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Self Consistent Modeling of Relativistic Runaway Electron
Beams Giving Rise to Terrestrial Gamma‐Rays Flashes
P. Gourbin1 and S. Celestin1

1LPC2E, University of Orleans, CNRS, Orleans, France

Abstract Terrestrial Gamma Ray Flashes (TGFs) are short bursts of gamma rays occurring during
thunderstorms. They are believed to be produced by Relativistic Runaway Electron Avalanches (RREAs). In this
paper, we present a new numerical model based on the Particle‐In‐Cell (PIC) method to simulate the interactions
between the electromagnetic fields and the electron avalanche self‐consistently. The code uses a cylindrical Yee
lattice to numerically solve the electromagnetic fields, a Monte Carlo approach to simulate collisions with air
molecules, and a plasma fluid model to calculate the effects of low‐energy electrons and ions. The model is first
tested through the reproduction of dispersion relations in a hot plasma. RREAs propagating under a homogeneous
background electric field are then simulated.Owing to the self‐consistent nature of this description,we report here
new physical properties such as saturation processes in the electron density and in the number of high‐energy
electrons, detailed dynamical screening of the electric field in the ion trail of the avalanche, and the associated
electric currents.We find that the saturation ofRREAs is obtainedwhen the numbers of high‐energy electrons and
photons is consistent with those believed to be representative of TGF sources.

1. Introduction
Terrestrial gamma‐ray flashes (TGFs) are short bursts of gamma‐rays produced in thunderstorms by avalanches
of very energetic electrons called Relativistic Runaway Electrons Avalanches (RREAs). The initiation and
sustainability of these energetic electron avalanches is still debated, as they require strong electric fields to
accelerate electrons to the runaway regime (∼2.8 · 105 V/m, Dwyer et al., 2012), and a substantial number of these
energetic electrons to eventually lead to an emission with the intensity of a TGF (∼1018 photons with high energy
≥1 MeV at the source). Two mechanisms have been considered to produce avalanches conducive to TGFs. One is
the Relativistic Feedback Mechanism (Dwyer et al., 2012), that relies on the emission of X‐rays and energetic
positrons triggering successive avalanches, to sustain the process until the required number of particles is reached.
The other is the thermal runaway electron mechanism taking place in streamer discharges and forming RREAs
ahead of a leader (Celestin & Pasko, 2011), also called leader‐based mechanism, which depends on the propa-
gation of leaders during lightning: the strong electric field and great number of electrons at the tip of a leader could
be sufficient to initiate an avalanche large enough to produce a TGF (Celestin et al., 2015).

However, recent observation of radio emissions help understand this process better. They have been observed in
association with TGFs over a large frequency range: Energetic In‐cloud Pulses (EIPs) (peak‐current >150 kA,
duration ∼50 μs (e.g., Lyu et al., 2016; Tilles et al., 2020)), slow LF pulses (duration of 50–100 μs, frequency
frequency 3–300 kHz) (e.g., Pu et al., 2019) and VHF emissions (30–300 MHz) (e.g., Lyu et al., 2018). In addition
to optical emissions (e.g., Heumesser et al., 2021; Skeie et al., 2022), these radio emissions may provide critical
information on the formation of TGFs, and how RREAs are produced.

While many models have simulated accurately the RREA (e.g., see Berge et al., 2022; Dwyer, 2021), and many
key features are now known, none have modeled the full interactions between electromagnetic fields and par-
ticles. All these radio observations have yet to be reproduced numerically, and full self‐consistency was never
realized in particle description coupled with electromagnetic fields.

In this article, we describe a new approach of the problem using for the first time in this context a fully hybrid,
relativistic, self‐consistent Finite Difference Time Domain (FDTD) model, coupling the electromagnetic Particle‐
in‐Cell (PIC) method with a Monte Carlo code. In the next part, we detail the structure of the models and methods
used, and provide test results to check the ability to model a plasma. In the third part, we describe the simulation
results for the case of RREAs obtained using different assumptions on seeding, and report interesting unforeseen
features. In the last part, we discuss and interpret the results.
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2. Methods
The main originality of the model is in the coupling between a Monte Carlo method to keep track of collisions and
their effects, with a electromagnetic particle‐in‐cell (PIC) model to obtain a fully relativistic self‐consistent
description. This section provides a description of the main components of the model.

2.1. Monte Carlo Model

In order to keep track of the dynamics of electrons in air in a causal fashion, we use a null‐collision‐technique
Monte Carlo model based on that developed by Celestin and Pasko (2011). The model is 3‐dimensional in
configuration space, 3‐dimensional in velocity space, fully relativistic, and is able to simulate the dynamics of
electrons in air over an energy range going from sub‐eV to hundreds of MeVs. The air is asummed to be made of
80% nitrogen and 20% oxygen.

Following Moss et al. (2006), 23 excitation collisional processes are taken into account for N2 (rotational,
vibrational, and electronic) and 11 for O2 including also dissociative processes. The only difference with Moss
et al. (2006) is that the dissociation of the oxygen molecule into O(3P) and O(3S) with a threshold of 14.7 eV is not
taken into account in the model. It is expected to play only a minor role. At energies greater than∼1 keV, which is
the energy range of interest in the present study concerning the Monte Carlo model, excitation cross sections are
extrapolated logarithmically. Moreover, as angular scattering differential cross sections are not readily available
for all excitation processes, the direction of electrons' momenta after excitation collisions is assumed identical to
that in the case of elastic scattering (see below). It is worth noting that excitation processes only have an overall
minor role in the dynamics of high‐energy electrons and are of rather low‐probability compared to ionization and
elastic collisions. They are described here for the sake of completeness as the model can be used over an energy
domain extended to lower energies.

The dynamics of >1 keV electrons in air is dominated by ionization and elastic collisions. Ionization is modeled
through the use of the relativistic binary‐encounter‐Bethe (RBEB) model to obtain an orbital‐based analytical
singly differential cross sections (DCS) (Kim et al., 2000). It is conveniently integrable analytically and does not
need adjustable parameters as it only requires orbital kinetic energies and binding energies of target electrons
(Hwang et al., 1996; Santos et al., 2003). The RBEB model provides a seamless coverage over the whole energy
domain for primary and secondary electrons well‐suited for the description of RREAs (e.g., see Celestin &
Pasko, 2010; Celestin et al., 2015; Xu et al., 2015). The direction of the secondary electron's momentum is
obtained from the conservation of energy and momentum (e.g., see Celestin & Pasko, 2010).

We use the inverse transform sampling of the DCS to tabulate the energy of secondary electrons as a function of a
uniformly distributed random number for all primary electron energies (Moss et al., 2006, Equation 22). How-
ever, the ionization DCS shows strong dynamics over the broad energy range of interest and a linear sampling of
secondary energies would require an enormous number of points to obtain a sufficient resolution. To avoid it, we
empirically found that the following non‐linear sampling of the DCS integral was well‐suited:

IDCS (εs) =
1

σi (εp)
∫

εs

0

dσ(εp,εs)
dεs

dεs (1)

JDCS (εs) = − log(1 − IDCS (εs)(1 − ϵ)) (2)

where dσ(εp,εs)dεs
dεs is the ionization DCS, σi(ɛp) is the total ionization cross section, and ϵ is set to a value of 10− 10 to

avoid the argument of the logarithm to reach exactly one. It is now JDCS(ɛs) that we sample linearly overNR values
(in the present case we use NR = 10, 000, which has proven to be sufficient). Using a random number Rεs uni-
formly distributed between 0 and 1, the energy index of the secondary electron is then found by taking the integer
part of:

− log(1 − Rεs(1 − ϵ))NR (3)

Although ionization collisions drive the electrons' linear energy loss, elastic collisions significantly impact their
dynamics in phase space (e.g., Dwyer, 2010). Below 500 eV, we use differential cross sections obtained
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experimentally in N2 (Kambara & Kuchitsu, 1972; Shyn et al., 1972). The differential cross section for O2 is
assumed identical (for more details on the comparison of angular scattering between N2 and O2 at low energy, see
Moss et al. (2006), Figure 3, and references therein).

For high‐energy electrons (>500 eV) we consider that elastic scattering from molecules is similar to elastic
scattering by atoms. Assuming that the electric potential of the nucleus and the atomic electrons result in a
screened Coulomb potential, one can show that the angular differential cross section has the following form
(Carron, 2006; Dwyer, 2007):

dσe

dΩ
=

1
4
(
Zre
β2γ

)

2 1 − β2 sin2 (χ/2)

(sin2 (χ/2) + ℏ2
4p2a2)

2 (4)

where χ is the scattering angle, dΩ is the corresponding differential solid angle, Z is the atomic number (i.e., Z= 7
for nitrogen and Z = 8 for oxygen), re is the classical electron radius, p is the electron momentum, and a is the
atomic screening radius. For the sake of comparison with previous works, we use a ≃ 1.3413Z− 1/3a0, where a0 is
the Bohr radius, which is the same value as that used in Dwyer (2007).

In Monte Carlo simulations, the scattering angle χ after one collision is calculated through a uniformly distributed
random number Rχ between 0 and 1, by finding χ so that:

Rχ =
2π
σa

e(ε)
∫

χ

0

dσe

dΩ
sin χ dχ (5)

where σa
e(ε) = 2π∫π0

dσe
dΩ sin χ dχ is the total elastic cross section for nitrogen or oxygen atoms. Equation 5 may be

solved numerically by pre‐tabulating Rχ. However, high‐energy electrons being much more forward‐scattered
than low‐energy electrons, the corresponding sampling would have to be performed cautiously. Instead, it is
possible to obtain an accurate solution of Equation 5 through analytical considerations and this is the method
we use.

Let A = 1
4(
Zre
β2γ)

2
and B = ℏ2

4p2a2 , plugging Equation 4 in 5, one can integrate analytically Equation 5. One finds:

Rχ =
4πA
σe(ε)

(− β2 ln X −
2(Bβ2 + 1)

X
+ β2 ln(2B) +

Bβ2 + 1
2B + 1

) (6)

where X= 2B − cos χ+ 1. To solve directly this equation for X, and then for χ, one could use the inverse function
of f(W) = W exp(W), where W is named the Lambert W‐function. However, the Lambert W‐function is un-
common and its use is not necessary in this context as one can make the following approximations. Over the
energy range of interest, the term varying as ∼(Bβ2 + 1)/X in Equation 6 is always dominant over the term in ∼β2

ln(X ), and Bβ2 ≪ 1. Hence, one gets:

X =

⎛

⎜
⎜
⎜
⎝

− 4
σa

e (ε)Rχ
2πA − 2β2 ln(2B) − 2β2 − 2

B

⎞

⎟
⎟
⎟
⎠

(7)

The scattering angle χ can be calculated from Rχ through the following formula:

χ = arccos

⎛

⎜
⎜
⎜
⎝

4
σa

e (ε)Rχ
2πA − 2β2 ln(2B) − 2β2 − 2

B

+ 2B + 1

⎞

⎟
⎟
⎟
⎠

(8)

Note that this method, although very accurate, is an approximation and the domain of validity for 0 < Rχ < 1 is not
fully covered. The following condition has to be added: if the argument of the arccosine on the right‐hand side of

Journal of Geophysical Research: Space Physics 10.1029/2023JA032278

GOURBIN AND CELESTIN 3 of 25

 21699402, 2024, 5, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023JA

032278 by C
ochrane France, W

iley O
nline L

ibrary on [18/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Equation 8 is found to be lower than − 1, then χ is set to exactly π. The highest probability of occurrence of the
latter condition is reached for electrons with energy ∼3 keV, and corresponds to only 1.33 times over 100,000
elastic collisions on average. For electrons with energies 1 and 10 MeV, the occurrence rates are 1.55 over 1
million and 3.2 times over one hundred million, respectively.

One can calculate the total elastic scattering cross section through the integration of Equation 4:

σa
e(ε) = 2π∫

π

0

dσe

dΩ
sin χ dχ (9)

One finds:

σa
e (ε) = 2πA(− 2β2 ln(2) +

2(Bβ2 + 1)
B(B + 1)

) (10)

which is the elastic scattering cross section for nitrogen or oxygen atoms. When calculating the probability of
elastic collisions of high‐energy electrons with nitrogen or oxygen molecules the molecular cross section should be
used: σm

e (ε) ≃ 2σa
e (ε). In addition, for the calculation of the total elastic scattering cross section using Equation 10,

from which the collision probability in the Monte Carlo code is found, we use the classical screening radius in the
Thomas‐Fermi model: a ≃ 0.885Z− 1/3a0. Indeed, comparisons of the total elastic scattering cross section given by
Equation 10 with the Evaluated Electron Data Library (EEDL) (Cullen et al., 1991) at different energies for ni-
trogen atoms and with (Itikawa, 2006, Table 3) at 1 keV for nitrogen molecules (using σm

e (ε) ≃ 2σa
e (ε)) have

showed a very good agreement for this magnitude of the screening radius in the elastic cross section.

2.2. Electromagnetic PIC Model

One of the difficulties of simulating plasmas is to correctly describe the electromagnetic interactions between
charged particles. The simplistic solution would be to compute at each timestep all the Coulombian interactions
produced by each particle on all the other particles (i.e., solving the N‐body problem), but this quickly becomes
unbearable when the number of particles becomes relatively high. The PIC method proposes another solution:
particles move freely according to the relativistic equations of motions, but the electromagnetic field they create is
described and updated over a grid, and is then recomputed onto the particle location via an interpolation tech-
nique. The computation gains come from the fact that the number of grid points can be strongly limited and each
particle handled in simulations actually represent a great number of real particles (electrons in the present work).
This is made possible through a careful discretization of Vlasov equation into characteristic curves resulting in the
trajectories of these “macro‐particles” or “computer‐particles” in phase space.

The use of electromagnetic particle‐in‐cell code to model and simulate plasmas is described in Birdsall and
Langdon (1991) and Hockney and Eastwood (1966) (see also the remarkably clear description given by
Lehe (2014)) The method relies on solving Maxwell's equations, that will be used to update the electric and
magnetic fields at each time step. Our model is a cylindrical axisymmetric implementation of the PIC method. We
identify four steps in a cycle of the PIC code:

• Interpolation of fields onto the particles (Section 2.2.3)
• Update of the particle positions using the relativistic equation of motion (Section 2.2.1)
• Assignment of the particles charges and currents on the grid (Section 2.2.3)
• Update of the electromagnetic fields using Maxwell's equations (Section 2.2.2)

We detail these different steps in the following sections.

2.2.1. Equation of Motion of the Electrons

Describing the particle movements is straightforward, as we simply use the equations of motion, in the following
form:

dpi
dt
= qe (E + vi × B) (11)
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dxi
dt
=

pi
γme

(12)

γi =
1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − |vi |2
c2

√ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + |pi|2

(mec)2

√

(13)

where E is the electric field, B the magnetic field, qe the particle charge, vi, pi and xi are respectively the particle i
velocity, momentum, and position vectors, me the particle mass, and γi the Lorentz factor. The use of relativistic
equations is required here, as the typical electron speed in a relativistic avalanche is around 0.9c, with c the speed
of light in vacuum. To discretize the equations, we use the relativistic Boris algorithm, as the naive approach
results in breaking energy conservation and introduces significant errors on the cyclotron frequency. We first
define ηi = qe|B

n+1|Δt/(2γime). The Boris algorithm computes the momentum as follows:

pn+1
xyz,i = p

n
xyz,i −

qeΔt
2

(En+1
xyz,i + F

n+1
rad,i ⋅

pnxyz⃒
⃒pi

⃒
⃒
) (14)

p∗
xyz,i = p

n+1
xyz,i +

1
|Bn+1|

tanηi ⋅ (pn+1
yzx,i B

n+1
zxy,i − p

n+1
zxy,i B

n+1
yzx,i) (15)

pn+1
xyz,i = p

n+1
xyz,i +

1
|Bn+1|

2 tanηi
1 + tan2ηi

(p∗
yzx,i B

n+1
zxy,i − p

∗
zxy,i B

n+1
yzx,i) (16)

pn+1
xyz,i = p

n+1
xyz,i −

qeΔt
2

(En+1
xyz,i + F

n+1
rad,i ⋅

pn+1
xyz⃒
⃒pi

⃒
⃒ )

(17)

where xyz is either x, y, or z, i is the index of the electron, n is the time index, Ei, Bi and Frad,i are respectively the
interpolated electric and magnetic field at the location of particle i and the continuous radiative friction applied on
this particle. In the present model, the production of individual photons does not affect the dynamics of the
particles and this is why a radiative friction is included (especially for electrons with energies >10 MeV). It is
taken from Berger et al. (2005). We then update the velocity and position:

vn+1
xyz = p

n+1
xyz /(γme) (18)

xyzn+1 = xyzn + vn+1
xyz Δt (19)

2.2.2. Computation of the Electromagnetic Field

The electromagnetic field is computed using a finite‐difference time‐domain (FDTD) scheme on a grid at each
timestep using the following Maxwell‐Faraday and Maxwell‐Ampere equations:

∂B
∂t
= − ∇ × E (20)

∂E
∂t
= c2 (∇ × B − μ0 J) (21)

where c is the speed of light in vacuum, μ0 the permeability of free space, and J is the conduction current density.
This current density, as well as the particles densities and charge density are all computed on the same numerical
grid as that used for the electromagnetic field. The current density J is calculated through summation of the
current assigned onto the grid from computer particles (see Section 2.2.3) and the current densities of ions and
low‐energy electrons calculated using fluid equations (see Section 2.3).

To initialize the field, we use the Maxwell‐Gauss equations:
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∇ ⋅E =
ρ
ε0

(22)

∇ ⋅B = 0 (23)

with ɛ0 the permittivity of free space and ρ the charge density. In practice, the electric field is initialized with a
Poisson equation, and a homogeneous field is added in the cases presented in this article. The magnetic field is
initialized as equal to 0 on the whole domain. Equations 22 and 23 are considered as initial conditions if charge is
conserved. If they are true at instant t= 0, they remain true at all instants, provided that the continuity equation for
the charge is verified:

∂ρ
∂t
+∇ ⋅ J = 0 (24)

It is hence critical that the numerical model ensures that the charge of the system is preserved (see Section 2.2.3),
otherwise a Poisson equation corrector has to be implemented to establish consistency between the electric field
and the charge density (Birdsall & Langdon, 1991, Section 15.6).

The grid used is a Yee lattice, meaning a combination of two grids, one for the cells themselves, or cell centers,
and another for the interfaces. The grids are staggered from one another, and thus two sets of coordinates are used.
Different properties represented on the grid are placed at different positions relative to the cell centers, which
allows for consistency when, for example, updating the magnetic field at a point requires to know the rotational of
the electric field at this point. The form of the grid used, as well as the different field components, are shown in
Figure 1.

Because of the axisymmetry of the model, we can restrain the computation of the different fields to the derivation
of the components represented in Figure 1. If we assume the distance between two cell‐centers is equal to Δz
(resp. Δr), the distance between a cell center and its interfaces is Δz

2 (resp. Δr
2 ). On this grid, the discretization for

the electric field then goes as follows:

Ern+1
i,j+1/2 = Er

n
i,j+1/2 − c

2Δt(
Bθn+1/2

i+1/2,j+1/2 − Bθ
n+1/2
i− 1/2,j+1/2

Δz
+ μ0 Jr

n+1/2
i,j+1/2) (25)

b1i+1/2,j = RIGj+1/2Bθi+1/2,j+1/2 − RIGj− 1/2Bθi+1/2,j− 1/2 (26)

Ezn+1
i+1/2,j = Ez

n
i+1/2,j + c

2Δt(
b1i+1/2,j
RGjΔr

− μ0 Jz
n+1/2
i+1/2,j) (27)

Figure 1. Representation of a cylindrical Yee lattice. The solid black lines represent the cell‐centered grid, while the dashed
black lines represent the interface grid. The interface grid is indexed using “half‐coordinates” (+1/2). The different
components of the computed fields are represented in red at their respective position on the lattice. The charge density ρ is
scalar, and computed on cell centers. The components of the current density Jr and Jz are positioned at the interfaces.
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where Ez and Er are the z and r components of the electric field, Jz and Jr the z
and r components of current density, Bθ is the θ component of the magnetic
field, RG and RIG are arrays with the r coordinates of respectively cell‐
centers and interfaces. b1 is an intermediate variable, and is not used
elsewhere.

The magnetic field is also staggered in time compared to the electric field,
which must be taken into account in the Maxwell equations. The general form
of the magnetic field equation excluding boundaries is:

Bθn+1/2
i,j = Bθn− 1/2

i,j + Δt(
Ezni,j − Ez

n
i,j− 1

Δr
−
Erni,j − Erni− 1,j

Δz
) (28)

It should be noted that the staggering in time must be taken into account in the
particle movement as the particles move over integer timesteps. To do that,
we average Bθn− 1/2 and Bθn+1/2 to have the magnetic field at time nΔt.

2.2.3. Assignment of Charges and Currents and Field Interpolation

The passage from the particles to the cells of the grid is the core of the
particle‐in‐cell method, and must be handled carefully, especially regarding
charge conservation.

For the charge assignment, a first order scheme called cloud‐in‐cell (CIC) is used. The scheme is widespread in
PIC‐type simulations and described in Birdsall and Langdon (1991) and Hockney and Eastwood (1966). On a 2‐D
grid, the idea is to distribute the charge among the four nearest cells by multiplying it with what is called a shape
factor: each cell has its factor, which is comprised between 0 and 1, and the sum of the four factors is equal to 1.
Graphically, the particle can be represented on a 2‐D grid as a uniformly distributed “cloud,” that is separated into
four “sub‐charges,” as shown in Figure 2.

If we name the cells (i, j), (i + 1, j), (i, j + 1), and (i + 1, j + 1) respectively 1, 2, 3, and 4, we can describe each
shape factor by the following formula:

Sk =
1

ΔzΔr
zloc
k rloc

k (29)

where k is the cell index equal to 1, 2, 3 or 4, Sk is the shape (or form) factor, Δz and Δr are the interval between
cells respectively in the z and r direction, as shown in Figure 2, and zloc

k and rloc
k are respectively the local co-

ordinates of the particle relative to the corresponding cell. We can write them as such:

zloc
1,3 = zi + Δz − zp = zi+1 − zp (30)

zloc
2,4 = zp − zi (31)

rloc
1,2 = rj + Δr − rp = rj+1 − rp (32)

rloc
3,4 = rp − rj (33)

where (zp, rp) is the absolute position of the particle in the simulation domain, and (zi, rj) are the coordinates of the
corresponding cell.

The contribution of particles on the charge density assigned to each cell is the shape factor multiplied by a “local”
charge density nk =

qp
Vcellk

:

ρk = nkSk (34)

Figure 2. Deposition of the charge of one particle onto the grid. The solid
lines represent the “cell grid.” The dashed lines represent the “interface
grid.” The square around the particle has the dimensions of one cell. The four
areas that form the square are used to attribute the values of the four form
factors that are to be used to assign the charge to the four marked cells.
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where qp is the particle charge and Vcellk the volume of a cell. In a 2‐D Cartesian grid, Vcellk is usually constant.
However, in the case of our cylindrical axisymmetrical grid, each cell is a torus of revolution with a square section
ΔzΔr and a width depending on the position of the cell on the r‐axis. If 0 ≤ rj ≤ Δr

2 , then the shape of the cell is a
cylinder. To take into account this geometry when computing the charge density, we use a different volume for
each coordinate j on the r‐axis:

Vcell( j) = πΔz( r2j+1 − r
2
j ) (35)

As said previously, the same scheme will be used to interpolate the field on the particle. Note that when inter-
polating the magnetic field on the particles, we take the average of Bn− 1/2 and Bn+1/2 to obtain the value Bn at the
current timestep nΔt before making the interpolation. The fields applied to the particle will be the sum of the fields
at each of the four nearest cells multiplied by the corresponding shape factors so as to avoid the introduction of
spurious self‐forces. Indeed, the PIC methods separates the calculation of particle motion and the evolution of
fields. The fields are therefore not necessarily physically consistent with the position and motion of particles and
spurious behaviors such as a particle exerting a force on itself, the so‐called self‐force, as well as other in-
consistencies can occur. To avoid such problems, the shape factor used for charge and current density assignment
to the grid simply needs to be the same as that used for the field interpolation (Hockney & Eastwood, 1966). It can
be proven that in this case, self‐forces and other inconsistencies cancel out. For this reason, the search for typical
inconsistencies is a convenient way to sanity‐check PIC simulation codes.

However, we can demonstrate that a current assigned though the CIC scheme does not automatically verify the
continuity equation (e.g., see Lehe, 2014). Let us consider a 1D‐grid with a cell size of Δz on which a particle of
charge qp is moving. The timestep is Δt. We use the cloud‐in‐cell assignment scheme for both the charge and the
current density. The shape factor S(z − zp) is therefore expressed as 1 − |z− zp|

Δz for |z − zp| < Δz and 0 otherwise,
with z the position of the point being assigned, and zp the particle position. The situation from t = nΔt to
t = (n + 1)Δt is represented in Figure 3.

To validate our scheme, we need to verify that the charge is conserved over all cells. Particularly, we can express
charge conservation on the cell‐center of position kΔz as follows:

ρn+1
k − ρnk

Δt
+
Jzn+1/2
k+1/2 − Jz

n+1/2
k− 1/2

Δz
= 0 (36)

We can express ρ and Jz:

Figure 3. Representation of the movement of a particle at position zp on a 1D‐grid. The green area represents the shape of the
cloud of the particle. On the grid are represented the cell‐center positions (k′Δz) on which are computed the charge density
ρn′k′ and the interface positions ((k′ + 1/2)Δz) on which are computed the current density Jzn′+1/2

k′+1/2 .
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ρnk =
qp
Δz
S( kΔz − znp)

=
qp
Δz

(1 −
kΔz − znp

Δz
)

(37)

Jzn+1/2
k− 1/2 =

qp
Δz
vn+1/2
z (1 −

(k − 1/2)Δz − zn+1/2
p

Δz
) (38)

Jzn+1/2
k+1/2 = 0 (39)

with vn+1/2
z =

zn+1
p − znp

Δt and zn+1/2
p =

znp + zn+1
p

2 .

We can write the two terms of the continuity equation:

ρn+1
k − ρnk

Δt
=

qp
ΔzΔt

(1 −
kΔz − zn+1

p

Δz
− 1 +

kΔz − znp
Δz

)

=
qp

Δz2Δt
( zn+1
p − znp)

(40)

Jzn+1/2
k+1/2 − Jz

n+1/2
k− 1/2

Δz
= 0 −

qp
Δz
vn+1/2
z (1 −

(k − 1/2)Δz − znp
Δz

)

= −
qp

ΔzΔt
( zn+1
p − znp) (1 − k +

1
2
+
zn+1/2
p

Δz
)

= −
qp

Δz2Δt
( zn+1
p − znp) ((

3
2
− k)Δz + zn+1/2

p )

(41)

As we can see when we compare Equations 40 and 41, the sum of the two is not equal to 0 in all cases. Therefore,
using the CIC scheme for the current assignment is not consistent with charge conservation.

A way to correct this discrepancy is to use a Poisson corrector on the electric field, canceling the difference
introduced by current assignment (Birdsall & Langdon, 1991). However, the time cost makes it an inconvenient
solution, so instead we use a specific current assignment scheme, described in Villasenor and Buneman (1992).
Like in the CIC scheme, the particle is described as a cloud with the shape of a cell and an uniform charge,
however the shape factor is not computed using the distance of the particle to the computing points, but rather the
amount of charge going through each interface, determined by the volume of the cloud going through it.

Provided that the CFL condition is verified, the movement over one timestep can only affect four interfaces at
once (movement relative to the nearest interface point), seven interfaces at once (movement from one interface
point to another in either the axial or radial direction), or in the rarest cases ten interfaces at once (movement from
one interface point to another in a diagonal direction).

We can quickly check that the CFL condition is verified: in most cases presented in this article, the cell dimension
is Δz = Δr = 8 m, and the timestep used is Δt = 3.4 × 10− 13 s. The Courant number is computed as such on our
grid:

C = Uz
Δt
Δz
+ Ur

Δt
Δr

(42)

with Uz and Ur the z and r components of the velocity. We can maximize the Courant number by taking c as the
value of each component of the speed, thus giving a value of C = 2.5493 × 10− 5, which is way below 1, hence
verifying the CFL condition.

The different types of movements are shown in Figure 4. We have verified that the last kind of movement
(Figure 4c) is rare enough so that we can neglect them without a significant loss of charge conservation. The
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various runs performed have shown close to no such movement, with sometimes only one at the very beginning,
and none afterward, validating this assumption.

2.2.4. Remapping of Particles

Keeping track of the exponential multiplication of runaway electrons requires to limit the number of super‐
particles in the simulation. Various techniques have been described in the literature to achieve this goal
(Schmalzried et al., 2022). In the present work, we use a simple resampling technique that we refer to as
remapping.

Each super‐particle amounts for a certain number of electrons, a property called weight and noted W. When a
super‐particle of weightW ionizes a molecule, the knocked‐off electron is set with the same weight as the incident
particle, and the event can be viewed as “W electrons have ionized a molecule.”

When the number of super‐particles reaches a threshold number (equal to 10,000 in our simulations), a remapping
is performed. It consists in the merging of pairs of particles with one another, resulting in a particle with a weight
equal to the sum of the two merged particles. Of course, such manipulation entails significant loss of information,
so it cannot be applied simply by randomly merging any two particles. A sorting of particles must be made before
the merging, to minimize the loss of information. Depending on the case, different sorting patterns can be used.

In order to save as much information as possible in the energy space, we use a remapping based on neighbors
sorted in energy: we remap groups of particles present in the same grid cell, sorting them by energy in this area. It
allows us to preserve to a certain extent information on energy and position.

2.3. Fluid Model

Keeping track of the dynamics of electrons over the whole energy range of interest would require significant
computational resources. In order to shorten simulation runs, all electrons with energies less than 1 keV and all
ions are assimilated into a plasma fluid model. The density of low‐energy electrons and ions are calculated from
particles using form factors discussed previously. The fluid approach for low energy electrons over the space
scales considered in this work is justified by the fact that 1 keV electrons slow down and thermalize over length
scales much shorter than the grid resolution. For example, the continuous slowing down approximation (CSDA)
range of a 10 keV electron in ground‐level air is only a few millimeters (calculated from the NIST Standard
Reference Database 124, https://physics.nist.gov/PhysRefData/Star/Text/ESTAR.html), while the numerical
grid used for the fluid model is the same as that used for the PIC code (see previously) that has a resolution on the
order of 1 m.

Secondary electrons are explicitly taken into account in the Monte Carlo code, and their contribution is therefore
directly accounted for in the fluid electron density. If produced with energies above the ionization potential of

Figure 4. Three of the different types of movements considered in the Villasenor scheme. The dashed lines are the interfaces
(forming the interface grid), the red lines and associated arrows show the interfaces through which a current is produced. The
two squares represent the old and current position of the particle cloud. The movements here are exaggerated for clarity.
(a) four‐boundary movement; (b) seven‐boundary movement, on the horizontal direction; (c) ten‐boundary movement. The
two interfaces that are affected without touching the clouds in this movement are so because of the decomposition of the
movement.
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molecules, these secondary electrons could results in more ionization. Thus,
they are also considered to contribute to the fluid electron density as a linear
function of their energy. Indeed, it is well‐known that ionizing electrons loose
an average energy of ∼34 eV per electron‐ion pairs produced in air (e.g.,
Knoll, 2000, Table 5.1, p. 132), which is approximately constant as a function
of energy. Simulations performed with the Monte Carlo code presented here
as part of a preliminary work confirm this point. Each electron produced in the
Monte Carlo code with energy E lower than 1 keV is thus considered to
contribute to an amount of E/(34 eV) electrons and positive ions to the plasma
fluid densities.

As the medium is highly collisional, the dynamics of electron and ion den-
sities is considered to evolve according to drift‐diffusion equations, as usual
in discharge physics (e.g., Bourdon et al., 2007) and also used in the context
of RREAs to simulate the effects of low‐energy electrons and ions (e.g.,
Berge et al., 2022; Liu & Dwyer, 2013):

∂ne
∂t
+ ∇ ⋅ neve→= (νi − νa) ne (43)

∂np
∂t
+ ∇ ⋅ npvp→= νine (44)

∂nn
∂t
+ ∇ ⋅ nnvn→= νane (45)

where ne, nn, and np are the electron, negative ion, and positive ion densities,
respectively; νi is the electron‐impact ionization frequency, and νa is the

electron attachment frequency considering dissociative attachment producing a negative oxygen atom O− (two‐
body attachment) and a three‐body attachment producing a negative oxygen molecular ion O−

2 ; and ve, vn, and vp
are the electron, negative ion, and positive ion drift velocities, respectively. Because of the magnitude of the
densities and the timescales of interest in the present work, we neglect ion‐ion recombination, electron‐ion
recombination, and the diffusion of ions (see Berge et al., 2022, Section 2.1). Given the electron densities ob-
tained in the present study, diffusive fluxes of electrons are much lower than drift fluxes over the smallest length
scale considered here, which is on the order of 1 m. The diffusion term for electrons is therefore also neglected.

As already noted in previous studies (Berge et al., 2022; Dwyer & Cummer, 2013), the dynamics of low energy
electrons and ions is critical to the production of electromagnetic radiation in the LF range. The electron source
terms and transport parameters are obtained from Morrow and Lowke (1997) and ion mobilities from Dhali and
Williams (1987) (see Berge et al., 2022, Section 2.1).

As it removes free electrons over short time scales and produce negative ions that respond to the field over longer
time scales than electrons, the electron attachment processes are of prime importance in the system studied. We
use the two‐body and three‐body attachment rates as described by Morrow and Lowke (1997, Appendix).
However, for fields lower than 104 V/m at ground‐level, the three body attachment frequency given by Morrow
and Lowke (1997) reaches non‐physical values (e.g., in comparison with Kossyi et al. (1992), Section 2.4). To
avoid this issue and for the sake of simplicity, we cap the three‐body attachment frequency at 108N2/N2

0 s− 1,
where N is the local air density and N0 is the ground‐level density as shown in Figure 5.

The electric current density obtained from the fluid equations is added to the current density of computer particles
when calculating the evolution of the electromagnetic field (see Section 2.2.2).

2.4. Domain Boundaries

The domain boundaries are, depending on the case, either conducting walls or periodic. The periodic boundary
conditions are used in the test cases,whenweonly use the PICpart. The conducting boundary condition is one of the
simplest, that is implemented simply by considering the electric and magnetic fields equal to zero at the boundaries.
It brings several issues, as the electromagneticwaves bounce on these boundaries, leading to non‐physical effects if

Figure 5. Comparison between three‐body attachment rates at ground‐level
as functions of energy obtained from Morrow and Lowke (1997, Appendix)
(red line) and (Kossyi et al., 1992, Section 2.4, Equations 45 and 46) (blue
line). For the latter, the air temperature is chosen as T = 273 K and the
electron temperature Te is calculated through the Einstein relation using
Morrow and Lowke (1997) diffusion and mobility coefficients at any given
electric field. The black dashed line is the value chosen in the model
presented here for electric fields below which the value given by Morrow
and Lowke (1997) exceeds it.
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we let the simulation run for too long. However it remains negligible as long as the bouncing EM wave has not
reached the RREA, which allows us to observe the electron avalanche for relatively long durations.

2.5. Validation of the PIC Code Using the Simulation of an Homogeneous Relativistic Plasma

Additionally to validation tests of the FDTD, Monte Carlo, and fluid parts alone, we have tested the coupling of
fields and particles performed by the PIC method. For single particles, no self force was observed (Hockney &
Eastwood, 1966). For multiple particles, we have defined a homogeneous plasma of relativistic electrons and
static ions.

In this simulation, we fill the domain (z= 500 m, r= 150 m here) with electrons, the velocities of which are drawn
from a Maxwellian distribution of temperature T = 2.57 · 107 K. The domain boundaries are defined as periodic.
In the first run of this case, we put 40,000 particles with a weight of 2 · 1014, giving us 8 · 1018 electrons. We put as
many ions to neutralize the plasma. The initial electromagnetic field is considered equal to zero. We then move
some of the electrons to form a hole in the electron population in the (z, r) domain, hence creating a charged
location that will serve as an initial perturbation. We let the simulation run for about 10 μs, and observed that the
velocity distribution remains Maxwellian.

As noted by many authors, waves present a valuable tool to perform verification tests of plasma models (e.g.,
Palmroth et al., 2018). Therefore, the main purpose of this test is to verify that we obtain the correct dispersion
relation. The dispersion relation of electromagnetic waves in a plasma is described as follows:

ωEM(k) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ω2
p + c2k

2
√

(46)

where ωEM(k) is the angular frequency in rad/s for the electromagnetic waves, ωp the plasma frequency, c the
speed of light, and k the wave number. However, the use of the Yee scheme with a staggered grid to compute the
various components of the electromagnetic field induces changes in the behavior at higher frequencies and wave
numbers approaching the Nyquist limit. It is in fact dictated by the relation dispersion of the Yee scheme (Kilian
et al., 2017, p. 4.1):

(
2
Δt
)

2

sin2(
ωΔt
2

) = ω2
p + c

2(
2
Δz

)

2

sin2(
kΔz
2
) (47)

To observe it, we apply a 2‐D Fourier transform on time and one dimension of space. We show the result of the
Fourier transform of the magnetic field in Figure 6.

On this figure, we also show the two analytical dispersion relations described above, superposed on the Fourier
transform. We can clearly see the effect of the dispersion relation for electromagnetic waves in Figure 6 with the
plasma frequency as a minimum. We notice a loss of consistency with the dispersion relation for electromagnetic
waves as k increases, as expected owing to the numerical dispersion induced by the FDTD computation. The fact
that the observed dispersion relation exactly fits the expected numerical dispersion of the Yee scheme demon-
strates the correct implementation of the code (Kilian et al., 2017; Palmroth et al., 2018). However, care should be
taken when interpreting numerical results for higher frequencies (>50 MHz).

3. Results
In this section, we will present the results of two simulations performed with the complete hybrid code (Monte
Carlo and Particle‐In‐Cell coupled with the fluid code). Those two simulations are designed to be remotely
consistent with the production of TGFs in a thundercloud. Although the acceleration distance and initial number
of electrons (or injection rate in the second simulation case, see below) are not fully consistent with the conditions
in which TGFs occur, the configuration is simplified to capture interesting basic phenomena. The altitude is 12 km
and we assume the air density constant over the whole domain. In both simulations, the electric field will initially
be homogeneous, oriented along the z‐axis, and strong enough to accelerate the electrons and sustain the
avalanche. The particles are super‐particles, and remapping will occur when their number reaches 10,000. The
simulation domain has (z, r) dimensions of 4,200 m × 1,200 m, on a grid of 500 × 150 cells. The first simulation is
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a case where all particles are injected at once at the initial time. The second simulation instead uses a continuous
injection of particles, in which electrons are injected at a constant rate into the domain.

3.1. Instantaneous Injection of Runaway Electrons

Here, we describe the simulation of an electron avalanche made with our complete code.

We inject initially 1,000 particles with a weight of 108 each. Their initial position is randomly assigned onto a
hemisphere of radius of 42 m at z= 0 m and r= 0 m. We set their initial energy at 1 MeV, their speed is computed
from the energy and they are assumed to all go initially in the z‐direction. As the avalanche propagates, it will be
centered on the z‐axis. In the present work, the time step is constrained by the highest probability of collision in
the model through the null‐collision technique, which yields Δt ≃ 3.40 × 10− 13 s.

In this simulation, the background electric field is homogeneous. Its value is 1.1828 × 105 V/m (which corre-
sponds to ∼5 kV/cm at ground level).

Figure 7 shows the energy distribution after a steady state is reached. The energy spectrum is consistent with the
expected energy distribution in a RREA (e.g., Dwyer et al., 2012). Using a fitting procedure we find that the
exponential cut in this case is at ∼8 MeV.

3.1.1. Low‐Energy Electron Density

The evolution of low‐energy electron density (i.e., the electron density handled in the fluid approach) is shown in
Figures 8 and 9.

During the first part of the propagation, the avalanche increases in density rapidly, while expanding slowly,
following a typical diffusion trend (proportionally to

̅̅
z

√
) (panels a and b of Figures 8 and 9). At a certain point in

time, the electron avalanche reaches a critical density of approximately 1015 m− 3 (panel c), from which the
electron density stops increasing, and the avalanche front starts expanding rapidly (panel d). We notice that, while
the electron density is at its maximum at the front of the avalanche, it quickly starts to decrease in its tail, while the
positive and negative ion densities remain stable (in log scale). We have verified it is mainly due to the 3‐body
attachment process.

Figure 6. 2‐D Fourier transform of the magnetic field. The two dimensions used are time and the z coordinate. To obtain the
wave number, we averaged the field for each z coordinate on all r. The Fourier transform has been done with 10,000 files
each separated in time by 3.34 × 10− 9 s. The domain extends along the z‐coordinate over 500 m. The plasma frequency
ωp = 2.6840 × 107 rad/s is obtained from the electron density used in this case.
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3.1.2. Number of High‐Energy Electrons

The number of high‐energy electrons can be seen in Figure 10. The number of electrons seems to slow its increase
after a time. Comparisons with the profile of electron density (Figure 9) show that the change of behavior happens
around the same time the avalanche saturates.

And so, we can determine the number of bremsstrahlung photons emitted by these electrons using Equation 4
from Celestin et al. (2015):

Figure 8. Cross‐sectional view of the low‐energy electron density [log10(particle/m3)] at different times. The high‐energy
electrons appear as black dots. The time passed since the beginning of the run is indicated at the top of each plot. The r‐axis
has been mirrored for clarity, as the model is axisymmetric. The high‐energy electrons are shown in Cartesian coordinates (x,
z), to avoid doubling the number of points.

Figure 7. Energy distribution of the electrons above 1 keV, smoothed using a mean over 3.4014 × 10− 7 s (i.e., 10 files), for a
simulation with initial injection of all the electrons.

Journal of Geophysical Research: Space Physics 10.1029/2023JA032278

GOURBIN AND CELESTIN 14 of 25

 21699402, 2024, 5, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023JA

032278 by C
ochrane France, W

iley O
nline L

ibrary on [18/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Nγ =∫

+∞

0
Ne(t)〈νγ〉(t)dt (48)

where Nγ is the number of photons produced, Ne(t) the number of electrons as a function of time, and 〈νγ〉(t) the
photon production frequency per electron. At the end of the simulation, we obtain for this simulation
1.5877 × 1019 photons above 1 MeV produced, which is on the order of the expected number of photons in a TGF
(e.g., Celestin et al., 2015, Table 1).

3.1.3. Electric Field

The evolution of the electric field on the z‐axis (in the center of the avalanche) is shown in Figure 11. This figure
shows the values of the different components of the electric field, as well as the position of the energetic electrons
(>1 keV), which gives us an approximation of the position of the avalanche front. Once the avalanche has reached
saturation, we observe that the electron density is sufficient to quickly screen the electric field out at the front
(panels c and d). However, the depletion of the electron population due to the attachment cancels partially this
effect, allowing the remaining electric field to still accelerate the electrons behind the front, which explains the
groups of electrons forming there. We also observe the formation of a peak in the electric field at the position
where the avalanche saturation was reached (around 1,800 m), negative for Ez. In the case of a continuous in-
jection, it would result on an acceleration in the z‐direction (see below).

3.1.4. Electric Current

The current produced by the avalanche can be separated into two components:

• The conduction current, which corresponds to the current produced by the movement of electrons and other
charged particles in time. It is computed as part of the current assignment procedure using the Villasenor
scheme (see Section 2.2.3).

• The displacement current is produced by the variation of the electric field in time, and computed using the
following formula:

Figure 9. Electron and ion densities along the z‐axis at different times for initial injection (the densities shown in this figure
are averaged in the r‐dimension between r= 0 m and r= 67.2 m). The time passed since the beginning of the run is indicated
above each plot. The blue, red, and black lines represent respectively the density of electrons, negative ions, and positive
ions.
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jD = ε0
En − En− 1

Δt
(49)

where jD is the displacement current density, En and En− 1 are the electric field at time tn and tn− 1, Δt the timestep
and ɛ0 the vacuum permittivity.

The current is plotted in Figure 12. We can see that at the front, both current components seems to be roughly
equal to one another (one being positive and the other negative, which explains why the total current is of the order
of 10− 5 A). We notice that the displacement current is modified ahead of the avalanche. It is to be expected, as the

Figure 11. Electric field along the z‐axis (center of the avalanche) at different times. The r and z components of the electric
field are shown as a function of z, as well as the (x, z) particle coordinates. Ez is shown on the axis, Er is shown at r = 8 m.

Figure 10. Number of electrons with an energy greater than or equal to 1 MeV present and produced since the beginning of
the simulation as a function of time.
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electrons travel at slower speeds than the speed of light, while electromagnetic waves travel at c. The fluctuation
induced here is however too weak to have a visible effect on the electric field plot.

The rise in displacement current appearing from the left of the domain occurs after the rebound of the initial
electromagnetic wave on the radial boundary and is believed to be a numerical effect.

Behind the avalanche front, attachment reduces the electron population, so the conduction current starts
decreasing (panel c and d). In this simplified simulation, the total current reaches values above 105 and even up to
106 A. Using a different model, Berge et al. (2022) showed that slow LF pulses reported by Pu et al. (2019) would
correspond to peak current of ∼100 kA.

3.1.5. Radiated Field Observed at a Distance

We can compute the magnetic field at a horizontal distance R= 150 km from the point of emission, considering an
antenna of height H, using Equation 4 from Uman et al. (1975):

Bϕ(D,t) =
μ0
2π
∫

H

0

sin θ
R2 i(z,t − R/c)dz +

μ0
2π
∫

H

0

sin θ
cR

∂i(z,t − R/c)
∂t

dz (50)

where i(z, t − R/c) is the conduction current. Here, θ is considered to be equal to π/2 (hence sin θ = 1).

The two integrals of the equation are plotted in Figure 13, and labeled respectively the magnetostatic field and
radiation field. When calculating the magnetic field at a distance from the electric current using Uman et al.’s
equation, Berge et al. (2022) used the total current. Upon further inspection, only the conduction current should be
included in Uman et al.’s integrals as per use of Lorenz retarded potentials (see also Shao (2016)). We can es-
timate that the error caused by this oversight on the magnitude of the magnetic field reported by Berge
et al. (2022) is ∼20%.

Since the ambient electric field is strong, homogeneous and infinite in the simulation, and that initial particles are
injected all at once, the form of the magnetic field is not expected to resemble that associated with a TGF. We also
note that the value reached by the magnetic field is far too high compared to measurements of slow LF pulses
(e.g., Pu et al., 2019), as consistent with the current values presented in the previous section.

Figure 12. Absolute value of the total electric current and its components (conduction and displacement) produced at
different moments of time for the case of initial injection.
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3.1.6. Concluding Remarks

This first simplified simulation allows to isolate interesting effects, like the saturation of the densities and the
screening of the electric field, as well as a saturation in the increase of the number of runaway electrons. However
the configuration remains only remotely reminiscent of the context giving rise to a TGF, because of the ho-
mogeneous intense electric field and the instantaneous injection of all the particles at the beginning of the
simulation. However, the effects observed will keep their relevance when particles are continuously injected into
the domain (next section), hence being affected by the changes induced in the wake of the avalanche.

3.2. Continuous Injection of Runaway Electrons

In this section, we present the results of a simulation working with a continuous injection: one particle of energy
1 MeV will be injected in the starting area every 1,000 timesteps. Each particle has a weight of 105 electrons. The
injection rate is therefore about ∼3 × 105 electrons per nanosecond. As in Section 3.1, the background electric
field is 1.1828 × 105 V/m (∼5 kV/cm at ground level), and homogeneous over the whole the domain. The
simulation initially begins with 10 particles, representing 106 electrons. The others parameters of the simulations
are the same as in the previous part.

3.2.1. Density

The electron density field is shown in Figure 14 (see also the video provided as Movies S1 and S2). We observe
here the same behavior as in the simulation with instantaneous injection after the start for the avalanche front. The
behavior of the electrons behind the front can now be observed. It seems that, due to the screening of the electric
field in the avalanche trail, the electrons cannot move forward anymore. Instead, they are agglomerating near the
axis.

The depletion in electron density that was forming behind the avalanche front at the location where saturation is
reached (Section 3.1) does not appear in this case (Figure 15) (here around 3,000 m); instead the density starts
increasing beyond the previously observed limit, and starts “propagating” backward on the trail of the avalanche.

3.2.2. Electric Field

The electric field is shown in Figure 16. The screening occurs as we observed in the previous simulation: the
separation between the avalanche front and its tail becomes apparent in panel d, once the saturation is reached.

Figure 13. Magnetic field computed from the current, using Equation 7 from Uman et al. (1975). The radiation and
magnetostatic parts of the magnetic field shown here correspond to the two integrals in that equation. The computation is
made for a distance from the source of 150 km.
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Figure 14. Cross‐sectional view of the low‐energy electron density at different moments of time (presented here in decimal
logarithm). Simulation with a continuous injection of particles. Decimal logarithm of the density field of electrons and high‐
energy electron positions (black dots) are shown. The high‐energy electrons are shown in Cartesian coordinates (x, z), to
avoid doubling the number of points.

Figure 15. Electron and ion densities along the z‐axis at different times for continuous injection (the densities shown in this
figure are averaged in the r‐direction between r = 0 m and r = 67.2 m). The time passed since the beginning of the run is
indicated above each plot. The blue, red, and black line represent respectively the density of electrons, negative ions and
positive ions.
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The presence of a peak in the negative of the z‐component of the field means that the electrons are accelerated and
gain energy in this moving structure. This peak increases up to a maximum amplitude as the structure propagates
backwards and screens the electric field in its trail.

3.2.3. Number of High‐Energy Electrons

We show the number of high‐energy (>1 MeV) electrons in Figure 17. It is interesting to see that, even with a
continuous injection, this number also reaches a saturation. Calculating the number of bremsstrahlung photons

Figure 16. Electric field near the axis r = 0 m (center of the avalanche) at different times for a simulation with continuous
injection. The r and z component of the electric field are shown as a function of z, as well as the (x, z) particle coordinates. Ez
is shown on the axis, Er is shown at r = 8 m.

Figure 17. Number of electron with an energy higher than 1 MeV as a function of time, for the simulation with continuous
injection.
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created in this simulation (following the method in Section 3.1.2), we obtain 1.2940 × 1019 photons produced
after approximately 34 μs, which is again in the range of what we could expect for a TGF.

3.2.4. Concluding Remarks

Self‐consistent features such as saturation of the avalanche associated with a collapse of the electric field observed
in the case of an instantaneous injection of the primary electrons (Section 3.1) are also observed with a continuous
injection. Another feature is observed in the electric field and in the ion and electron densities in the form of a
structure moving backward (with respect to the electrons), which can accelerate high‐energy electrons.

4. Discussion
We can see that the energy distribution shown in Figure 7 is close to that reported in previous simulations without
taking self‐consistent effects into account (e.g., Dwyer et al., 2012). A similar distribution is obtained in the
continuous injection case.

For the sake of simplicity, we do not consider the production of photons and positrons explicitly in the present
work. Phenomena associated with relativistic feedback (Dwyer, 2003) are therefore not included. Under the
electric field applied here (5 kV/cm at ground‐level), relativistic feedback should have significant effects beyond
a distance of ∼1,200 m (at 12 km) (Dwyer, 2003; Skeltved et al., 2014). However, for a closed system like in our
configuration, it seems that this electric field magnitude would correspond to a distance of ∼4,000 m (Pasko
et al., 2023), which is close to the size of our simulation domain. Additionally, it is likely that the effects of
relativistic feedback would not be significant over the relatively short timescales used in this study. It is also worth
noting that the effect of a continuous injection of primary electrons are not unlike the effects of the production of
new avalanches by photons and positrons. Similarly to the relativistic feedback, the continuous injection in-
troduces another timescale to the system, additionally to that associated with RREA processes.

In both configurations studied, the saturation of the electron density can be explained by the increase of con-
ductivity associated with a RREA. In the beginning, the increase in the electron and ion densities is controlled by
the runaway electron avalanche and characterized by the avalanche time, while the relaxation of the electric field
is related to the conductivity in the medium through the Maxwell time. The latter also characterizes the time scale
of the defocusing of a charged particle beam through Couloumbian repulsive forces. When the conductivity
driven by the low‐energy electron density reaches a magnitude such that the Maxwell time approaches and ex-
ceeds the avalanche time, the field collapses faster than the time it takes for an avalanche to increase the density.

These two times are defined as followed:

τRREA =
λ
Ve−

(51)

τM =
ε0

qeμene
(52)

where λ is the characteristic avalanche e‐folding length, Ve− is the runaway electrons speed, qe is the electron
charge, μe is the electron mobility, and ne the electron density. Equaling those two timescales, we can thus find the
density at which the Maxwell time reaches the avalanche time:

τM = τRREA

⇒
ε0

qeμene
= τRREA

⇒ ne =
ε0

qeμeτRREA

(53)

The term τRREA depends on the characteristic avalanche length λ, which itself depends on the electric field. For
example, it can be found by using Equation 2.3 in Dwyer et al. (2012). We can also use our simulation results by
plotting the theoretical increase in density for a given λ and compare it to the increase in the ion density in our
simulation (before saturation) or to the peak of the electron density at different moments of time, as the electron
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density has a faster dynamics due to the attachment processes. The electron density and the theoretical density are
shown in Figure 18. For this simulation, we obtain a good fit for λ ≃ 165 m. The speed is assumed constant at
Ve− = 0.89c (Coleman & Dwyer, 2006), with c the speed of light, so τRREA = 3.779 × 10− 8 s. We also have
μe = 0.2719 m2/(V.s) Morrow and Lowke (1997); qe = 1.602 × 10− 19 C, and ɛ0 = 8.854 × 10− 12 F/m. It yields a
saturation density nth = 3.2806 × 1014 m− 3.

As shown in Figures 18 and 19, the observed saturation density is in good agreement with our computed value.

Following Equation 53 the low‐energy electron saturation density can be calculated for various electric fields. The
result is shown in Figure 20.

In the cases studied in the present paper, the low‐energy electron saturation density is reached at ∼3 × 1014 m− 3

while the runaway electron density is about four orders of magnitude lower, reaching nr,s ∼ 1010 m− 3 at 12 km. It
is expected that this runaway electron saturation density would follow a similar trend as the low‐energy electron
saturation density shown in Figure 20, and their order of magnitude (at 12 km) would hence not change
significantly in realistic fields present in streamer zones of negative leaders.

In the conditions of the simulations presented here, the saturation of the RREA occurs when the number of
runaway electrons is close to that expected in TGFs (∼1018) and the growth of this number strongly slows down
after that point (see Figures 10 and 17). This total number of runaway electrons is related to the radius of the
avalanche when saturation is reached. Considering that saturation is reached at the source of TGFs, resulting in the
collapse of the electric field, and assuming the number of runaway electrons involved in the TGF production as

1018, the size of the avalanche should be on the order of R ∼ ( 3
4π

1018

nr,s
)
1/3

∼ 500 m at 12 km.

We note that the balance between the avalanche time and the Maxwell time leading to a saturation of the electron
density is reminiscent of streamer discharges in which a stable balance between the Maxwell time and the
ionization time is present in the streamer head for similar reasons (e.g., Wang & Kunhardt, 1990).

This saturation mechanism is different from that reported by Luque (2014) using a 1‐D electrostatic model of a
RREA. In particular, here the saturation in produced by the increase of the conductivity caused by the strong

Figure 18. Electron density relative to position for initial injection (blue), and fitted density profile (red). The dash‐dotted line
is the saturation density computed with Equation 53.
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production of low‐energy electrons by the RREA, and not by the effect of the runaway electrons on the field. In
our simulations, the latter indeed carry much less charge density than thermal electrons.

In the case of a continuous injection, the backward‐propagating structure after the front explosion also follows an
electric pulse, saturates the electron density in its wake, and screens the electric field behind it. The structure
resembles that obtained by Liu and Dwyer (2013) and named relativistic feedback streamer. It is unclear the case
presented by Liu and Dwyer (2013) also reached saturation. They indeed obtained ion densities on the same order
of magnitude as that reported here, but the runaway electron density seems to be lower.

Those results could also be important in the context of lightning propagation and corresponding radio emissions,
as RREAs seem to be able to produce significant densities in the vicinity of lightning discharges. For example,
Bourdon et al. (2010) have shown that streamer discharge propagation is greatly influenced by the background
electron density.

5. Conclusions
We have developed a RREA model based on the hybridation of an electro-
magnetic Particle‐In‐Cell method and a fluid model in order to simulate self‐
consistently the dynamics of relativistic runaway electron beams in air in the
context of TGF sources.

The first presented simulation of RREAs are obtained by initially injecting all
the particles at once. It instantiates the existence of a threshold low‐energy
electron density at which the avalanche density almost stops growing and
the avalanche radius starts increasing rapidly. This saturation density is found
to result from the equality between the characteristic avalanche time and the
Maxwell relaxation time, similarly to screening processes occurring in
streamer discharges over much smaller length scales. In other words, the
conductivity becomes too high for the ambient field to be sustained over a
sufficient duration for RREAs to develop.

Interestingly, upon saturation of the RREA, the increase in the number of
runaway electrons and associated bremsstrahlung photons slows down

Figure 20. Saturation density as a function of the ambient electric field
derived from Equation 53. In the axis' legends, N stands for the local air
density and N0 stands for the air density at ground‐level.

Figure 19. Zoom in density of Figure 18, and time‐centered around the moment the saturation is reached.
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significantly. For the typical radii of the avalanches obtained in our simulations, which are presumably on the
same order of magnitude as those possibly existing in the context of lightning discharges, the total number of
runaway electrons and photons obtained is surprisingly close to that expected in TGFs.

The electric current also saturates, as well as the radiated magnetic field. The estimated remote radiated fields
150 km from the source are more than ten times stronger than in the observations of slow LF pulses. However, it
should be noted that the acceleration region geometry used here was chosen for the sake of simplicity. Com-
parisons with radio observations of TGFs such as slow LF pulses can bring additional constraints on the geometry
and the injection rates.

Simulations with continuous injection have shown a similar saturation with screening of the electric field, as well
as the formation of a backward‐propagating structure from the position where the avalanche front exploded.
Given the densities and fields at play, it is conceivable that the observed structure impacts further propagation of
the lightning leader.

More simulations with inhomogeneous electric fields and time‐variable electron injections (either ad hoc or
controlled by relativistic feedback) are to be done to better reproduce the dynamics of self‐consistent avalanche
mechanism in a TGF context.

Data Availability Statement
The original data presented in this paper as figures are available in Gourbin (2023).

References
Berge, N., Celestin, S., Garnung, M. B., Xu, W., Marshall, R. A., & Cummer, S. A. (2022). Modeling low‐frequency radio emissions from

terrestrial gamma ray flash sources. Journal of Geophysical Research: Atmospheres, 127(5), e2021JD036040. https://doi.org/10.1029/
2021JD036040

Berger, M. J., Coursey, J. S., Zucker, M. A., & Chang, J. (2005). Stopping‐power and range tables for electrons, protons, and helium ions (Vol.
124). NIST Standard Reference Database. Retrieved from http://www.nist.gov/pml/data/star/index.cfm

Birdsall, C., & Langdon, A. (1991). Plasma physics via computer simulations. CRC Press.
Bourdon, A., Bonaventura, Z., & Celestin, S. (2010). Influence of the pre‐ionization background and simulation of the optical emission of a

streamer discharge in preheated air at atmospheric pressure between two point electrodes. Plasma Sources Science and Technology, 19(3),
034012. https://doi.org/10.1088/0963‐0252/19/3/034012

Bourdon, A., Pasko, V. P., Liu, N. Y., Célestin, S., Ségur, P., & Marode, E. (2007). Efficient models for photoionization produced by non‐thermal
gas discharges in air based on radiative transfer and the helmholtz equations. Plasma Sources Science and Technology, 16(3), 656–678. https://
doi.org/10.1088/0963‐0252/16/3/026

Carron, N. J. (2006). An introduction to the passage of energetic particles through matter. CRC Press. https://doi.org/10.1201/9781420012378
Celestin, S., & Pasko, V. P. (2010). Soft collisions in relativistic runaway electron avalanches. Journal of Physics D: Applied Physics, 43(31),

315206. https://doi.org/10.1088/0022‐3727/43/31/315206
Celestin, S., & Pasko, V. P. (2011). Energy and fluxes of thermal runaway electrons produced by exponential growth of streamers during the

stepping of lightning leaders and in transient luminous events. Journal of Geophysical Research (Space Physics), 116(A3), A03315. https://doi.
org/10.1029/2010JA016260

Celestin, S., Xu, W., & Pasko, V. P. (2015). Variability in fluence and spectrum of high‐energy photon bursts produced by lightning leaders.
Journal of Geophysical Research (Space Physics), 120(12), 10. https://doi.org/10.1002/2015JA021410

Coleman, L. M., & Dwyer, J. R. (2006). Propagation speed of runaway electron avalanches. Geophysical Research Letters, 33(11), L11810.
https://doi.org/10.1029/2006GL025863

Cullen, D., Perkins, S., & Seltzer, S. (1991). Tables and graphs of electron‐interaction cross sections from 10 eV to 100 GeV derived from the
LLNL Evaluated Electron Data Library (EEDL), Z = 1–100 (Vol. 31). Lawrence Livermore National Laboratory.

Dhali, S. K., & Williams, P. F. (1987). Two‐dimensional studies of streamers in gases. Journal of Applied Physics, 62(12), 4696–4707. https://doi.
org/10.1063/1.339020

Dwyer, J. R. (2003). A fundamental limit on electric fields in air. Geophysical Research Letters, 30(20), 2055. https://doi.org/10.1029/
2003GL017781

Dwyer, J. R. (2007). Relativistic breakdown in planetary atmospheres. Physics of Plasmas, 14(4), 042901. https://doi.org/10.1063/1.2709652
Dwyer, J. R. (2010). Diffusion of relativistic runaway electrons and implications for lightning initiation. Journal of Geophysical Research,
115(A3), A00E14. https://doi.org/10.1029/2009JA014504

Dwyer, J. R. (2021). Terrestrial gamma‐ray flashes initiated by positive leaders. Physics Reviews D, 104(4), 043012. https://doi.org/10.1103/
PhysRevD.104.043012

Dwyer, J. R., & Cummer, S. A. (2013). Radio emissions from terrestrial gamma‐ray flashes. Journal of Geophysical Research: Space Physics,
118(6), 3769–3790. https://doi.org/10.1002/jgra.50188

Dwyer, J. R., Smith, D. M., & Cummer, S. A. (2012). High‐energy atmospheric physics: Terrestrial gamma‐ray flashes and related phenomena.
Space Science Reviews, 173(1–4), 133–196. https://doi.org/10.1007/s11214‐012‐9894‐0

Gourbin, P. (2023). PICMC‐figures_PGourbin‐SCelestin_2023‐07. Retrieved from https://figshare.com/articles/figure/PICMC‐figures_
PGourbin‐SCelestin_2023‐07/23807430

Heumesser, M., Chanrion, O., Neubert, T., Christian, H. J., Dimitriadou, K., Gordillo‐Vazquez, F. J., et al. (2021). Spectral observations of optical
emissions associated with terrestrial gamma ray flashes. Geophysical Research Letters, 48(4), e0700. https://doi.org/10.1029/2020GL090700

Hockney, R. W., & Eastwood, J. W. (1966). Computer simulation using particles.

Acknowledgments
This work is supported by the French space
agency (CNES) in the framework of
projects OREO and STRATELEC, by the
French Region Centre‐Val‐de‐Loire, and
the Institut Universitaire de France (IUF).

Journal of Geophysical Research: Space Physics 10.1029/2023JA032278

GOURBIN AND CELESTIN 24 of 25

 21699402, 2024, 5, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023JA

032278 by C
ochrane France, W

iley O
nline L

ibrary on [18/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://doi.org/10.1029/2021JD036040
https://doi.org/10.1029/2021JD036040
http://www.nist.gov/pml/data/star/index.cfm
https://doi.org/10.1088/0963-0252/19/3/034012
https://doi.org/10.1088/0963-0252/16/3/026
https://doi.org/10.1088/0963-0252/16/3/026
https://doi.org/10.1201/9781420012378
https://doi.org/10.1088/0022-3727/43/31/315206
https://doi.org/10.1029/2010JA016260
https://doi.org/10.1029/2010JA016260
https://doi.org/10.1002/2015JA021410
https://doi.org/10.1029/2006GL025863
https://doi.org/10.1063/1.339020
https://doi.org/10.1063/1.339020
https://doi.org/10.1029/2003GL017781
https://doi.org/10.1029/2003GL017781
https://doi.org/10.1063/1.2709652
https://doi.org/10.1029/2009JA014504
https://doi.org/10.1103/PhysRevD.104.043012
https://doi.org/10.1103/PhysRevD.104.043012
https://doi.org/10.1002/jgra.50188
https://doi.org/10.1007/s11214-012-9894-0
https://figshare.com/articles/figure/PICMC-figures_PGourbin-SCelestin_2023-07/23807430
https://figshare.com/articles/figure/PICMC-figures_PGourbin-SCelestin_2023-07/23807430
https://doi.org/10.1029/2020GL090700


Hwang, W., Kim, Y.‐K., & Rudd, M. E. (1996). New model for electron‐impact ionization cross sections of. Molecules, 104(8), 2956–2966.
https://doi.org/10.1063/1.471116

Itikawa, Y. (2006). Cross sections for electron collisions with nitrogen molecules. Journal of Physical and Chemical Reference Data, 35(1),
31–53. https://doi.org/10.1063/1.1937426

Kambara, H., & Kuchitsu, K. (1972). Measurement of differential cross sections of low‐energy electrons elastically scattered by gas molecules. I.
Apparatus. Japanese Journal of Applied Physics, 11(5), 609–616. https://doi.org/10.1143/JJAP.11.609

Kilian, P., Muñoz, P. A., Schreiner, C., & Spanier, F. (2017). Plasma waves as a benchmark problem. Journal of Plasma Physics, 83(1),
707830101. https://doi.org/10.1017/S0022377817000149

Kim, Y.‐K., Santos, J. P., & Parente, F. (2000). Extension of the binary‐encounter‐dipole model to relativistic incident electrons. Physical Review
A, 62(5), 052710. https://doi.org/10.1103/PhysRevA.62.052710

Knoll, G. F. (2000). Radiation detection and measurement (4th ed.). John Wiley & Sons.
Kossyi, I. A., Kostinsky, A. Y., Matveyev, A. A., & Silakov, V. P. (1992). Kinetic scheme of the non‐equilibrium discharge in nitrogen‐oxygen

mixtures. Plasma Sources Science and Technology, 1(3), 207–220. https://doi.org/10.1088/0963‐0252/1/3/011
Lehe, R. (2014). Improvement of laser‐wakefield accelerators: Towards a compact free electron laser (PhD dissertation). Ecole Polytechnique.

Retrieved from https://pastel.hal.science/tel-01088398/document
Liu, N., & Dwyer, J. R. (2013). Modeling terrestrial gamma ray flashes produced by relativistic feedback discharges. Journal of Geophysical
Research: Space Physics, 118(5), 2359–2376. https://doi.org/10.1002/jgra.50232

Luque, A. (2014). Relativistic runaway ionization fronts. Physical Review Letters, 112(4), 045003. https://doi.org/10.1103/PhysRevLett.112.
045003

Lyu, F., Cummer, S. A., Briggs, M., Marisaldi, M., Blakeslee, R. J., Bruning, E., et al. (2016). Ground detection of terrestrial gamma ray flashes
from distant radio signals. Geophysical Research Letters, 43(16), 8728–8734. https://doi.org/10.1002/2016GL070154

Lyu, F., Cummer, S. A., Krehbiel, P. R., Rison, W., Briggs, M. S., Cramer, E., et al. (2018). Very high frequency radio emissions associated with
the production of terrestrial gamma‐ray flashes. Geophysical Research Letters, 45(4), 2097–2105. https://doi.org/10.1002/2018GL077102

Morrow, R., & Lowke, J. J. (1997). Streamer propagation in air. Journal of Physics D: Applied Physics, 30(4), 614–627. https://doi.org/10.1088/
0022‐3727/30/4/017

Moss, G. D., Pasko, V. P., Liu, N., & Veronis, G. (2006). Monte Carlo model for analysis of thermal runaway electrons in streamer tips in transient
luminous events and streamer zones of lightning leaders. Journal of Geophysical Research, 111(A2), A02307. https://doi.org/10.1029/
2005JA011350

Palmroth, M., Ganse, U., Pfau‐Kempf, Y., Battarbee, M., Turc, L., Brito, T., et al. (2018). Vlasov methods in space physics and astrophysics.
Living Reviews in Computational Astrophysics, 4(1), 1. https://doi.org/10.1007/s41115‐018‐0003‐2

Pasko, V. P., Celestin, S., Bourdon, R., Janalizadeh, A., & Jansky, J. (2023). Conditions for inception of relativistic runaway discharges in air.
Geophysical Research Letters, 50(7), e2022GL102710. https://doi.org/10.1029/2022GL102710

Pu, Y., Cummer, S. A., Lyu, F., Briggs, M., Mailyan, B., Stanbro, M., & Roberts, O. (2019). Low frequency radio pulses produced by terrestrial
gamma‐ray flashes. Geophysical Research Letters, 46(12), 6990–6997. https://doi.org/10.1029/2019GL082743

Santos, J. P., Parente, F., & Kim, Y.‐K. (2003). Cross sections for K‐shell ionization of atoms by electron impact. Journal of Physics B: Atomic,
Molecular and Optical Physics, 36(21), 4211–4224. https://doi.org/10.1088/0953‐4075/36/21/002

Schmalzried, A., Luque, A., & Lehtinen, N. (2022). Enhancing higher‐energy spectral resolution for electron particle simulations in air. Computer
Physics Communications, 277, 108366. https://doi.org/10.1016/j.cpc.2022.108366

Shao, X.‐M. (2016). Generalization of the lightning electromagnetic equations of uman, mclain, and krider based on jefimenko equations. Journal
of Geophysical Research: Atmospheres, 121(7), 3363–3371. https://doi.org/10.1002/2015JD024717

Shyn, T. W., Stolarski, R. S., & Carignan, G. R. (1972). Angular distribution of electrons elastically scattered from N2. Physical Review A, 6(3),
1002–1012. https://doi.org/10.1103/PhysRevA.6.1002

Skeie, C. A., Østgaard, N., Mezentsev, A., Bjørge‐Engeland, I., Marisaldi, M., Lehtinen, N., et al. (2022). The temporal relationship between
terrestrial gamma‐ray flashes and associated optical pulses from lightning. Journal of Geophysical Research (Atmospheres), 127(17),
e2022JD037128. https://doi.org/10.1029/2022JD037128

Skeltved, A. B., Østgaard, N., Carlson, B., Gjesteland, T., & Celestin, S. (2014). Modeling the relativistic runaway electron avalanche and the
feedback mechanism with GEANT4. Journal of Geophysical Research (Space Physics), 119(11), 9174–9191. https://doi.org/10.1002/
2014JA020504

Tilles, J. N., Krehbiel, P. R., Stanley, M. A., Rison, W., Liu, N., Lyu, F., et al. (2020). Radio interferometer observations of an energetic in‐cloud
pulse reveal large currents generated by relativistic discharges. Journal of Geophysical Research (Atmospheres), 125(20), e32603. https://doi.
org/10.1029/2020JD032603

Uman, M. A., McLain, D. K., & Krider, E. P. (1975). The electromagnetic radiation from a finite antenna. American Journal of Physics, 43(1),
33–38. https://doi.org/10.1119/1.10027

Villasenor, J., & Buneman, O. (1992). Rigorous charge conservation for local electromagnetic field solvers. Computer Physics Communications,
69(2), 306–316. https://doi.org/10.1016/0010‐4655(92)90169‐Y

Wang, M. C., & Kunhardt, E. E. (1990). Streamer dynamics. Physical Review A, 42(4), 2366–2373. https://doi.org/10.1103/PhysRevA.42.2366
Xu, W., Celestin, S., & Pasko, V. P. (2015). Optical emissions associated with terrestrial gamma ray flashes. Journal of Geophysical Research:
Space Physics, 42(2), 1355–1370. https://doi.org/10.1002/2014JA020425

Journal of Geophysical Research: Space Physics 10.1029/2023JA032278

GOURBIN AND CELESTIN 25 of 25

 21699402, 2024, 5, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023JA

032278 by C
ochrane France, W

iley O
nline L

ibrary on [18/07/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://doi.org/10.1063/1.471116
https://doi.org/10.1063/1.1937426
https://doi.org/10.1143/JJAP.11.609
https://doi.org/10.1017/S0022377817000149
https://doi.org/10.1103/PhysRevA.62.052710
https://doi.org/10.1088/0963-0252/1/3/011
https://pastel.hal.science/tel-01088398/document
https://doi.org/10.1002/jgra.50232
https://doi.org/10.1103/PhysRevLett.112.045003
https://doi.org/10.1103/PhysRevLett.112.045003
https://doi.org/10.1002/2016GL070154
https://doi.org/10.1002/2018GL077102
https://doi.org/10.1088/0022-3727/30/4/017
https://doi.org/10.1088/0022-3727/30/4/017
https://doi.org/10.1029/2005JA011350
https://doi.org/10.1029/2005JA011350
https://doi.org/10.1007/s41115-018-0003-2
https://doi.org/10.1029/2022GL102710
https://doi.org/10.1029/2019GL082743
https://doi.org/10.1088/0953-4075/36/21/002
https://doi.org/10.1016/j.cpc.2022.108366
https://doi.org/10.1002/2015JD024717
https://doi.org/10.1103/PhysRevA.6.1002
https://doi.org/10.1029/2022JD037128
https://doi.org/10.1002/2014JA020504
https://doi.org/10.1002/2014JA020504
https://doi.org/10.1029/2020JD032603
https://doi.org/10.1029/2020JD032603
https://doi.org/10.1119/1.10027
https://doi.org/10.1016/0010-4655(92)90169-Y
https://doi.org/10.1103/PhysRevA.42.2366
https://doi.org/10.1002/2014JA020425

	description
	Self Consistent Modeling of Relativistic Runaway Electron Beams Giving Rise to Terrestrial Gamma‐Rays Flashes
	1. Introduction
	2. Methods
	2.1. Monte Carlo Model
	2.2. Electromagnetic PIC Model
	2.2.1. Equation of Motion of the Electrons
	2.2.2. Computation of the Electromagnetic Field
	2.2.3. Assignment of Charges and Currents and Field Interpolation
	2.2.4. Remapping of Particles

	2.3. Fluid Model
	2.4. Domain Boundaries
	2.5. Validation of the PIC Code Using the Simulation of an Homogeneous Relativistic Plasma

	3. Results
	3.1. Instantaneous Injection of Runaway Electrons
	3.1.1. Low‐Energy Electron Density
	3.1.2. Number of High‐Energy Electrons
	3.1.3. Electric Field
	3.1.4. Electric Current
	3.1.5. Radiated Field Observed at a Distance
	3.1.6. Concluding Remarks

	3.2. Continuous Injection of Runaway Electrons
	3.2.1. Density
	3.2.2. Electric Field
	3.2.3. Number of High‐Energy Electrons
	3.2.4. Concluding Remarks


	4. Discussion
	5. Conclusions
	Data Availability Statement



