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Introduction

Parker Solar Probe (PSP) was launched in August 2018 to collect measurements of plasma parameters and electromagnetic fields in the inner heliosphere below 50 solar radii (R ⊙ ) offering unique opportunities to study in situ the young solar wind [START_REF] Bale | Highly structured slow solar wind emerging from an equatorial coronal hole[END_REF][START_REF] Fox | The Solar Probe plus mission: Humanity's first visit to our star[END_REF][START_REF] Howard | Near-Sun observations of an F-corona decrease and K-corona fine structure[END_REF][START_REF] Kasper | Alfvénic velocity spikes and rotational flows in the near-Sun solar wind[END_REF][START_REF] Mccomas | Probing the energetic particle environment near the Sun[END_REF][START_REF] Raouafi | Parker Solar probe: Four years of discoveries at solar cycle minimum[END_REF]. The first solar encounter had its perihelion at 35.7 R ⊙ ; subsequent perihelia over the 7-year mission will drop closer to the Sun, eventually reaching a heliocentric distance of about 10 R ⊙ in mid-2025. The mission addresses two fundamental problems in space physics: coronal plasma heating and the acceleration of solar wind plasmas. In both problems, wave-particle interactions involving magnetohydrodynamic (MHD) and kinetic-scale waves are known to play an important role; one of the widely studied waves in the latter category is the whistler wave.

Electrons in the solar wind are accurately described by three distinct populations: a bulk thermal component with close to Maxwellian distributions and two suprathermal fractions called the Strahl and halo. The halo population is quasi-isotropic [START_REF] Feldman | Solar wind electrons[END_REF][START_REF] Feldman | Characteristic electron variations across simple high-speed solar wind streams[END_REF][START_REF] Lazar | Characteristics of solar wind suprathermal halo electrons[END_REF] and is often represented by Kappa distributions [START_REF] Lazar | Towards realistic parametrization of the kinetic anisotropy and the resulting instabilities in space plasmas. Electromagnetic electron-cyclotron instability in the solar wind[END_REF][START_REF] Maksimovic | A kinetic model of the solar wind with Kappa distribution functions in the corona[END_REF]Scudder, 1992aScudder, , 1992b)). The Strahl is a beam of high-energy electrons that follows the magnetic field lines, propagating away from the Sun [START_REF] Pilipp | Characteristics of electron velocity distribution functions in the solar wind derived from the Helios plasma experiment[END_REF][START_REF] Rosenbauer | Preliminary results of the Helios plasma measurements[END_REF][START_REF] Rosenbauer | A survey on initial results of the HELIOS plasma experiment[END_REF]. The relative proportions of the two suprathermal populations are observed to evolve with radial distance from the Sun. Notably, the fractional density of halo electrons increases with distance while the Strahl distribution broadens [START_REF] Bercic | Scattering of Strahl electrons in the solar wind between 0.3 and 1 AU: Helios observations[END_REF][START_REF] Graham | The evolution of solar wind Strahl with heliospheric distance[END_REF][START_REF] Hammond | Variation of electron-strahl width in the high-speed solar wind: ULYSSES observations[END_REF] and its fractional density decreases with distance [START_REF] Graham | The evolution of solar wind Strahl with heliospheric distance[END_REF][START_REF] Halekas | Electrons in the young solar wind: First results from the Parker Solar Probe[END_REF][START_REF] Halekas | Electron heat flux in the near-Sun environment[END_REF][START_REF] Maksimovic | Radial evolution of the electron distribution functions in the fast solar wind between 0.3 and 1.5 AU[END_REF][START_REF] Štverák | Radial evolution of nonthermal electron populations in the low-latitude solar wind: Helios, Cluster, and Ulysses Observations[END_REF]. These observations suggest there are mechanisms, such as wave-particle interactions involving whistler waves, responsible for scattering the beam-like Strahl electrons into a more isotropic halo distribution. Several polarization properties determine the efficiency of whistler wave interactions with the Strahl and halo suprathermal electron populations. For example, two important parameters are the direction of propagation with respect to the Sun (i.e., sunward or anti-sunward propagation), and the wave normal angle (WNA), θ, which is the angle between the wave vector, k, and the background magnetic field, B 0 . Sunward propagating whistlers scatter the Strahl population in the pitch-angle space more efficiently (up to two orders of magnitude greater) than the anti-sunward propagating waves [START_REF] Cattell | Modeling interactions of narrowband large amplitude whistler-mode waves with electrons in the solar wind inside 0.3 AU and at 1 AU using a particle tracing code[END_REF][START_REF] Saito | All whistlers are not created equally: Scattering of strahl electrons in the solar wind via particle-in-cell simulations[END_REF][START_REF] Sarfraz | Combined Whistler heat flux and anisotropy instabilities in solar wind[END_REF][START_REF] Vocks | Electron Halo and strahl formation in the solar wind by resonant interaction with Whistler waves[END_REF]. The situation becomes more complicated if anti-sunward whistler waves have high WNA and thus provide efficient scattering [START_REF] Artemyev | Storm-induced energization of radiation belt electrons: Effect of wave obliquity: DST dependence of lifetime/energization[END_REF][START_REF] Artemyev | Oblique Whistler-mode waves in the Earth's inner magnetosphere: Energy distribution, origins, and role in radiation belt dynamics[END_REF][START_REF] Cattell | Modeling interactions of narrowband large amplitude whistler-mode waves with electrons in the solar wind inside 0.3 AU and at 1 AU using a particle tracing code[END_REF][START_REF] Cattell | Parker Solar Probe evidence for the absence of Whistlers close to the Sun to scatter Strahl and to regulate heat flux[END_REF][START_REF] Micera | Particle-In-Cell simulation of Whistler heat flux instabilities in the solar wind: Heat flux regulation and electron halo formation[END_REF][START_REF] Micera | On the role of solar wind expansion as a source of whistler waves: Scattering of suprathermal electrons and heat flux regulation in the inner heliosphere[END_REF][START_REF] Roberg-Clark | Scattering of energetic electrons by heat-flux-driven Whistlers in flares[END_REF][START_REF] Vasko | Whistler fan instability driven by strahl electrons in the solar wind[END_REF]. This makes the polarization properties of whistler waves observed by PSP one of the key factors for the quantification of the wave-particle interaction effects in the solar wind.

To date, a wide array of whistler observations made by PSP have been reported on. In previous studies, the polarization properties of whistler waves in the young solar wind were inferred from the three search-coil magnetometer (SCM) components during Encounter 1 [START_REF] Agapitov | Sunward-propagating Whistler waves collocated with localized magnetic field holes in the solar wind: Parker Solar Probe observations at 35.7 R radii[END_REF][START_REF] Cattell | Narrowband large amplitude whistler-mode waves in the solar wind and their association with electrons: STEREO waveform capture observations[END_REF]Cattell et al., , 2021[START_REF] Cattell | Parker Solar Probe evidence for the absence of Whistlers close to the Sun to scatter Strahl and to regulate heat flux[END_REF][START_REF] Dudok De Wit | First results from the SCM search-coil magnetometer on Parker Solar Probe[END_REF][START_REF] Froment | Whistler waves generated inside magnetic dips in the young solar wind: Observations of the search-coil magnetometer on board Parker Solar Probe[END_REF][START_REF] Karbashewski | Whistler wave observations by Parker Solar Probe during encounter 1: Counter-propagating whistlers collocated with magnetic field inhomogeneities and their application to electric field measurement calibration[END_REF]. The statistical study of whistler properties by [START_REF] Froment | Whistler waves generated inside magnetic dips in the young solar wind: Observations of the search-coil magnetometer on board Parker Solar Probe[END_REF] revealed that most of the whistler wave packets recorded during Encounter 1 were quasi-parallel to the background magnetic field: 97% had WNA between 0 and 25°. Whistler waves were observed in the frequency range from the local lower hybrid frequency f lh up to 0.2f ce . The observed oblique whistlers (with WNA >45°) tend to have lower frequencies than the quasi-parallel whistlers. The sunward propagating whistler waves, both quasi-parallel and oblique waves, were often collocated with short-lived magnetic dips observed at switchback boundaries; this indicates a possible generation of whistlers in these structures [START_REF] Agapitov | Sunward-propagating Whistler waves collocated with localized magnetic field holes in the solar wind: Parker Solar Probe observations at 35.7 R radii[END_REF][START_REF] Froment | Whistler waves generated inside magnetic dips in the young solar wind: Observations of the search-coil magnetometer on board Parker Solar Probe[END_REF][START_REF] Karbashewski | Whistler wave observations by Parker Solar Probe during encounter 1: Counter-propagating whistlers collocated with magnetic field inhomogeneities and their application to electric field measurement calibration[END_REF]. These waves tend to be detected at frequencies that are lower than those for waves that are not collocated with magnetic dips [START_REF] Froment | Whistler waves generated inside magnetic dips in the young solar wind: Observations of the search-coil magnetometer on board Parker Solar Probe[END_REF]. Another statistical study by [START_REF] Cattell | Parker Solar Probe evidence for the absence of Whistlers close to the Sun to scatter Strahl and to regulate heat flux[END_REF], on the basis of electric field measurements from the first nine encounters, showed that below the heliocentric distance of 100 R ⊙ whistler wave frequencies in the spacecraft frame were below 0.2f ce with the tendency to decrease below 0.1f ce when approaching the Sun closer than 50 R ⊙ . To further elucidate the impact of whistler waves on the suprathermal electrons it is necessary to extend the statistics reported by [START_REF] Froment | Whistler waves generated inside magnetic dips in the young solar wind: Observations of the search-coil magnetometer on board Parker Solar Probe[END_REF] for Encounter 1 (the only one available with a full set of SCM magnetic measurements (Dudok de [START_REF] Dudok De Wit | First results from the SCM search-coil magnetometer on Parker Solar Probe[END_REF]) to the later encounters and update the statistics of whistler waves presented by Cattell et al. (2021[START_REF] Cattell | Parker Solar Probe evidence for the absence of Whistlers close to the Sun to scatter Strahl and to regulate heat flux[END_REF] with the wave polarization parameters.

A change in the response in one of the SCM components: Bw u of the SCM reference frame, (u, v, w) [START_REF] Malaspina | The digital fields board for the FIELDS instrument suite on the Solar Probe plus mission: Analog and digital signal processing[END_REF], appeared after March 2019. Here and in the following 𝐴𝐴 ⃗ 𝐵𝐵w and 𝐴𝐴 ⃗ 𝐸𝐸w represent the wave magnetic and electric perturbations, respectively. This anomaly considerably reduces the amplitude of the Bw u component in 3 of 22 the frequency range of whistler waves (typically, below 400 Hz) and also affects its phase. This makes it impossible to unambiguously determine the polarization properties using the three components of the magnetic field and the two components of the electric field. The inability to determine the whistler wave properties beyond Encounter 1 has motivated us to propose a novel technique for reconstructing the whistler wave polarization parameters. The technique uses the two components of the SCM that are available together with the two electric field components recorded by the Electric Field Instrument (EFI). It can be noted that the STEREO spacecraft have electrical antennas that measure three components of the electric field but do not have SCMs. [START_REF] Breneman | Observations of large-amplitude, narrowband whistlers at stream interaction regions: Large-amplitude whistlers in solar wind[END_REF] therefore developed a method based on the whistler wave cold dispersion relation and the ratio of transverse electric field components to determine whistler WNAs. This method is not designed to reconstruct electromagnetic field components and is different from the one proposed here. In addition, in the case of [START_REF] Breneman | Observations of large-amplitude, narrowband whistlers at stream interaction regions: Large-amplitude whistlers in solar wind[END_REF] the absence of magnetic field fluctutaions measurements makes it impossible to determine the direction of propagation.

In the following, we present the data used (Section 2.1), our reconstruction method (Section 2.2) and its range of applicability (Section 2.3). We then detail the reconstruction of three whistler wave packets from Encounter 1 (Sections 3.1-3.3). We finally discuss the applicability of the method to other encounters (Section 4.1) and apply the technique to a whistler wave packet from Encounter 2 (Section 4.2).

Data and Method Descriptions

Data

The payload of PSP includes a SCM [START_REF] Jannet | Measurement of magnetic field fluctuations in the Parker Solar Probe and solar orbiter missions[END_REF] that measures the 3 Hz to 1 MHz fluctuations of up to three of the orthogonal (u, v, w) components of the magnetic field. The SCM has three low-frequency (LF) windings, one for each component, that cover frequencies from 3 Hz to 20 kHz, and one medium-frequency (MF) winding on the u component that measures from 1 kHz to 1 MHz; the LF u winding is the component that became unusable after March 2019. After more than 3 years of operation, the SCM has revealed a multitude of different wave phenomena in the solar wind, reviewed by Dudok de [START_REF] Dudok De Wit | First results from the SCM search-coil magnetometer on Parker Solar Probe[END_REF]. Among them are whistler waves occurring in the solar wind over a wide range of heliocentric distances.

Complementing the SCM aboard PSP is an EFI that measures two components of the electric field from DC to 1 MHz. The EFI uses the PSP spacecraft reference frame, (X, Y, Z), which is different from the (u, v, w) SCM reference frame [START_REF] Malaspina | The digital fields board for the FIELDS instrument suite on the Solar Probe plus mission: Analog and digital signal processing[END_REF]. A description of these various reference frames as well as the rotation matrix for transforming from the SCM frame to the spacecraft frame is presented in Appendix B. The four electric PSP EFI antennas are located in the plane of the spacecraft heat shield, which is the (X, Y) plane of the spacecraft coordinate system with the Z axis directed toward the Sun. These antennas, therefore, allow the measurement of the X and Y components of the electric field.

Both the SCM and EFI are a part of the PSP FIELDS suite [START_REF] Bale | The FIELDS instrument suite for solar probe plus: Measuring the coronal plasma and magnetic field, plasma waves and turbulence, and radio signatures of solar transients[END_REF][START_REF] Malaspina | The digital fields board for the FIELDS instrument suite on the Solar Probe plus mission: Analog and digital signal processing[END_REF]. The data products from FIELDS for Encounter 1 include continuous waveforms with sampling rate of 292.97 Hz in the vicinity of perihelia (146 and 73 Hz at larger distances from the Sun) and 3.5 s burst waveform intervals with 150 kHz sampling rate (up to a few dozen a day in the vicinity of perihelia). There are also continuous cross-spectra (every 27.96 s) that enable the polarization properties of whistler waves to be determined over the frequency range of 23-4,541 Hz in 54 logarithmically spaced frequency channels. Finally, there are Band-Pass Filtered data (BPF) that provide the amplitude of the magnetic field every 0.87 s with a lower frequency resolution.

In this study, we use the survey mode waveforms (292.97 Hz) and the burst waveforms (150 kHz) of the magnetic and electric fields from the SCM and EFI. We also use data from the PSP DC fluxgate magnetometer (MAG), that measures three components of the magnetic field in spacecraft coordinates, to estimate the background magnetic field. The background plasma density and the solar wind speed are obtained from measurements made by the SWEAP Solar Probe Cup, SPAN-C [START_REF] Case | The solar probe cup on the Parker Solar Probe[END_REF][START_REF] Kasper | Solar wind electrons alphas and protons (SWEAP) investigation: Design of the solar wind and coronal plasma instrument suite for Solar Probe Plus[END_REF].

The Reconstruction Technique

With three components of the fluctuating magnetic field the ellipticity of the wave can be obtained by the analysis of the spectral matrices [START_REF] Means | Use of the three-dimensional covariance matrix in analyzing the polarization properties of plane waves[END_REF][START_REF] Santolík | Singular value decomposition methods for wave propagation analysis: SVD methods for wave propagation analysis[END_REF][START_REF] Taubenschuss | Wave polarization analyzed by singular value decomposition of the spectral matrix in the presence of noise[END_REF]. The WNA can be determined with these matrices or by a minimum variance analysis [START_REF] Paschmann | Analysis methods for multi-spacecraft data[END_REF][START_REF] Sonnerup | Magnetopause structure and attitude from Explorer 12 observations[END_REF][START_REF] Sonnerup | Minimum and maximum variance analysis[END_REF]. These methods give the propagation angle with an ambiguity of ±180° which is removed by calculating the radial direction of propagation (sunward or anti-sunward). The latter is determined by calculating the sign of the Z component (S Z , of the spacecraft reference frame) of the Poynting flux.

The three components of the magnetic field and the two components of the electric field can also be used with the equation 𝐴𝐴 ⃗ 𝐸𝐸w(𝜔𝜔𝜔 𝜔𝜔) ⋅ ⃗ 𝐵𝐵w(𝜔𝜔𝜔 𝜔𝜔) = 0 to find the missing component of the electric field and thus determine the Poynting flux completely.

If one of the three components of magnetic field perturbations is not measured, direct estimation of wave polarization parameters is not possible. However, if two magnetic components and two electric field components are and geometrically independent, as in the case of the SCM and EFI, it can be possible to reconstruct the missing third component of the fluctuating magnetic field; this requires knowledge of the wave dispersion and polarization properties over the range of observed perturbation frequencies. Whistler waves, as an electromagnetic plasma mode with a well-defined right-handed polarization in the frequency range from f lh to f ce , are a good candidate for reconstruction.

Using the cold plasma dispersion relation for whistler waves and the low-frequency and high-density limits (ω/ ω ce ≪ 1, 𝐴𝐴 𝐴𝐴 2 pe ≫ 𝐴𝐴 2 ce where ω pe is the local electron plasma frequency, ω the wave frequency in the plasma frame and ω ce = 2πf ce ), one can show that (see details in Appendix A1):

|𝐸𝐸 SC w‖| |𝐸𝐸w| ≤ ( 𝑉𝑉SW⟂ 𝑉𝑉𝜑𝜑 + ( 𝜔𝜔 𝜔𝜔ce ) tan 𝜃𝜃 ) (1)
where |E SC w ‖ | is the modulus of the electric field component along the background magnetic field 𝐴𝐴 ⃗ 𝐵𝐵0 in the spacecraft frame. In the following, quantities with the SC superscript are in the spacecraft frame while quantities in the plasma frame (i.e., taking into account the Lorentz transformations [START_REF] Feynman | The new millennium edition: Mainly electromagnetism and matter[END_REF]) are noted without superscript. Subscripts are used to give the reference frames, (X, Y, Z) corresponding to the spacecraft, (u, v, w) corresponding to the SCM and (‖, ⊥) corresponding to the background magnetic field. V SW⊥ is the measured perpendicular solar wind speed and V φ is the wave phase speed. We note that |E SC w ‖ |/|Ew| is small if ω ≪ ω ce , tanθ ≤ 1 and V SW⊥ /V φ ≪ 1. In this case, we can make the following approximation:

𝐸𝐸 SC wX𝐵𝐵0X + 𝐸𝐸 SC wY𝐵𝐵0Y + 𝐸𝐸 SC wZ𝐵𝐵0Z = 𝐸𝐸 SC w‖ ≃ 0 (2)
The validity of this approximation and its effect on reconstruction is discussed in detail in Section 2.3. Equation 2enables a reconstruction of the third component (E SCre w Z ) of the electric field from the measured values E SC w X and E SC w Y . We note that there is a problem when the B 0Z component is close to 0 but this represents only a minority of cases in the PSP measurements.

The reconstructed electric field 𝐴𝐴 ⃗ 𝐸𝐸 SCre w (in the spacecraft reference frame) can then be expressed in the SCM reference frame and used to reconstruct the third component of wave magnetic field B SCre w u . For this purpose, we use the two measured components of the SCM (B SC w v and B SC w w ) and the electromagnetic wave equation in which the only unknown is B SCre w u :

⃗ 𝐸𝐸 SCre w(𝜔𝜔𝜔 𝜔𝜔) ⋅ ⃗ 𝐵𝐵 SC w(𝜔𝜔𝜔 𝜔𝜔) ≃ 0 (3) 
The right-hand side of Equation 3 is not explicitly zero because of the approximation made in Equation 2. (ω, t) represents the time averaged Fourier transform. Equation 3 is solved in the Fourier frequency domain to take into account the whistler dispersion relation and the dependence of the estimation error on frequency. The waveform B SCre w u is then obtained from the inverse Fourier transform. As explained in Appendix A1, because V SW ≪ c (where c is the speed of light) we can safely consider that 𝐴𝐴 ⃗ 𝐵𝐵 SC w = ⃗ 𝐵𝐵w .

It should be noted that the form of Equations 2 and 3 shows that the method is independent of the chosen effective length of the antennas. In the following, we therefore take an effective length of 3.5 m, even though this length depends on the frequency and on the propagation direction [START_REF] Karbashewski | Whistler wave observations by Parker Solar Probe during encounter 1: Counter-propagating whistlers collocated with magnetic field inhomogeneities and their application to electric field measurement calibration[END_REF].

Validity of the Approximation

The main approximation of this method is therefore to consider E SC w ‖ = 0. An upper value of |E SC w ‖ |/|Ew| is given by Equation 1. We can distinguish two sources of error.

The first source of error comes from the fact that the measured electric field is different from the electric field in the plasma frame. To obtain the electric field in the plasma frame, one needs to carry out the Lorentz transformations [START_REF] Feynman | The new millennium edition: Mainly electromagnetism and matter[END_REF], which is not directly possible with only two components of the magnetic field. This error can be expressed as

𝐴𝐴 𝑉𝑉 SW⟂ 𝑉𝑉 𝜑𝜑
and can be significant if the solar wind velocity and background magnetic field are not aligned and if the phase velocity is low.

The second source of error comes from the parallel component of the electric field in the plasma frame, which is not zero if the WNA is not equal to zero. This error can be expressed as 𝐴𝐴

( 𝜔𝜔 𝜔𝜔 ce )
tan 𝜃𝜃 and can be significant if the wave is oblique or if

𝐴𝐴 𝜔𝜔 𝜔𝜔 ce is large.
The propagation of these errors gives an error on the reconstructed magnetic field, whose amplitude can be approximated as follows (see details in Appendix A2):

(|𝐵𝐵 error wu∕𝐵𝐵w|) ≲ √ ( 𝑉𝑉SW⟂ 𝑉𝑉𝜑𝜑 sin 𝜃𝜃 ) 2 + (( 𝜔𝜔 𝜔𝜔ce ) tan 𝜃𝜃 sin 𝜃𝜃 ) 2 1 sin𝜃𝜃 ⃗ 𝐵𝐵 0 , ⃗ 𝑢𝑢 (4)
We note a multiplication by sinθ (compared to Equation 1), which can be explained by the fact that the error is on the parallel component of the electric field, which is multiplied (Equation 3) by the parallel component of the magnetic field. Finally, the term 𝐴𝐴 sin𝜃𝜃 ⃗ 𝐵𝐵 0 , ⃗ 𝑢𝑢 comes from the fact that we can't reconstruct the parallel component of the fields correctly since we are making the assumption E SC w ‖ = 0. Thus, there is a problem when 𝐴𝐴 ⃗ 𝐵𝐵0 and 𝐴𝐴 𝐴 𝐴𝐴 are aligned.

In Figure 1a plane. The whistler wave packets measured during PSP's first encounter using burst mode are superimposed on this panel (50 wave packets were detected). We also add the characteristics of a wave packet from continuous waveforms at 292.97 Hz (point with θ ≃ 60°). This wave packet is studied in detail in Section 3.3. Whistler detection and characterization methods are described in [START_REF] Kretzschmar | Whistler waves observed by solar orbiter/RPW between 0.5 AU and 1 AU[END_REF]. We note that the vast majority of points (96%) are below the 10% error line.

In Figure 1b plane. The measured whistler characteristics are also superimposed on this panel (see Figure 1a). Note that the vast majority (99%) of points are below the 10% error line and 92% of points are below the 0.1% line. We can note that the frequency in the plasma frame of the sunward waves is generally greater than that of the anti-sunward waves (Figure 1d). This is a good indication of validity of the generation mechanism proposed by [START_REF] Karbashewski | Whistler wave observations by Parker Solar Probe during encounter 1: Counter-propagating whistlers collocated with magnetic field inhomogeneities and their application to electric field measurement calibration[END_REF]. Note that in this study we are only interested in the clearly sunward or anti-sunward cases, and do not consider the counter-streaming cases [START_REF] Karbashewski | Whistler wave observations by Parker Solar Probe during encounter 1: Counter-propagating whistlers collocated with magnetic field inhomogeneities and their application to electric field measurement calibration[END_REF].

The final theoretical error (given by Equation 4) is plotted as a function of

𝐴𝐴 𝑉𝑉 SW⟂ 𝑉𝑉 𝜑𝜑
on Figure 1c using the characteristics of the measured whistler wave packets. This error is compared with the experimental error defined as mean(|B re w u -Bw u |/max(Bw u )). There is a good agreement between these two curves which is a good indication that the error is well estimated by Equation 4. We note that theoretical and experimental errors tend to increase with 𝐴𝐴 𝑉𝑉 𝜑𝜑 > 0.5 is due to the fact that their WNAs are close to 0°. In addition, when the theoretical and experimental errors are large, there is a large discrepancy between the measured and reconstructed wave vectors.

For 78% of cases, the theoretical and experimental errors are less than 0.2. For these cases, the error between the measured and reconstructed wave vectors is always less than 30° with an average value of 6°. For 100% of these cases, the reconstructed direction of propagation (sunward or anti-sunward) was found to be correct. Moreover, the averaged reconstructed ellipticity is 0.80, compared with 0.85 for the measured wave packets.

For cases where the error is greater than 0.2, large discrepancies are found between the measured and reconstructed wave vectors (up to 90°), and the sunward or anti-sunward propagation direction is found in only 65% of the cases. For these cases, the averaged reconstructed ellipticity is 0.46.

We can therefore conclude that in about 80% of the burst mode data from the first PSP encounter, the reconstruction method is applicable. When the theoretical error (given by Equation 4) is below 0.2, the technique allows to find the direction of propagation (sunward or anti-sunward) in 100% of cases and the error on the WNA is on average 6°. When the theoretical error is bigger than 0.2, the technique is not applicable and this is mainly due to a high

𝐴𝐴 𝑉𝑉 SW⟂ 𝑉𝑉 𝜑𝜑 or a low 𝐴𝐴 𝐴𝐴 ⃗ 𝐵𝐵 0 , ⃗ 𝑢𝑢 .
This last source of errors can be easily checked. On the other hand, θ, V φ and ω are no longer directly accessible after March 2019. The applicability of this method after this date is therefore discussed in detail Section 4.1.

Finally, as mentioned above, Equation 1 (and therefore Equation 4) are based on the high density hypothesis 𝐴𝐴 𝐴𝐴 2 pe ≫ 𝐴𝐴 2 ce . Extrapolation of HELIOS data (between 0.3 and 1 AU, [START_REF] Bale | The FIELDS instrument suite for solar probe plus: Measuring the coronal plasma and magnetic field, plasma waves and turbulence, and radio signatures of solar transients[END_REF]) shows that the expected 𝐴𝐴 𝐴𝐴 2 pe ∕𝐴𝐴 2 ce is around 150 at 10 R ⊙ . This ratio increases with distance, indicating that this assumption should be valid for all PSP encounters.

The results of the reconstruction and its accuracy are illustrated below on three examples from Encounter 1 when all three (u,v,w) components of the SCM were available. Two examples demonstrate the regularly observed by PSP whistler wave characteristics: Case 1 and Case 2. Case 3 is atypical because of its frequency, its phase speed, and its WNA and illustrates what happens when one is out of the applicability range of the method. We provide the results of polarization analysis (the radial component of Poynting flux, WNA, ellipticity) and the power spectral density to compare with the values obtained by making use of the reconstructed B re w u magnetic field component. For these three examples, we first present the case using the actual measurements (Figures 2, 4, and6) and then compare them with the results of the reconstruction (Figures 3, 5, and7). [START_REF] Karbashewski | Whistler wave observations by Parker Solar Probe during encounter 1: Counter-propagating whistlers collocated with magnetic field inhomogeneities and their application to electric field measurement calibration[END_REF]. The polarization parameters are directly evaluated using measurements of the three magnetic field components and the missing component of the electric field is estimated from 𝐴𝐴 ⃗ 𝐸𝐸w(𝜔𝜔𝜔 𝜔𝜔) ⋅ ⃗ 𝐵𝐵w(𝜔𝜔𝜔 𝜔𝜔) = 0 (Figures 2c and2e). This allows us to estimate the Poynting flux vector. The Poynting flux reveals that the whistler waves are propagating from the Sun almost field-aligned, in the opposite direction to the background magnetic field (Figures 2e and2f). These wave packets are not associated with any significant perturbation of the background magnetic field (Figure 2a), which is regular for anti-sunward propagation [START_REF] Karbashewski | Whistler wave observations by Parker Solar Probe during encounter 1: Counter-propagating whistlers collocated with magnetic field inhomogeneities and their application to electric field measurement calibration[END_REF]. The observed wave and plasma parameters are typical of the young solar wind: the background magnetic field magnitude is 55 nT; the plasma density is ∼290 cm 3 ; 𝐴𝐴 ( 𝜔𝜔pe∕𝜔𝜔ce ) 2 ∼ 10,000; ω/ ω ce ∼ 0.1 (in the plasma frame); the bulk radial plasma velocity is 310 km/s; the wave amplitudes reache 0.5 nT.

Application of the Method

The observed WNAs of the packets are below 20° (Figure 2f). The wave packets propagating anti-sunward have the wave frequency downshifted from the range 130-200 Hz (in the spacecraft frame) to 110-180 Hz (0.08-0.13 f ce ) in the plasma frame. The solar wind velocity perpendicular to the magnetic field V SW⊥ is about 134 km/s. Finally, the phase velocity is V φ ∼ 893 km/s and the component to be reconstructed for this test event satisfies the condition of being nearly perpendicular to the magnetic field 𝐴𝐴 sin

( 𝜃𝜃 ⃗ 𝑢𝑢𝑢 ⃗ 𝐵𝐵 0 ) ∼ 0.99 .
The results of wave polarization reconstruction on the first wave packet are shown in Figure 3. The orange curves represent the original data, while the black and green curves are obtained using the reconstructed B re w u component. For Figures 3a,3b, 3h, and 3i the thickness of the green and black lines corresponds to the estimation of COLOMBAN ET AL.
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9 of 22 the theoretical error of the technique (Equation 4). This relative error is calculated using the typical frequency (in the plasma frame) and angle of propagation of the wave (black) and a proxy of the propagation angle in green. This proxy is estimated using the theoretical ratio E w‖ /E w in the plasma frame (Equation A9). For a given value of ω/ω ce the curve E w‖ /E w as a function of θ has a plateau shape. The proxy of the WNA represents the mean value of θ on this plateau. For Figure 3c the theoretical errors (associated with each frequency and angle of propagation) are in black and using a proxy of the angle of propagation in green. These theoretical relative errors are shown in Figure 3g and are limited to 1. Figure 3c-3f the error bars correspond to the statistical errors of the computation of spectral matrices. The case satisfies very well the applicability parameters for the reconstruction: |B error w u /Bw| is in the range 0.02-0.05 for the entire frequency range of the whistler activity (Figure 3g). The results obtained from the reconstructed B re w u are in very good agreement with the results based on the measured Bw u . Indeed, we can see in Figures 3a,3b, 3h, and 3i that there is a very good agreement (phase and amplitude) between the waveforms. The initially measured waveforms are very often contained in the error bars. This shows that the error is estimated adequately. Furthermore, we can see in Figures 3b,3f, and 3i that the Z component of the Poynting vector is very well reconstructed, allowing the propagation direction to be recovered without ambiguity. We can also reconstruct the spectrum (Figure 3c) in a satisfactory manner, the whistler spectral bump is clearly identified. The measured and reconstructed ellipticity values are greater than 0.6 over the entire frequency range of the wave. The WNA θ (Figure 3f) is also in very good agreement with the measurement and the typical error on the frequency range of the wave is of the order of a degree. Finally, the minimum variance analysis gives less than 2° deviation between the wave vectors using the measured and reconstructed Bw u (not shown).

Thus, for this anti-sunward propagating wave packet, which clearly satisfies the applicability parameters for reconstruction, the technique works effectively. Specifically, all important reconstructed parameters are in good agreement with the measurements: amplitude, ellipticity, direction of propagation, and WNA (with an error of less than 2°). 4f). As we can see in Figure 4a, the wave packets are associated with a dip of COLOMBAN ET AL.
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11 of 22 the background magnetic field of the order of 20%. This is expected for sunward whistler waves [START_REF] Karbashewski | Whistler wave observations by Parker Solar Probe during encounter 1: Counter-propagating whistlers collocated with magnetic field inhomogeneities and their application to electric field measurement calibration[END_REF]. The background magnetic field magnitude is 48 nT; the plasma density is ∼410 cm 3 ;

𝐴𝐴 ( 𝜔𝜔pe∕𝜔𝜔ce ) 2 ∼
28,900; ω/ω ce ∼ 0.17 (in the plasma frame); the bulk radial plasma velocity is 310 km/s; the wave amplitudes reache 2.5 nT. The observed WNAs are below 30° (Figure 4f). The wave packets propagating sunward have the wave frequency shifted from the range 60-160 Hz (in the spacecraft frame) to 120-240 Hz (0.11-0.22 f ce , in the plasma frame). The solar wind velocity perpendicular to the magnetic field V SW⊥ is about 194 km/s. The phase velocity is V φ ∼ 562 km/s and 𝐴𝐴 sin

( 𝜃𝜃 ⃗ 𝑢𝑢𝑢 ⃗ 𝐵𝐵 0 ) ∼ 0.76 .
The results of wave polarization reconstruction of the first whistler wave packet are shown in Figure 5. The color code is the same as in Figure 3. This case satisfies the applicability parameters for the reconstruction: |B error w u /Bw| is in the range 0.06-0.2 for the entire frequency range of the whistler activity (Figure 5g). Because of a larger ω/ω ce and a lower V φ (which is typical for sunward whistlers, see Figure 1) the typical relative errors are about 2 times larger than for Case 1. Once again the results obtained from the reconstructed B re w u are in very good agreement with the results based on the measured Bw u and are very similar to those described for Case 1. The reconstructed waveforms are in good agreement with those originally measured (Figures 5a,5b,5h and 5i). With the reconstructed data we can find without ambiguity the characteristics of a whistler wave packet propagating anti-sunward (Figures 5b,5d,5f,and 5i). Figure 5f shows that the error on the propagation angle is of the order of a few degrees over the frequency range of the wave. The minimum variance analysis gives less than 2° deviation between the wave vectors using the measured and reconstructed Bw u (not shown).

Thus, for this sunward propagating wave packet, in the applicability range of the technique, the reconstruction works effectively. Again, all important reconstructed parameters are in good agreement with the measurements: amplitude, ellipticity, direction of propagation, and WNA (with an error of less than 2°). with the background value of ∼10,000) inside the magnetic dip causes an unusually large Doppler shift. The wave frequency in the plasma frame is between 0.2 and 0.45 of the local f ce . The solar wind velocity perpendicular to the magnetic field V SW⊥ is about 160 km/s. The phase velocity is V φ ∼ 439 km/s and 𝐴𝐴 sin

( 𝜃𝜃 ⃗ 𝑢𝑢𝑢 ⃗ 𝐵𝐵 0 ) ∼ 0.56 .
The results of wave polarization reconstruction are shown in Figure 7. The color code is the same as in Figures 3 and5 (explained in Section 3.1). This is a difficult case for reconstruction. Indeed, as explained above the wave contains several oblique sub-packets (up to 80°, Figure 6f), and the main angle of propagation can be as oblique as 70° (Figure 7e). Moreover, we have spectral energy content up to 120 Hz (in the spacecraft frame), therefore close to the Nyquist frequency (Figures 6d and6e). Finally, the main issues are that the wave frequency in the plasma frame is about 0.35 f ce and can be up to 0.45 f ce , 𝐴𝐴 𝑉𝑉 SW⟂ 𝑉𝑉 𝜑𝜑 is about 0.35 and that 𝐴𝐴 sin

( 𝜃𝜃 ⃗ 𝑢𝑢𝑢 ⃗ 𝐵𝐵 0 ) ∼ 0.56 . Therefore, taking
into account the obliquity of the wave, the theoretical relative error is important: |B error w u /Bw| is about 0.5 and can be greater than 1 (Figure 7g). The results obtained from the reconstructed B re w u are not in good agreement with the results based on the measured Bw u . As we can see on Figures 7a,7b, 7h, and 7i the reconstructed waveforms do not approach the initial waveforms well. Important overestimation of the amplitude (about 3 times) is noted in the reconstructed B re w u component. The Poynting flux is not perfectly recovered but the sunward direction of propagation is still clear (Figures 7b,7f,and 7i). The reconstructed spectrum is about an order of magnitude larger than the measured one (Figure 7c). The reconstructed ellipticity is lower than 0.6 on all frequencies of the waves, which does not allow us to find the classical characteristics of a whistler wave. The propagation angle is wrong by 40° for some frequencies, which can lead to a misinterpretation of the effect of the wave on the electrons.

Thus, for this case out of the applicability range of the technique, the reconstruction doesn't work effectively. Specifically, there is an important overestimation (one order of magnitude) of the amplitude and large errors (tens of degrees) on the WNA. The ellipticity is also not well reconstructed. However, the sunward direction of propagation is clearly found.

These three cases (Case 1, Case 2, Case 3) represent a range of whistler wave parameters that can be observed by PSP during Encounter 1. Two of them (Cases 1 and 2) are within the method applicability limits. In both cases, all important reconstructed parameters are in good agreement with the measurements. Moreover, the theoretical error based on the wave frequency and using a proxy of the propagation angle is lower than the experimental error. Case 3 is an atypical case because of its high values of f/f ce ∼ 0.2-0.45, its low phase speed and, its obliquity and is out of the applicability range. In this last case, the reconstructed waveform amplitudes and the power spectral density are largely overestimated and the reconstructed WNA differs by several tens of degrees from the actual value. However, the sunward propagation direction was clearly identified.

Application of the Method to the Data Collected After March 2019

Discussion on the Applicability of the Method

For Encounter 2 and the following ones, we do not know the typical characteristics of the waves in the plasma frame. It is therefore not certain that the method is applicable in 80% of cases as in the first encounter. On the other hand, here are some arguments that suggest that the method should work in many cases:

First, one of the most important sources of error in the first encounters is the ratio V SW⊥ /V φ . Phase velocity increases when getting closer to the Sun and should be multiplied by about 3 at 10 R ⊙ compared to Encounter 1 [START_REF] Bale | The FIELDS instrument suite for solar probe plus: Measuring the coronal plasma and magnetic field, plasma waves and turbulence, and radio signatures of solar transients[END_REF], which will greatly reduce the error.

Moreover, a simple Parker spiral model predicts that the background magnetic field is more radial as we get closer to the Sun. Therefore, the perpendicular component of the solar wind speed will tend to decrease. The fact that the background magnetic field is more radial should also reduce the number of configurations in which the background magnetic field is aligned with 𝐴𝐴 𝐴 𝐴𝐴 .

Another important source of error is the (ω/ω ce ) tanθ term, whose evolution cannot be predicted for the next encounters. However, Encounters 2 and 3 have similar perihelion distances and the following ones will slowly approach 10 R ⊙ . This that for at least some perihelia the waves should have similar characteristics to those observed in the first encounter. Then, as mentioned in Section 2, [START_REF] Cattell | Parker Solar Probe evidence for the absence of Whistlers close to the Sun to scatter Strahl and to regulate heat flux[END_REF] 2019. Figures 8e, 9b, 9b, and 9i show that the reconstructed propagation direction is anti-sunward. The reconstructed WNA is less than 30° (Figures 8f and9e) and the reconstructed planarity is bigger than 0.6 over the whole frequency range of the wave (Figure 9d). We can therefore deduce that 𝐴𝐴 𝑉𝑉 SW⟂ 𝑉𝑉 re 𝜑𝜑 ∼ 0.06 and f/f ce ∼ 0.13 (in the plasma frame). The reconstructed components thus show that we are well within the range of application of COLOMBAN ET AL.
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15 of 22 the method and |B error w u /Bw| is in the range of 0.03-0.1 (Figure 9g). The method proposed in Section 4.1 using a proxy for the propagation angle also shows that we're within the range of application (relative error less than 0.1). Moreover, ellipticity close to 1 is a good indication of correct reconstruction.

Conclusions

The PSP mission will last until 2025 and 24 perihelia are expected to be completed, approaching down to 10 R ⊙ and probing in situ regions where no direct measurements have ever been made. One component of the magnetic field measured by the SCM is unavailable at low frequency after Encounter 1 because of a technical issue. We propose a method to determine whistler wave polarization despite the missing component. This makes it possible to evaluate wave-particle interaction effects for dynamics of the solar wind electron populations.

To conclude:

1. We develop a technique to reconstruct the polarization parameters of whistler waves based on only two components of magnetic and electric field measurements (the PSP fields measurement regime after March 2019). We reconstruct the missing components by neglecting the electric field parallel to the background magnetic field. 2. This technique is applicable with the assumptions of (a) low-frequency whistlers in the plasma frame relative to the electron cyclotron frequency; (b) a small propagation angle with respect to the background magnetic field; and (c) a large wave phase speed relative to the cross-field solar wind velocity. Critically, the method cannot be applied if the background magnetic field is aligned with the affected SCM coil. 3. When within the range of applicability, all polarization parameters could be found, including propagation direction, WNA, and ellipticity. We propose pre-and post-reconstruction methods to estimate the quality of the reconstruction. One of them is to check that the ellipticity of the reconstructed magnetic field is close to 1. 4. Our method will enable polarization properties of whistler waves in the young Solar to be determined. These polarization properties are necessary for a better understanding of particle-wave interactions.

Appendix A: Estimation of the Error of the Reconstruction Technique

A1. Estimation of the Parallel Electric Field Component in the Spacecraft Frame

In this section, we derive Equation 1.

Let us make calculations in the reference frame where 𝐴𝐴 ⃗ 𝐵𝐵0 is directed along the z axis, and the k-vector is in the plane (x, y). Therefore, we have: k = k(sinθ cosφ, sinθ sinφ, cosθ), with φ the angle between x and k. To begin with, we shall treat the waves at frequencies much larger than the lower hybrid frequency (well verified for whistler waves in the solar wind) and using the cold plasma approximation. In our reference frame the dielectric tensor ɛ ij reads:

𝜀𝜀ij = ⎛ ⎜ ⎜ ⎜ ⎜ ⎝ 𝜀𝜀1 𝑖𝑖𝜀𝜀2 0 -𝑖𝑖𝜀𝜀2 𝜀𝜀1 0 0 0 𝜀𝜀3 ⎞ ⎟ ⎟ ⎟ ⎟ ⎠ (A1)
where using the typical conditions of observations 𝐴𝐴 𝐴𝐴 2 pe ≫ 𝐴𝐴 2 ce > 𝐴𝐴 2 :

𝐴𝐴 𝐴𝐴1 = - 𝜔𝜔 2 pe 𝜔𝜔 2 -𝜔𝜔 2 ce ; 𝐴𝐴2 = 𝜔𝜔 2 pe 𝜔𝜔 ce 𝜔𝜔(𝜔𝜔 2 -𝜔𝜔 2 ce ) ; 𝐴𝐴3 = - 𝜔𝜔 2 pe 𝜔𝜔 2
One can find for whistler waves:

𝑁𝑁 2 = 𝜔𝜔 2 pe 𝜔𝜔(𝜔𝜔ce|cos 𝜃𝜃| -𝜔𝜔) 𝜔𝜔 = 𝜔𝜔ce|cos 𝜃𝜃| 𝑘𝑘 2 𝑐𝑐 2 𝜔𝜔 2 pe ( 1 + 𝑘𝑘 2 𝑐𝑐 2 𝜔𝜔 2 pe )
The next step is to determine the polarization properties. In the following, we use Ew(ω, t) and Bw(ω, t) ((ω, t) representing the time averaged Fourier components) to approximate the theoretical fields of the general dispersion relation. We drop the (ω, t) to simplify the notations. Polarization vectors can be expressed in the reference frame determined at the beginning as:

⎛ ⎜ ⎜ ⎜ ⎜ ⎝ 𝜀𝜀1 -𝑁𝑁 2 y -𝑁𝑁 2 z 𝑖𝑖𝜀𝜀2 + 𝑁𝑁x𝑁𝑁y 𝑁𝑁x𝑁𝑁z -𝑖𝑖𝜀𝜀2 + 𝑁𝑁x𝑁𝑁y 𝜀𝜀1 -𝑁𝑁 2 x -𝑁𝑁 2 z 𝑁𝑁y𝑁𝑁z 𝑁𝑁x𝑁𝑁z 𝑁𝑁y𝑁𝑁z 𝜀𝜀3 -𝑁𝑁 2 x -𝑁𝑁 2 y ⎞ ⎟ ⎟ ⎟ ⎟ ⎠ 𝐸𝐸wx 𝐸𝐸wy 𝐸𝐸wz = 0 (A2) ⎛ ⎜ ⎜ ⎜ ⎜ ⎝ 𝜀𝜀1 -
⃗ 𝐸𝐸w = 𝑎𝑎 ⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 𝜔𝜔 (𝜔𝜔 2 -𝜔𝜔 2 ce) (𝑖𝑖𝜔𝜔ce sin 𝜑𝜑 + 𝜔𝜔 cos 𝜑𝜑) + 𝑘𝑘 2 𝑐𝑐 2 𝜔𝜔 2 pe cos 𝜑𝜑 𝜔𝜔 𝜔𝜔 2 -𝜔𝜔 2 ce (𝜔𝜔 sin 𝜑𝜑 -𝑖𝑖𝜔𝜔ce cos 𝜑𝜑) + 𝑘𝑘 2 𝑐𝑐 2 𝜔𝜔 2 pe sin 𝜑𝜑 𝑘𝑘 2 𝑐𝑐 2 𝜔𝜔 2 pe cos 𝜃𝜃 sin 𝜃𝜃 ( 1+ 𝑘𝑘 2 𝑐𝑐 2 𝜔𝜔 2 pe sin 2 𝜃𝜃 ) ( 𝜔𝜔 2 (𝜔𝜔 2 -𝜔𝜔 2 ce) + 𝑘𝑘 2 𝑐𝑐 2 𝜔𝜔 2 pe ) ⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ (A5) ⃗ 𝐵𝐵w = 𝑎𝑎 𝑘𝑘 𝜔𝜔 ⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ -cos 𝜃𝜃 sin 𝜑𝜑 ( 1+ 𝑘𝑘 2 𝑐𝑐 2 𝜔𝜔 2 pe sin 2 𝜃𝜃 ) ( 𝜔𝜔 2 (𝜔𝜔 2 -𝜔𝜔 2 ce) + 𝑘𝑘 2 𝑐𝑐 2 𝜔𝜔 2 pe ) + 𝑖𝑖 𝜔𝜔 ce 𝜔𝜔 cos 𝜃𝜃 cos 𝜑𝜑 𝜔𝜔 2 -𝜔𝜔 2 ce 𝑖𝑖𝜔𝜔 ce 𝜔𝜔 cos 𝜃𝜃 sin 𝜑𝜑 (𝜔𝜔 2 -𝜔𝜔 2 𝑒𝑒 ) + ( 𝜔𝜔 2 (𝜔𝜔 2 -𝜔𝜔 2 ce ) + 𝑘𝑘 2 𝑐𝑐 2 𝜔𝜔 2 pe ) cos 𝜃𝜃 cos 𝜑𝜑 ( 1+ 𝑘𝑘 2 𝑐𝑐 2 𝜔𝜔 2 pe sin 2 𝜃𝜃 ) -𝑖𝑖 𝜔𝜔 ce 𝜔𝜔 sin 𝜃𝜃 𝜔𝜔 2 -𝜔𝜔 2 ce ⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ (A6)
where a is a constant. Using the refractive index magnitude, one can re-write wave polarization dependence upon characteristic frequencies as follows: ) (𝜔𝜔ce cos 𝜃𝜃-𝜔𝜔)cos 𝜑𝜑 (𝜔𝜔ce-𝜔𝜔 cos 𝜃𝜃) -𝑖𝑖

⃗ 𝐸𝐸w = 𝑎𝑎 ⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 𝜔𝜔 (𝜔𝜔 2
𝜔𝜔 ce 𝜔𝜔 sin 𝜃𝜃 𝜔𝜔 2 -𝜔𝜔 2 ce ⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ (A8)
Now one can come to simplifications. We have already noted that the overwhelming majority of observed waves satisfy the condition ω ≪ ω ce , that is, the parameter 𝐴𝐴 𝜔𝜔 𝜔𝜔 ce = 𝜖𝜖 is small. This allows one to use it as the small parameter constructing solutions as power series over this parameter. The first order approximation on ϵ results in: The electric field is measured in the spacecraft frame, which is different from the plasma frame. It is therefore necessary to take Lorentz transformations into account. For the magnetic field, since the measured solar wind speed (V SW ) verifies V SW ≪ c (where c is the speed of light) these transformations can be neglected and we can safely consider that 𝐴𝐴 ⃗ 𝐵𝐵 SC w = ⃗ 𝐵𝐵w . For the electric field, on the other hand, we have:

⃗ 𝐸𝐸w = 𝑎𝑎 ⎛ ⎜ ⎜ ⎜ ⎜ ⎜
⃗ 𝐸𝐸 SC w = ⃗ 𝐸𝐸w - ( ⃗ 𝑉𝑉SW × ⃗ 𝐵𝐵w ) (A11)
where 𝐴𝐴 ⃗ 𝑉𝑉SW is expressed as: 

⃗ 𝑉𝑉SW = 𝑉𝑉SW x 𝑉𝑉SW y 𝑉𝑉SW z (A12) ( ⃗ 𝑉𝑉SW × ⃗ 𝐵𝐵w ) = 𝑎𝑎 𝑘𝑘 𝜔𝜔 ⎛ ⎜ ⎜ ⎜ ⎜ ⎜

A2. Propagation of the Error

The electromagnetic wave equation is expressed as:

⃗ 𝐸𝐸w ⋅ ⃗ 𝐵𝐵w = 0 (A17)
and is also valid in the spacecraft frame:

⃗ 𝐸𝐸 SC w ⋅ ⃗ 𝐵𝐵 SC w = 0 (A18)
Therefore, ⃗ 𝐸𝐸 SC w‖ ⋅ ⃗ 𝐵𝐵 SC w‖ + ⃗ 𝐸𝐸 SC w ⟂ ⋅ ⃗ 𝐵𝐵 SC w ⟂ = 0 (A19)

In our approximation we neglect 𝐴𝐴 ⃗ 𝐸𝐸 SC w‖ , therefore using results from the previous section we find 

Figure 1 .

 1 Figure 1. (a) Parameters of whistler waves in the 𝐴𝐴 ( 𝜃𝜃𝜃 𝑉𝑉 SW⟂ 𝑉𝑉 𝜑𝜑 ) plane observed by Parker Solar Probe during encounter 1 (see text). Anti-sunward (resp., sunward) whistler waves are represented by blue (resp., orange) dots. The error due to the term 𝐴𝐴 𝑉𝑉 SW⟂ 𝑉𝑉 𝜑𝜑 sin 𝜃𝜃 is indicated by the background color. (b) Parameters of whistler waves in the (θ, ω/ω ce ) plane. The error due to the term 𝐴𝐴

Figure 2

 2 Figure2presents two typical anti-sunward propagating whistler wave packets, recorded at the heliocentric distance of ∼41 (R ⊙ ) in the FIELDS burst mode (150 kHz) at 10:33:31.0 UTC, 3 November 2018. This figure is adapted from Figure9of[START_REF] Karbashewski | Whistler wave observations by Parker Solar Probe during encounter 1: Counter-propagating whistlers collocated with magnetic field inhomogeneities and their application to electric field measurement calibration[END_REF]. The polarization parameters are directly evaluated using measurements of the three magnetic field components and the missing component of the electric field is estimated from 𝐴𝐴 ⃗ 𝐸𝐸w(𝜔𝜔𝜔 𝜔𝜔) ⋅ ⃗ 𝐵𝐵w(𝜔𝜔𝜔 𝜔𝜔) = 0 (Figures2c and 2e). This allows us to estimate the Poynting flux vector. The Poynting flux reveals that the whistler waves are propagating from the Sun almost field-aligned, in the opposite direction to the background magnetic field (Figures2e and 2f). These wave packets are not associated with any significant perturbation of the background magnetic field (Figure2a), which is regular for anti-sunward propagation[START_REF] Karbashewski | Whistler wave observations by Parker Solar Probe during encounter 1: Counter-propagating whistlers collocated with magnetic field inhomogeneities and their application to electric field measurement calibration[END_REF]. The observed wave and plasma parameters are typical of the young solar wind: the background magnetic field magnitude is 55 nT; the plasma density is ∼290 cm 3 ; 𝐴𝐴 ( 𝜔𝜔pe∕𝜔𝜔ce ) 2 ∼ 10,000; ω/

Figure 2 .

 2 Figure 2. Whistler wave packets recorded by Parker Solar Probe on 3 November 2018. (a) Background magnetic field in the spacecraft coordinates over a short window around the burst. (b) Burst waveform of the Y magnetic field component, Bw Y . (c) Burst waveform of the Y electric field component, Ew Y . (d) Spectrogram of the magnetic field burst waveforms. (e) Z component of the Poynting flux. (f) Wave normal angle θ k⋅B , ranging from 0° to 180° and indicating parallel (below 90°) and anti-parallel propagation (above 90°), respectively. The lower and upper solid lines in panels (d-f) indicate f lh and 0.1f ce , respectively. For panels (d) to (f) the frequency is shown in the spacecraft frame.

Figure 3 .

 3 Figure 3. Comparison between the whistler wave packet recorded by Parker Solar Probe on 3 November 2018 and its reconstruction. The original data are in orange and the reconstructed ones are in black. The error bars are detailed in the text. (a) Burst waveform of the u magnetic field component. (b) Z component of the Poynting flux. The panels (c) to (g) show the frequency in the plasma frame. (c) Power spectral density of the u component. (d) Ellipticity. (e) Wave normal angle θ k⋅B . (f) Z component of the Poynting flux. (g) -theoretical relative error in black and using a proxy of the angle of propagation in green. Panels (h and i) show a zoom on the period between the vertical dotted lines in panels (a and b).
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 44 Figure 4. Whistler wave packets recorded by Parker Solar Probe on 3 November 2018. (a) Backgroud magnetic field in the spacecraft coordinates over a short window around the burst. (b) Burst waveform of the Y magnetic field component, Bw Y . (c) Burst waveform of the Y electric field component, Ew Y . (d) Spectrogram of the magnetic field burst waveform. (e) Z component of the Poynting flux. (f) Wave normal angle θ k⋅B , ranging from 0° to 180° and indicating parallel (below 90°) and anti-parallel propagation (above 90°), respectively. The lower and upper solid lines in (d-f) indicate f lh and 0.1f ce , respectively. For panels (d) to (f) the frequency is shown in the spacecraft frame.
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 5 Figure 5. Comparison between the whistler wave packet recorded by Parker Solar Probe on 3 November 2018 and its reconstruction. The original data are in orange and the reconstructed ones are in black. The error bars are detailed in Section 3.1. (a) Burst waveform of the u magnetic field component. (b) Z component of the Poynting flux. The panels (c) to (g) show the frequency in the plasma frame. (c) Power spectral density of the u component. (d) Ellipticity. (e) Wave normal angle θ k⋅B . (f) Z component of the Poynting flux. (g) Theoretical relative error in black and using a proxy of the angle of propagation in green. Panels (h and i) show a zoom on the period between the vertical dotted lines in panels (a and b).
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 6 Figure 6. Whistler wave packet recorded by Parker Solar Probe on 4 November 2018. (a) Background magnetic field in spacecraft coordinates. (b) Burst waveform of the Y magnetic field component, Bw Y . (c) Burst waveform of the Y electric field component, Ew Y . (d) Spectrogram of the magnetic field burst waveform. (e) Z component of the Poynting flux. (f) Wave normal angle θ k⋅B , ranging from 0° to 180° and indicating parallel (below 90°) and anti-parallel propagation (above 90°), respectively. The lower and upper solid lines in (d-f) indicate f lh and 0.1f ce , respectively. For panels (d) to (f) the frequency is shown in the spacecraft frame.
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 8 Figure 8. Whistler wave packet recorded by Parker Solar Probe on 3 April 2019. (a) Background magnetic field in spacecraft coordinates over a short window around the burst. (b) Burst waveform of the Y magnetic field component, Bw Y . (c) Burst waveform of the Y electric field component, Ew Y . (d) Spectrogram of the magnetic field burst waveform. (e) Z component of the Poynting flux. (f) Reconstructed wave normal angle θ k⋅B , ranging from 0° to 180° and indicating parallel (below 90°) and anti-parallel propagation (above 90°), respectively. The lower and upper solid lines in (d-f) indicate f lh and 0.1f ce , respectively. For panels (d) to (f) the frequency is shown in the spacecraft frame.
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 9 Figure 9. Reconstructed whistler wave packet recorded by Parker Solar Probe on 3 April 2019. The error bars are detailed in Section 3.1. (a) Burst waveform of the u magnetic field component. (b) Z component of the Poynting flux. The panels (c) to (g) show the frequency in the plasma frame. (c) Power spectral density of the u component. (d) Ellipticity. (e) Wave normal angle θ k⋅B . (f) Z component of the Poynting flux. (g) Theoretical relative error in black and using a proxy of the angle of propagation in green. Panels (h and i) show a zoom on the period between the vertical dotted lines in panels (a and b).

  + 𝑖𝑖 cos 𝜃𝜃 cos 𝜑𝜑) 𝜔𝜔 𝜔𝜔 ce (-𝑖𝑖 cos 𝜃𝜃 sin 𝜑𝜑 + cos 𝜑𝜑)

  | ⃗𝐸𝐸 SC re w ⋅ ⃗ 𝐵𝐵 SC w| ≤ |𝐸𝐸w| ( approximating the error on the reconstructed component, considering these two errors as independent and following a normal distribution, is as follows:(|𝐵𝐵 error wu∕𝐵𝐵w|)

  

  we represent 𝐴𝐴

	𝑉𝑉 SW⟂ 𝑉𝑉 𝜑𝜑	sin 𝜃𝜃 in the 𝐴𝐴	( 𝜃𝜃𝜃	𝑉𝑉 𝜑𝜑 𝑉𝑉 SW⟂	)

  we represent 𝐴𝐴

	𝜔𝜔 𝜔𝜔 ce	tan 𝜃𝜃 sin 𝜃𝜃 in the 𝐴𝐴	(	𝜔𝜔 ce 𝜃𝜃𝜃 𝜔𝜔	)

  statistics from 9 encounters showed that whistler waves frequency in the spacecraft frame was below 0.2 f ce with the tendency to The WNA, direction of propagation, and frequency in the plasma reference frame are unknown without reconstruction due to the technical issue on the u component since March

	Figures 8 and 9 present a reconstructed whistler wave packet from Encounter 2, recorded at the heliocentric
	distance of ∼37 (R ⊙ ) in the FIELDS burst mode (150 kHz) at 05:48:35 UTC, 4 April 2019. The background magnetic field magnitude is 73 nT; the plasma density is ∼170 cm 3 ; 𝐴𝐴 ( 𝜔𝜔pe∕𝜔𝜔ce ) 2 ∼ 3250 ; the bulk radial plasma ( )
	velocity is 310 km/s; and 𝐴𝐴	sin	𝜃𝜃 ⃗ 𝑢𝑢𝑢 ⃗ 𝐵𝐵 0	= 0.98 .

  𝑁𝑁 2 ( cos 2 𝜃𝜃 + sin 2 𝜃𝜃sin 2 𝜑𝜑 ) 𝑖𝑖𝜀𝜀2 + 𝑁𝑁 2 sin 2 𝜃𝜃 sin 𝜑𝜑 cos 𝜑𝜑 𝑁𝑁 2 cos 𝜃𝜃 sin 𝜃𝜃 cos 𝜑𝜑 -𝑖𝑖𝜀𝜀2 + 𝑁𝑁 2 sin 2 𝜃𝜃 sin 𝜑𝜑 cos 𝜑𝜑 𝜀𝜀1 -𝑁𝑁 2 ( cos 2 𝜃𝜃 + sin 2 𝜃𝜃cos 2 𝜑𝜑 ) 𝑁𝑁 2 cos 𝜃𝜃 sin 𝜃𝜃 sin 𝜑𝜑 𝑁𝑁 2 cos 𝜃𝜃 sin 𝜃𝜃 cos 𝜑𝜑 𝑁𝑁 2 cos 𝜃𝜃 sin 𝜃𝜃 sin 𝜑𝜑 𝜀𝜀 3 -𝑁𝑁 2 sin 2 𝜃𝜃

										⎞ ⎟ ⎟ ⎠ ⎟ ⎟	𝐸𝐸wx 𝐸𝐸wz 𝐸𝐸wy	= 0 (A3)
	⎛ ⎜	-	2 pe 2 -2 ce	-2 cos 2 + sin 2 sin 2		2 pe ce ( 2 -2 ce )	+ 2 sin 2 sin cos	2 cos sin cos	⎟ ⎞	wx
	⎜ ⎜ ⎜ ⎜ ⎝	-	2 pe ce ( 2 -2 ce ) 2 cos sin cos + 2 sin 2 sin cos	-	2 pe 2 -2 ce	2 cos sin sin -2 cos 2 + sin 2 cos 2	-2 cos sin sin pe 2 -2 sin 2 2	⎟ ⎠ ⎟ ⎟ ⎟	wz wy	= 0 (A4)

  ⎝

	𝜔𝜔 𝜔𝜔 ce 𝜔𝜔 𝜔𝜔 ce ( ( -𝑖𝑖 sin 𝜑𝜑 + cos 𝜑𝜑 cos 𝜃𝜃 𝑖𝑖 cos 𝜑𝜑 + sin 𝜑𝜑 cos 𝜃𝜃 ) ) ⎞ 𝜔𝜔 2 sin 𝜃𝜃 𝜔𝜔 2 ce cos 𝜃𝜃 ⎟ ⎟ ⎟ ⎠ ⎟ ⎟	(A9)

⎝

  𝜔𝜔 𝜔𝜔 ce ( 𝑖𝑖 sin 𝜃𝜃𝑉𝑉SW y -𝑉𝑉SW z(-𝑖𝑖 cos 𝜃𝜃 sin 𝜑𝜑 + cos 𝜑𝜑) ) -𝑉𝑉SW z(sin 𝜑𝜑 + 𝑖𝑖 cos 𝜃𝜃 cos 𝜑𝜑) -𝑖𝑖 sin 𝜃𝜃𝑉𝑉SW x)

												⎞
								𝜔𝜔 𝜔𝜔 ce	𝜔𝜔 𝜔𝜔 ce	⎟ ⎟ ⎟ ⎠ ⎟ ⎟	(A13)
	Therefore,									
	|	( 𝑉𝑉SW × ⃗ ⃗ 𝐵𝐵w	) z	| = 𝑎𝑎	𝑘𝑘 𝜔𝜔	𝜔𝜔 𝜔𝜔ce	( ( 𝑉𝑉SW x cos 𝜑𝜑 + 𝑉𝑉SW y sin 𝜑𝜑 ) 2 + cos 2 𝜃𝜃	( 𝑉𝑉SW y cos 𝜑𝜑 -𝑉𝑉SW x sin 𝜑𝜑 ) 2 ) 1∕2	(A14)
	By choosing, φ = 0, then							
						|	( 𝑉𝑉SW × ⃗ ⃗ 𝐵𝐵w	)	z	| = 𝑎𝑎	𝑘𝑘 𝜔𝜔	𝜔𝜔 𝜔𝜔ce	(	𝑉𝑉 2 SW x + 𝑉𝑉 2 SW y cos 2 𝜃𝜃	) 1∕2	(A15)
	Thus,										
								|𝐸𝐸 SC w‖| ≤ |𝐸𝐸w| (	𝑉𝑉SW⟂ 𝑉𝑉𝜑𝜑	+	(	𝜔𝜔 𝜔𝜔ce	)	tan 𝜃𝜃	)	(A16)

(( 𝑉𝑉SW x(-𝑖𝑖 cos 𝜃𝜃 sin 𝜑𝜑 + cos 𝜑𝜑) + 𝑉𝑉SW y (sin 𝜑𝜑 + 𝑖𝑖 cos 𝜃𝜃 cos 𝜑𝜑) )
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Data Availability Statement

The data used in this work are available on the public data archive NASA CDAWeb (https://cdaweb.gsfc.nasa. gov/index.html/).

In Figure 6 we show the case presented in detail by [START_REF] Agapitov | Sunward-propagating Whistler waves collocated with localized magnetic field holes in the solar wind: Parker Solar Probe observations at 35.7 R radii[END_REF], recorded in waveforms with a 292.97 Hz sampling rate at 17:06:48 UTC, 4 November 2018. We can see a sunward propagating whistler with several oblique WNA sub-packets (Figures 6e and6f). The packet is co-located with a local minimum of the background magnetic field magnitude located at a switchback boundary. The minimum |B 0 | value is ∼15 nT with the ambient magnetic field magnitude of ∼70 nT (Figure 6a). The corresponding enhancement of 𝐴𝐴 ( 𝜔𝜔pe∕𝜔𝜔ce ) 2 (up to 250,000