as a function of Péclet (Pe) and Damköhler (Da) numbers. We compare these predictions to 
conservative and reactive transport experiments in mixing fronts sustained by opposing flows in a 2D Hele-Shaw 
cell apparatus, in the absence and in the presence of porous media. Such 2D millifluidic setup allows a precise 
quantification of mixing and reaction at the pore scale. We therefore investigate the coupling between Darcy scale 
flow heterogeneity induced by converging flows and pore scale mixing and reaction. We finally present pore scale 
simulations to explain these results in terms of pore scale fluid stretching and compression.

2. Theory
2.1. Conservative Mixing Near Stagnation Points in Pore Scale

To create a mixing front at the interface of opposing flows, we create a point injection in a cell where we impose a 
background flow (Figure 1a). This results in the formation of a stagnation point where the opposing flows cancel 
each other. In fluid mechanics such superposition of uniform flow and source flow is known as the Rankine 
half body flow. In hydrogeology, this corresponds to a common situation where fluid injected into a well under 
regional flow (Figure 1a). Near the stagnation point, the flow field 𝐴𝐴 (𝑣𝑣𝑥𝑥, 𝑣𝑣𝑦𝑦) can be linearized as:

𝑣𝑣𝑥𝑥 = −𝛾𝛾𝑥𝑥𝛾 𝑣𝑣𝑦𝑦 = 𝛾𝛾𝑦𝑦 (1)

where γ is the local compression rate (Tennekes & Lumley, 1972). Owing to fluid incompressibility, this compres-
sion rate is equal to the acceleration of fluid elements as they move away from the stagnation point in the mixing 
front. As discussed in the following, this acceleration is maintained on average over a large part of the mixing 
front.

The interplay between fluid compression and diffusion can be quantified in the Lagrangian coordinate system 
formed by elongated solute structures, called lamellae (Ranz, 1979; Villermaux, 2019). The so-called lamellar 

Figure 1. Schematic illustration showing (a) flow around the recharging well in regional flow field. The black lines are the streamlines, blue arrows indicate the flow 
directions and the orange circles indicate the positions of the stagnation point and the well. (b) The deformation of small fluid elements near the stagnation point where 
blue and orange represent different solutes. (c) The concentration profile of species A (orange) and B (blue) near the stagnation point. The black line represents the 
conservative component F. The green line represents the linear approximation of the error function (F) near the stagnation point.

 19447973, 2023, 8, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023W

R
034749 by U

niversité D
e R

ennes 1 B
U

 C
am

pus B
eaulieu - B

ât. 40, W
iley O

nline L
ibrary on [17/08/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Water Resources Research

IZUMOTO ET AL.

10.1029/2023WR034749

3 of 18

theory of mixing provides accurate predictions of mixing rates in a range of heterogeneous flows (Heyman 
et  al.,  2020; Le Borgne et  al.,  2015). Here we consider the advection-diffusion problem under exponential 
compression. The size 𝐴𝐴 𝛿𝛿  of an element of fluid (Figure 1b), is therefore compressed along the direction x as 
(Figure S5 in Supporting Information S1):

𝛾𝛾 = −

1

𝛿𝛿

𝑑𝑑𝛿𝛿

𝑑𝑑𝑑𝑑
 (2)

leading to

𝛿𝛿 = 𝛿𝛿0𝑒𝑒
−𝛾𝛾𝛾𝛾 (3)

Such exponential compression results from a constant compression rate 𝐴𝐴 𝐴𝐴  , which develops both at stagna-
tion points and in chaotic flows (Heyman et  al.,  2020). Fluid compression increases concentration gradients, 
thus competing with molecular diffusion, which tends to broaden solute interfaces (Le Borgne et  al.,  2015; 
Villermaux, 2019). The advective compression and diffusive expansion rates balance when 𝐴𝐴 𝐴𝐴 ≈ 𝐷𝐷∕𝛿𝛿2 , where D 
is the diffusion coefficient. This leads to an asymptotically constant mixing width, called the Batchelor scale sB 
(Batchelor et al., 1959; Villermaux, 2019):

𝑠𝑠𝐵𝐵 =

√

2𝐷𝐷

𝛾𝛾
. (4)

where D is the diffusion coefficient. Here we included a prefactor 𝐴𝐴
√

2 to ensure that sB is equal to one standard 
deviation of the concentration distribution. For a characteristic length scale L, the Péclet number can be defined 
as the ratio of the diffusion time L 2/2D over the stretching time 𝐴𝐴 𝐴𝐴−1 (Villermaux, 2019), leading to,

Pe = 𝛾𝛾𝛾𝛾2

∕(2𝐷𝐷) = (𝛾𝛾∕𝑠𝑠𝐵𝐵)
2

. (5)

Considering a mixing front with one conservative species on one side of the front, the concentration gradients 
along the elongation direction can be assumed to be negligible compared to the those developing in the compres-
sion direction (Villermaux,  2019). Therefore, the transport problem can be formulated as a one dimensional 
transport equation along the compression direction x (Figure 1):

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
− 𝛾𝛾𝛾𝛾

𝜕𝜕𝜕𝜕

𝜕𝜕𝛾𝛾
= 𝐷𝐷

𝜕𝜕2𝜕𝜕

𝜕𝜕𝛾𝛾2

. (6)

This equation can be transformed to a diffusion equation using the following change of variables (Ranz, 1979):

�(�) = ∫ �
0 ���∕�̃(�)2 = �

2��̃20

(

�2�� − 1
)

,

�̃ = �∕��
 (7)

where θ is called warped time. In these non-dimensional variables, Equation 6 reduces to:

𝐿𝐿2

𝛿𝛿2

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
=

𝜕𝜕2𝜕𝜕

𝜕𝜕�̃�𝜕2
 (8)

For the considered conservative front, this equation has the solution,

𝐶𝐶(�̃�𝑥𝑥 𝑥𝑥) =
1

2

(

1 + erf

(

�̃�𝑥
𝐿𝐿

𝛿𝛿
√

4𝑥𝑥

))

𝑥 (9)

leading to the steady state solution (when exp(2γt) ≫ 1),

𝐶𝐶(𝑥𝑥) =
1

2

(

1 + erf

(

𝑥𝑥

𝑠𝑠𝐵𝐵

))

. (10)

This therefore implies that the fronts should stabilize asymptotically to a steady state width equal to the Batchelor 
scale, balancing the competing effects of compression and diffusion.
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2.2. Reactive Mixing in Compressed Mixing Fronts at the Pore Scale

Analytical predictions of reactive mixing in linear shear flows were obtained by coupling the lamellar descrip-
tion with bi-molecular chemical reactions (Bandopadhyay et al., 2017; Larralde et al., 1992). Here we extend 
this theory for exponential compression, which is relevant to mixing fronts at converging flows and to chaotic 
flows. As for the conservative case above, the reactive transport equation for a bimolecular reaction A + B → C 
is expressed in the compression direction x as (Bandopadhyay et al., 2017; Villermaux, 2019):

𝜕𝜕𝜕𝜕𝐴𝐴

𝜕𝜕𝜕𝜕
− 𝛾𝛾𝛾𝛾

𝜕𝜕𝜕𝜕𝐴𝐴

𝜕𝜕𝛾𝛾
= 𝐷𝐷

𝜕𝜕2𝜕𝜕𝐴𝐴

𝜕𝜕𝛾𝛾2

− 𝑘𝑘𝜕𝜕𝐴𝐴𝜕𝜕𝐵𝐵 (11)

where CA and CB are concentrations of reactants normalized by the initial concentration C0, k is the reaction 
constant for dimensionless concentrations defined by 𝐴𝐴 𝐴𝐴 = �̃�𝐴𝑘𝑘0 , with the rate constant 𝐴𝐴 �̃�𝑘 in units of the inverse of 
the product of concentration by time. Following the same change of variable as above (Equation 7), this equation 
can be transformed to a diffusion-reaction equation:

𝐿𝐿2

𝛿𝛿2

𝜕𝜕𝜕𝜕𝐴𝐴

𝜕𝜕𝜕𝜕
=

𝜕𝜕2𝜕𝜕𝐴𝐴

𝜕𝜕�̃�𝜕2

− Da𝜕𝜕𝐴𝐴𝜕𝜕𝐵𝐵 (12)

with

Da = 𝑘𝑘𝑘𝑘2

∕𝐷𝐷 (13)

the Damköhler number. We define the normalized reaction rate 𝐴𝐴 𝐴𝐴(�̃�𝑥) and the normalized total reaction intensity 
I as,

𝑅𝑅(�̃�𝑥) = Da𝐶𝐶𝐴𝐴𝐶𝐶𝐵𝐵, (14)

and the integrated reaction rate over the line across the mixing front,

𝐼𝐼 = ∫
+∞

−∞

𝑅𝑅(�̃�𝑥)d�̃�𝑥𝑥 (15)

2.2.1. Mixing-Limited Regime Da < Pe

When Da  <  Pe, the reaction time is large compared to the compression time. The interpenetration of the 
reactants in the mixing zone is important since the decrease of the concentrations is slow (Figure  1c). In 
this regime, the concentration profiles for CA and CB are expected to be close to the conservative profiles 
(Equation 10):

�� ≈ 1
2

(

1 + erf
(

�
��

))

,

�� ≈ 1
2

(

1 − erf
(

�
��

)) (16)

This leads to,

𝑅𝑅 =

1

4

Da

(

1 −

[

erf

(

𝑥𝑥

𝑠𝑠𝐵𝐵

)]

2

)

 (17)

Hence, the reaction width scales as the mixing scale sB,

𝑠𝑠𝑅𝑅 ∼ 𝑠𝑠𝐵𝐵 ∼ Pe
−1∕2, (18)

and the maximum reaction rate and reaction intensity scale respectively as:

𝑅𝑅max ∼ Da (19)

and

𝐼𝐼 ∼ DaPe
−1∕2 (20)
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2.2.2. Reaction Limited Regime Da > Pe

For fast reaction (Da  >  Pe), the solution of Equation  12 can be approximated by a perturbation technique 
(Bandopadhyay et al., 2017; Larralde et al., 1992). The evolution equation for reactants CA and CB can be sepa-
rated into a conserved quantity F = CA − CB and a reactive quantity g (Figure 1c). For identical initial concentra-
tions of CA and CB, this leads to:

��(�, �) = � (�, �)�(�) + �(|�|, �)

��(�, �) = � (−�, �)�(−�) + �(|�|, �),
 (21)

where H is the Heaviside function. Inserting Equation 21 in Equation 13, the conservative variable F follows the 
diffusion equation (Equation 12). Subjected to the boundary conditions of the mixing front F(−∞, θ) = −F(∞, 
θ) = 1, this equation has the solution

𝐹𝐹 (�̃�𝑥𝑥 𝑥𝑥) = erf

(

�̃�𝑥
𝐿𝐿

𝛿𝛿
√

4𝑥𝑥

)

𝑥 (22)

which leads to the stationary solution

𝐹𝐹 (�̃�𝑥) = erf
(

�̃�𝑥Pe
1∕2

)

, (23)

where we have used L/sB = Pe 1/2. Inserting Equations 21 and 23 into Equation 12 and considering the stationary 
solution, we obtain a non-linear equation for the quantity g (Larralde et al., 1992):

𝜕𝜕2𝑔𝑔

𝜕𝜕 𝜕𝜕𝜕2

= Da 𝑔𝑔
(

erf
(

𝜕𝜕𝜕Pe
1∕2

)

+ 𝑔𝑔
)

 (24)

with 𝐴𝐴 𝐴𝐴𝐴 𝐴 0 .

The case of instantaneous reaction (Da → ∞) is obtained by setting g = 0. In this limit, reactants does not overlap 
except at a middle point, and their concentrations follow

�� = � (�̃)�(�̃)

�� = � (−�̃)�(−�̃).
 (25)

In this case, the dimensionless reaction intensity I∞ is equal to the mass consumption of species CA or CB at 𝐴𝐴 𝐴𝐴𝐴 = 0 
through the reaction A + B → C. Thus, I∞ can be calculated from the diffusive flux at 𝐴𝐴 𝐴𝐴𝐴 = 0

𝐼𝐼∞ =

𝜕𝜕𝜕𝜕𝐴𝐴

𝜕𝜕 𝜕𝜕𝜕

|

|

|

| 𝜕𝜕𝜕=0

=

2

√

𝜋𝜋
Pe

1∕2

. (26)

In the more general case where Da is finite, Equation 24 can be solved analytically if the interpenetration of 
reactants is limited to a small region near x = 0 (Figure 1c). In this case, an approximation of Equation 24 can be 
obtained by neglecting the g 2 term and by taking a linear approximation of the error function close to the origin 
(Larralde et al., 1992) (Figure 1c). This leads to the approximation:

𝜕𝜕2𝑔𝑔

𝜕𝜕 𝜕𝜕𝜕2

≈ Da 𝑔𝑔
𝜕𝜕𝜕𝑥𝑥

𝑠𝑠𝐵𝐵
= DaPe

1∕2𝑔𝑔 𝜕𝜕𝜕𝑔 (27)

This is an Airy differential equation, whose solution is

𝑔𝑔 = 𝐶𝐶 Ai

(

(

DaPe
1∕2

)

1∕3

�̃�𝑥

)

, (28)

where C is a constant. Considering the stationary solution of Equation 12, the reaction rate is

𝑅𝑅(�̃�𝑥) = Da𝐶𝐶𝐴𝐴𝐶𝐶𝐵𝐵 =
𝜕𝜕2𝐶𝐶𝐴𝐴

𝜕𝜕�̃�𝑥2
=

𝜕𝜕2𝑔𝑔

𝜕𝜕�̃�𝑥2
. (29)

Since the solution is symmetric around 𝐴𝐴 𝐴𝐴𝐴 = 0 , the reaction intensity is
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𝐼𝐼 = 2∫
∞

0

𝜕𝜕2𝑔𝑔

𝜕𝜕 𝜕𝜕𝜕2

d 𝜕𝜕𝜕 = 2

[

𝜕𝜕𝑔𝑔

𝜕𝜕 𝜕𝜕𝜕

]

+∞

0

= −2𝐶𝐶
(

DaPe
1∕2

)
1∕3

Ai
′

(0), (30)

where Ai′(0) = −1/(3 1/3Γ(1/3)) ≈ −0.26. Since Equation 30 is valid for arbitrary large Da, we equate Equations 26 
and 30, which determines the constant C as:

𝐶𝐶 ≈

1

0.26
√

𝜋𝜋
Da

−1∕3

Pe
1∕3

. (31)

Therefore, the reaction intensity at finite Da is approximately the same as that at the infinite Da:

𝐼𝐼 =

2

√

𝜋𝜋
Pe

1∕2, (32)

At finite Da, the reactant interpenetrate more than at infinite Da as the reaction is slower. However, the integrated 
reaction rate is still equal to the flux of molecules A toward to the B domain, which ultimately all react. The local 
reaction rate 𝐴𝐴 𝐴𝐴(�̃�𝑥) is derived by inserting Equation 28 into Equation 29,

𝑅𝑅(�̃�𝑥) = DaPe
1∕2𝑔𝑔�̃�𝑥 = Da

2∕3

Pe
5∕6

Ai
(

Da
1∕3

Pe
1∕6�̃�𝑥

)

�̃�𝑥𝑥 (33)

which can be formulated as,

𝑅𝑅(�̃�𝑥) = 𝑅𝑅maxAi

(

�̃�𝑥

𝑠𝑠𝑅𝑅

)

�̃�𝑥

𝑠𝑠𝑅𝑅
, (34)

with the dimensionless reactive scale sR and the maximum reaction rate Rmax defined as,

𝑠𝑠𝑅𝑅 = Da
−1∕3

Pe
−1∕6, (35)

𝑅𝑅max =

1

0.26
√

𝜋𝜋
Da

1∕3

Pe
2∕3, (36)

Note that these values are obtained with the hypothesis that 𝐴𝐴 𝐴𝐴(�̃�𝑥) ≪ erf
(

�̃�𝑥Pe
1∕2

)

 , which is not fulfilled close to 
x = 0. However, by numerically solving Equation 11 (see Figure S5 in Supporting Information S1) we found that 
this approximation is sufficient to predict the dependency of sR, Rmax and I on the Pe and Da (Figure 2).

2.2.3. Synthesis of Analytical Results and Comparison With Numerical Simulations

We summarize our analytical derivations in Table  1. These scalings are strictly valid at the stagnation point 
where the compressions rate is constant. However, as discussed in the following, their relevance extends to a large 
part of the mixing front where the compression rate is sustained by acceleration along streamline due to fluid 
incompressibility. While the compression rate fluctuates along streamlines, it is on average equal to the compres-
sion rate at the stagnation point in this area. These theoretical results are also applicable to chaotic flows at the 
pore scale in 3D porous media, which are characterized by exponential elongation of material lines (Heyman 
et al., 2020; Lester et al., 2013, 2016; Souzy et al., 2020). Due to incompressibility, this leads to similar expo-
nential compression and the development of a Batchelor scale controlling concentration gradients (Equation 4).

To test these scaling laws, we have solved numerically Equation 11 for both the Da < Pe and Da > Pe regimes (see 
details Figure S3 in Supporting Information S1). Figure 2 shows the results, where the subscript sim represents the 
results of simulations. Note that we have used dimensional parameters for the numerical simulations. The width 
was estimated from the standard deviation of the reaction rate profiles across the mixing front (see Equation 41). 
The results confirm the analytical scaling laws (Figure 2) and the transition between the two regimes at Da ≈ Pe.

3. Pore Scale Imaging of Mixing and Reaction at Stagnation Points
3.1. Millifluidic Experiments for Mixing and Reaction at Fluid Stagnation Points

To test our analytical predictions, we developed a millifluidic experiment to characterize mixing and reactions in 
two dimensions in mixing fronts creating by converging flows (Figures 3a and 3b, Figure S1 in Supporting Infor-
mation S1). We characterized mixing and reaction both locally at the stagnation point and more globally at the 
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scale of the compressed mixing front. The motivation for studying 2D flows, as in many other studies using 2D 
micromodels (de Anna, Jimenez-Martinez, et al., 2014; Izumoto et al., 2022; Jiménez-Martínez et al., 2015), is 
that it allows a detailed imaging of pore scale processes, here mixing-induced reactions. Imaging solute transport 
at the pore scale in 3D requires precise index matching with solutions of high glycerol content, which currently 
limits investigations to high Peclet numbers (Heyman et al., 2020; Souzy et al., 2020). It is likely that mixing 
in converging flows in 3D porous media would show some important differences as in 2D. However, the set up 
allows understanding important processes that are relevant to 3D, in particular the interplay between exponential 
fluid compression and pore scale heterogeneity. Exponential compression at a 2D converging flow is locally 
equivalent to the exponential elongation that occurs globally in 3D porous media (Heyman et al., 2020; Lester 
et al., 2013, 2016).

Two millifluidic flow cells were designed to study the effect of pore-scale heterogeneity on the reaction kinetics. 
A classical homogeneous cell with a thickness h = 0.6 mm between the parallel plates was first considered to 

Figure 2. Reactive mixing properties, including reaction width sr, maximum reaction rate Rmax and reaction intensity I, obtained from the numerical solution of 
Equation 11. (a)–(c) Dependency of reactive mixing properties on Pe at a fixed Da = 1.6. The predicted scaling laws are shown in red and yellow for respectively the 
low (Equations 32, 35, and 36) and large (Equations 18–20) Pe regimes. (d)–(f) Dependency of reactive mixing properties on Da at a fixed Pe = 1.6. The predicted 
scaling laws are shown in red and yellow for respectively the low (Equations 18–20) and large (Equations 32, 35, and, 36) Da regimes.

sR Rmax I

Mixing-limited regime Da > Pe sR ∼ Pe −1/6 Da −1/3 Rmax ∼ Pe 2/3 Da 1/3 I ∼ Pe 1/2

Reaction-limited regime Da < Pe sR ∼ Pe −1/2 Rmax ∼ Da I ∼ Pe −1/2 Da

Table 1 
Summary of Derived Scaling Laws for the Da > Pe and Da < Pe Regimes

 19447973, 2023, 8, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023W

R
034749 by U

niversité D
e R

ennes 1 B
U

 C
am

pus B
eaulieu - B

ât. 40, W
iley O

nline L
ibrary on [17/08/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Water Resources Research

IZUMOTO ET AL.

10.1029/2023WR034749

8 of 18

validate the reactive mixing theory presented above. A second cell was designed to study reactive mixing in a two 
dimensional porous media composed of cylindrical pillars. The cell with a thickness h′ = 1 mm was created by 
positioning vertical cylindrical pillars, spanning the cell thickness. The ∼4,000 pillars were positioned randomly 
according to a numerical design ensuring spatially-stationary disorder in the pillars' diameters and distances 
between closest neighbors. Its porosity was 0.59. The cell was fabricated using a mold containing a plastic 
plate of the required thickness where the pillars' space had been cut out using a laser-cutting machine (Izumoto 
et al., 2022). The resulting assembly of pillars confined between two parallel plates constitue a 2D analog porous 
medium with pore-scale heterogeneities but Darcy scale homogeneity. The pillar diameters ranged between 0.34 
and 0.82 mm with a median size of 0.53 mm. The pore throats (median: 0.36 mm) were smaller than the height 
of the cylinders (1 mm). This large aspect ratio was chosen to ensure that the flow field was independent of 
the vertical coordinate (Soulaine et al., 2021), except in the vicinity of the top and bottom plates, to minimize 
Taylor-Aris dispersion effects. Both cells were made of polydimethylsiloxane (PDMS) (SYLGARD 184 Silicone 
Elastomer Kit, Dow, Midland, MI, USA) (Figure 3c). A uniform background flow of one reactant was imposed 
in rectangular cuboid cells of length ℓ = 150 mm and width w = 50 mm. We injected the second reactant at equal 
flow rate by a small needle located in the middle of the cell. This flow configuration creates a flow field similar 
to so-called Rankine half-body flow with one stagnation point upstream of the point source (Figure 5).

In the following, we refer to the homogeneous and heterogeneous cells as “Hele-Shaw cell” and “porous 
medium,” respectively. We performed numerical simulations of the flow field in the two cells to estimate the 
velocity field and the compression rate in the mixing front. The flow field was simulated using a modified 
Stokes equation implemented in the open-source software OpenFOAM (https://openfoam.org/), which calculates 
the depth-averaged velocity between the two plates (Ferrari et al., 2015; Soulaine et al., 2021). For the porous 
medium, we performed three simulations with different locations of the point source injection within a radius of 
2 mm from the middle of the cell. Further details of the numerical methods are given in the Figure S2 in Support-
ing Information S1.

3.2. Chemiluminescence Reaction for Reactive Mixing

For imaging the reaction field, we used luminol chemiluminescence, where blue light is emitted by the chem-
ical reaction (Burdo & Seitz, 1975; Collaudin & Blum, 1997; Klopf & Nieman, 1983; Uchida et al., 2004). A 
previous study applied chemiluminescence for investigating reactive transport in porous media (de Anna, Dentz, 

Figure 3. (a) Illustration of the overall experimental setup. The area surrounded by the black dotted line is the observation zone. (b) Cross-section of the millifluidic 
setup in the direction normal to the mean flow. The 2D porous media (pillars attached on top of a transparent plate) is placed between the top plate and bottom plate. 
The water flows in the white space between the pillars. (c) The photo of the 2D porous medium, shown as gray part in (b), and its enlarged photo.
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et al., 2014), but the method required a highly corrosive chemical compound 
(1,8-diazabicyclo-[5,4,0]-undec-7-ene, corrosive to metal and skin). The 
luminol chemiluminescence is safer and easier to handle. The luminol 
chemiluminescence reaction involves a catalytic reaction of H2O2 with Co 2+ 
followed by an oxidation reaction of luminol with OH⋅ and O2⋅ radicals. This 
chain reaction can be written as:

Luminol + H2O2
Co2+
⟶ 3–Aminophthalatedianion + N2 + H2O + photon (37)

Luminol is thus oxidized to 3-Aminophtalatedianion with emission of a blue 
light photon (λ = 420–460 nm). The reaction rate is thus proportional to the 
intensity of the emitted blue light. This reaction can be approximated by the 
bimolecular second-order reaction (Matsumoto & Matsuo, 2015),

A + B → C + photon (38)

where A and B are associated to the H2O2 and the luminol species respec-
tively. Please note that the actual reaction process is not one-step bimolecular 
reaction, but it involves several reaction steps. We check that the reaction rate 
can be approximated by bimolecular reaction in the experiments.

3.3. Batch Reaction

We first tested the chemiluminescence reaction (Equation  37) in a batch where the two reactants were fully 
mixed. For this, two different solutions were prepared. One of them was a mixture of 1 mM Luminol, 7 mM 
NaOH, 0.01 mM CoCl2 and 1.95 mM NaCl (called luminol solution in the following), and the other solution 
(called the H2O2 solution in the following) was a mixture of 0.5 mM H2O2 and 1.95 mM NaCl. The luminol solu-
tion and H2O2 solution were mixed and immediately poured in a beaker, and the emitted light was monitored for 
3 hr. A rapid decay of the light by a factor 100 was observed over the first 5 s, followed by a much slower decay 
at long time from 100 s to 3 hr (Figure 4). The solution stayed transparent. We compare these batch kinetics to a 
second order reaction, for which the rate of reaction R follows (Atkins & De Paula, 2006):

𝑅𝑅 =

𝑘𝑘𝑘𝑘𝑑𝑑𝑘𝑘
2

𝑟𝑟 exp(𝑘𝑘𝑘𝑘𝑑𝑑𝑡𝑡)

(𝑘𝑘𝑟𝑟exp(𝑘𝑘𝑘𝑘𝑑𝑑𝑡𝑡) − 1)
2

 (39)

Figure 4. Reaction rate over time in a fully mixed system (beaker). The red 
line is the fit of Equation 39 to the data. Note that the fitted lines are different 
between early times (main plot) and later times (inset).

Figure 5. Examples of concentration fields measured in the conservative tracer experiments with Pe = 0.31. (b) Hele-Shaw cell and (a) porous medium. The 
concentration is normalized by the maximum concentration c0. The blue circles indicate the position of the tubing used for the point injections.
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where k is the reaction rate constant to be determined (s −1 mM −1), Cd = CA,0 − CB,0 = 0.25 mM, and Cr = CA,0/
CB,0 = 2. We fitted the analytical solution for the bimolecular reaction term R = kCACB (Equation 39) to the data, 
with the initial solute concentrations of luminol, CA,0 = 0.5 mM and H2O2, CB,0 = 0.25 mM. To compare experi-
ments to the prediction Equation 39, the light intensity in the image I was transformed to a reaction rate relative to 
maximum reaction rate R = I/a, where a is the image intensity at time 0. The analytical solution captures the initial 
decay well with k1 ≈ 2.56 s −1 mM −1, indicating that the luminol reaction can be well approximated as a bimolecular 
reaction at short times. The long-time decay is captured by taking a reaction constant k2 = 1.16 × 10 −3 s −1 mM −1, 
2,200 times smaller than k1. Although the luminol reaction shows different kinetics at early and late time, it is 
reasonable to assume that the fast kinetics is dominating in our experiments because the concentration of reactants 
stays high close to the interface and the light production by the fast kinetics is 100 times larger than by the slow 
kinetics. We thus take k = k1. The cutoff light intensity below which the image intensity was not sensitive to the 
reaction rate was also determined for our experimental cell (see Figure S4 in Supporting Information S1).

3.4. Experimental Protocol

We first carried out conservative tracer tests in the two types of flow cells. We injected a fluorescein sodium salt 
solution (12.5 mg L −1 for the Hele-Shaw cell and 6.25 mg L −1 for the porous medium) from the middle injection port 
and de-ionized water from the side injection port. Both solutions were injected with the same flow rate for all experi-
ments. The tracer distribution reached a steady state, after which an image was taken. A digital camera (14-bit) with a 
macro lens was placed above the millifluidic setup. This resulted in an image resolution of 0.017 mm per pixel for the 
Hele-Shaw cell and 0.016 mm for the porous medium. These resolutions were selected to be below the mixing width 
(Equation 4) for all flow rates, to ensure that the mixing front can be sufficiently resolved (see Figure 6). A light 
source with a blue bandpass filter illuminated the millifluidic cell from below to excite the fluorescein sodium salt 
tracer. A bandpass filter (Narrow Green Bandpass Filter, Midwest Optical Systems, Palatine, LI, USA) was attached 
to the lens to pass the wave length emitted by the fluorescein. The obtained fluorescent images depict the macro-
scopic characteristics of the flow well, with a stagnation point upstream of the point source (Figure 5). We varied 
the Péclet number by increasing the background and point source flow rate simultaneously and step-wisely between 
0.14 and 8.88 mm 3 s −1. Note that for the same flow rate, the average interstitial velocity has comparable values in the 
porous medium and in the Hele-Shaw cell, since the porosity of the porous media (0.59) approximately compensates 
for the smaller thickness of the Hele-Shaw cell (0.6 mm) as compared to that of the porous medium cell (1 mm).

We then carried out reactive transport experiments using the chemiluminescence reaction described above. We 
injected the luminol solution from the point source injection in the middle of the cell and the H2O2 solution as the 
background flow. As in the conservative tracer experiments, both solutions were injected with the same flow rate. 

Figure 6. Examples of concentration profiles in (a) the Hele-Shaw cell and (b) the porous medium along the line perpendicular to the mixing front at the stagnation 
points (see Figure 5). The concentration is normalized by the maximum concentration c0. The relative position x′ is determined with respect to the point where the 
concentration is 0.5. Missing data points in porous medium cases are due to the overlapping with grains. The experimental data points (dots) are fitted with an error 
function (continuous lines, Equation 40) for each Pe. (c) Scaling of the conservative mixing width as a function of Pe for the Hele-Shaw cell (dots) and porous medium 
(triangles) experiments and comparison with the predicted scaling (black line, Equation 4).
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The flow rate was then varied in a similar manner as in the conservative experiments, and the light emission was 
recorded by the camera. Since the amount of light emitted by the chemiluminescence reaction is generally small, 
large exposure time and ISO are required. This induced some background noise in the images. To filter such 
noise, we applied a median filter using the open source image processing software ImageJ (https://imagej.net/
software/imagej/) to all reactive images (5 pixels for the porous media and 50 pixels for the Hele-Shaw cell). The 
median filter selects a pixel with median intensity in a moving window. To obtain the spatial field of a normal-
ized reaction rate, we subtracted the background light intensity from all reactive images, rescaled intensities by 
the bit depth (2 14 − 1) and multiplied by 0.59 for the porous medium images to compensate for the difference in 
thickness between the Hele-Shaw cell and the porous medium cell.

The experimental Pe (Equation 5) was estimated with D = 10 −9 m 2 s −1 for the molecular diffusion coefficient 
in water and L = 0.363 mm (the median pore throat). The compression rate γ was estimated as γ = vl/l, where 
vl is the mean flow velocity at distance l from the stagnation point. We found that a good estimate of γ could be 
obtained by taking vl as the average interstitial velocity of the uniform background flow 𝐴𝐴 𝐴𝐴𝐴 = 𝑄𝑄∕(ℎ𝑤𝑤) (Q being the 
background flow discharge) and l the distance from the injection point at which the radial flow velocity vr = Q/
(2πhl) created by the point injection was equal to 𝐴𝐴 𝐴𝐴𝐴 . This gave l = w/(2π) ≈ 8 mm. This estimate was close to the 
experimental observation (≈5 mm, see Figure 5a). With these estimates, the Pe varied from 7.63 × 10 −2 to 4.88 in 
our experiments. The Da (Equation 13) was estimated from the initial concentration of the luminol in the mixed 
solution, CA,0 = 0.5 mM, and k = 2.56 s −1 mM −1 determined by batch tests, yielding Da ≈ 169. Hence, Da > Pe 
for all experiments. We thus explore experimentally the second regime discussed in the theoretical section, where 
reaction is fast compared to mixing but not instantaneous, leading to fully coupled mixing and reaction (Table 1). 
We first characterized mixing and reaction locally at the stagnation points and then investigated reactive mixing 
at the scale of the compressed mixing front.

4. Experimental Results
4.1. Conservative Mixing

In Figure 5 we show the conservative tracer concentration in the Hele-Shaw cell and the porous medium for 
Pe = 0.31. Concentration profiles across the mixing front were extracted from the 2D data in sections close to 
the stagnation point. In the Hele-Shaw cell, this point is easily identified in the middle of the cell (Figure 5a). 
In the porous medium, the exact location of the stagnation point is more difficult to assess. According to the 
simulated velocity fields (Figure 11b) and reactive images (Figure 7), the stagnation points are localized on a 
pillar (Figure 5b) because of the splitting of streamlines upstream of the stagnation points on the same pillar. The 
mixing interface is thus split between 2 stagnation points on each side of the pillar.

The concentration gradient across the mixing front increases with Pe, in both the Hele-Shaw cell and the porous 
medium. To estimate the conservative mixing width sc from the conservative tracer experiments, we fitted an 
error function to the concentration profiles CA(x) across the stagnation points:

𝐶𝐶𝐴𝐴 =

1

2

(

1 + erf

(

𝑥𝑥 − �̄�𝑥

2𝑠𝑠𝑐𝑐

))

, (40)

where 𝐴𝐴 𝐴𝐴𝐴 corresponds to the location where CA = 0.5. Examples of measured concentration profiles and fitted error 
functions for different flow velocities are shown in Figures 6a and 6b. The mixing widths represented 3–30 pixels 
per standard deviation, ensuring a sufficient resolution. For the porous medium results, we averaged the fitted 
mixing widths of the two stagnation points for each Pe. The mixing width in the porous medium was generally 
smaller and more fluctuating than in the Hele-Shaw cell (Figure 6c). Consistently with the conservative theory 
(Equation 4), the estimated mixing width scales as predicted by the Batchelor scale sB ∼ Pe −1/2 for both the Hele-
Shaw cell and porous medium experiments. Note that the image resolution was sufficient to have 3–30 pixels 
for one standard deviation length. The vertical variation of velocity potentially impacts the measurements since 
we took images from the top. In that case, the diffusion term in Equation 4 should be replaced by the dispersion 
due to Taylor-Aris dispersion. This would lead to different scaling exponent over Pe than Equation 4. However, 
the experimental results were consistent with the prediction, suggesting that the vertical variation of velocity did 
not have major impact on the measurements. The main reasons is that (a) in the vicinity of the stagnation point 
velocities go to zero and therefore diffusion dominates over Taylor dispersion (b) downstream in the mixing front 
mixing occurs mostly transversally and thus Taylor dispersion does not influence it.

 19447973, 2023, 8, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023W

R
034749 by U

niversité D
e R

ennes 1 B
U

 C
am

pus B
eaulieu - B

ât. 40, W
iley O

nline L
ibrary on [17/08/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

https://imagej.net/software/imagej/
https://imagej.net/software/imagej/


Water Resources Research

IZUMOTO ET AL.

10.1029/2023WR034749

12 of 18

4.2. Reactive Mixing

We quantify the reaction rate distribution from the light intensity of the chemiluminescence reaction normal-
ized by the upper limit of the detection range of the camera (Figure 7). Namely, the reference reaction rate Rs 
is defined as the maximum reaction rate recorded by the camera without saturation. As expected, the reaction 
rate was highest along the mixing interface. In the porous medium, the light intensity was generally larger 
than in the Hele-Shaw cell, up to four times larger locally, and fluctuations over short length scales were 
also observed due to pore-scale flow heterogeneities. Figure 8 shows the reaction rate profiles along the line 
perpendicular to the mixing front at the stagnation points for all Pe. The reaction rate increased with Pe both 
for the Hele-Shaw cell and the porous medium. From these profiles, we estimated the width sR, maximum 
reaction rate Rmax and integrated reaction rate I as a function of Pe (Figure 9). The width was estimated from 
the standard deviation

𝑠𝑠𝑅𝑅 =

√

∫ 𝑥𝑥2𝑃𝑃 (𝑥𝑥)𝑑𝑑𝑥𝑥 −

(

∫ 𝑥𝑥𝑃𝑃 (𝑥𝑥)𝑑𝑑𝑥𝑥

)

2

, (41)

where x is the position and P(x) = R(x)/∫R(x)dx with R(x) the normalized reaction rate at position x. The esti-
mated widths ranged between 12 and 36 pixels per standard deviation, ensuring a sufficient resolution. For 
the porous medium, sR, Rmax, and I were averaged over the two sides of the cylinder. In the Hele-Shaw cell 
at Pe < 0.61, the reactive zone began to overlap with the injection region, hence small flow-rates were not 
considered.

The scaling of sR, Rmax and I with Pe were similar for the Hele-Shaw cell and the porous medium (Figure 9). 
The reaction rate and reaction intensity globally increased with Pe, while the width of the reaction front tends to 
decrease with Pe. The reactive front in the porous medium yielded larger Rmax and I than those in Hele-Shaw cell, 
while the reactive scale sR was smaller in the porous medium. In addition to the local reaction rate at the stagna-
tion point, we estimated the total reaction rate over a larger area under compression (area shown in Figures 7a 
and 7b). We found that the total reaction rate obeyed the same Pe 1/2 scaling as observed close to the stagnation 
point for both the porous medium and the Hele-Shaw cell, with a total reaction rate approximately two times 
larger in the porous medium than in the Hele-Shaw cell.

Figure 7. Examples of the reaction rate fields for reactive transport experiments (Pe = 3.5) in (a) the Hele-Shaw and (b) 
the porous medium, and close view of them in the vicinity of the stagnation point in (c) the Hele-Shaw and (d) the porous 
medium. The reaction rate is normalized by the reaction rate where the image gets saturated (Rs), corresponding to the upper 
limit of the detection range of the camera as explained in the method section. The reaction rate profiles were determined by 
averaging over the small width of the rectangular domains indicated by the white dotted lines.
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5. Discussion
5.1. Enhanced Mixing and Reaction in Converging Flows

For the Hele-Shaw cell and the porous medium, the experimental results (Figure 9) were in relatively good agree-
ment with the theoretical scaling laws derived for Da > Pe regime for the maximum reaction rate (Equation 36) 
and the reaction intensity (Equation 32). The evolution of the reaction intensity with Pe was consistent with the 
prediction (Equation 32) both at the local stagnation point scale (Figure 9c) and at the scale of the broader section 
of the mixing front that was under compression (Figure 9d). For the reaction front width, the scaling exponent 
of the experimental results was slightly larger than the expected scaling exponent (Figure 9a). Our hypothesis is 
that the width estimate may be sensitive to deviations from the pure bimolecular reaction at low concentrations 
(Figure 4 inset). In addition, this reflects the difficulty to precisely evaluate such small changes of the reaction 
front width. Overall, these findings show that both the conservative and reactive mixing dynamics can be well 
understood and quantified from the mechanisms of coupled compression, diffusion and reaction (Table 1). As 

Figure 8. Reaction rate profiles normalized by the reaction rate where the image gets saturated (Rs) across the stagnation points for different Pe in (a) the Hele-Shaw 
cell and (b) the porous medium stagnation point #1 and (c) porous medium stagnation point #2. The relative position x′ is determined with respect to the point where 
the reaction rate takes its maximum value at the highest Pe.

Figure 9. Evolution of the reaction front properties as a function of Pe: (a) width of the reaction front, (b) maximum reaction rate normalized by the reaction rate where 
the image get saturated (Rs), (c) reaction intensity and (d) total reaction rate integrated over the area shown in Figures 7a and 7b. The predicted scaling laws are shown 
as black lines for the reaction width (Equation 35), the maximum reaction rate (Equation 36) and the reaction intensity (Equation 32).
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in many reactive transport systems, incomplete mixing at the pore scale (de 
Anna, Jimenez-Martinez, et al., 2014) determines here macroscopic reaction 
rates. We have thus shown that the scaling of the reaction rate with Péclet at 
the scale of the mixing front (Figure 9d) follows the same law as the pore 
scale reaction rate at the stagnation point (Figure 9c).

The compression rate γ induced by the converging flows is equal to the 
mean velocity gradient created by the converging flows 𝐴𝐴 𝐴𝐴 = �̄�𝑣∕𝑙𝑙 , where 
l is the characteristic distance over which the velocities decay from the 
background flows to the mixing front. In 3D porous media, the expo-
nential compression due to converging flows in the mixing front should 
combine with exponential elongation to chaotic pore scale flow (Lester 
et  al.,  2016). The compression rate induced by chaotic mixing is on the 
order of 𝐴𝐴 𝐴𝐴 = 0.2�̄�𝑣∕𝑑𝑑 , with d the grain size (Heyman et al., 2020). Therefore, 
in 3D flows, compression induced by chaotic flows would dominate over 
that of converging flows for characteristic distances of velocity changes 
toward the front much larger than five grain sizes l ≫ d/0.2. In all cases, 
mixing and reaction would obey the predictions presented here for expo-
nential compression.

5.2. Enhanced Compression Rates in Porous Media

The experimental results (Figures 6c and 9a), suggest that the mixing and 
reaction widths in the porous media are smaller than in the Hele-Shaw cell. 

This leads to larger concentration gradients and therefore larger mixing and reaction rates (Figures 7 and 9). 
This suggests that pore-scale heterogeneities enhance local fluid compression. To quantify the enhancement of 
compression in porous media, we define the enhancement ratio by α = γp/γH, where γp is the compression rate in 
the porous medium and γH is the compression rate in the Hele-Shaw cell. Introducing α in Equations 5, 32, and 36, 
we obtain the following estimates of α from the ratio of variables measured in the porous medium (denoted by 
subscript P) and the Hele-Shaw cell (denoted by subscript H):

𝛼𝛼𝑠𝑠𝑐𝑐 =

(

𝑠𝑠𝑐𝑐𝑐𝑐𝑐

𝑠𝑠𝑐𝑐𝑐𝑐𝑐

)2

𝑐 (42)

for the conservative mixing width,

𝛼𝛼𝑅𝑅max
=

(

𝑅𝑅max,𝑃𝑃

𝑅𝑅max,𝐻𝐻

)

3∕2

 (43)

for the maximum reaction rate, and

𝛼𝛼𝐼𝐼𝑅𝑅 =

(

𝐼𝐼𝑅𝑅𝑅𝑅𝑅

𝐼𝐼𝑅𝑅𝑅𝑅𝑅

)2

 (44)

for the integral of the reaction rate.

We plot in Figure 10 these estimates of α at the stagnation points as a function of Péclet number. In the conserv-
ative experiments, 𝐴𝐴 𝐴𝐴𝑠𝑠𝑐𝑐 ranges between 1 and 3. For the reactive experiments, we plot 𝐴𝐴

(

𝛼𝛼𝑅𝑅max
+ 𝛼𝛼𝐼𝐼𝑅𝑅

)

∕2 for each Pe, 
which ranges between 3 and 8, with a mean value of 4.4 (see Text S6 in Supporting Information S1 for 𝐴𝐴 𝐴𝐴𝑅𝑅max

 and 
𝐴𝐴 𝐴𝐴𝐼𝐼𝑅𝑅 ). These large fluctuations are likely due to a change in the location of the local stagnation points, leading to 

different local mixing rates. These experimental estimates are compared to the local compression rates obtained 
in numerical simulations (Figure 11, see details of computation in S3). From the simulated flow fields, we find a 
ratio αN = 4.7, close to the value obtained from the reactive experiments. The ratio of compression rates estimated 
from conservative experiments 𝐴𝐴 𝐴𝐴𝑠𝑠𝑐𝑐 is smaller than those estimated from reactive experiments and from numerical 
simulations. Our hypothesis is that this might be attributed to an overestimation of  the mixing width in conserv-
ative experiments due to light scattering.

Figure 10. Calculated ratio of the compression rate α (Porous medium/Hele-
Shaw cell) from experimental and simulation results. The conservative and 
reactive cases were calculated from the experimental results, with the reactive 
case calculated by 𝐴𝐴

(

𝛼𝛼𝑅𝑅max
+ 𝛼𝛼𝐼𝐼𝑅𝑅

)

∕2 . Results for “kinematics” are calculated 
from the velocity gradient in the numerical simulations illustrated in Figure 11. 
The solid line is the average α from the reactive experiments.
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5.3. Origin of Enhanced Local Compression in Porous Media

The larger reaction rate over the mixing front in the porous medium suggests that the local compression rates are 
about four times larger than in the Hele-Shaw cell although the mean interstitial velocities are identical. In the 
following, we propose a heuristic argument to explain this enhancement. We argue that stretching upstream and 
compression downstream of grains do not balance when a fluid element is accelerating as it travels in the flow 
field (i.e., in Lagrangian framework), leading to a net compression as the fluid travels around each grain. Along 
streamlines, the acceleration in the porous media fluctuates around an average positive acceleration (Figure 12a). 
The development of reactive tails downstream of grains in the mixing zone suggests that there is enhanced 
compression behind grains (Figure 12b). Let us consider such a grain in the compressed mixing zone where 
flow is accelerating. As the interface flows around the grain, its width is stretched upstream of the grain and 
compressed downstream. At a distance of about d/2 upstream of the grain, the velocity is on average similar to the 
one in the Hele Shaw cell at the same location s on the mixing interface (Figure 12b). As it approaches the grain, 
the interface experiences a negative acceleration γ up ≈ (0 − vH(s))/(d/2) (Figure 12c). Owing to incompressibility, 
this leads to a stretching rate of −γ up in the direction perpendicular to the streamlines. Similarly, downstream 
of  the grain, flow accelerates at a rate γ down ≈ (vH(s + 2d) − 0)/(d/2), leading to a compression rate of γ down in the 
direction perpendicular to the streamlines. The resulting net compression rate is γ net = γ down + γ up = (vH(s + 2d) 
− vH(s))/(d/2) = 4γH (Figure 12c). Locally at the fluid stagnation point, the same reasoning applies when taking 

Figure 11. (a) Experimental results of reaction rate fields in the Hele-Shaw cell (top) and the porous medium (bottom). The reaction rate is normalized by the reaction 
rate where the image gets saturated (Rs). The yellow dotted circles represent the position of the stagnation points. (b) Simulated streamlines and velocity fields in the 
Hele-Shaw cell (top) and the porous medium (bottom) near the stagnation points for Pe = 1.2. The inflow is from the left and right boundaries, and the outflow is 
through the top and bottom boundaries. The white arrows indicate the flow directions. (c) Calculated compression rate along the x axis around stagnation points for 
the Hele-Shaw cell (top) and the porous medium (bottom) for Pe = 1.2. Black dotted lines indicate the positions to measure the local compression rate over the mixing 
width (results shown in Figure 10). The length of the line was 0.6 mm, which was 2 sR for the intermediate Pe in the Hele-Shaw cell.
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s  =  0 at the Hele-Shaw stagnation point and considering the downstream 
compression: γ down  =  (vH(2d)  −  0)/(d/2)  =  4γH. Note that this mechanism 
involves discontinuous streamlines which respectively end and start around 
the grains. Therefore, it is not captured when measuring acceleration along a 
specific continuous streamline in the mixing front (Figure 12a).

This mechanism may thus explain the enhancement of compression by a 
factor of about 4 between homogeneous and heterogeneous flows, and the 
consequences on reaction rates both locally at the stagnation and over the 
compression zone. Note that the proposed mechanism implies that mixing 
enhancement is independent of the grain diameter and would not occur 
in a regular coflow (two solutions flow in parallel), with no acceleration. 
This hypothesis remains to be tested using systems of different grain sizes 
and heterogeneity, and using other flow topologies, such as simple coflow 
systems. This would also allow investigating the effect of shear on this 
mixing enhancement.

6. Conclusions
We investigated the dynamics of mixing and reaction in mixing fronts devel-
oping at the interface of converging flows, both in homogeneous Hele-Shaw 
cells and porous media. Using the lamellar theory of mixing, we derived 
analytical solutions quantifying the dependence of mixing and reaction rates 
upon the Péclet and Damköhler numbers in such compressed mixing fronts. 
To test these theoretical predictions, we developed conservative and reactive 
transport millifluidic experiments in a homogeneous Hele-Shaw. A mixing 
front was created at the interface of opposing flows and pore scale mixing 
and reaction rates were quantified at the pore scale both at the stagnation 
point and through the mixing front. The evolution of the mixing and reac-
tion properties with Péclet number were in good agreement with the theory 
both locally an at the scale of the front. This demonstrates that the interplay 
between fluid compression, molecular diffusion and chemical reactions leads 
to enhanced mixing and reaction. Furthermore, we observed that mixing and 

reaction rates in the porous medium were approximately four times larger than in the Hele-Shaw cell. To explain 
this enhancement, we proposed a simple mechanism based on the imbalance between stretching and compression 
upstream and downstream of grains, in accelerating flows. Future work should focus on validating this mecha-
nism by varying grain sizes and distributions.

These findings provide new insights into the dynamics of mixing and reactive fronts, where fluids of different 
chemical compositions converge and react. Converging flows are regions of exponential fluid compression and 
enhanced concentration gradients commonly found in a large range of subsurface flows, where they act as mixing 
and reaction hot spots. These results are also relevant for mixing and reaction in chaotic flows, which produce 
similar exponential compression of mixing interfaces. The improvement of experimental techniques to visualize 
reaction rate field within 3D porous media should allow investigating the dynamics of mixing and reaction in 3D 
converging flows in the future. At larger scales, when the width of the mixing front is much larger than pore sizes, 
dispersion should play significant role, which should be integrated into the theory.
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The data files used in this paper are available at Izumoto (2023).
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