Supplementary Discussion

Section 1. GINS-MONTE cross-validation

When using consistent a priori settings, the components of the rotation matrices of MONTE and GINS, positioning the axes of the Mars body-fixed frame, differ by 10 -9 . This corresponds to a rotation of about 0.5 mas (milliarcseconds) in an angle-axis representation. MONTE, contrary to GINS, is not able in its present state to include the nutation terms induced by Phobos and Deimos (10 and 4 mas amplitude [START_REF] Baland | The precession and nutations of a rigid Mars[END_REF] ) in the rotation model. Therefore the rotation matrices comparison between both software has been performed without these nutation terms, which are taken into account for the inversion of RISE data with GINS * . The relative difference in partial derivatives computed by each software is below ~0.5% for both the F factor and FCN frequency. The difference in theoretical Doppler measurements computed by GINS and MONTE with consistent settings is of the order of 0.1 mHz, 10 times smaller than the noise and significantly smaller than the signature of the liquid core (~0.4mHz, Extended Data Figure 1e).

Section 2. A priori value of FCN period

The FCN period parameter, ! "#$ , appears in a nonlinear way in the equations (see Eq.2 main paper). This makes the Doppler derivative dependent on the a priori value of ! "#$ , which therefore influences the solution. To circumvent the possible hazard of having our ! "#$ estimate falling into a local minimum, we adopted an iterative approach where the partial derivative of the MOPs, and especially those of ! "#$ , are computed at each iteration using the numerical values estimated in the previous iteration. Several runs are carried out, each time starting from a different a priori value of ! "#$ for iteration 1 taken every 5 days within the range of -275 days to -205 days. Such a range is expected to cover all possible FCN periods for Mars as predicted by interior models e.g. [START_REF] Folkner | The rotation and interior structure experiment on the InSight mission to Mars[END_REF][START_REF] Dehant | the LaRa team, The radioscience LaRa instrument onboard ExoMars 2020 to investigate the rotation and interior of Mars[END_REF] . Supplementary Figure S1 clearly shows that when the a priori value of the FCN period is smaller than the ter-annual period (-229 days), the fitted core amplification factor and FCN period converge, while for an FCN a priori value larger than the ter-annual period, there is no convergence.

Supplementary Figure S1: Estimated core amplification factor (left) and FCN period (right) as a function of the a priori value of the FCN period, for GINS and MONTE, using 24-months of RISE data (Prime mission). The horizontal line in the graph on the right panel corresponds to the ter-annual period where there can be a resonance. The equation of the black dotted line on the right panel is y=x. It corresponds to the starting a priori value of ! "#$ . Shaded envelopes are 1& uncertainty bounds.

Section 3. Inner core signature

For the present-day thermal state of Mars, the iron alloy of the core can only crystallize and form an inner core if the sulfur weight fraction is below 3wt%. Mass conservation then implies that the core radius must be smaller than about 1400 km, which is not in agreement with the core amplification factor ' determined in this study and with estimates deduced from tides [START_REF] Rivoldini | Geodesy constraints on the interior structure and composition of Mars[END_REF] and from core reflected shear waves [START_REF] Stähler | Seismic detection of the martian core[END_REF] . Interior structure models that agree with the findings of this study require a large fraction of light elements (see Fig. 4 of the main paper) and consequently the core temperature must be significantly below any plausible present-day estimate for an inner core to be possible (Supp: Core structure and composition). The transfer function we use in the main paper (see Eq.2) therefore applies to the case of a fully liquid core and is expressed in terms of a resonance with the Free Core Nutation. If, despite what just preceded, Mars has a solid inner core, the transfer function would depend on an additional nutational normal mode, the Free Inner Core Nutation (FICN) [START_REF] Dehant | Precession, Nutation and Wobble of the Earth[END_REF] . Similarly to the FCN mode, which represents a relative motion of the liquid (part of the) core with respect to the mantle, the FICN describes a relative rotation of the inner core with respect to the outer core and mantle. Contrary to the FCN, which results in a retrograde motion of the rotation axis in space (( "#$ <0), the FICN (also referred to as the Prograde Free Core Nutation or PFCN) has a prograde frequency (( ")#$ >0). We here show that the inclusion of an inner core in the transfer function does not significantly affect the estimation of the ' factor and the FCN period and that the resonance strength of the FICN resonance is consistent with zero.

The transfer function that takes into account an inner core can be expressed as

* " ( = 1 + ' ( ( -( "#$ + ' ⋆ ( ( -( ")#$ , 01
where ( ")#$ is the unknown FICN prograde frequency, and ' ⋆ the FICN resonance strength. A preliminary analysis with transfer function (Eq. 01 ) did not allow us to reliably estimate the four transfer function parameters simultaneously. This is mainly because the ! ")#$ = 22/( ")#$ estimate is strongly driven by its a priori value and never properly converges, whatever the a priori value taken between 200 and 575 days [START_REF] Defraigne | Mars nutation resonance due to free inner core nutation[END_REF] . Therefore, we only fitted ( "#$ , ' and ' ⋆ along with the other MOPs and position parameters, for a range of chosen values for ( ")#$ . We get ' = 0.052 ± 0.022 (see solid orange curve in Supplementary Figure S2) and ! "#$ = -242.5 ± 11 days. Both values are within the 1& intervals of the results for an entirely liquid core (see Supplementary Table S1 and Extended Data Table 2), but affected by error bars ~4 times larger. The results for ' and ! "#$ are therefore not significantly affected by the simultaneous estimation of ' ⋆ and the value set for ( ")#$ . Our ' ⋆ estimate is always consistent with zero at 1& and the average solution is ' ⋆ = 4.10 -5 ± 0.007. Supplementary Figure S2 dashed curves show the temporal evolution of our ' ⋆ estimate for different scenarios of fit (see details in the caption of the figure). The uncertainty bound of ' ⋆ in the joint estimation case has been calibrated to account for the variability of the solutions as a function of the FICN period. We conclude from this analysis that ' ⋆ ≃ 0, indicating that no signature of an inner core is observed in the data and that the use of Eq.2 (main paper) for * " is justified.

Supplementary Figure S2: Temporal evolution of preliminary estimates of ' ⋆ (dashed curves) assuming no FCN contribution (i.e. ' = 0 in Eq. 01 ) for the "rigid" case or assuming ' = 0.06 and ! "#$ = -243 days for the "nominal" case. Orange solutions are obtained from a joint estimation of ! "#$ , ' (solid curve) and ' ⋆ (dashed curve) and with ! ")#$ = 400 days. Shaded envelopes are 1& uncertainties expect for ' ⋆ uncertainty which is up-scaled to a conservative value & ' ⋆ = 0.007 that takes into account our lack of knowledge on ! ")#$ .

The nutation transfer function parameters are always fitted along with the full set of MOPs.

Section 4. Full set of estimated parameters

Our solutions using the 24-months Prime mission data and the full set of 30-months of data that have been pre-processed so far are reported in Supplementary Table S1, along with the a priori values of the parameters and the constraints. They have been obtained using GINS and MONTE independently. The Prime mission solutions are obtained with the classical rotation model, while the Full-arc solutions require the post-dust-storm model to stabilize the solutions (see Methods and Extended Data Figure 1d). Note that the quadratic terms added in the longitude and obliquity angles of the post-dust-storm model does not really help improving the solution stability. We expected the deficiency in the rotation model to come from the spin angle, for which variations are hard to predict: atmospheric phenomena (e.g. dust storms) can excite planet rotation variations in a broad frequency band, whereas the nutation frequencies are known from celestial mechanics. Therefore, we extensively tested improvements to the modelling of the spin angle that would help stabilize the solution. An extension of the spin series to harmonics up to order eight and the addition of a bi-annual term did not improve our estimates. The spin angle amplitudes at harmonics higher than order four were consistent with zero, meaning that order four is still adequate for RISE. We obtained a significant improvement in the stabilization of the nutation solution by fitting separately the first ~150 days of data and the remaining data as explained in Methods. As an alternative approach to the modeling of the slope in the residuals, we fitted two other extra parameters for the first 150d interval: a bias in the initial spin angle (<= 0 ) and one in the rotation rate (<=). The latter is a correction to the global estimate of =, itself obtained from the entire set of RISE and Viking combined. The corresponding MOP solution, not shown here, is consistent with that of the post-dust-storm model. Moreover, the estimates of <= > ≈ 6.3 10 BC ± 7.7 10 BD deg and <= ≈ -6.3 10 BE ± 6.5 10 BF deg/day support the hypothesis of a deceleration of the planet in the early phase of the mission.

Full arc solutions are used to provide the preferred solutions, reported in Extended Data S1: Parameters estimates obtained using the first 24 months (~735d) of RISE data (Prime mission results) and the full set of 30 months of data (full arc results), systematically combined with the Viking 1 lander data. Uncertainties are 16 formal errors. *Because GINS works in 7, ,, 9, the angle 9 $ is fixed but # $ varies from one solution to another due to the difference in the 7 $ and , $ estimates. Despite their level of uncertainty (i.e. significant digits), angles (º), rates (mas/yr and º/d) and quadratic (º/d 2 ) estimates are given with 8, 3, 12 and 16 digits respectively in order to ensure 0.1 mas precision in the angles conversion between (7, ,, 9) and (%, &, #), even when computed 20 years away from J2000 [START_REF] Yseboodt | Transformation between the Martian Rotation and Orientation Angles[END_REF] .

The matrix of correlations of the main parameters is shown in Extended Data Figure 3b and the full correlation matrix provided as csv file (Source Data). From this figure, we see that F and the FCN period are significantly correlated with each other and with the spin angle amplitudes, especially F and ! "# . Despite the long data span of Viking plus RISE combination, and the high accuracy of RISE data, we still observe high (anti) correlations between $ % and $ and between & % and &. These correlations are primarily responsible for the difference in precession rate with respect to our result based on one Earth year only [START_REF] Kahan | Mars precession rate determined from radiometric tracking of the InSight lander[END_REF] , which was obtained with stronger a priori constraints on the angles at J2000 ($ % ,& % ). They also explain the difference with the orbiter estimate 10 that we retrieve exactly by fixing ($ % ,& % ) to Konopliv et al. (2020) [START_REF] Konopliv | Detection of the Chandler Wobble of Mars From Orbiting Spacecraft[END_REF] , with no significant impact on the nutation estimates. Moreover, the significant change in our ! estimate with respect to Kahan et al. ( 2021) [START_REF] Kahan | Mars precession rate determined from radiometric tracking of the InSight lander[END_REF] indirectly affects the precession estimate since correlations between ! and $ are rather strong. This change of ! of more than two times its error bars results from the estimation of a new parameter, !, which allowed us to model the accelerating rotation observed between Viking and RISE eras. Following previous studies (see e.g. (& = -7.98 >:?/;@), and $ % = 81°. 97504061 ($ = -7597.41 >:?/;@). As specified before, the GINS software works with A, C, D angles, which are converted in &, $, ! in a post-processing phase of the analysis. The angles at epoch, rates, and periodic variations are converted using the geometrical relations between the two sets of angles that can be derived by equating Eqs. (M1) and (M2). Specifically, those relations take the following analytical form for the periodic variations in angles orienting the spin axis in space:

E$ = EA FG? 1 -?IJCFG?& % ?IJ # & % + EC sin 1 cos A % -( ?IJ # & % , Q2 E& = EA FG? C % sin 1 cos (A % -() ?IJ & % -EC cos C % cos 1 + sin C % sin 1 sin A % -( ?IJ & % . Q3
Replacing the non-∆ quantities of the above equation by their numerical values, we get E$ = 1.03258 EA + 1.60964 EC, Q4 E& = 0.41341 EA -0.72841 EC. Q5

The spin angle amplitudes are modeled in GINS according to the following formalism

ED = D RS cos TJU + D "S sin TJU V SWX , Q6
where J is the mean motion of Mars and U is the time past J2000. Reminding that Y = J U + Y % , with the Mars mean anomaly at J2000 Y % = 19.35743065°, the above D RS , D "S amplitudes for the spin angle can be converted into ! RS , ! "S amplitudes of Eq.(M3) according to:

! RS = D RS + A RS ?IJC % FG? TY % -D "S + A "S ?IJC % ?IJ TY % , (Q7) ! "S = D "S + A "S ?IJC % FG? TY % + D RS + A RS ?IJC % ?IJ TY % -! ZS , Q8

! ZS are the relativistic periodic corrections due to variations in Mars orbit radius [START_REF] Yoder | Martian precession and rotation from Viking lander range data[END_REF][START_REF] Konopliv | A global solution for the Mars static and seasonal gravity, Mars orientation, Phobos and Deimos masses, and Mars ephemeris[END_REF] that we apply to our raw amplitude estimates to produce our ! RS , ! "S solutions reported in Supplementary Table S1. We use 

! ZX = -
A RS = A RS Z 1 + \ (TJ) # (TJ) # -] ^_# + C "S Z FG? aX C % \ TJ] ^_( TJ) # -] ^_# , Q9 A "S = A "S Z 1 + \ (TJ) # (TJ) # -] ^_# -C RS Z FG? aX C % \ TJ] ^_( TJ) # -] ^_# , Q10 C RS = C RS Z 1 + \ (TJ) # (TJ) # -] ^_# -A "S Z FG? C % \ TJ] ^_( TJ) # -] ^_# , Q11 C "S = C "S Z 1 + \ (TJ) # (TJ) # -] ^_# + A RS Z FG? C % \ TJ] ^_( TJ) # -] ^_# . Q12
The GINS raw solutions in A, C, D, equivalent to the Full-arc solution reported in Supplementary Table S1, are shown in Supplementary 

Section 5. Principal moments of inertia

Following Baland et al. ( 2020) [START_REF] Baland | The precession and nutations of a rigid Mars[END_REF] , the relation between the precession rate of Mars $ and the polar moment of inertia C can be summed up as e/> f @ g # = -1415393 1 # / ($ -$ h ) where $ and $ h are expressed in mas/year. $ h = 6.754 mas/year is the geodetic precession. $ is expressed with respect to the Mars mean orbit of epoch J2000. This relation accounts for the external torques exerted by the Sun, Phobos and Deimos, and the other planets, on the oblate shape of Mars. The effects of triaxiality on the precession rate of Mars averages out. Given the precession rate determined in the present study, and the gravity field 1 # = 0.0019566 from Konopliv et al. ( 2020) 10 (MRO120F solution), e/> f @ g # = 0.36419 ± 0.00011, where > f = 6.41712 ×10 #[ kg for the mass of Mars 10 . The mean moment of inertia is then obtained as Yk& = (e/> f @ g # -2/3 1 # )(@ g # /@ f # ) = 0.36428 ± 0.00011. @ g = 3396 km is the reference radius of the MRO120F solution and @ f = 3389.5 km is the mean planetary radius. The principal moments of inertia are l/> f @ f # = 0.363499, m/> f @ f # = 0.363752, e/> f @ f # = 0.365589, with the three of them affected by the same level of uncertainty of 0.00011. Note that there is a typo in Konopliv et al. (2020) [START_REF] Konopliv | Detection of the Chandler Wobble of Mars From Orbiting Spacecraft[END_REF] for the uncertainty of C, which should be 10 times smaller than the value reported of 0.0006.

Section 6. Equation of state for the liquid core

To model the thermoelastic properties of the liquid core we assume that the liquid Fe-O-S-C-H alloy can be described by an asymmetric Margules mixing model that uses Fe, FeO, FeS, Fe The t q and n q (o, p) are the molar fraction and molar volumes of Fe, FeO, FeS, Fe 3 C, and FeH, and t ^g = 1 -t ^gv -t ^gz -t ^gw _ -t ^gx . The thermal expansivity and the isothermal bulk modulus of the solution can then be calculated from Eq. Q13 using classical thermodynamic relations. The isobaric heat capacity e { is computed from the end-members assuming ideality. For the equation of state (EoS) of liquid Fe and liquid FeO we use Dorogokupets et al. (2017) [START_REF] Dorogokupets | Thermodynamics and Equations of State of Iron to 350 GPa and 6000[END_REF] and Komabayashi (2014) [START_REF] Komabayashi | Thermodynamics of melting relations in the system Fe-FeO at high pressure: Implications for oxygen in the Earth's core[END_REF] . To describe the elastic properties of FeS and Fe 3 C we use the Anderson-Grüneisen EoS e.g. [START_REF] Komabayashi | Thermodynamics of melting relations in the system Fe-FeO at high pressure: Implications for oxygen in the Earth's core[END_REF] . The EoS parameters for both end-members have been obtained by fitting the EoS to a large set of experimental data 68, [START_REF] Morard | The Earth's core composition from high pressure density measurements of liquid iron alloys[END_REF][START_REF] Kawaguchi | Sound velocity of liquid Fe-Ni-S at high pressure[END_REF][START_REF] Nishida | Effect of sulfur on sound velocity of liquid iron under Martian core conditions[END_REF][START_REF] Kaiura | Densities of the molten FeS, FeS-Cu2S and Fe-S-O systems-utilizing a bottombalance Archimedean technique[END_REF][START_REF] Chase | NIST-JANAF Thermochemical Tables Fourth[END_REF][START_REF] Shimoyama | Thermoelastic properties of liquid Fe-C revealed by sound velocity and density measurements at high pressure[END_REF][START_REF] Terasaki | Density measurement of Fe3C liquid using X-ray absorption image up to 10 GPa and effect of light elements on compressibility of liquid iron[END_REF][START_REF] Morard | Structure and Density of Fe-C Liquid Alloys Under High Pressure[END_REF]109 assuming the thermodynamic model of Xu et al (2021) 68 for Fe-FeS and ideal mixing for Fe-Fe 3 C. The EoS parameters for FeS and Fe 3 C are given in Supplementary Table S3. The Margules coefficients for Fe-FeO can be obtained by deriving Eq.( 10) of Komabayashi (2014) [START_REF] Komabayashi | Thermodynamics of melting relations in the system Fe-FeO at high pressure: Implications for oxygen in the Earth's core[END_REF] with respect to pressure; those for Fe-FeS are given in Supplementary Table S3. An equation of state for liquid FeH at Mars' core conditions is not available. We therefore use the equation of state describing the volume of interstitial H 65 in solid iron together with an equation of state of fcc Fe 66 . To take into account the volume difference between the solid and liquid phase, we increase the volume of solid FeH by the relative density difference between liquid and fcc (~2.-2.4%). 

Section 7. Thermal state of the mantle

We compute the thermal evolution in a 3D spherical geometry to determine the spatial and temporal evolution of mantle flow throughout Mars' thermal history. In our approach we employ a 3D crust whose thickness variations is derived from gravity and topography data [START_REF] Wieczorek | Hydrostatic interfaces in bodies with nonhydrostatic lithospheres[END_REF][START_REF] Knapmeyer-Endrun | Thickness and structure of the martian crust from InSight seismic data[END_REF] . The temperature distribution in the interior of Mars at present day is the result of 4.5 Gyr of thermal evolution. For our study we use cases 55 and 85 from Plesa et al. ( 2018) [START_REF] Plesa | The thermal state and interior structure of Mars[END_REF] and an additional case (Moho_2800) that has a crustal structure that agrees with the seismic observations of InSight [START_REF] Knapmeyer-Endrun | Thickness and structure of the martian crust from InSight seismic data[END_REF] . The most important parameters of the geodynamical models are listed in Supplementary Table S4. For a more detailed list of parameters, we refer to the corresponding publications indicated in the footnotes of Supplementary Table S4. In the following, cases 55, 85, and Moho_2800 will be referred to as T cold , T 85 , and T hot , respectively. The average present day temperature profiles for the 3 cases are shown in Supplementary Figure S4 together with the temperature range deduced from seismic and geodesy data [START_REF] Stähler | Seismic detection of the martian core[END_REF] .

T cold and T hot are situated close to the lower and upper limit of the seismically deduced temperature range but have a lithosphere thickness that is in the upper range of the latter. [START_REF] Knapmeyer-Endrun | Thickness and structure of the martian crust from InSight seismic data[END_REF] .

Supplementary Figure S4: Temperature profiles from this study (T cold , T 85 , and T hot ) [START_REF] Knapmeyer-Endrun | Thickness and structure of the martian crust from InSight seismic data[END_REF][START_REF] Plesa | The thermal state and interior structure of Mars[END_REF] and temperature range deduced from geodesy and seismic data [START_REF] Stähler | Seismic detection of the martian core[END_REF] .

The degree 2 present-day temperature anomalies associated with cases 55, 85, and Moho_2800 are shown in Supplementary Figure S5 (a,b,c). Horizontal temperature fluctuations lead to density anomalies that can affect the shape of the core (Supp: Core shape of non-hydrostatic planet), which directly affects the moments of inertia of the core. The induced degree-2 density anomalies have been calculated from a spherical harmonic expansion of the temperature fields obtained from the 3D thermal evolution calculation for the YMD composition (see Supplementary Figure S5 (d,e,f)) using the software package SHtools 79 .

Supplementary Figure S5: Degree 2 and order (0,1,2) cos and sin horizontal temperature anomalies (a,b,c) and induced density anomalies (d,e,f) for the YMD mantle composition for the T cold , T 85 , and T hot temperatures. period by about 2%, which is about 2 times larger than the uncertainty, and can be neglected for \, as its effect of less than 1% is small compared to the uncertainty. The anelastic mantle also leads to a complex valued transfer function (Eq.2 of main paper), which results in the damping of the FCN resonance and to nutations that are out-of-phase with respect to the gravitational forcing. The (-3 degrees) out-of-phase contributions are smaller than 0.02 mas, which is two orders of magnitude smaller than what can be measured by RISE and are therefore neglected in this study.

Besides the anelastic mantle, the viscous coupling of the fluid core to the mantle and the irregular shape of the CMB can affect the period of the FCN of Mars (see Sec. 7.3.3 of Dehant and Mathews (2015) [START_REF] Dehant | Precession, Nutation and Wobble of the Earth[END_REF] ). The effect of the former, which has been shown to affect the FCN frequency of the Earth by less than 0.1% [START_REF] Mathews | Modeling of nutation precession: new nutation series for non-rigid Earth, and insights into the Earth's interior[END_REF][START_REF] Buffett | Magnetic and viscous coupling at the core-mantle boundary: Inferences from observations of Earth's nutations[END_REF] , is neglected in our study. Topographic coupling is proportional to the square of the small topography at the core-mantle boundary [START_REF] Puica | Analytical computation of total topographic torque at the core-mantle boundary and its impact on tidally driven length-of-day variations[END_REF] , it is thus very small and neglected too.

The triaxiality of Mars affects its rotation. Including the effect increases the period of the Chandler Wobble (CW) by about 0.5 days [START_REF] Konopliv | Detection of the Chandler Wobble of Mars From Orbiting Spacecraft[END_REF] and it has a comparable effect on the FCN period, which decreases by less than 0.5 days (based on Eq.38 of Chen and Shen et al. ( 2007) [START_REF] Chen | New estimates of the inertia tensor and rotation of the triaxial nonrigid earth[END_REF] ). The effect on the FCN is significantly smaller than biaxial non-hydrostatic contributions (>~7days) and can thus be neglected given the 2.7 days uncertainty on the FCN period. The precise effect of triaxiality on the core amplification factor F is currently unknown due to lacking theoretical developments. But it can be roughly estimated by calculating the effect of using the equatorial moments of inertia A or B instead of the average equatorial moment of inertia on \. We find, that \changes by about 2%, which is 5 times smaller than its 1d uncertainty and is therefore neglected in our study.

Additional to the FCN, the CW rotational normal mode can affect nutation amplitudes (see Dehant and Mathews (2015) 3 Eq.7.140 for the full expression of the transfer function). Its period in the inertial frame is about -1.03 days 10 , significantly smaller than any of the periods of the main rigid nutations 11 and as such is not expected to affect our results in a meaningful way. Using Eq.7.140 for the transfer function instead of Eq.3, shows that the amplitude of the -1/3 annual nutation is reduced by less than 0.5%, an effect that can be neglected given the 10% uncertainty on \.

Supplementary Figure S8:Real part of compliance ä and É for the YMD mantle compositions and the cold (dashed lines) and hot (solid lines) mantle temperature and EH45 for the hot mantle temperature (dot-dashed lines)

Section 10. Core shape of non-hydrostatic planet

Nutation amplitudes depend on the shape of the planet and core mainly through the linear dependence of the FCN frequency on the dynamical flattening of the core (Eqs 2 and 3 of main text). The determination of the core shape of a non-hydrostatic planet requires assumptions about the rheology and about the internal processes generating non-hydrostatic deviations. In a purely static model, the external gravity field and shape of Mars can be explained by assuming that on a long time-scale Mars behaves like a fluid overlain by a solid shell (mechanical lithosphere) with embedded mass anomalies [START_REF] Wieczorek | Hydrostatic interfaces in bodies with nonhydrostatic lithospheres[END_REF][START_REF] Zharkov | On models of Mars interior and amplitudes of forced nutations: 1. The effects of deviation of Mars from its equilibrium state on the flattening of the core-mantle boundary[END_REF] . Compared to the fluid case, the FCN period of a non-hydrostatic planet with a 150 km thick shell is about 4% (10 days) shorter 20 , which does not agree with RISE observations. Besides static mass anomalies in the solid shell, the shape of the core can also be affected by dynamic processes in the fluid mantle resulting from mantle convection [START_REF] Defraigne | Steady-state convection in Mars' mantle[END_REF] .

In the static model [START_REF] Wieczorek | Hydrostatic interfaces in bodies with nonhydrostatic lithospheres[END_REF][START_REF] Zharkov | On models of Mars interior and amplitudes of forced nutations: 1. The effects of deviation of Mars from its equilibrium state on the flattening of the core-mantle boundary[END_REF] , the external shape and gravity field result from the rotational flattening, from the surface topography, and from mass sheet anomalies embedded in the mantle. The first static model is defined by one internal mass sheet located at the crust-mantle interface (Moho). The second static model is defined by one internal mass sheet located just above the bottom of the solid shell. In these two models, the FCN period will agree with the observations if the shell thickness is within a specific range. The third static model is defined by two internal mass sheets located at the Moho and just above the CMB in such a way that the deformation of the core is identical to the one of the hydrostatic model and as such in agreement with the FCN period measured by RISE. We follow the approach of Zharkov et al. ( 2009) [START_REF] Zharkov | On models of Mars interior and amplitudes of forced nutations: 1. The effects of deviation of Mars from its equilibrium state on the flattening of the core-mantle boundary[END_REF] to compute the deformation of the CMB due to loads. The procedure consists of four steps. In the first step, solving Clairaut's equation for a given interior model yields the reference hydrostatic shape and gravitational field [START_REF] Moritz | The Figure of the Earth: Theoretical Geodesy and the Earth's Interior[END_REF] . Subtracting these from the surface data, we obtain the non-hydrostatic shape and the non-hydrostatic gravitational perturbation at the surface. In the second step, deformations at all depths and gravitational perturbations due to unit-value loads are computed with the well-known load Love number formalism e.g.87 . We will first suppose that there are two static loads (surface topography and one internal load either at the Moho or at the bottom of the solid shell), and consider afterwards the case with three static loads. In the third step, the values of the two perturbing loads are determined so that the non-hydrostatic components of the shape and gravity field at harmonic degree 2 agree with data. In the fourth step, the moments of inertia of the core are computed by adding the hydrostatic and non-hydrostatic contributions. The diagonalization of the total inertia tensor yields the principal moments of inertia of the core.

If there are three static loads, the third load (located at the bottom of the mantle) is chosen so that the combined deformation of the three static loads on the core is consistent with the non-hydrostatic components of the core shape deduced from the RISE data. Since the non-hydrostatic components are close to zero (see Supp: Shape and moment of inertia of the core and Supplementary Figure S16), we choose the third load so that the effect of the two other loads is completely compensated.

In the dynamic model, the external shape and gravity field result from the perturbations of the static model with two loads, plus a third perturbation due to mantle convection. Mantle convection affects the core shape: its radial deformation is proportional to the discontinuity of the radial stress at the CMB [START_REF] Richards | Geoid anomalies in a dynamic Earth[END_REF] . In practice, viscous flow equations [START_REF] Defraigne | Internal loading of an inhomogeneous compressible earth with phase boundaries[END_REF][START_REF] Panasyuk | Understanding the effects of mantle compressibility on geoid kernels[END_REF] are solved for density perturbations given by a 3D convection model (Supp: Thermal state of the mantle). The surface perturbations (radial and gravitational) due to convection are subtracted from both the observed gravity field and shape of the planet, along with the rotational perturbations in step 1 above. The procedure for calculating the core shape then follows the same course as for the static model. Finally, the deformation of the core-mantle boundary due to convection is added to the deformation due to the static loads before computing the moment of inertia of the core.

We illustrate the effect of the solid shell thickness on the shape of the core for the above loading schemes using an interior model based on the YMD composition and p ãåç mantle temperature (Supp: Thermal state of the mantle). In this model, the core has a radius of 1815 km and the bottom of the thermal lithosphere is at a depth of 600 km, which corresponds to the largest shell thickness considered in this study. The results show that the thickness of the solid shell has only a small effect on the computed core shape if the load is placed at the depth of the Moho, while the deformation of the core decreases with increasing shell thickness when the load is placed at the bottom of the shell. The viscous flow in the convective mantle reduces the deformation of the core by about 50 m and this effect is only weakly dependent on the shell thickness. When loads are placed at the surface and Moho, the FCN period is predicted to be more than 10 days smaller than the RISE observation irrespective of the shell thickness (Supplementary Figure S9). When the second load is placed at the bottom of the solid shell, the FCN period matches the RISE observation only if it is thicker than about 512 km in the static setting, and about 426 km when dynamic convective effects are considered (viscous flow setting). The thinnest of these two values is comparable to the present-day elastic thickness beneath the north polar cap, which is predicted to lie between 330 and 450 km [START_REF] Broquet | Flexure of the Lithosphere Beneath the North Polar Cap of Mars: Implications for Ice Composition and Heat Flow[END_REF] .

A comparison between the static and viscous flow setting for the interior structure models used in this study is shown in Supplementary Figure S10. Including the effect of viscous flow decreases the FCN period by about 5 days, which is comparable to the effect of changing the crust density from its highest to its lowest allowed value.

Section 11. Enriched basal silicate layer (BSL)

Like many terrestrial planets that differentiated into a metallic core and a silicate mantle, Mars probably experienced an early global magma ocean stage. The crystallization and the differentiation of a magma ocean can lead to the formation of a compositionally distinct layer at the bottom of the mantle [START_REF] Elkins-Tanton | Magma ocean fractional crystallization and cumulate overturn in terrestrial planets: implications for Mars[END_REF] , strongly enriched in heat-producing elements (HPE) and iron, leading to its long-term stability with little mixing between the layer and the overlying mantle [START_REF] Ballmer | Reconciling magma-ocean crystallization models with the present-day structure of the Earth's mantle[END_REF][START_REF] Boukaré | Timing of mantle overturn during magma ocean solidification[END_REF][START_REF] Maurice | Onset of solid-state mantle convection and mixing during magma ocean solidification[END_REF] . The presence of an enriched basal silicate layer (BSL) can strongly affect the evolution of the planet and its current state. In particular, the basal layer can give rise to the presence of a molten silicate layer above the core that can act as a deep seismic reflector and be interpreted as an extension of the liquid core [START_REF] Samuel | The Thermo-Chemical Evolution of Mars With a Strongly Stratified Mantle[END_REF] . The relative rotation of this effective liquid core (metallic core + molten silicate layer) with respect to the mantle affects the nutation of Mars and as such is responsible for the signature of the core measured by RISE.

Following Samuel et al. (2019) [START_REF] Samuel | The rheology and thermal history of Mars revealed by the orbital evolution of Phobos[END_REF] we compute the thermo-chemical evolution of a set of models that incorporate a BSL. The mantle is composed of a basal layer of thickness D d enriched in iron and in heat producing elements that is overlain by a more depleted convecting mantle. The BSL is at least 10% denser than the overlying mantle and its density increases with depth, making it stable against convection. The insulating effect and the HPE enrichment of the BSL can lead to a partially or fully molten region in its lowermost part. If the melt fraction is above the critical value of 40% 101,102 the rheological behavior of that region is effectively that of a liquid, i.e. with a zero shear modulus. For smaller melt fractions, the partially molten region behaves as a soft, yet essentially solid (i.e., mushy) material of thickness D mush with reduced but non-zero shear modulus. BSL models with a fully molten lower part of thickness D liquid have an apparent liquid core radius of R liquid = R c +D liquid that is compatible with the core radius range inferred from seismic data [START_REF] Stähler | Seismic detection of the martian core[END_REF] . Following Drilleau et al. ( 2021) 103 , we ascertained that our BSL models are also consistent with the differential arrival times (Supplementary Figure S11) of body waves (tS-tP, tPP-tP, tPPP-tP, tSSS-tS, tSS-tS, tScS-tS) observed by the seismometer on InSight [START_REF] Stähler | Seismic detection of the martian core[END_REF][START_REF] Khan | Upper mantle structure of Mars from InSight seismic data[END_REF] and their inferred locations [START_REF] Stähler | Seismic detection of the martian core[END_REF] as well as the velocity structure in the 3 layered crust [START_REF] Knapmeyer-Endrun | Thickness and structure of the martian crust from InSight seismic data[END_REF] . All models match the moment of inertia of Mars 10 , have an average crustal thicknesses that is within the bounds inferred from receiver functions and gravity data [START_REF] Knapmeyer-Endrun | Thickness and structure of the martian crust from InSight seismic data[END_REF] , and are compatible with the recent volcanism observed for Mars [START_REF] Hartmann | Evidence for recent volcanism on Mars from crater counts[END_REF][START_REF] Neukum | Recent and episodic volcanic and glacial activity on Mars revealed by the High Resolution Stereo Camera[END_REF] .

BSL models require a liquid lower mantle layer to agree with the RISE observations. They have a thermal lithosphere between 260 km and about 315 km which are significantly thinner than those of the other models considered in this study. Therefore, the effect of a load placed at the bottom of the lithosphere on the FCN period is comparable to one placed at the Moho depth. Even with a load placed at a shallower depth, BSL models agree with the RISE data, mainly because the large core deformation induced by the Moho load (Supp: Core shape of non-hydrostatic planet) is strongly reduced by the compliance ä (see Eq.3) because of the mushy lower mantle. Note that for all models considered, a lithosphere of the thickness of the thermal lithosphere has been assumed. The key governing parameters of our models are listed in Supplementary Table S5. The apparent core radius of models with a fluid layer at the bottom of the mantle that are compatible with RISE agrees with the range deduced from models without a fluid basal layer from this study. RISE data cannot differentiate between models that have a thin or thick fluid basal layer.

Model

R c

[km] The average density of the core of the models with the YMD or EH45 mantle compositions that agree with RISE are between about 5955-6290 kg/m 3 (Supplementary Figure S12a). This range is narrower than the 5700-6300 kg/m 3 range advocated by [START_REF] Stähler | Seismic detection of the martian core[END_REF] , and our lower bound is significantly higher. The main reason for this difference results from the uppermost mantle density that can be appreciably higher in models deduced from seismic data that are based on the so-called geophysical approach [START_REF] Stähler | Seismic detection of the martian core[END_REF] . In this approach, a layer with constant density in the uppermost part of the mantle is modeled directly from the inferred seismic velocities 78 while density should vary with depth as the case if it were related to composition and temperature. Other less important factors that affect the density of the core result from the wider spread of mantle temperatures (Supp: Thermal state of the mantle) and the larger set of mantle compositions considered in Stähler et al. ( 2021) [START_REF] Stähler | Seismic detection of the martian core[END_REF] (Lodders and Fegley (1997) 104 , EH45 [START_REF] Sanloup | Density measurements of liquid Fe-S alloys at high pressure[END_REF] , Taylor (2013) 105 , YMD [START_REF] Yoshizaki | The composition of Mars[END_REF] ). We don't use the models of Lodders and Fegley (1997) 104 and Taylor (2013) 105 since the latter does not agree with the crust structure and the moment of inertia of Mars and the former leads to results that are equivalent to those based on EH45 [START_REF] Knapmeyer-Endrun | Thickness and structure of the martian crust from InSight seismic data[END_REF] . Note that, given the mass conservation, the differences in mantle density directly reflect on the density jump at the core mantle boundary (Supplementary Figure S14). Models that agree with RISE data have a density jump of 1694-2108 kg/m 3 . Because of the larger average core density found in this study, the required fraction of light elements in the core is appreciably lower than in Stähler et al. ( 2021) [START_REF] Stähler | Seismic detection of the martian core[END_REF] (see their Fig. 2 and Fig. S11-1b) and in particular, up to 5 wt% O and 2 wt% H are not required if the amount of S is limited to the range deduced from cosmochemical considerations [START_REF] Steenstra | A synthesis of geochemical constraints on the inventory of light elements in the core of Mars[END_REF] . The fraction of O in the core increases with S, which increases with core radius (Supplementary Figure S13a), and is larger for EH45 models than YMD models since the former have a larger fraction of FeO in the mantle [START_REF] Gendre | Martian core composition from experimental high-pressure metal-silicate phase equilibria[END_REF] . The amount of C that can dissolve in the core at core-mantle boundary conditions increases with decreasing amount of S (Supplementary Figure S13b) and is about two times larger if the core contains 1wt% of H. As a result of the required large fraction of S, the maximal amount of C that can dissolve in the core is below predictions based on an assumed bulk C content (e.g. 1-1.4wt% 25 ) and its partitioning behavior between molten metal and silicate (}Gè (ê _ ëgça"qr )~0.5 -2.5 [START_REF] Malavergne | Experimental constraints on the fate of H and C during planetary core-mantle differentiation. Implications for the Earth[END_REF]106 ) at core-mantle boundary conditions (Supplementary Figure S13b). The precise temperature profile in the core is not known and is likely between an isotherm and adiabat e.g. [START_REF] Greenwood | Influence of Thermal Stratification on the Structure and Evolution of the Martian Core[END_REF] . Using an isothermal temperature profile in the core increases the fraction of light elements by up to about 0.5 wt% if compared to a calculation with an adiabatic temperature profile. The effect of this difference in light elements decreases the density jump at the CMB by less than 3% and decreases the moment of inertia of the core by less than 0.2%. Those combined effects decrease the FCN period by up to 0.6 day (Supplementary Figure S10) and increase \ by up to 0.3%. Since those effects are small compared to the uncertainties at 1d, for convenience we assume an adiabatic temperature profile in the core for the calculation of the FCN period and \ and for the discussion related to the composition of the core. The large fraction of light elements in the core (Figure 4 of main paper, Supplementary Figure S13) makes the presence of an inner core highly unlikely. The melting temperature of Fe-O-S-C-H alloys at Mars core conditions is not well known, but an upper bound can be roughly estimated by cumulating the effect that each individual light element has on the melting temperature of Fe. As long as the composition of the alloy is on the iron-rich side of the eutectic, the addition of light elements to Fe results in a decrease of its melting temperature. If the core has a radius of 1835 km, as found in this study, about 2.5 wt%O, 15 wt%S, 1.5 wt%C, and 1 wt%H are required to match its density. At core center pressures (~40 GPa), adding 15 wt% of S decreases the melting temperature of Fe (2800 K 107 ) by ~1000 K 108 , whereas individually 2.5 wt%O, 1.5 wt%C, and 1 wt%H result in temperature reductions of ~250 K 67 , ~255 K 109 and ~220 K 110 , respectively. The cumulative effect of all those light elements results in a melting temperature at the center of the core that is significantly below the core temperature (1880 K -2400 K). The amount of light elements in the core can be lower if the mantle is less dense than assumed above, for example by having a lower FeO content or a higher temperature. Temperatures significantly above our hot end-member model are, however, unlikely (Supp: Thermal state of the mantle) and the effect of decreasing the weight fraction of FeO in the mantle has only a small effect of the order of 1 wt% on the amount of light elements (main text Fig. 4), as follows from a comparison of the EH45 and YMD models (17.7 wt% vs. 14.7 wt% FeO in the mantle). We nevertheless note that the effect of the lower amount of FeO in the mantle is reduced by the more massive crust of the YMD models compared with EH45 models (Supp: Crustal structure) and the tradeoff between mantle FeO and O-S content in the core [START_REF] Gendre | Martian core composition from experimental high-pressure metal-silicate phase equilibria[END_REF] .

D d [km] Tm 0 [K] Tc 0 [K] k d [W/m/K] V* [cm 3 /mol] é 0 [Pa s] D liquid [km] D mush [km] D solid [km] Rc1750_Dd100 1750 
Supplementary Figure S12: (a) Average core density as a function of core radius for the YMD mantle composition with the T hot and T cold mantle temperatures (thick lines) and for the EH45 mantle composition with the T hot temperature profile (thin line). The gray area represents the core radius of this study (1d). (b) Relation between core density and core composition for the YMD mantle composition and the T hot and T cold temperature profiles. The gray array represents the core density range that agrees with the core radius of this study. The light purple area is the core S content following cosmochemical considerations [START_REF] Steenstra | A synthesis of geochemical constraints on the inventory of light elements in the core of Mars[END_REF] and the lighter purple area assumes that the S content of Mars is equivalent to chondrites (1.6-5.6 wt%) [START_REF] Lodders | Relative atomic solar system abundances, mass fractions, and atomic masses of the elements and their isotopes, composition of the solar photosphere, and compositions of the major chondritic meteorite groups[END_REF] .

Supplementary Figure S13: Core oxygen (a) and carbon fraction at its solubility limit at core-mantle boundary conditions (b) for T hot and T cold . The gray area represents the core radius of this study (1d). YMD models are represented by the thick curve and the thin curve represents the EH45 models with the T hot profile. The brownish area in (b) represents the C content in the core assuming a bulk content range and the partition behavior of C between the liquid core and molten mantle at core-mantle boundary conditions (see text). 
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 18 Konopliv et al. (2006) [START_REF] Konopliv | A global solution for the Mars static and seasonal gravity, Mars orientation, Phobos and Deimos masses, and Mars ephemeris[END_REF] ), we chose to describe the orientation of Mars with respect to the mean orbit of Mars of 1980 (see Supplementary Table

  S1

  ). Considering Mars mean orbit of epoch J2000 instead, we would have ( = 3°. 37321423 and 1 = 24°. 67706841 for the angles orienting the mean orbit with respect to ICRF. The prior values for Mars orientation angles would be ! % = 133°. 384992 (! = 350.891985313422 °/9:;), & % = 25°. 191818 (& = -1.28 >:?/;@ ) , and $ % = 81°. 975074 ($ = -7603.21 >:?/;@) . For the preferred solution: ! % = 133°. 3850127 (! = 350.891985338504 °/9:;), & % = 25°. 19184671

Section 9 .

 9 Anelasticity, triaxiality, CMB coupling, and Chandler wobbleThe compliances ä and É required to compute the core amplification factor \ and FCN period (Eq.3 of the main paper) are computed following Dehant and Mathews (2015)3. They are complex valued because the mantle of Mars behaves as an anelastic body at quasi-diurnal periods (nutation periods in the rotating frame). We use a frequency-dependent but depth-independent model of shear dissipation e.g.[START_REF] Anderson | The frequency dependence of Q in the Earth and implications for mantle rheology and Chandler wobble[END_REF] . The parameters of the complex shear modulus are chosen such that the semi-diurnal tidal Love number k 2 , the period of the Chandler Wobble, and the secular acceleration of Phobos agree with observations (Tab. S6 ofKonopliv et al. (2020) 10 ). The real parts of ä = (0.35 ± 0.07) 10 a[ and É = (1.46 ± 0.15)10 a[ , as shown in Supplementary Figure S8. Mantle anelasticity reduces the FCN

Section 12 .

 12 ), BSL thickness (D d ), initial uppermost mantle (Tm 0 ) and core temperatures (Tc 0 ), BSL thermal conductivity (k d ), effective activation volume (V*) and reference viscosity (é 0 ) of the mantle, thicknesses of molten layer (D liquid ), mushy layer (D mush ), and solid layer (D solid ) within the BSL. Supplementary Figure S11: Arrival times of the BSL models for the nine considered quakes (colored dots). The measured arrival times (black symbols) are shown with 1d error-bars. Core structure and composition
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Supplementary Table

Table S2 :

 S2 Table S2 below. Estimated parameters using GINS with the post-dust-storm model (full-arc solution). Uncertainties are 1d formal errors.

			W C4	mas	13.3 ± 0.7
			W S1	mas	-272.2 ± 1.3
			W S2	mas	432.3 ± 2.2
			W S3	mas	52.3 ± 1.4
			W S4	mas	0.2 ± 0.7
	Dust parameters		D Rc	mas	26 ± 7.3
			D "c	mas	-27± 4.9
	Supplementary				
	Parameter	Symbol	Unit	GINS
	Right ascension at J2000	A %	deg	317.681132336 ± 0.0000075
	Right ascension rate	A	mas/yr	-3914.253 ± 1.3
	Quadratic right ascension coefficient	A	mas/yr 2	-0.0108 (fixed)
	Declination at J2000	C %	deg	52.88632054 ± 0.0000066
	Declination rate		C	mas/yr	-2209.5470 ± 1.2
	Quadratic declination coefficient	C	mas/yr 2	0.0159 (fixed)
	Prime meridian at J2000	D %	deg	176.63198979682688 (fixed)
	Rotation rate		D	deg/day	350.891982490642 ± 0.000000014
	Quadratic Rotation coefficient	D	deg/day 2	3.6660e-12 ± 9.1e-13
	Core amplification factor	F	-	0.061 ± 0.006
	FCN period		b ^_`	day	-243.0 ± 2.7
	LOD variations	Viking era	W C1	mas	463 ± 15
	amplitudes				
			W C2	mas	413 ± 25
			W C3	mas	134 ± 21
			W C4	mas	0 ± 19
			W S1	mas	-318 ± 28
			W S2	mas	483 ± 20
			W S3	mas	53 ± 24
			W S4	mas	39 ± 20
		InSight era	W C1	mas	327.6 ± 1.3
			W C2	mas	320.3 ± 1.3
			W C3	mas	115.1 ± 0.8

  3 C, and FeH as end-members. The volume of the thermodynamic Fe-O-S-C-H solution writes

	n o, p = n qcgfr o, p + n gs o, p ,	Q13
	where	
	n qcgfr (o, p) =	t q n q (o, p)
	qW{^g,^gv,^g w _,^gx}	
	and	
	n gs (o, p) = t ^gt ^gv (t ^gv D ^ga^gv + t ^g D ^gva^g )+
	t ^gt ^gz t ^gz D ^ga^gz o, p + t ^g D ^gza^g o, p .	Q14

Table S3 :

 S3 Equation of state parameters for liquid solution end-members and Margules coefficients. For both Ö = 1.4 and Ü stands for FeS or Fe 3 C.

		p %	n	e {	A	|	| ′	É	C	D ^gaÑ	D Ña^g	m %	m′
		|	F> [ />G}	1/|/>G}	10 ~/|	ÄÅ:				F> [ />G}	F> [ />G}	ÄÅ:	
	FeS	1650	24.4±0.3	62.5	11.8	12.0±-0.8	6.9±0.3	0.62±0.04	0.4±0.5	-9.9±1.4	-3.54±0.4	3.02±0.3	2.6±0.4
	Fe3C	1723	26.5±0.1	215.	14.8±5.	57.5±13	15.±3.	1.34±0.4	9.1±4.0	-	-	-	-
		Supplementary										

Case Dmantle [km] á Zgà [Pa s] E [kJ/mol] V [cm 3 /mol] Dcrust [km] ρcrust [kg m -3 ]

  

								HPEcrust
								[%]
	55 1 (Tcold)	1700	1e20	300	6	87.1	3200	93.5
	85 1 (T85)	1550	1e21	325	10	62	3100	67.8
	Moho_2800 2 (Thot)	1550	1e21.5	300	6	62.2	2800	61.4
	Supplementary							

Table S4 :

 S4 Parameters of the geodynamical thermal evolution models. The mantle thickness is given by D mantle , the reference viscosity is indicated by á Zgà , D crust describes the average crustal thickness, while ρ crust and HPE crust indicate the crustal density and crustal amount of heat producing elements. 1: Plesa et al. (2018) 77 ; 2: Knapmeyer-Endrun et al. (2021)

* Note that nutations induced by Phobos and Deimos have negligible impact on the FCN estimate.

Supplementary Information for

Spin state and deep interior structure of

The last column of Supplementary Table S1 provides the overlapping factor

, by which the MONTE and GINS full-arc uncertainties need to be multiplied in order to overlap. Note that our geophysical interpretations and conclusions, based on our preferred solution of Extended Data Table 2, take full account of these GINS-MONTE differences. Note also that the overlapping factors are systematically lower than one when comparing our solutions with those of Folkner et al. (1997) [START_REF] Folkner | Interior structure and seasonal mass redistribution of Mars from radio tracking of Mars pathfinder[END_REF] , meaning that our solutions are compliant at one sigma with the latter. It is worth mentioning that Folkner et al. (1997) [START_REF] Folkner | Interior structure and seasonal mass redistribution of Mars from radio tracking of Mars pathfinder[END_REF] fitted the MOP to the combined Viking and Mars Pathfinder data, but the very short Pathfinder life time (90 days) has a very small influence on the spin series amplitude estimates, which involve periods greater than 171 days (quarter-annual). Also worth mentioning is that both MONTE and GINS solutions have at least one large amplitude estimate (i.e. above 20 mas) for either the ter-or the quarter-annual wave or for both, which is difficult to explain/believe. The difference between GINS and MONTE in the estimates of the equatorial coordinates of the lander's antennas (X and Y) is mainly due to the difference in the = estimates and to the shift in = > for the GINS solutions, which is inherent in the conversion from P, <, Q to R, S, = [START_REF] Yseboodt | Transformation between the Martian Rotation and Orientation Angles[END_REF] . Supplementary Figure S3 shows the compatibility of the Full-arc solutions of Supplementary Table S1 with the nominal solution of this paper (as reported in Extended Data Table 2) and with three recent solutions from the literature [START_REF] Konopliv | Detection of the Chandler Wobble of Mars From Orbiting Spacecraft[END_REF][START_REF] Konopliv | An improved JPL Mars gravity field and orientation from Mars orbiter and lander tracking data[END_REF][START_REF] Kuchynka | New constraints on Mars rotation determined from radiometric tracking of the opportunity Mars exploration rover[END_REF] .

Supplementary Figure S3: Compatibility of our Full-arc solutions with recently published solutions [START_REF] Konopliv | Detection of the Chandler Wobble of Mars From Orbiting Spacecraft[END_REF][START_REF] Konopliv | An improved JPL Mars gravity field and orientation from Mars orbiter and lander tracking data[END_REF][START_REF] Kuchynka | New constraints on Mars rotation determined from radiometric tracking of the opportunity Mars exploration rover[END_REF] .

Error bars are 1& uncertainties.

Section 8. Crustal structure

The crustal structure below the InSight lander inferred from seismic data can be used to constrain the thickness and density of the global crust when combined with gravity and topography data [START_REF] Knapmeyer-Endrun | Thickness and structure of the martian crust from InSight seismic data[END_REF] . The deduced average crustal density and thickness are correlated and dependent on the density of the uppermost mantle [START_REF] Wieczorek | Hydrostatic interfaces in bodies with nonhydrostatic lithospheres[END_REF][START_REF] Knapmeyer-Endrun | Thickness and structure of the martian crust from InSight seismic data[END_REF] . The correlation between crustal thickness and density for the YMD and EH45 models have been calculated using the ctplanet software [START_REF] Wieczorek | Create crustal thickness maps of planets from gravity and topography (ctplanet)[END_REF] and the results are shown in Supplementary Figure S6(a,b) and Supplementary Figure S7(a,b) for the 2-and 3-layer crust models compatible with seismic observations. The calculation of the average crustal thickness requires the knowledge of the thickness of the crust below the Insight lander. For both considered cases we use the seismically estimated thickness 64 ; 20 ± 5 km for the 2-layer crust and 39 ± 8 km for 3-layer crust.

Only a subset of the interior structure models are found to agree with the moment of inertia of this study (Supplementary Figure S6(c,d) and Supplementary Figure S7(c,d)). Concerning the 2-layer InSight seismic model, only models based on the YMD composition with the hot mantle temperature agree with the moment of inertia. Nevertheless, since those models have a Love number â # that does not agree with observations 10 , we do not consider them further in this study. Furthermore, we note that recent PP receiver function analyses strongly favor the 3-layer crustal model over the 2-layer model [START_REF] Kim | Improving constraints on planetary interiors with PPS receiver functions[END_REF] .

Supplementary Figure S6: Crust thickness-density correlation for T cold (a) and T hot (b) mantle temperatures and relation between crust thickness and core radius for mantle temperature T cold (c) and T hot (d) for the mantle composition YMD. The black vertical line delineates the 2 layered (thickness <40km) from the 3 layered (thickness >40km) crust models. Dots correspond to all crustal thickness models that are compatible with the InSight seismic thickness of the crust, whereas colored symbols correspond to the subset of models that are consistent with the moment of inertia.

Supplementary Figure S7: Crust thickness-density correlation for T cold (a) and T hot (b) mantle temperatures and relation between crust thickness and core radius for mantle temperature T cold (c) and T hot (d) for the mantle composition EH45. The black vertical line delineates the 2 layered (thickness <40km) from the 3 layered (thickness >40km) crust models. Dots correspond to all crustal thickness models that are compatible with the InSight seismic thickness of the crust, whereas colored symbols correspond to the subset of models that are consistent with the moment of inertia.

Supplementary Figure S9: FCN period as a function of shell thickness for loads placed at the surface and Moho, surface and bottom of the shell, and surface, Moho, and core for static (dashed curve) and viscous flow (solid curve) deformation. The gray shaded region represents the 1σ limits of the FCN period observed by RISE. S10: (a) Core radius as a function of FCN period, (b) core radius as a function of core amplification factor, and (c) FCN period-core amplification correlation for the YMD and EH45 (only viscous flow) mantle composition and p ãåç mantle temperature for loads placed at the surface and bottom of the lithosphere for the static and viscous flow setting. Solid and dashed curves represent models with an adiabatic core temperature and the dot-dashed curves assume an isothermal core temperature (thick crust+viscous flow).

Supplementary Figure

The gray shaded areas represent 1d, 2d, and 3d uncertainties.

Supplementary Figure S14: Density jump at the CMB for the T hot and T cold . The gray area represents the core radius of this study (1d). YMD models are represented by the thick curves and the thin curve represents the EH45 models with the T hot profile.

Section 13. Shape and moment of inertia of the core

The moment of inertia of the core can be obtained from \ (Eq.3 in the main paper) but it requires to know the compliance É. Forward modeling shows that the models of this study and models with a dense fluid lower mantle layer (Supp: Core structure and composition) have a É between 1.4 ⋅ 10 a[ and 1.62 ⋅ 10 a[ if they agree with the â # Love number at 1d. We can take into account our lack of knowledge about É if we assume that it is a random variate with an uniform distribution between 1.4 ⋅ 10 a[ and 1.62 ⋅ 10 a[ . The moment of inertia of the core can then be estimated by Monte Carlo error propagation if we assume that \ and the principal moments of inertia of Mars have a normal distribution around their mean value. We find that l à /> f @ f # = 0.0286 ± 0.0033 (11%). The moment of inertia of the core of our interior models is shown in (Supplementary Figure S15). S15: Normalized core moment of inertia for the YMD composition with the hot and cold temperature and EH45 composition with the hot mantle temperature. The gray shaded area represents the value of l à estimated from \ (1d). The dynamical core flattening î à of the Mars models used in this study can be estimated from the measured FCN period and compliance ä using (Eq.3 of the main paper). Models that agree with the core flattening (Supp: Core shape of non-hydrostatic planet) require either a thick lithosphere with a mass anomaly placed at the bottom or at the Moho and bottom of the mantle (see Supplementary Figure S16) both together with the load induced by the crust at the surface. Note that for the latter case the load at the bottom of the mantle is set such that the combined deformation of the surface and Moho load on the core is cancelled, i.e. the core has the shape of a hydrostatic planet. 

Supplementary Figure

Supplementary