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Abstract Calculating the pressure-strain terms has recently been performed to quantify energy conversion
between the bulk flow energy and the internal energy of plasmas. It has been applied to numerical simulations
and satellite data from the Magnetospheric MultiScale Mission. The method requires spatial gradients of the
velocity and the use of the full pressure tensor. Here we present a derivation of the errors associated with
calculating the pressure-strain terms from multi-spacecraft measurements and apply it to previously studied
examples of magnetic reconnection at the magnetopause and the magnetotail. The errors are small in a dense
magnetosheath event but much larger in the more tenuous magnetotail. This is likely due to larger counting
statistics in the dense plasma at the magnetopause than in the magnetotail. The propagated errors analyzed in
this work are important to understand uncertainties of energy conversion measurements in space plasmas and
have applications to current and future multi-spacecraft missions.

1. Introduction

Space plasma processes are often inherently three-dimensional, and single-point measurements cannot distinguish
between spatial and temporal changes. Therefore, to better understand space plasma phenomena, multi-point
missions such as Cluster (Escoubet et al., 1997, 2001), the Time History of Events and Macroscale Interac-
tions during Substorms (THEMIS) (Angelopoulos, 2008), Swarm (Friis-Christensen et al., 2008), the Magneto-
spheric MultiScale Mission (MMS) (Burch et al., 2016), and HelioSwarm (Klein et al., 2019) were conceived.
Along with the missions, several multi-point methods were developed (M. Dunlop et al., 1988; Paschmann, 1998;
Paschmann & Daly, 2008). These include multi-spacecraft wave analysis methods (Constantinescu, 2007;
Dudok de Wit et al., 1995; Glassmeier et al., 2001; Motschmann et al., 1996; Narita et al., 2010, 2011, 2021;
Pincon & Lefeuvre, 1991; Roberts et al., 2014, 2017; Vogt, Narita, & Constantinescu, 2008), multi-point struc-
ture functions (Chen et al., 2010; Pecora et al., 2023; Roberts et al., 2022), multi-point correlation functions
(Bandyopadhyay, Matthaeus, Chasapis, et al., 2020; Horbury, 2000; Matthaeus et al., 2005; K. T. Osman &
Horbury, 2007; K. Osman & Horbury, 2009), and magnetic field reconstruction (Broeren et al., 2021; Denton
et al., 2020, 2022).

Tetrahedral configurations used on Cluster and MMS allow the calculation of spatial gradients and curls in the
plasma. The current density can be estimated by calculating the curl of the magnetic field. This method is termed
the curlometer method (M. Dunlop et al., 1988; M. W. Dunlop et al., 2002; Perri et al., 2017; M. W. Dunlop
etal., 2021). The curlometer method has often been applied to Cluster magnetic field (M. W. Dunlop et al., 2002;
Perrone et al., 2016, 2017; M. W. Dunlop et al., 2021), and velocity data (Kieokaew & Foullon, 2019) where
some assumptions are required as ion data is not available on all spacecraft. The curlometer method has also
been applied to MMS magnetic field data (Gershman et al., 2018; Lavraud et al., 2016; Phan et al., 2016; Wang
etal., 2019). The MMS spacecraft provides multi-point magnetic field data and high-time resolution plasma data,
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which allows comparison of the curlometer current to the current measured from the plasma data (Gershman
et al., 2018; Lavraud et al., 2016; Phan et al., 2016). The multi-point high-time resolution of plasma data has
also allowed calculations of the vorticity using the full four spacecraft plasma data (Wang et al., 2019; Zhang
et al., 2020).

The plasma heating and energization mechanisms are crucial to understanding several processes, such as
plasma turbulence and reconnection. Because of the spatiotemporal ambiguity, it is not always apparent whether
temperature increases are due to changing environments, for example, crossing into a hotter region rather than
local heating. The pressure-strain methodology (Bandyopadhyay, Matthaeus, Parashar, et al., 2020; Cassak &
Barbhuiya, 2022; Chasapis et al., 2018; Del Sarto et al., 2016; Del Sarto & Pegoraro, 2018; Fadanelli et al., 2021;
Matthaeus, 2021; Matthaeus et al., 2020; Pezzi et al., 2019; Voros et al., 2023; Wang et al., 2019; Yang et al., 2022;
Yang, Matthaeus, Parashar, Haggerty, et al., 2017; Yang, Matthaeus, Parashar, Wu, et al., 2017) allows the quan-
tification of energy conversion between the internal energy of the plasma and the bulk flow. The calculation
requires multi-spacecraft velocity measurements so that the divergence and spatial gradients of the velocity field
can be calculated. The method also requires measurement of the full pressure tensor. The plasma moments are
derived from distribution functions comprising a finite number of measured particles. This results in the moments
being affected by Poisson noise. However, an analysis of the errors associated with calculating the pressure-strain
terms has not been presented.

This brief report aims to derive the equations for the error propagation for the pressure-strain terms. In the
following section, we will present the Pressure-Strain methodology. The derivation of the error terms follows, and
example applications to reconnection events studied by Burch et al. (2020), Lu et al. (2020), and Bandyopadhyay
et al. (2021) are presented.

2. Pressure-Strain Methodology

The system of equations governing energy conversion in plasmas is given below. These are obtained from manip-
ulating the Maxwell-Vlasov equations (Bandyopadhyay et al., 2021; Birn & Hesse, 2005, 2010; Cerri et al., 2016;
Chasapis et al., 2018; Fadanelli et al., 2021; Matthaeus, 2021; Yang, Matthaeus, Parashar, Haggerty, et al., 2017,
Yang, Matthaeus, Parashar, Wu, et al., 2017).

WEL +V - (EIV,+P - V) =P, - V) -V, +nqE-V, )
OE" +V - (E'V,+hy) = —(P; - V) -V, )
C
0E"+—V-(ExB)=-J-E
"+ V- (ExB)=-J ?3)

where, &/ is the fluid flow energy of particle species s, £ is the electromagnetic energy and £ is the internal (or
random energy). P, is the pressure tensor, h, is the heat flux vector, V _ is the velocity, n, is the number density, and
q is the charge. Finally, E and B denote the electric and magnetic fields, and J = >.J is the total current density.

The divergence terms (on the left-hand side of Equations 1-3) are transport terms and move energy from one loca-
tion to another. We see that the conversion of energy (right-hand side of Equations 1-3) can occur through differ-
ent channels. The J - E term converts electromagnetic energy into Kinetic energy, and the pressure-strain term
converts energy between the internal energy and the bulk flow (Birn & Hesse, 2010; Del Sarto & Pegoraro, 2018;
Del Sarto et al., 2016; Fadanelli et al., 2021; Matthaeus, 2021; Yang, Matthaeus, Parashar, Haggerty, et al., 2017,
Yang, Matthaeus, Parashar, Wu, et al., 2017).

Energy conversion into the plasma's internal energy can only be quantified from the pressure-strain term
(Ps - V) - V,. The pressure-strain term, therefore, quantifies conversions between internal and flow energies.
Calculating this quantity (due to the need for spatial gradients) requires velocity measurements at multiple points
and the pressure tensor. With its four spacecraft and exceptional plasma measurements, the MMS mission is ideal
for applying this methodology. The pressure-strain term can be further expressed as follows (Bandyopadhyay
etal., 2021; Chasapis et al., 2018; Del Sarto et al., 2016; Del Sarto & Pegoraro, 2018; Yang, Matthaeus, Parashar,
Haggerty, et al., 2017)

=P - V) - Vy=—péi;0ju; — (P — pbij)ojui = —p0 —1I1;; * Dy “4)
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where p = %P,;,-, 0=V -V andIl,;= P, — p,; is the traceless pressure tensor and D, ; = %(6,14, + 0ju;) — %9514.
The delta here is the Kronecker delta. If a plasma is incompressible, @ = 0 thus, p@ denotes compressible, and
I1D denotes incompressible channels for energy conversion. By measuring these quantities with MMS, we can
identify regions where energy conversion occurs. However, at the MMS separations, the differences in velocity
may be very small between the spacecraft. Therefore, estimating the propagation of the uncertainty in calculating
velocity gradients and the error associated with the pressure tensor is prudent.

3. Error Calculation

Here we present a brief discussion of the errors in calculating the pressure-strain terms. When calculating
gradients using multiple spacecraft, there are three different sources of errors. The first is the error in the
measurement; in the case of a plasma measurement, this is related to the counting statistics. The second
source of error is from the spacecraft positions and the timing between spacecraft. The aforementioned
uncertainties will also be enhanced by the shape of the spacecraft formation (Chanteur, 1998, 2000; Vogt,
Paschmann, & Chanteur, 2008; Vogt et al., 2009, 2011, 2020) if it is not regular. Finally, even in the case
of a perfect tetrahedron, there can be deviations from linearity. This type of error is impossible to quantify
with four-point measurements, especially if a fluctuation is nonlinear or a structure has a scale size smaller
than the separations. However, for smaller spacecraft separations, this error is expected to be smaller (Vogt
et al., 2020).

Plasma instruments count individual particles; consequently, there will be random errors due to Poisson noise
(i.e., related to the counting statistics). The statistical errors on the moments from MMS are available in the Fast
Plasma Investigation (FPI) (Pollock et al., 2016) level-2 moments. Note level-2 means the science quality, ground
processed moments, where corrections have been applied because of the spacecraft potential. Details of the
calculation of the statistical errors are available in Gershman et al. (2015). They are based on error propagation
and consider the counts in the instrument (instrument true response), and the phase space density (calibrated
instrument response).

The divergence uncertainty was investigated by Vogt and Paschmann (1998). The calculation of a divergence
from four point measurements is given by;

V-V Yk Ve )

where a denotes the spacecraft k is the reciprocal vector defined as;

rpy Xrp,

ka =
rpo* (I‘ﬁ,y X I'ﬁ),l)

(6)

where r, , =r, — r, are the relative position vectors of the four spacecraft, where (a, f, y, 4) must be a cyclic

permutation of 1, 2, 3, 4 (Chanteur, 1998; Vogt, Paschmann, & Chanteur, 2008).

The spacecraft positions are known to a value <100 m, and timing accuracy across the spacecraft is <1 ms
(Tooley et al., 2016). The uncertainty from the positional and timing accuracy is negligible compared to other
sources of error. We give a quantitative estimate in the appendix for the intervals used here.

Errors due to the tetrahedral shape are related to the trace of the reciprocal tensor. This is defined as 22:1 |kq|?,
(Chanteur, 1998, 2000; Vogt et al., 2009, 2020; Vogt, Paschmann, & Chanteur, 2008). This can be considered
an amplification factor for the measurement, positional, and timing errors. The analytical error amplification
is a function of the planarities P and elongations E of the spacecraft constellation defined by (Robert, Roux,
et al., 1998) with larger values of P and E yielding larger amplifications of the error (Chanteur, 1998, 2000;
Vogt et al., 2009, 2020; Vogt, Paschmann, & Chanteur, 2008). Numerical testing of the curlometer method for
different constellation planarities P and elongations E also demonstrated that when v/ P2 + E? < 0.6 the error
in the current estimation was <3% and /P2 4+ E? ~ 0.9 the error was of the order of 10% (Robert, Dunlop,
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et al., 1998). We can expect that the dominant error sources for the studied intervals are the particle measurement
and the tetrahedron's shape.

The error in the divergence of velocity derived in Vogt and Paschmann (1998) is then given by:

o[V -Vl |3 (K- o[V.T). 7

o

here o denotes the error of the quantity in the square brackets. Therefore the error in the compressive part of
the pressure-strain term comes from a combination of the error from Equation 7 and the error in the pressure
tensor Pg.. Note that Equation 7 contains the error due to the shape (22=1 | ke |2) and the particle measurement
(22=1 o[Vl ), the dominant sources of error in our intervals. We use the equations for uncertainty propagation to
estimate the combined error. We averaged the pressure tensors from the four spacecraft

Py = i gm, ®)

the associated errors on the pressure tensor elements are propagated following;

— 1 2 2 2 2
G[Pav.i,j] - Z \/Plverr,rlj + P2.err.ivj + P3,err,i.j + P4.err,i,j’ (9)

the tOtal pressure iS given by.
p== E P
3 - av,i,is (10)

and the corresponding error is:

1
olp]l = 3 \/0'[1’.0“,vx.)(]2 + c)'[Pav.y.y]2 + O'[Pav,zvz]z. (11)

The final error in the p6 term is given by:

2 2
olph] = |p0|\/(%> + (%) | (12)

For the calculation of a directional derivative (in the direction x;), the errors are given by:

Y (Rolved®): (13)

The errors on the off-diagonal D terms then become;

1 w1 [av]
o|Dij] = 3 <6[6_x,] +a[a—xj] ) (14

and the and the error for the diagonal terms D like the 6[D, ] term becomes;

IR AR AN A
o[Px] = (5" ) +§"[a—y] + 50|52 > as)

The traceless pressure tensor's off-diagonal elements are equal to the full pressure tensor, however the diagonal

elements such as o[I1 ] become;

o[l = 2ol Puns] + Tolpus ] + Lolpuec] (16)
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Combining the errors from the traceless pressure tensor and D we obtain a combined error tensor.

2]\ (elm] )

o i.j [ ij

o[DiTy] = | DI, ( D, jj ) +< o jj > an
IJ LJ

Only six unique error terms exist in Equation 17 because the D and the IT tensors (and their errors) are symmetric
that is, o [Dx.yrlx‘y] =0 [Dy,XHy,X]. Thus, the final error in the I1D term is then given by:

2 2 2
D Ilx Dy,I1 D..I
o[T1D] = 0'[ ol ] +20'[ vy y,y] + (:'[ zz0lzz 2 as)
+46 Dy yI1ey|” + 40| Diclliz|” + 40Dyl

For completeness, the total pressure-strain term error is given in 19.
O, v)-v, = \/ c[pb]* + o[TIDT (19)

4. Application to the Terrestrial Magnetosphere

Two examples of the application of the method and the error calculation are now presented. The data are
from MMS when the spacecraft were in the burst telemetry mode; magnetic field data are from the fluxgate
magnetometers (Russell et al., 2016) with a sampling rate of 128 Hz. The plasma data are from the FPI instru-
ment (Pollock et al., 2016), where the sampling rates are 6.6 Hz for ions and 30.3 Hz for electrons. Figure 1
show an example of magnetic reconnection studied by Burch et al. (2020) and later using the pressure-strain
methodology by Bandyopadhyay et al. (2021). MMS was at the magnetopause in this case, and the mean

electron number density was moderate 7.19 cm™3, (P =0.56,E =0.35,VP>+ E2 = 0.67) was not perfectly
regular. To calculate the pressure-strain terms, we remove the spin effects using the spin tone product in the

FPI L2 data files before calculating the gradients. We see that the errors are small, and the application of the
method is justified.

Figure 2 presents a second magnetic reconnection case. This case studied previously by Lu et al. (2020)
occurs in the magnetotail. Magnetotail plasma is typically much more tenuous compared to magnetosheath/
magnetopause plasma. In this case, the mean electron number density is 0.58 cm™3; therefore, we expect the
errors to be larger due to poor counting statistics. For this case the spacecraft constellation was regular with
P =0.12, E = 0.06, \/ P? + E? = 0.13. The absolute errors for both cases are given in Table 1. As expected, the
absolute errors in the magnetotail are significantly larger than at the magnetopause.

We perform a statistical Monte Carlo test on the data to provide an additional estimate of the error. We take the
individual velocity and pressure tensor series and their respective errors and compute 100 new time series. This
is performed by adding a random (Gaussian distributed) error with a mean of zero and a standard deviation equal
to the statistical error to the measured velocity and pressure tensor components. We perform this procedure one
hundred times and calculate the pressure strain terms with each of our realizations of the time series. We calcu-
late the standard deviation from the 100 realizations for each point, yielding another estimation. This analysis
is presented in Figures 3 and 4. The standard deviation of the one hundred time series agrees well with those
estimated through the equations given in the previous section, giving further confidence in the error estimation
and the technique itself. We also present the averages of the absolute errors in Table 1.

To better understand the limitations of the method in different regions that MMS surveys, we plot the electron
number density (Figure 5a) and the relative errors on the ion (Figure 5b) and electron bulk speeds (Figure 5c) as
a function of the spacecraft position in the xy GSE plane in the year 2018. Here we see that the errors are signif-
icantly larger in the magnetotail where the density is lower. The relative errors on the electron bulk velocities
are also larger than those of the ions; this is possibly due to the effects of photoelectrons (Gershman et al., 2017,
Lavraud & Larson, 2016), which are removed using a model from the L2 data, which may cause larger uncer-
tainties, especially when counts are already low. Therefore we would urge caution when using the method in
low-density regions. It should be noted that the error in the pressure tensor components, is also important for
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Figure 1. MMS measurements taken during the magnetopause magnetic reconnection event of Burch et al. (2020). (a)
Magnetic field measurements from the fluxgate magnetometer in the Geocentric Solar Ecliptic coordinate system. (b) The
compressive electron component of the pressure-strain term (c) the incompressible electron component of the pressure-strain
term (d) the ion compressive component of the pressure-strain term, and (e) the ion incompressive component. In panels
(b—e) blue denotes the measurement, and gray denotes three times the estimated error.

calculating the pressure strain terms. In interval 1 the relative errors on ions and electrons are comparable while
in interval 2 the relative error in ions is larger.

5. Summary

To summarize, we have investigated the uncertainties in the pressure strain terms through error propagation and
a statistical test. Both approaches yield almost identical results. Relations have been given to estimate the error.
The error here is assumed mostly due to Poisson noise in the plasma moments and the tetrahedron shape. The
uncertainty due to the spacecraft positions and timing are small. Furthermore, there could be other errors, which
we will briefly discuss.

Because of instrument design, there can be an offset in a velocity component between spacecraft; for MMS,
this most likely affects the V, component. This systematic error could cause an additional error in the gradient
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Figure 2. The same as Figure 1 but for the magnetotail event of Lu et al. (2020).
Table 1
Table of the Absolute Errors for Both Cases Studied
Electrons Ions
o[pf] (nW/m?) o[T1D] (nW/m?) o[pf] (nW/m?) o[TID] (nW/m?)
Magnetopause (n = 7.19 cm—3)
Analytical error propagation 0.087 0.006 0.089 0.017
Resampling method 0.087 0.007 0.089 0.017
Magnetotail (n = 0.58 cm~3)
Analytical error propagation 0.425 0.023 0.632 0.05
Resampling method 0.426 0.027 0.628 0.06

Note. Note that the p@ and I1D fluctuate quantities around zero, so we do not state the mean of the relative error as this may
be undefined when the measured quantity is zero.
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Figure 3. The different electron and ion pressure strain terms for the magnetopause event. Blue denotes the pressure strain terms, and cyan denotes the analytical error.
The pink lines denote 100 time series where a random error is introduced (see text), the maroon denotes the mean of these time series (almost identical to the blue
curve). The red lines denote the standard deviation of these 100 time series giving an additional estimation of the error, which agrees well with the cyan curves.

measurements. Another possible source of error is related to the spacecraft separations; by calculating a gradi-
ent using multiple spacecraft, we are looking at a spatial gradient accurate to a certain scale. Different plasma
species have different length scales, so spacecraft separations may be inadequate for measuring the pressure strain
interaction for a certain species. Numerical simulations by Matthaeus et al. (2020) and Yang et al. (2022) show
scale dependence in the average value of the pressure strain term. At inertial scales, the average of the pressure
strain term is small but increases at length scales below the ion inertial length. Thus the relative error at differ-
ent scales may differ even if the statistical errors on the moments are equal. With MMS, we are limited to electron
scale separations where the pressure strain terms are expected to be large. However, comparisons with numer-
ical simulations, or spacecraft data with multiple separations (relative to the ion/electron characteristic scales)
would be useful to understand how the spacecraft separations may affect the result (Bandyopadhyay, Matthaeus,
Parashar, et al., 2020). This would be especially useful in preparation for HelioSwarm as the nine spacecraft allow
multi-scale estimations of the pressure strain terms. Other potential sources of error may come from the calibra-
tion, penetrating radiation, spin tones, and effects due to spacecraft charging.

The pressure strain terms show that the energy transfer is highly localized, with significantly larger energy conver-
sion near coherent structures (Bandyopadhyay et al., 2021; Bandyopadhyay, Matthaeus, Parashar, et al., 2020;
Chasapis et al., 2018; Yang, Matthaeus, Parashar, Haggerty, et al., 2017). In these localized cases, the relative
errors are very small. However, we must consider the error if we consider a more statistical approach as advocated
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in Voros et al. (2023). If the value of a pressure strain term, considering the error straddles zero, we cannot

conclude that there is a net energy transfer. In understanding the energy budget using these measurements, we
might wish only to consider cases where —PS > o¢[PS] and —PS < —o[PS], where we can have some statistical
confidence that there is energy conversion. This is similar to (Ergun et al., 2018) has presented in terms of the
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Figure 5. MMS fast survey mode data from 2018 as a function of the spacecraft position in the xy GSE plane.

Panels (b) and (c) show the relative error in the bulk velocity for ions and electrons, respectively.
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Panel (a) shows the electron density measured by FPI.
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Two examples in different plasma conditions were presented; the propagated errors at the magnetopause were
smaller than the tail, as expected, due to lower counting statistics in the tail. While the errors are generally small,
caution should be exercised in low plasma regions, where counting statistics are poor. However, we expect calcu-
lating the pressure strain terms in the magnetosheath (high density) to have an excellent signal-to-noise ratio. It
should, however, be noted that FPI is not designed for the solar wind and is subject to substantial variations at
the spacecraft spin frequency (Bandyopadhyay et al., 2018; Roberts et al., 2021; Wilson III et al., 2022); this
method should not be used with MMS in the solar wind.

Appendix A: Estimation of the Inaccuracies in Spacecraft Timing and Position

Here, we give a more quantitative estimate of the errors due to timing accuracy and the spacecraft positions. We
estimate the effect by comparing the statistical errors with the product of the gradient and the estimated positional
|Z—‘:{" |o[r] and timing inaccuracies |% | 6iming. Where ofr] = 0.1 km, Oiming = 1 ms (Tooley et al., 2016). Table A1l
and Table A2 show the mean and maximum values of the gradients and the statistical uncertainties for the x
component of the velocity in GSE. Other components have similar values. The values are much smaller than the
statistical uncertainties (Vogt et al., 2020), confirming that timing and positional uncertainties are negligible. The

different components of velocity all show similar relationships.

Table A1
Table Showing the Product of Different Gradients and the Inaccuracies Due To Position and Timing for Interval 1
Tons
Mean Max

% |6[r] 0.04 0.08

ax
1% |6[r] 0.05 0.09

dy

% lo[r] 0.1 0.2

Vs | s [timi 0.003 0.09
| - |o[timing] g .
alV,] 4 9

Electrons
1% Jor] 03 ?
A% 0.3 2
1% o171
1% Jor] 001 ¢
% |o[timing] 0.01 6
alV.] 18 56
Table A2
Table Showing the Product of Different Gradients and the Inaccuracies Due To Position and Timing for Interval 2
Tons
Mean Max
| ‘% lo[r] 0.07 0.2
| % |o[r] 0.07 0.2
| % lo[r] 0.09 0.3
|==|o[timing] 0.01 0.4
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Table A2

Continued

Tons
Mean Max
olV.] 17 66
Electrons

% lor] 0.8 3

2 olr] ! 5

% lo[r] 0.8 4
|2 |o[timing] 0.05 13
alV,] 89 193

Data Availability Statement

The datasets analyzed for this study can be found in the MMS data archive https://lasp.colorado.edu/mms/sdc/
public/. We use version 3.3 of the FPI level 2 moments data, version 5 of the fgm data, and version 2 of the ephem-
eris data. These data are the most recent versions and are loaded using the SPEDAS software (Angelopoulos
et al., 2019). Codes for the gradient, divergence and curl calculation from four-point measurements are also
publicly available in the SPEDAS package (Angelopoulos et al., 2019), http://spedas.org/.
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