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ABSTRACT

Context. The last two decades have witnessed dramatic progress in our understanding of neutron star magnetospheres thanks to force-
free and particle-in-cell simulations. However, the associated particle dynamics and its emission mechanisms and locations have not
been fully constrained, notably in X-rays.
Aims. In this paper, we compute a full atlas of radio, X-ray, and γ-ray pulse profiles, relying on the force-free magnetosphere model.
Our goal is to use such a data bank of multi-wavelength profiles to fit a substantial number of radio-loud γ-ray pulsars that have also
been detected in non-thermal X-rays to decipher the X-ray radiation mechanism and sites. Using results from the third γ-ray pulsar
catalogue (3PC), we investigate the statistical properties of this population.
Methods. We assume that radio emission emanates from field lines rooted to the polar caps, at varying height above the surface,
close to the surface, at an altitude about 5–10% of the light cylinder radius, rL. The X-ray photons are produced in the separatrix
region within the magnetosphere; that is, the current sheet formed by the jump from closed to open magnetic field lines. We allow
for substantial variations in emission height. The γ-rays are produced within the current sheet of the striped wind, outside the light
cylinder.
Results. A comprehensive set of radio, X-ray, and γ-ray light curves was computed. Based on only geometric considerations about
magnetic obliquity, line-of-sight inclination, and the radio beam cone opening angle, pulsars can be classified as radio-loud or quiet
and as γ-ray-loud or quiet. We found that the 3PC sample is compatible with an isotropic distribution of obliquity and line of sight.
Conclusions. The atlases constructed in this work are the fundamental tools with which to explore individual pulsars and fit their
multi-wavelength pulse profiles in order to constrain their magnetic topology, the emission sites, and the observer’s line of sight.
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1. Introduction

Today, almost 300 γ-ray pulsars have been reported in the Fermi
pulsar catalogue1; it is also worth viewing the third pulsar cat-
alogue detailed in Smith et al. (2023). Among them, more than
20 were detected pulsating simultaneously in radio and X-ray.
This population of pulsars is a perfect target to study the multi-
wavelength emission properties of neutrons stars. The complete
list of radio pulsars has been compiled in the ATNF Pulsar
Catalogue of Manchester et al. (2005) and is kept up to date
online. Unfortunately, no exhaustive non-thermal X-ray pul-
sar catalogue exists to date. However, some recent papers like
Coti Zelati et al. (2020) acknowledge the simultaneous detec-
tion of non-thermal X-rays and γ-rays of a significant sample
of 40 pulsars. Chang et al. (2023) found 32 pulsars described
by a power law (PL) + black body (BB) model. A single
PL model fits the other 36 pulsars well (thus 68 in total).
These numbers are however only lower limits because very
recently Mayer & Becker (2024) identified several dozen pos-
sible X-ray pulsars of the unassociated Fermi-LAT sources with
SRG/eROSITA (Spektrum-Roentgen-Gamma, extended ROent-
gen Survey with an Imaging Telescope Array), about 30–40 can-
didates distributed equally in young and recycled pulsars. In the
1 297 are announced on https://confluence.slac.stanford.
edu/display/GLAMCOG/Public+List+of+LAT-Detected+
Gamma-Ray+Pulsars

higher energy band of soft γ-rays, another useful list of pul-
sars is given by Kuiper & Hermsen (2015). Phase-aligned multi-
wavelength pulsar light curves are the milestones to constrain the
location of radio, X-ray, and γ-ray emission within the magneto-
sphere and near wind, and attempts have been made to compute
them for several decades.

One of the most promising joint radio and γ-ray model
relies on pulsar striped wind geometry. This idea has been
investigated in depth over the last two decades, starting with
Kirk et al. (2002). It was then applied to the Fermi γ-ray pul-
sars by Pétri (2011) in the split monopole picture, or more
recently by Benli et al. (2021) and Pétri & Mitra (2021) in the
force-free dipole magnetosphere. These works showed that a
joint radio+γ-ray pulse profile fitting can drastically constrain
the magnetic dipole moment inclination angle with respect
to the rotation axis as well as the line-of-sight inclination
angle. These fittings were based on numerical quantitative sim-
ulations of the force-free magnetosphere performed by Pétri
(2012). These kinds of numerical simulations were pioneered
by Contopoulos et al. (1999) for the axisymmetric magneto-
sphere and extended by Spitkovsky (2006) to an oblique rota-
tor. However, strictly speaking, the force-free model does not
radiate because it is dissipationless as no particle acceleration
occurs. Therefore, the paradigm shifted to a kinetic description
of these magnetospheres including single particle acceleration in
3D (Philippov et al. 2015) and self-consistent radiation feedback
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to predict observational signatures (Cerutti et al. 2016b) that
even predict the polarisation properties (Cerutti et al. 2016a).
The striped wind and its dissipation was also investigated
by particle in cell (PIC) simulations in Cerutti & Philippov
(2017), Cerutti et al. (2020). Sticking closer to γ-ray observa-
tions, Brambilla et al. (2018), Kalapotharakos et al. (2017), and
Kalapotharakos et al. (2018) performed similar simulations.

Several other emission regions were proposed in the past.
The outer gaps, the slot gaps, and the polar caps are the
favourite places for pulsed emission. They predict distinct pulse
profiles, helping one to discriminate between competing mod-
els (Dyks & Rudak 2003; Dyks et al. 2004). Producing exhaus-
tive atlases of light curves in all relevant wavelengths is the
starting point for any broadband fitting task. For instance,
Watters et al. (2009) focused on young γ-ray pulsar profiles
and Pierbattista et al. (2015, 2016) on different emission mecha-
nisms for a significant sample of pulsars, whereas Johnson et al.
(2014) focused on millisecond pulsars. Two-pole caustics and
outer gap atlases were presented in Harding et al. (2011).

The third Fermi γ-ray pulsar catalogue (Smith et al. 2023)
summarises all our knowledge about γ-ray pulsar spectra and
light curves. Because force-free computations do not catch
the acceleration and radiation mechanism within the magneto-
sphere and wind, resistive or dissipative magnetospheres were
built, like the Force-free Inside, Dissipative Outside (FIDO)
model introduced by Kalapotharakos et al. (2012), and used
by Brambilla et al. (2015) for detailed pulsed γ-ray investiga-
tions (for some reviews on the interplay between magneto-
spheric modelling and γ-ray observations, see Harding (2016)
and Venter et al. (2018)).

Whereas more than 3000 pulsars are known to be radio
emitters, only 10% of them are seen shining in γ-rays. The
release of the third pulsar catalogue by Smith et al. (2023) fur-
nishes a wealth of new and accurate data, helping in our task
to decipher the high-energy radiation mechanism and loca-
tion. Although many studies focused on the radio and γ-
ray emission, using fluid or particle simulations (Cerutti et al.
2016b; Kalapotharakos et al. 2017, 2023; Watters et al. 2009;
Pierbattista et al. 2016), none really addressed the pulsed X-ray
emission properties. This article fills the gap by exploring quan-
titatively the X-ray light curves’ morphology depending on the
pulsar geometry.

Section 2 reminds us of the emission locations of the differ-
ent energy bands: radio, X-rays, and γ-rays. Next, Sect. 3 sum-
marises the light curves in these respective wavebands. Section 4
discusses the energetics of the radiating particles by computing
the curvature of field lines and the associated photon energy and
particle dynamics. Some statistical expectations are compared
to the current observational status in Sect. 5. Conclusions and
future perspectives are presented in Sect. 6.

2. Emission sites

In recent years, three standard emission sites have emerged from
different studies of the pulsar magnetosphere. The first one is
the polar cap region, which is close to the stellar surface and
responsible for the coherent radio emission. The second one fol-
lows the region along the separatrix; that is, the transition sur-
face between close and open magnetic field lines within the light
cylinder. The third one radiates in the current sheet of the pulsar
striped wind. We briefly go over here the main features of such
emission regions, which have been introduced in a similar way
by Pétri (2018), including general relativistic effects.

Fig. 1. Magnetic field lines in the equatorial plane for an orthogonal
rotator with R/rL = 0.1. The neutron star is shown as a black disk and
the light cylinder as a dashed black circle.

The set-up assumes that the magnetic dipole moment, µ, is
directed along a unit vector, m, such that µ = µm. This mag-
netic moment rotates at an angular speed, Ω, around the rota-
tion axis directed along the vector, ez, of the Cartesian basis
vectors (ex, ey, ez). The observer line-of-sight unit vector points
towards the direction, n. The emitting particle density number,
n, is assumed to be spherically symmetric and to decrease like a
power law in spherical radius, r, with an exponent, q, such that

n(r) ∝ r−q. (1)

The particle density number is therefore prescribed; we set q = 2
in all wavelengths. The Lorentz factor of the moving particles
was set to Γ = 10.

2.1. Magnetic field geometry

The structure of the magnetic field lines fully determines the size
and location of the polar cap, the geometry of the separatrix sur-
face, and the location of the current sheet within the striped wind.
These are the three sites producing, respectively, radio photons,
X-rays, and γ-rays. Our model is based on numerical simula-
tions of the neutron star magnetosphere using spectral meth-
ods in the force-free approximation, updating previous compu-
tations performed by Pétri (2012) and Pétri & Mitra (2021). The
ratio between the neutron star radius, R, and the light cylinder
radius, rL, was set to R/rL = 0.1, corresponding to the altitude
where radio emission was expected to be produced. Close to the
surface, the magnetic field is reminiscent to a static dipole coro-
tating with the star, whereas outside the light cylinder magnetic
field lines open up and form a current sheet wobbling around
the equatorial plane. An example of field lines in the equatorial
plane for an χ = 90◦ obliquity is shown in Fig. 1.

2.2. Polar cap and radio

A careful analysis of emission height in normal pulsars
based on the rotating vector model and using a large sam-
ple of radio pulsars (Weltevrede & Johnston 2008; Mitra 2017;
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Johnston & Karastergiou 2019; Johnston et al. 2023) showed
that radio emission is emanating from regions well above
the polar caps, around 5%–10% of the light cylinder radius.
For pulsars showing interpulses, the geometry is even bet-
ter constrained, because they are close to orthogonal rotators
(Johnston & Kramer 2019). We used this proxy to implement a
simple radio pulse profile emissivity that drops as a Gaussian
when moving away from the magnetic axis. The width of the
pulse profile is defined by the typical half-opening angle of the
emission cone at an altitude, he, above the stellar surface,

ρ ≈
3
2
θpc, (2)

with the half-opening angle of the cone locating the root of the
field lines as

sin θpc =

√
he

rL
. (3)

The emissivity within the radio-emitting region and related to
the Gaussian beam shape reads

εr ∝ n(r) e−3 (θ/θpc)2
. (4)

Radio photons are assumed to be produced at a small emission
height interval starting from the inner boundary of the simu-
lation box, he = R1. In the present simulations, this was set
to R1/rL = 0.1, and thus 10% of the light cylinder radius, as
was found in the above-mentioned literature. The extension in
the radius was set to 1% of rL, amounting to a height range of
[0.1, 0.11] rL. As the magnetic moment, m, rotates, the dot prod-
uct, m · n, evolves with time according to Ω t and reaches its
maximal value whenever ez, m, and n are coplanar. This occurs
whenever the north or south pole points towards the observer.
Photons are emitted along the local particle velocity vector, u,
which is a combination of corotation velocity and velocity along
magnetic field lines such that

u = Ω ∧ r + f B. (5)

The unknown parameter, f , is found by imposing the Lorentz
factor, Γ, of the particle, all other quantities being known.
Expression (5) takes into account the aberration effect through
the corotating velocity field in the first term of the right-hand
side. Retardation is included through the time of flight delay of
photons. These aberration or retardation effects are discussed in
Blaskiewicz et al. (1991).

2.3. Separatrix and X-rays

Farther away from the radio-emitting region, in the separatrix
zone where the transition between close and open magnetic
field lines occurs, we expect X-rays photons to be produced
from the synchrotron and/or curvature radiation mechanism.
This X-ray component is produced by the secondary electron-
positron pairs radiating synchrotron photons. For instance,
Kisaka & Tanaka (2014) computed the synchrotron emission for
old pulsars to explain the non-thermal X-ray emission, whereas
Kisaka & Tanaka (2017) investigated a similar mechanism to
estimate the efficiency of this emission in rotationally pow-
ered pulsars. Takata & Cheng (2017) discussed the connec-
tion between X-ray and GeV emission in this framework.
Torres et al. (2019) show that the synchro-curvature radiation is
able to explain the non-thermal X-ray spectra of several pulsars

but they did not compute pulse profiles (see also some refine-
ment by Íñiguez Pascual et al. 2022). For polar cap and outer
gap scenarios of non-thermal X-ray pulsed emission, see also
Peng & Zhang (2008) and Zhang & Jiang (2006). In a narrow
layer of small thickness parametrized by σsep (much less than
the light cylinder radius) and delimited by magnetic flux tubes,
with a constant emissivity along field line but decaying like a
Gaussian for field lines moving away from the separatrix sur-
face, X-ray photons start propagating tangentially to the local
direction of the velocity vector (Eq. (5)) where they were gener-
ated. More precisely, the emissivity of a given point attached to
a field line reads

εx ∝ n(r) e−`
2
min/σ

2
sep , (6)

where `min is the minimal distance of this field from the light
cylinder. By construction, any point on this field line will have
the same emissivity as another point on the same field line except
for a modulation by the particle density number, n(r). The loca-
tions of the X-ray emission sites are largely unconstrained so far.
In order to get an idea of the emission height and extension, we
divided the separatrix from the inner boundary simulation box to
the light cylinder into a set of uniform intervals of radial length
0.1rL, from r = R1 to r = rL. As the radiation is additive, any
realistic light curve is given by summing several adjacent regions
to construct the total light curve from the individual building
block light curves. In this manner, we deduced the lower and
the upper emission heights along the separatrix surface.

2.4. Striped wind and γ-rays

The most energetic photons are produced in the current sheet
of the striped wind, outside the light cylinder. Emission starts
straight from the light cylinder up to several rL, with an emis-
sivity decaying with distance due to the decreasing particle den-
sity number, n(r). The emitting current sheet is supposed to be
infinitely thin and located in space, where the radial component
of the magnetic field changes sign between the upper part, B+

r
(connected to the north pole), and the lower part, B−r (connected
to the south pole), such that B+

r B−r < 0. The locus thus formed
corresponds to a surface like a ballerina skirt, similar to the solar
wind structure. The emissivity therefore vanishes out of the sur-
face defined by the current sheet and equals

εγ ∝ n(r) (7)

on this surface. The emission starts outside the light cylinder at
cylindrical distances, r sin θ ≥ rL, and the wind propagates radi-
ally at a Lorentz factor, Γ, fixed to Γ = 10. No other free param-
eter is required in this minimal model. The base of the radiat-
ing wind, rin, is located outside the light cylinder and extends
to a spherical radius, rout > rin. This outer boundary is not con-
strained but the wind emissivity decreases with the distance, r,
and the current sheet geometry slightly changes, based on the
magnetic topology. At large distances, its luminosity becomes
negligible, so we arbitrarily cut the wind at a variable radius, rout,
in order to quantify the impact of the emission height in γ-rays
onto the light curves. Therefore, we defined two intervals, a first
at [1, 2]rL and a second at [2, 3]rL, comparing the evolution of
the light curves with distances.

3. Multi-wavelength radiation patterns

In this section, we discuss in depth the multi-wavelength pulse
profile characteristics and evolution with the geometry con-
trolled by the obliquity, χ, and the line-of-sight inclination
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angle, ζ. First, we summarise all of the results by plotting inten-
sity maps in radio, X-ray, and γ-ray. Next, we show typical
atlases of light curves by varying χ and ζ. Finally, for a given
geometry with fixed values of χ and ζ, we investigate the pulse
shape dependence on the emission height, especially in X-rays,
where these variations with altitude are most prominent.

3.1. Geometric constraints

Due to the particular configuration of the polar cap and the
striped wind emission, it is possible to derive simple relations
between the obliquity and the line-of-sight inclination to decide
if radio and/or γ-ray photons are detected or not. For X-ray
detection, the criteria is more difficult to derive.

The current sheet of the striped wind crosses the observer’s
line of sight whenever the latter lies close to the equatorial plane;
that is,∣∣∣∣∣ζ − π2

∣∣∣∣∣ ≤ χ. (8)

This condition is derived in Pétri (2011) for the split monopole
solution that does not significantly differ from the dipole force-
free model obtained by the numerical solution. This condition
is very general as it does not depend on the exact nature of the
field line geometry inside the light cylinder as long as the dom-
inant multipole becomes the dipole at the light cylinder. For a
radio emission cone of the half-opening angle, ρ, the visibility
condition for one pole reads

|ζ − χ| ≤ ρ, (9)

whereas for the other pole it becomes

|ζ + χ − π| ≤ ρ. (10)

This is due to the symmetry between the angle, χ, and π − χ

when considering the emission patterns of the magnetosphere.
To observe two radio pulses, both conditions must be satisfied
simultaneously, leading to the constraint∣∣∣∣∣ζ − π2

∣∣∣∣∣ ≤ ρ. (11)

In other words, the line of sight must not deviate from the equato-
rial plane more than the radio emission cone half-opening angle.
A second condition on the obliquity must be met:∣∣∣∣∣χ − π2

∣∣∣∣∣ ≤ 2 ρ, (12)

meaning that it must be almost an orthogonal rotator, within an
interval equal to twice the radio cone half-opening angle. The
value of ρ is directly related to the emission height, he, given
by Eq. (2). Radio observations suggest that he/rL . 0.1; thus,
ρ . 27.6◦.

Figure 2 summarises the constraints about radio and γ-ray
visibility depending on χ and ζ. The red area corresponds to
only γ-ray, the blue area to only radio, and the magenta area
to radio-loud γ-ray visibility. The observer looks exactly onto
the magnetic axis when the geometry falls onto one of the two
dashed diagonals, ζ = χ or ζ = π − χ. The pattern is highly
symmetric due to the north-south symmetry of the magnetic field
and due to the stellar rotation. For instance, χ = π/2 and ζ = π/2
are symmetry axes.

For the X-ray constraints, finding a simple analytical condi-
tion for visibility is impossible because the exact geometry of

Fig. 2. Geometry showing the region of radio and γ-ray visibility
depending on the magnetic obliquity, χ, and line of sight, ζ. The red
area corresponds to γ-ray-only, the blue area to radio-only with ρ = 20◦,
and the magenta area to radio-loud γ-ray visibility. Due to the symme-
try of the plot, the three other quadrants with χ ≥ π/2 or ζ ≥ π/2 are
not shown.

the separatrix is not known in the force-free model. However,
to make progress in this direction and derive an approximate
expression for detecting pulsed X-rays, we assume that the pho-
tons emanate from well within the light cylinder at distances of
r . rL. In this region, the magnetic field remains dipolar to an
acceptable precision and the polar cap size and shape still resem-
ble the vacuum case, although deviations are observed, as has
been checked in several previous works (for recent results, see
for instance Fig. 11 of Pétri 2022a where quantitative compar-
isons have been done). We therefore used the static dipolar sepa-
ratrix structure as a proxy to predict the pulsed X-ray detectabil-
ity. To study the impact of the dipolar geometry, we used dipolar
coordinates, which are detailed in the Appendix B and which
were used by Swisdak (2006), Orens et al. (1979). In this dipole
approximation, the condition for pulsed X-ray detection mimics
the radio visibility condition, the only difference being the size of
the emitting cone because of the varying emission altitude pos-
tulated in X-rays and the fact that the cone is hollow. However,
because of the stellar rotation, even a hollow cone will cross the
line of sight when the condition

|ζ − χ| ≤ ρX (13)

is fulfilled, ρX being the maximum X-ray emission cone half-
opening angle. It depends on the boundaries of the emitting
region located between the radii h1 and h2. Actually, because
ρX is a monotonic function of he, it increases with he and the
maximum is given by

cos ρX =
√

1 − h2/rL, (14)

the cone opening angle at lower altitude always being smaller.

3.2. Maps

Figure 3 shows the multi-wavelength maps of radio, X-ray, and
γ-ray emission. In the left column, the radio emission is pro-
duced in the range r/rL ∈ [0.1, 0.11], and in the second column,
the non-thermal X-ray is produced from an emission height in
r/rL ∈ [0.2, 0.3], whereas the third column assumes the same
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emission in r/rL ∈ [0.5, 0.6]. In the last two columns the γ-
ray emission emanates from the intervals r/rL ∈ [1, 2] and
r/rL ∈ [2, 3], respectively. We observe the archetypal S-shape
pattern produced by the striped wind structure. The high-energy
emission pattern is not significantly sensitive to the emission
height, as long as the radiation sites remain close to the light
cylinder. The contributions for large distances are smeared out
and decay quickly with radius due to the density dependence,
n(r). For r/rL & 3−4, the emission produced becomes insignifi-
cant, without having any impact on the light curves, and thus it
was discarded.

At low altitudes of r/rL ∈ [0.1, 0.2], the X-ray emission pat-
tern looks like an oval encircling the radio emission pattern. As
the height increases, this pattern approaches the S-shape pattern
of the striped wind. The dependence on altitude is important in
X-ray because it follows the drastically changing magnetic field
topology within the light cylinder, from an almost static dipole
configuration close to the surface to a retarded dipole close to the
light cylinder, transitioning to an electromagnetic wave outside
it.

The above maps give a full representation of the whole set
of light curves being produced in the different emission sites. In
the next paragraph, we show atlases of radio, X-ray, and γ-ray
light curves to be used in fitting multi-wavelength pulse profiles
of radio-loud γ-ray pulsars also detected in non-thermal X-rays.
A detailed example will be discussed in another paper.

3.3. Light curves

All of the possible radio pulse profiles from a centred dipole are
shown in Fig. A.1. For an almost aligned rotator, the pulsed frac-
tion is weak at all line-of-sight inclination angles, ζ, and the pul-
sation is hardly detectable, depending on the noise level. When
far from an orthogonal rotator, only one pulse is visible from
one magnetic pole. Only for ζ ≈ 90◦ are both pulses visible and
separated by half a period, due to the symmetry of the dipole
field. The detection of a double pulse structure depends on the
angles (χ, ζ) but also on the beam width. In the special case of
ζ = 90◦, both pulses are symmetrical and always detected what-
ever ζ. For lower obliquities of ζ . 90◦, one pulse dominates;
see for instance the case {χ, ζ} = {75◦, 80◦}.

The γ-ray light curves are shown in Fig. A.2. Inspecting this
figure with r/rL ∈ [1, 2], the pattern shows one peak or two peaks
depending on the peculiar combination of {χ, ζ}. It behaves simi-
larly to the radio pulse profile. However, in the γ-ray band, there
is much more chance of producing a double-peaked light curve
because this configuration is much more favourable geometri-
cally. A double peak is observed whenever |ζ−π/2| ≤ χ. Moving
to higher altitudes in the range r/rL ∈ [2, 3] does not alter these
findings (Fig. A.2).

The new part of this work concerns the X-ray radiation,
which is supposed to be produced along the separatrix, on an
unspecified altitude that is left as a free parameter. At the low-
est altitude, in the range r/rL ∈ [0.1, 0.2], the pulse profiles
look like they do in Fig. A.3. We observe between one and four
pulses, depending on the geometry. A single pulse is observed
for low obliquity and low line-of-sight inclination, in the upper
left corner of the plot, whereas four pulses are observed at high
obliquity (close to an orthogonal rotator) and high line-of-sight
inclination angles. At higher altitudes, for instance in the range
r/rL ∈ [0.4, 0.5], the four peaks transform into a double peak
profile (Fig. A.4).

We plan to use these X-ray atlases to constrain the emission
location of the X-ray photons. To this end, we assume that the

pulsar obliquity is well determined by the joint radio and γ-ray
pulse profile fitting, extracting accurate values for both angles,
χ and ζ. Then, to estimate the X-ray emission height, it is suf-
ficient to explore a small subset of the entire X-ray atlas. As an
example, we show the evolution of the pulse profile with mini-
mum and maximum altitudes h1 and h2 in Fig. A.5 for a pulsar
with obliquity χ = 45◦.

4. Radiation energetics

The geometric approach of fitting light curves is not sufficient
to grasp all the dynamics of particle acceleration and radiation
within the magnetosphere and wind. The energetic considera-
tions of the whole electrodynamic process is another important
aspect of the problem that we discuss in this section.

4.1. Curvature of field lines

Well inside the light cylinder, where the radio emission is pro-
duced, to a good accuracy, the magnetic field follows the static
dipole geometry. To estimate quickly the curvature of field lines
near the surface, along the separatrix and inside the radio emis-
sion beam, we started by computing the static dipole curvature.
For an aligned dipole, each field line is labelled by a parameter,
λ, such that

r(λ, θ) = λ sin2 θ, (15)

r being the radius and θ the azimuth in a spherical coordinate
system. Along this particular field line symbolised by λ, the cur-
vature radius, ρc, depends on θ as

ρc(λ, θ) =
λ

3
sin θ

(1 + 3 cos2 θ)3/2

1 + cos2 θ
. (16)

Along the magnetic axis, the curvature vanishes, but as we will
show, for the rotating dipole, the curvature does not vanish due to
magnetic sweep-back. By construction, the separatrix is defined
by field lines satisfying λ = rL. Close to the polar caps, the angle,
θ, is small and the curvature tends to

ρc(rL, θ)
rL

≈
4
3
θ, (17)

which at the stellar surface gives θ ≈
√

R/rL, and therefore

ρc(rL, θ) ≈
4
3

√
R rL. (18)

The neutron star radius, R, being fixed to an almost constant
value of R ≈ 12 km, the curvature radius increases according
to
√

rL ∝
√

P. The curvature radius increases with the pul-
sar period; thus, the frequency of curvature radiation diminishes
right at the surface. In order to keep a typical radio photon range
in the interval [10 MHz, 10 GHz], the emission altitude must
increase too.

The curvature, κc = 1/ρc, along the separatrix is shown
in Fig. 4, in units of 1/rL for the vacuum Deutsch solution
(VAC) in blue and for the force-free magnetosphere (FFE) in
orange. The inner boundary of the simulation box has been fixed
to R1/rL = 0.1. The curvature decreases with distance to the
star like r−1/2 for the vacuum and approximately the same law,
∼r−1/2, for the FFE, as long as r � rL. This behaviour was
expected, as well inside the light cylinder the influence of rota-
tion and magnetospheric currents becomes negligible, the first
being of order (R/rL)2 and the second of order (R/rL). The FFE
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Fig. 3. Map of radio, X-ray, and γ-ray radiation for different emission altitudes and for χ = {15◦, 45◦, 75◦}. The legend shows the wavelength,
emission interval, and obliquity. Maximum intensities are normalized and colour-coded in the right legend.

Fig. 4. Curvature in units of 1/rL along the separatrix, starting from the
surface going to the light cylinder and back to the surface for the vac-
uum field (VAC, in orange) and the force-free solution (FFE, in blue).
Values are shown for an obliquity of χ = 75◦.

case produces higher curvature because of the stronger mag-
netic field sweep-back due to the current flowing along field
lines. For R1/rL = 0.1, typical values at this emission height
are κc rL ≈ 2.4.

The behaviour of the curvature, κc, along the central mag-
netic field line is very different, as is shown in Fig. 5, in units
of 1/rL, for the VAC in blue and for the FFE in orange. The
curvature increases with distance to the star like r2 for the vac-
uum and like r1/2 for the FFE, as long as r � rL. This is
in contradiction with the radius-to-frequency mapping because
the high-frequency photons are produced at a higher altitude in
this picture. We therefore anticipate an opposite variation of the
radio pulse width between the core and the cone components,
as has been observed in some pulsars taken from the literature.

Fig. 5. Curvature of the magnetic axis for the VAC and the FFE. Values
are shown for an obliquity of χ = 75◦.

Indeed, Posselt et al. (2021) found a sample of pulsars showing
the opposite of the radius to frequency mapping (RFM) pre-
diction, which is a pulse width increase with frequency. Simi-
lar conclusions have been drawn by Johnston et al. (2008), who
claimed that almost one third of their sample disagrees with
RFM. Chen & Wang (2014) reported the same trend for about
20% of 150 pulsars analysed (see also Noutsos et al. 2015). For
a given frequency, the cone and core components emanate from
different altitudes. A last important point concerns the possi-
ble phase lag between radio pulses in different frequency bands.
Indeed, if emitted at different altitudes along the magnetic axis,
because of the increase in bent field lines, we should relate this
lag to the difference in altitude, as was already mentioned by
Phillips (1992). To this end, we plot the angle between the local
magnetic field at a radius, r, and the magnetic moment direction
for VAC and FFE, as is shown in Fig. 6. The difference between
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Fig. 6. Angle between the local magnetic field at radius r for points on
the central field line and the magnetic moment direction for the VAC
and the FFE. Values are shown for an obliquity of χ = 75◦.

VAC and FFE is significant, a factor of ten or more. Differences
in emission altitudes will not only impact the width of the pulse
profiles because of the increase in the radio cone beam opening
angle, but also the phase of their centre due to the magnetic field
sweep-back.

4.2. Broadband photon emission

From a theoretical point of view, in the pair cascade region above
the polar cap, current models predict two populations of pair
plasma flows: a primary beam of electrons and positrons with
a very high Lorentz factor and accelerated in the vacuum gap
potential drop to reach γb ≈ 106, and a secondary plasma of e±
pairs produced by cascades due to magnetic photo-disintegration
reaching Lorentz factors of γp ≈ 102 (Kazbegi et al. 1991;
Arendt & Eilek 2002; Usov 2002). In the partially screened gap
model of Gil et al. (2003), an ion outflow is allowed, with γion ≈

103. Electrons and positrons do not follow exactly the same dis-
tribution functions because of the parallel electric field screening
(Beskin et al. 1993). The pair multiplicity factor can reach val-
ues up to κ ≈ 104−105 (Timokhin & Harding 2019). This pair
plasma produces the observed radio emission, typically in the
MHz–GHz band, through curvature radiation (Mitra 2017).

On top of the primary and secondary beams, three different
sites produce photons at different energies. Radio emission is a
consequence of curvature radiation along open magnetic field
lines close to the polar caps. The Lorentz factors require it to
emit typically at a frequency of 1 GHz at a height of r/rL ≈ 0.1,
where the curvature is about κc rL = rL/ρc ≈ 30, are

γradio ≈ 57
(
νradio

1 GHz

)1/3
(

30 ρc

rL

)1/3

, (19)

which corresponds to the secondary plasma flow, as was
expected.

For the X-ray photons, we could either invoke synchrotron
radiation or curvature radiation. The particle Lorentz factor to
produce typically a 5 keV photon must be in either case

γsync ≈

(
2
3

ωsync

ωB sinψ

)1/2

≈ 1358
( EX

5 keV

)1/2 (
B
BL

)−1/2

(20a)

γcurv ≈

(
2
3
ωcurv ρc

c

)1/3

≈ 3.5 × 105
( EX

5 keV

)1/3 (
ρc

rL

)1/3

, (20b)

where ψ is the particle pitch angle with respect to the magnetic
field line and EX the photon energy. For the numerical value,

we used the most favourable pitch angle of ψ = 90◦. However,
synchrotron radiation is very unlikely because particles stay in
their fundamental Landau level up to the light cylinder.

If the X-ray photons are produced in regions with a similar
curvature to radio photons, then the particle Lorentz factor ratio
must be

γX

γradio
=

(
5 keV

h × 1 GHz

)1/3

≈ 1065, (21)

which corresponds to the primary beam, with a low Lorentz fac-
tor of about 104−5. Therefore, radio and non-thermal X-ray emis-
sion are produced by curvature radiation of the secondary plasma
(γb ≈ 100) and the primary beam (γp & 105), respectively. This
is consistent with the 1D particle distribution function of the
out-flowing relativistic plasma along open magnetic field lines.
Moreover, above a height of 0.5 rL, the sharp decrease in the cur-
vature, κc, shifts the photon energy to a lower band well below
1 keV. In addition, the particle density number drops due to the
divergent magnetic field geometry and the spherical expansion.

The reason why non-thermal X-rays are mostly produced
along the separatrix is twofold. First, the curvature radiation
power scales as the curvature squared, κ2

c , and the particle charge
squared, q2, such that

Pc =
q2

6 π ε0
γ4 c κ2

c . (22)

Because the curvature, κc, drastically decreases towards the
centre of the polar cap, the associated curvature power also
decreases, even faster than κc. This leads to a hollow cone model
reminiscent of the radio hollow cone model. Second, the particle
density number, ne, along the separatrix is high due to the electric
current required to support the transition layer between the open
field line region and the closed field line region. Moreover, the
current density decreases towards the centre for an inclined rota-
tor and vanishes for an orthogonal rotator (see Figs. 8 and 9 of
Pétri 2022b). Because the emissivity is proportional to the prod-
uct, ne Pc, we expect the light curve to be essentially formed
in the separatrix region, as is postulated in our model. Adding
some small resistivity to create a parallel accelerating electric
field would only slightly change the value of the curvature, κc,
and not impact the magnetic field within the magnetosphere. We
next link the above discussion to observations from the third pul-
sar catalogue (Smith et al. 2023), extracting some statistical sig-
nificance of the pulsar sub-populations.

5. Statistics of radio, X-ray, and γ-ray pulsars

In this section, we explore the statistics of detected γ-ray pulsars
seen also in radio and in X-ray. According to the latest update
of the third pulsar catalogue2, 297 γ-ray pulsars are listed (see
Table 1). Some of them are radio-quiet (q) or radio-loud (r),
some are seen pulsating in X-ray (x), some are part of a binary
system (b), and some are millisecond pulsars (m). The third pul-
sar catalogue of Smith et al. (2023) also reports the γ-ray time
lag, δ, and peak separations, ∆, which is useful for our statisti-
cal study. We added some pulsars detected in non-thermal X-rays
and reported by Coti Zelati et al. (2020) and Chang et al. (2023).
Graphical summaries of young and millisecond pulsars, respec-
tively, are given as Venn diagrams in Fig. 7 and in Fig. 8.

2 https://confluence.slac.stanford.edu/display/
GLAMCOG/Public+List+of+LAT-Detected+Gamma-Ray+Pulsars
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Table 1. Statistics of 297 γ-ray pulsars detected by Fermi/LAT.

PSR Normal Millisecond

151 146
r q mr mq

85 66 140 6
X-ray detection

51 16 16 0

Notes. The last line corresponds to those detected in X-ray. The different
letters, r, q, mr, and mq, stand for radio-loud, radio-quiet, millisecond,
and X-ray, respectively.

Fig. 7. Venn diagram of the normal pulsar population showing their
repartition in different wavelengths: radio-only in red, X-ray-only in
green, and γ-ray-only in blue. Other colours mean counts that the pul-
sars detected in at least two of these wavelengths.

Fig. 8. Same as Fig. 7 but for millisecond pulsars. The question mark
indicates that it was not possible to count these pulsars. No meaningful
counts for X-ray-only or radio-loud X-ray pulsars were found; these are
each indicated with a question mark (?).

5.1. Radio-γ-ray population study

Our aim is to check whether the detected γ-ray pulsar distri-
bution is compatible with an isotropic or uniform distribution
of magnetic obliquity, χ, and line-of-sight inclination angle, ζ,
assuming a striped wind model for γ-rays and a polar cap model
for the radio band. To this end, we performed Monte-Carlo sim-
ulations, throwing ten million random numbers, Z, uniformly
distributed in the interval [0, 1] for each angle, χ ∈ [0, π] and
ζ ∈ [0, π]. The isotropic angle distribution depicted by the ran-
dom variable, Θ, was then deduced by the change in the variable

Θ = arccos(Z), (23)

where Θ ∈ [0, π] is meant for either χ or ζ. The probability den-
sity function (p.d.f.) of both angles therefore follows a sin law

Fig. 9. γ-ray peak separation p.d.f. obtained from the observations (Obs)
of 3PC in green vs. the model prediction for an isotropic (Iso) obliquity
distribution in orange and a uniform (Uni) distribution in blue.

according to

p(Θ = θ) =
sin θ

2
; θ ∈ [0, π]. (24)

For a uniform distribution of obliquities, we chose an angle from
the distribution

Φ = πZ, (25)

the angle, ζ, remaining isotropic. This distribution would mimic
a tendency towards alignment of the pulsar obliquity. First, we
compared the distribution of the γ-ray peak separation, ∆, given
by Smith et al. (2023) to our simulated sample, knowing that a
simple relation exists between ∆, χ, and ζ, given by Pétri (2011)
as

cos(π∆) = | cot χ cot ζ |. (26)

Our algorithm is therefore straightforward. We threw ten mil-
lion instances of χ and, independently, ten million instances of
ζ from an isotropic or a uniform distribution in χ and deduced
∆ from Eq. (26). We restricted the separation to the interval
∆ ∈ [0, 0.5]. If the observed ∆ was larger than 0.5, we com-
puted 1 − ∆, because ∆ > 0.5 can be interpreted as ∆ < 0.5
if the order of the γ-ray peaks is inverted. Applying this trans-
formation, the results are summarised in the histogram of Fig. 9
showing the p.d.f.. The observations are depicted by green rect-
angles, whereas the simulated samples are depicted by orange
rectangles for an isotropic χ distribution and blue rectangles for
a uniform χ distribution. The agreement is satisfactory, although
we overestimated slightly the probability of a separation close to
half a period, ∆ ≈ 0.5, in both cases. A uniform distribution gives
however slightly better results.

In a previous work, Pétri & Mitra (2021) showed that the γ-
ray lag, δ, is related to the peak separation, ∆, by an approximate
relation such as

δ +
∆

2
≈ 0.46−0.5. (27)

For high line-of-sight inclinations, it becomes closer to 0.46.
We checked if this relation is satisfied in the 3PC pulsar cat-
alogue, for young and millisecond pulsars independently. The
results are shown in the histograms of Fig. 10. For the young
pulsar population, we observe a strong peak in the range of
0.25−0.5, and thus a time lag of about 0.1 less in phase than
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Fig. 10. Relation between time lag δ and peak separation ∆ as given by
Eq. (27) shown for the sample of young and millisecond pulsars from
3PC.

the one predicted by the force-free model. There is a systematic
effect that is missed in our description. This shift has already
been noticed by Pétri (2011). The millisecond pulsars show a
similar trend but are less peaked around 0.25−0.5 and the values
are more spread between 0.1 and 0.8. We do not expect mil-
lisecond pulsars to sharply follow Eq. (27) because this formula
assumes a dipolar field in the radio emission region, which is
not the case for this population. The NICER collaboration found
hotspots far from a geometry for a centred dipole. Off-centred
or even multipole components are favoured, as was found by
the studies of Riley et al. (2019) and Salmi et al. (2022). More-
over, Rigoselli & Mereghetti (2018) found absorption lines in
the spectrum of PSR B1133+16, interpreted as proton cyclotron
features, which thus implies multipolar components at the stel-
lar surface. Other hints are given by Schwope et al. (2022) for
J0659+1414, showing a complex variation in surface tempera-
ture that is also suggestive of the presence of a multipolar field.

This discrepancy can be explained by the fact that the high-
energy radiation is not directed radially forward but is subject to
a beaming in the direction of corotation that is not included in
our striped wind model. We show how this proceeds by assum-
ing particles moving at the speed of light along magnetic field
lines in the equatorial plane for an orthogonal rotator. The par-
ticle velocity is β = Ω ∧ r + α t, where t is the unit vector tan-
gent to the local field line. The angle between the radial direc-
tion and t is denoted by θ; thus, cos θ = er · t. Introducing a
local planar Cartesian coordinate system (O, x, y) with the ori-
gin, O, at the light cylinder where emission starts, the speed is
β2 = α2 − 2α sin θ + 1. For ultra-relativistic speeds, β . 1 and
α = 0 or α = 2 sin θ. The first solution must be rejected because
it corresponds to a straight line but the field line as swept back.
Thus, the second solution applies. The angle, φ, between the
particle velocity and the radial direction (the x axis) becomes
tan φ = vy/vx = cot(2 θ). The solution, therefore, is simply

φ =
π

2
− 2 θ. (28)

The angle, φ, introduces an additional time lag between radio
waves and γ-rays of φ/(2π) in phase. Observations require this to
be around 0.1; thus, φ ≈ π/5 and the magnetic field sweep-back
angle is θ ≈ 3π/20 = 27◦. We conclude that the magnetic field
line must bend counter-clockwise at 27◦ to account for this addi-
tional shift. This value is compatible with a force-free neutron
star magnetosphere. Variation in the bending leads to a spread
in the time lag. In order to check this idea in the general case,

Fig. 11. Quantity δ + ∆/2 for the pulsar wind particle velocity oriented
in the forward direction with an angle of 45◦ with respect to the radial
direction.

we computed new γ-ray light curves by orienting the velocity
vector in the forward direction with an inclination of 45◦ with
respect to the radial direction. The quantity δ + ∆/2 is shown in
Fig. 11, where it ranges from 0.32 to 0.42, which corresponds to
the peak in the histogram of Fig. 10. With a non-radial flow, the
agreement between observations and our model improves. The
fact that the particle velocity right outside the light cylinder must
be non-radial was already noticed by Contopoulos et al. (2020),
who found a decreasing azimuthal component and an increasing
radial component.

Next, we investigated the proportion of radio-loud and radio-
quiet γ-ray pulsars as well as γ-quiet pulsars. In order to decide
whether a pulsar would be seen in γ-rays or not, we computed
the quantity G = χ − |ζ − π/2| from Eq. (8). A positive value
of G means that the pulsar is visible in γ-rays. Figure A.8 shows
the p.d.f. of this quantity, G. By construction, the total area of
this histogram equals unity and the area delimited by G > 0
corresponds to the probability of detecting a γ-ray pulsar. We
find that this area is equal to 0.89; therefore, 89% of the pulsar
population should be seen as γ-ray pulsars.

Figure 12 shows the fraction of radio-only pulsars, γ-only
pulsars, and radio-loud γ-ray pulsars as a function of the radio
beam cone half-opening angle, ρ. The solid line represents the
results for an isotropic χ, whereas the dashed line represents
them for a uniform χ. Figure 13 shows the evolution of the frac-
tion of radio-loud γ-ray pulsars with one peak, two peaks, and
invisible pulsars (not detected in either radio or γ) as a function
of ρ. For a beam angle of ρ ≈ 25◦, half of the γ-ray pulsars are
detected in radio. Table 2 summarises the simulated pulsar pop-
ulation for isotropic and uniform obliquity distributions at dif-
ferent wavelengths. New γ-ray pulsars are still being discovered
in unassociated Fermi-LAT sources by recent surveys, like for
instance the Transients and Pulsars with MeerKAT (TRAPUM)
Large Survey Project (Clark et al. 2023) or the Einstein@Home
blind search survey (Wu et al. 2018). There also exist several
thousand unidentified γ-ray sources in the Fermi catalogue. A
significant fraction could be pulsars and the statistics discussed
in this work could evolve in the future.

A similar study can be conducted for the radio loudness. The
relevant quantities are N = |ζ − χ| and S = |ζ + χ− π|, according
to Eqs. (9) and (10). In fact, the condition N ≤ ρ is sufficient
because both p.d.f.s are almost identical. Figure A.7 shows the
p.d.f. of N only as this is sufficient to decide whether a pulsar
will be seen in radio or not. To complete, we need to fix the
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Fig. 12. Fraction of radio-only pulsars (r), γ-only pulsars (γ), and radio-
loud γ-ray pulsars (γ + r) as a function of the radio beam cone half-
opening angle, ρ. The solid line represents the results for an isotropic χ,
whereas the dashed line represents them for a uniform χ.

Fig. 13. Fraction of radio-loud γ-ray pulsars with one peak (γ+r)/γ and
two peaks (γ + 2r)/γ and fraction of invisible pulsars (not detected in
either r or γ). The solid line represents isotropic χ and the dashed line
uniform χ.

Table 2. Summary of simulated pulsar population for isotropic and uni-
form obliquity distributions.

Wavelength Isotropic Uniform

invisible 477.196 1.002.213
radio 594.977 813.714
γ-ray 8.927.827 8.184.073

Notes. The total number of pulsars in each column is 107 and the radio
beam opening angle is ρ = 26◦.

radio beam cone opening angle, ρ. The beam size depends on the
pulsar period and on the emission height. For young pulsars, this
height is constrained to lie around h ≈ 0.03−0.1 rL, according to
Mitra (2017) and to compiled data from Weltevrede & Johnston
(2008).

The period distribution of the millisecond and young pul-
sar show a bi-modal shape well separated and sharply peaked
around a mean value. The mean and median values are sum-
marised in Table 3. A typical young pulsar period is P = 150 ms.

Table 3. Mean and median period of MSP and young pulsars in the
Fermi catalogue.

Mean (ms) Median (ms)

MSP 3.3 2.9
Young 186 146

Notes. Values are given in ms.

The cone opening angle is therefore of the order

ρ ≈
3
2

√
h
rL
≈ (19−27) deg. (29)

From Table 1, we conclude that 85/151 ≈ 56% of the young γ-
ray pulsars are detected in radio. To get this percentage requires
ρ ≈ 24−28◦. This would correspond to an average emission
height of 8–11% of rL. For the millisecond pulsars (MSP),
140/146 ≈ 95% are detected as radio pulsars; almost all the
population of MSP. This is due to the fact that the radio beam
cone is much wider compared to young pulsars. This percent-
age requires a cone opening angle of ρ ≈ 108◦ associated with
an average emission height equal to a significant fraction of rL.
In this case, the magnetic field has significant multipolar com-
ponents and the expression for the cone width fails. We cannot
infer any height for the radio emission, except that it is produced
within the light cylinder, at a significant fraction of rL.

Pulse width comparisons are another important check for the
radio modelling. We used the data from Posselt et al. (2021).
Figure 14 shows the results of our model for an isotropic distri-
bution of magnetic obliquity χ, denoted by ‘Iso’, in orange, and
a uniform distribution denoted by ‘Uni’, in blue, compared to
the observations denoted by ‘Obs’, in green. For a better match
between our model and the observations, we took a radio emis-
sion cone opening angle of ρem ≈ 16◦, which is about 2/3 of the
radio cone beam width, ρ ≈ 24◦. We emphasise that these values
are average quantities and that obviously all pulsars do not pos-
sess the same radio beam geometry, some being larger and some
smaller than ρ ≈ 16◦. This scattering leads to a larger spread in
the pulse width histogram shown in Fig. 14. We advise the reader
to consult for instance the work of Dirson et al. (2022) for such
refinement, which is out of the scope of the present paper.

5.2. X-ray population study

The data about thermal and non-thermal X-ray emission from
pulsars are more scarce. No detailed catalogue exists, such as
those for radio or γ-rays. It is therefore difficult to get a precise
idea of the population of X-ray pulsars, especially those show-
ing pulsation in non-thermal X-rays. However, compiling data
from Chang et al. (2023) and Coti Zelati et al. (2020) gives some
hints about this particular population of pulsars. It is expected
that more γ-ray sources and pulsar candidates will be associated
with X-ray sources, as was revealed recently by Mayer & Becker
(2024) with the SRG/eROSITA satellite. The census presented
here therefore serves at most as a lower bound for the counting
of pulsars shining in non-thermal X-rays. Orders of magnitude
for the class of young and millisecond pulsars have been pre-
sented in Figs. 7 and 8.

To a first approximation, the population of X-ray pulsars
follows the same trend as the radio pulsars because the emis-
sion geometries built onto a magnetic dipole, if well inside the
light cylinder, are very similar. The highest emission altitude

A169, page 10 of 17



Pétri, J.: A&A, 687, A169 (2024)

Fig. 14. Pulse width, W10, at 10% maximal height for an isotropic dis-
tribution of magnetic obliquity χ, denoted as ‘Iso’, in orange, and a
uniform distribution denoted as ‘Uni’, in blue, compared to the obser-
vations denoted by ‘Obs’, in green.

determines the fraction of the sky illuminated by X-rays, and
therefore the fraction of pulsars detected in X-ray in addition to
radio and/or γ-rays. Consequently, we can use the same Figs. 12
and 13 to deduce the expected number of detections in pulsed X-
ray. The opening angle of the X-ray beam is much wider than the
radio beam, leading to a large fraction of pulsars seen simultane-
ously in X-ray and γ-rays. But this hypothesis cannot be tested
with high confidence because of the lack of an exhaustive census
of X-ray pulsations.

Millisecond pulsars are difficult to fit into the picture of a
dipolar field structure in the emission region. We therefore lim-
ited the X-ray expectations to the young non-recycled pulsar
population. The number of X-ray visible γ-ray pulsars is 44
for a total number of 151 γ-ray pulsars, and thus a fraction of
44/151 ≈ 0.29 = 29% of X-ray loud γ-ray pulsars. This would
correspond to an X-ray beam opening angle of ρX ≈ 15◦ and
a low emission height along the separatrix, close to the radio
emission site. We suspect that many pulsars should be detected
in X-ray but the current low statistics do not allow us to put reli-
able constraints on the non-thermal X-ray emission so far.

In order to reliably test the X-ray emission model in the cur-
rent state, a different approach must be undertaken. One possi-
bility is to resort to the fitting of individual pulsar X-ray light
curves, using geometrical constraints obtained from radio and
γ-ray profile fitting, as was done by Benli et al. (2021) and
Pétri & Mitra (2021). Young pulsars are the best targets because
of the dominant dipole field in the emission regions. Good can-
didates are therefore γ-ray pulsars from the 3PC, seen simul-
taneously pulsating in radio and X-ray. However, such a study
goes far beyond the scope of this paper, which is intended only
to study pulsars as a population, not individually.

6. Conclusions

Radio as well as γ-ray emission regions are well constrained to
be located above the polar caps for the former and in the current
sheet of the striped wind for the latter. Nevertheless, the origin of
the non-thermal X-ray radiation is less well established and only
very few, if any, reliable constraints have been settled with high
confidence. The comprehensive set of multi-wavelength pulse

profiles computed in this work serves as an efficient and pow-
erful tool with which to investigate and localise the X-ray pho-
ton production site by jointly fitting the radio pulse profile, the
γ-ray light curve, and the non-thermal X-rays. As an applica-
tion of the present work, in a subsequent paper, we will apply
this fitting technique to several radio-loud X- and γ-ray pulsars
and show how to reliably localise the non-thermal X-rays, like
for instance those of PSR J2229+6114, a pulsar bright enough
in X-rays. Moreover, based on the third pulsar catalogue, we
have been able to estimate an average radio emission altitude.
We show that the pulsar sub-populations of young and millisec-
ond pulsars are compatible with an isotropic distribution of mag-
netic obliquity and line-of-sight inclination angles, although an
evolution towards alignment is not excluded by our study.

This work is entirely based on geometrical effects to com-
pute the light curves. No mention has been made of the energet-
ics and dynamics of the charged particles evolving in this elec-
tromagnetic field, and only some guesses are provided. As the
force-free model cannot accelerate particles, it is difficult to esti-
mate the Lorentz factor and the radiation energy output of this
model. A good compromise between the ideal force-free flow
and the fully kinetic description of the magnetosphere would be
to investigate the resistive regime, allowing for a substantial par-
allel electric field able to accelerate particles to ultra-relativistic
energies. The multi-wavelength light curves would then depend
on a new independent parameter depicting a kind of resistivity if
an Ohm’s law is employed. This is left to a future work.
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Appendix A: Multi-wavelength atlas

Fig. A.1. Atlas of radio pulse profile for photons produced in the range
r/rL ∈ [0.1, 0.11]. The geometry is shown in the inset as brackets
{χ, ζ}.

In this appendix, we present several atlases of light curves in
radio, X-ray, and γ-ray. Fig. A.1 shows a sample of typical radio
pulse profiles when the emission height is set in the range r/rL ∈

[0.1, 0.11]. Two radio pulses are observed for almost orthogo-
nal rotators, as was expected. In these plots, even if the line of
sight does not intersect the radio cone, we plot the pulse profiles,
corresponding to the bottom left and top right of the figure. The
radio duty cycles appear therefore to be artificially wider because
the radio visibility condition (eq. (9) or eq. (10)) is not met.
Fig. A.2 shows the γ-ray light curves for different emission inter-
vals, in blue for the range r/rL ∈ [1, 2], in green for the range
r/rL ∈ [2, 3], and in red for the total interval, r/rL ∈ [1, 3]. We
observe a slight change in the profile shapes around the values
satisfying χ+ ζ ≈ π/2, corresponding to the line of sight grazing
the current sheet. In all other geometries, the profile is insensitive
to the distance. Two examples of X-ray light curves are shown in
fig. A.3 for an emission height in the range r/rL ∈ [0.1, 0.2] and
fig. A.4 for an emission height in the range r/rL ∈ [0.4, 0.5]. As

Fig. A.2. Atlas of γ-ray light curves when emission emanates from the
range r/rL ∈ [1, 2] in blue, in the range r/rL ∈ [2, 3] in green, and the
total r/rL ∈ [1, 3] in red. The geometry is shown in the inset as brackets
{χ, ζ}.

the extension of the emission region in X-ray is unconstrained,
we plotted the effect of stacking together several adjacent emis-
sion sites to obtain a set of possible pulse profiles, as is shown in
fig A.5 for an obliquity of χ = 45◦ and a line-of-sight inclination
of ζ = 44◦. Single and double peak structures are obtained with
a symmetric or an asymmetric shape. Such profiles must be fit-
ted to individual pulsars to extract useful information about the
X-ray emission mechanisms. Collecting the radio, X-ray, and γ-
ray pulse profiles, figure A.6 shows the multi-wavelength light
curves for an obliquity of χ = 15◦ and line-of-sight inclinations
of ζ = {10◦, 30◦, 50◦, 70◦, 90◦} with the legend format {χ, ζ, em},
where em can be r for radio, X for X-rays, or γ for γ-rays, in
solid red, green, and blue lines, respectively, in the first, second,
and third rows. Other examples for χ = 45◦ and χ = 75◦ are also
shown in the same figure ( A.6, middle panels and bottom panels,
respectively).

To decide whether a pulsar is visible in radio or γ-ray, we
plotted the p.d.f. for N in fig. A.7 and for G in fig. A.8 for
an isotropic and uniform distribution of magnetic obliquities, in
orange and blue, respectively.
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Fig. A.3. Atlas of X-ray light curves when emission emanates from the
range r/rL ∈ [0.1, 0.2]. The geometry is shown in the inset as brackets
({χ, ζ}).

Fig. A.4. Atlas of X-ray light curves when emission emanates from the
range r/rL ∈ [0.4, 0.5]. The geometry is shown in the inset as brackets
{χ, ζ}.
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Fig. A.5. Evolution of the X-ray profile with altitude and extension of the emission region for χ = 45◦ and ζ = 44◦. The legend shows the lower
and upper radii, {rin/rL, rout/rL}, respectively denoted by rin and rout, for the region of the separatrix emitting in X-ray. The upper rows show the
individual light curves that are progressively added together in the lower rows to the point where all are stacked to get only one possible light
curve, shown by the lowest row.
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Fig. A.6. Multi-wavelength light curves for χ = 15◦ in the top panel,
χ = 45◦ in the middle panel, and χ = 75◦ in the bottom panel, with
ζ = {10◦, 30◦, 50◦, 70◦, 90◦}. The legend is {χ, ζ, em}, where em stands
for the three energy bands as r for radio (red), X for X-rays (green), or
γ for γ-rays (blue).

Fig. A.7. Probability density function of N to decide for the pulsar radio
visibility, isotropic (Iso) obliquity distribution in orange and uniform
(Uni) distribution in blue. The fraction of radio pulsars detected depends
on the radio beam half-opening angle ρ.

Fig. A.8. Probability density function of G to decide whether the pulsar
is visible in γ-ray or not, isotropic (Iso) obliquity distribution in orange
and uniform (Uni) distribution in blue. The region G > 0 separates the
pulsars visible in γ-ray from those invisible G < 0. G is given in degrees
(deg).

Appendix B: Dipolar coordinate system

Fig. B.1. Dipolar curvilinear coordinate system showing lines of con-
stant ψ (red lines) and lines of constant ρ (blue lines). These coordinates
are orthogonal.

Around a star whose field close to the surface is essentially dipo-
lar, it is useful to choose a coordinate system, following the
geometry of the magnetic field lines. Starting from the spheri-
cal polar coordinates (r, θ, φ) with a natural basis (er, eθ, eφ), we
introduce the new coordinates (ρ, ψ, φ) and an associated natural
basis (eρ, eψ, eφ) defined by

ρ =
cos θ

r2 ; ψ =
r

sin2 θ
; φ = φ. (B.1)

The spherical radius, r, is found implicitly by solving the fourth-
order polynomial

ρ2 ψ r4 + r − ψ = 0 (B.2)

and the angle according to cos θ = ρ r2. The coordinate system is
shown in a meridional plane in fig. B.1. The determinant of the
Jacobian matrix,

J =

(
∂rρ ∂θρ
∂rψ ∂θψ

)
, (B.3)
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is

detJ =
δ2

r2 sin3 θ
, (B.4)

with δ =
√

3 cos2 θ + 1. The vectors of the natural basis are

eρ = −
2r3 cos θ

δ2 er −
r2 sin θ
δ2 eϑ (B.5a)

eψ =
sin4 θ

δ2 er −
2 cos θ sin3 θ

r δ2 eϑ (B.5b)

and the inverse relations

er = −
2 cos θ

r3 eρ +
1

sin2 θ
eψ (B.6a)

eϑ = −
sin θ
r2 eρ −

2r cos θ
sin3 θ

eψ. (B.6b)

This basis is orthogonal and the metric gik diagonal with

gρρ = h2
ρρ =

r6

δ2 (B.7a)

gψψ = h2
ψψ =

sin6 θ

δ2 (B.7b)

gφφ = h2
φφ = r2 sin2 θ, (B.7c)

the surface element is

dS ik =
√
gii gkk dxi dxk, (B.8)

and the volume element

dV =
r4 sin4 θ

δ2 dρ dψ dφ. (B.9)

Finally, defining the orthonormal basis relations between
(er̂, eθ̂, eφ̂) and (eρ̂, eψ̂, eφ̂), we get

eρ̂ = −
2 cos θ
δ

er̂ −
sin θ
δ

eθ̂ (B.10a)

eψ̂ =
sin θ
δ

er̂ −
2 cos θ
δ

eθ̂ (B.10b)

eφ̂ = eφ̂. (B.10c)

Particle are obliged to move along field lines defined by the sep-
aratrix surface. This corresponds to a motion with a fixed value
for ψ and φ. This means that they move along the direction given
by ∂/∂ρ, and thus along the unit vector, eρ̂. Photons are emitted
in the radially outward direction, t, such that t · er̂ > 0, implying
that

t =

{
−eρ̂ for θ ≤ π/2
+eρ̂ for θ > π/2.

(B.11)

For the aligned rotator, the separatrix is defined by rsep =

rL sin2 θ and emission starts at an altitude of he; thus, sin θe =√
he/rL. A photon emitted at the position (re, θe, φe) will propa-

gate in a direction with colatitude θx such that cos θx = tz = t ·ez.
Explicitly, we find

tz =
3 cos2 θe − 1√
3 cos2 θe + 1

=
2 − 3 he/rL
√

4 − 3 he/rL
. (B.12)

Photons are produced between an emission height of h1 and h2 >
h1. The observer will therefore detect X-rays if his line of sight,
ζ, lies in the range spanned by the photon emission angle, θx;
that is, ζ ∈ [θ1

x, θ
2
x], with

cos θi
x =

√
1 − hi/rL with i ∈ {1, 2}. (B.13)

For an oblique dipole, we followed the same reasoning and
rotated the Cartesian coordinate system to align the new z axis
with the magnetic moment axis, and thus perform a rotation of
angle, χ, along the x axis with the rotation matrix

R =

1 0 0
0 cos χ sin χ
0 − sin χ cos χ

 . (B.14)

The photon propagation direction in the upper hemisphere case
becomes

δ t = 3 cos θe sin θe (cos φe ex + sin φe ey) + (3 cos2 θe − 1) ez.

(B.15)

The z component is

tz =
(3 cos2 θe − 1) cos χ − 3 cos θe sin θe sin φe sin χ√

3 cos2 θe + 1
. (B.16)

The lower and upper bounds for this component are

t±z (θe, χ) =
3 cos θe cos(θe ± χ) − cos χ√

3 cos2 θe + 1
(B.17a)

= cos(χ ± arccos t±z (θe, 0)) = cos(χ ± θx). (B.17b)

Consequently, the photon emission direction when starting at
position θe for an oblique rotator with obliquity χ stays between
the two extremal values,

θ±x (χ) = χ ± θx(0). (B.18)

This formula was expected, since the X-ray half-opening angle
is θx and the cone is centred around the magnetic axis. This defi-
nition is exactly the same as for the radio emission cone opening
angle; namely,

θx(0) = θe + arctan
( tan θe

2

)
. (B.19)

The X-ray visibility will therefore mimic the radio visibility con-
dition, the only difference being the size of the emitting cone
because of the varying emission altitude postulated in X-rays.
We emphasise that this view is correct for a static dipole, and
thus restricted to altitudes of at most a fraction of the light cylin-
der. High altitude emission will significantly deviate from the
above guess.
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