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ABSTRACT

A common property of globular clusters (GCs) is to host multiple populations characterized by peculiar chemical abundances. Recent
photometric studies suggest that the He content could vary between the populations of a GC by up to AHe ~ 0.13, in mass fraction. The
initial He content impacts the evolution of low-mass stars by ultimately modifying their lifetimes, luminosity, temperatures, and, more
generally, the morphology of post-red giant branch (RGB) evolutionary tracks in the Hertzsprung-Russell diagram. We present new
physically accurate isochrones with different initial He enrichments and metallicities, with a focus on the methods implemented to
deal with the post-RGB phases. The isochrones are based on tracks computed with the stellar evolution code STAREVOL for different
metallicities (Z = 0.0002, 0.0009, 0.002, and 0.008) and with a different He enrichment (from 0.25 to 0.6 in mass fraction). We
describe the effect of He enrichment on the morphology of the isochrones, and we tested these by comparing the predicted number
counts of horizontal branch and asymptotic giant branch stars with those of selected GCs. Comparing the number ratios, we find
that our new theoretical ones agree with the observed values within 10~ in most cases. The work presented here sets the ground for
future studies on stellar populations in GCs, in which the abundances of light elements in He-enhanced models will rely on different
assumptions for the causes of this enrichment. The developed methodology permits the computation of isochrones from new stellar
tracks with noncanonical stellar processes. The checked number counts ensure that, at least in this reference set, the contribution of

the luminous late stages of stellar evolution to the integrated light of a GC is represented adequately.
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1. Introduction

Globular clusters (GCs) are old (>9 Gyr) and dense agglomer-
ates of stars, and they are present in the bulge, thick disk, and
halo of the Milky Way and other galaxies. A common prop-
erty shared between GCs is the presence of multiple popula-
tions, which witnesses signs of early chemical evolution in the
cluster. Multiple populations have been found in main-sequence
(MS), red giant branch (RGB), horizontal branch (HB), and
asymptotic giant branch (AGB) stars of a large sample of clus-
ters (e.g., D’ Antona et al. 2005; Piotto et al. 2007; Carretta et al.
2010; Lind et al. 2011; Campbell et al. 2013; Wang et al. 2016,
2017; Milone et al. 2017; Tailo et al. 2020; Lagioia et al. 2021).
Spectroscopic and photometric studies have revealed the differ-
ent chemical compositions of the various stellar populations,
which are mainly associated with the abundance of light ele-

* Corresponding author; guglielmo.costa.astro@gmail.com

ments (from He to Sc, e.g., Carretta 2015; Gratton et al. 2019;
Carretta & Bragaglia 2021).

Stars in GCs that share the same light element pattern with
field stars with the same [Fe/H] are the so-called first popu-
lation (1P)!. In contrast, stars enriched in He, N, and Na and
depleted in C and O with respect to field stars are classified
as second population (2P). We refer the reader to Gratton et al.
(2019), Cassisi & Salaris (2020), and Milone & Marino (2022)
for recent reviews on multiple populations in GCs. Multiple pop-
ulations in GCs have also been found in the faintest part of
the MS by using data from the Hubble Space Telescope (HST,
Bedin et al. 2004; Piotto et al. 2005, 2007; King et al. 2012;
Milone et al. 2012, 2014) and, recently, thanks to the ultra-deep
near infra-red observations with the James Webb Space Tele-
scope (JWST, Cadelano et al. 2023; Milone et al. 2023).

1

It is worth noting that 1P could be more complex than first thought.
In fact, as suggested in the study by Marino et al. (2019), 1P stars in
GCs show a potential metallicity spread
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Although it is known that these peculiar chemical patterns
are the footprints of high-temperature H-burning (Prantzos et al.
2017, and references therein), the formation scenario of the GC
populations and how the processed material finds its way to form
the 2P low-mass stars is still under debate (Bastian & Lardo
2018, for a review). The main studied formation channels are
three self-enrichment scenarios: the AGB scenario, in which
stars with initial masses in the range from 6 to 11 M are
the polluters of the material that form the 2P (Ventura et al.
2001, 2013; D’Ercole et al. 2012; D’Antona et al. 2016); the
fast-rotating massive stars (FRMSs) scenario, in which massive
rotating stars pollute intracluster gas with the product of the H-
burning through the combination of rotational mixing and strong
winds (Prantzos & Charbonnel 2006; Decressin et al. 2007a,b;
Krause et al. 2013); and the supermassive stars (SMSs) sce-
nario, where very massive stars (103~10* M) form from run-
away collisions of 1P proto-stars in the core of the proto-cluster.
Such stars forge the processed material and pollute the intra-
cluster medium with processed elements via strong stellar winds
(Denissenkov & Hartwick 2014; Gieles et al. 2018). Other inter-
esting scenarios involve the binary evolution of massive stars
(e.g., see de Mink et al. 2009; Renzini et al. 2022) or the forma-
tion of 2P low-mass stars in 1P massive red super giant stars’
shells (Szécsi et al. 2018). The different GC formation scenar-
ios also help to interpret the unusually high N/O abundance
ratios in the distant (z = 10.6) star-forming object GN-zl11,
recently observed with the NIRSpec instrument on board JWST
(Cameron et al. 2023; Charbonnel et al. 2023; D’ Antona et al.
2023; Vink 2023).

The different formation scenarios predict a different amount
of He enrichment of the 2P stars. For instance, in the AGB sce-
nario, Doherty et al. (2014) predict an initial helium mass frac-
tion for the 2P stars of about 0.35-0.4 due to second dredge-
up episodes in the more massive AGBs. In the FRMS frame-
work, the 2P stars are predicted to be born with a large varia-
tion in initial He (¥) up to 0.8 in mass fraction (Decressin et al.
2007b). These scenarios predict too large a He enrichment
with respect to the observed ones, while the SMS scenario by
Denissenkov & Hartwick (2014) can predict the right amount
of enrichment with some fine-tuning to solve the problem of
the He overproduction (Bastian et al. 2015). On the other hand,
the He enrichment can be extremely limited in the case of the
SMS conveyor belt scenario by Gieles et al. (2018). Unfortu-
nately, it is difficult to measure the He content of stars directly
since most of the stars in GCs are too cool to display He lines
in their spectra. HB stars may be hot enough to show weak He
lines in their spectra, but they are difficult to model and interpret
(also for the role of mixing processes such as atomic diffusion,
Michaud et al. 2008). Recently, using HST multiband photome-
try, Milone et al. (2018) have indirectly determined the Y abun-
dance of stars in a large homogeneous sample of 57 GCs. They
found that the He enrichment is generally very small and corre-
lates with the clusters’ mass, with a maximum He mass frac-
tion of 0.38 in the extreme second population in NGC 2808.
Another indirect constraint comes from the HB morphology,
which can be explained with a spread in Y (6Y ~ 0.02-0.15,
e.g., see Tailo et al. 2021). Martins et al. (2021) recently redeter-
mined the maximum helium mass fraction of stars in NGC 6752
(computing synthetic populations and spectra of the He-enriched
stars) and found that it is unlikely that stars more He-rich than
~0.3 are present in the cluster. It is worth stressing that all the
scenarios proposed for candidate polluters, so far, have not been
able to match all the observational constraints obtained at the
same time (Bastian & Lardo 2018).
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The initial helium abundance is one of the main ingredi-
ents that drive the star’s evolution (Iben 1968; Iben & Rood
1969). The He mass fraction impacts the star’s structure and
evolution in several aspects. A higher He content (at fixed
Z) leads to a decrease in opacity due to the decrease of the
hydrogen mass fraction. He-enriched stellar models are gener-
ally hotter and brighter than models with standard He in MS.
Consequently, the lifetime of He-enriched stars is significantly
reduced, and at a given age, the He-enriched stars are less mas-
sive at the MS turn-off (Charbonnel et al. 2013; Chantereau et al.
2015; Cassisi & Salaris 2020). Therefore, if all stars experience
the same mass-loss on the RGB, those on He-rich isochrones
will land on the HB in a different position of the Hertzsprung
Russell (HR) diagram (i.e., with a different effective temperature
or color) due to the different mass.

Another interesting effect of a higher initial He content in
stellar population is the increased occurrence of “AGB-manqué”
stars (or failed-AGB, Greggio & Renzini 1990; Bressan et al.
1993; Dorman et al. 1993; Charbonnel et al. 2013). Among the
stars able to ignite and burn helium, some of them end their lives
without climbing the AGB, and a higher initial He increases the
mass range in which such evolution occurs (e.g., see Figure 15
by Chantereau et al. 2015). Such stars have higher surface tem-
peratures than standard He stars during the core helium burning
(CHeB) phase. At the end of the CHeB, they fail to swell up the
transparent and thin He-rich envelope. Instead, after the ejec-
tion of the external layers, they directly move to the white dwarf
(WD) cooling sequence, avoiding the AGB phase.

The AGB-manqué scenario helps to interpret some observa-
tional properties of GCs (see Gratton et al. 2019, for a review).
For instance, it was proposed to explain the lack of sodium-
rich stars on the AGB in NGC 6752 (Charbonnel et al. 2013;
Cassisi et al. 2014). It can also explain the lower fraction of
2P stars that populate the AGB of some clusters revealed in
spectroscopic and photometric studies (Campbell et al. 2013;
Lapenna et al. 2016; Marino et al. 2017; Lagioia et al. 2021),
even though the fraction of second-population AGB stars can
be affected by more than one factors (Wang et al. 2017). More-
over, the AGB-manqué prediction is consistent with results by
Gratton et al. (2010), who found that clusters with blue-extended
HB have a ratio of AGB to RGB stars smaller than GCs without
extended HB.

In this paper, we have two objectives. The first consists
of building new morphologically accurate isochrones from
STAREVOL stellar tracks with different initial He content. The
second objective is to study the effects of He enrichment on
isochrones and test them against observed number ratios of
stars in selected GCs. This check ensures that our tracks and
isochrones are accurate enough to compute integrated synthetic
spectra in future dedicated works to study far and not-resolved
populations in clusters and galaxies. For the computation of
this first set of new isochrones, we adopted the sets of tracks
by Charbonnel & Chantereau (2016) and Martins et al. (2021),
who used the FRMS scenario for the 2P stars’ abundance pat-
tern. They computed stellar tracks with four different metal-
licities (resembling the [Fe/H] of four GCs) and several ini-
tial He contents. We took care to extend the few incomplete
tracks to the late stages of the thermal pulsating asymptotic giant
branch (TP-AGB), and we computed new tracks (when needed)
to better resolve the transition between those that undergo
AGB-manqué and AGB phase. At variance with the work by
Charbonnel & Chantereau (2016) and Martins et al. (2021), in
which isochrones are computed up to the RGB tip, here we build
a consistent set of isochrones, including all the stellar phases
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Table 1. Initial chemical composition and a enhancement of our stellar tracks for each cluster.

Name [Fe/Hlip  [a/Fe] z Yip Yop Age™ [Gyr]  Age [Gyr]
NGC 4590 -2.2 +0.35 0.0002 0.248 [0.26, 0.27, 0.3, 0.33, 0.37, 0.4, 0.425, 0.45] 12.03f8j§3 12.75+0.75
NGC6752  —153  +03 00009 0248415 027, 0.3,04, 0.6] 13.48%081 13,00 £0.50
NGC 2808 -1.15 +0.3 0.002 0.249 [0.26, 0.27, 0.3, 0.33, 0.37, 0.40, 0.425] 10.931:%2 12.00 = 0.75
NGC 6441 -0.5 +0.2 0.008 0.255 [0.27, 0.3, 0.33, 0.37, 0.4, 0.425] 10.44t2'78 12.25 +0.75

1.62

Notes. We also provide cluster ages from recent investigations to give a reference. Here, we recall that the derived ages depend on the physical
parameters used in the stellar codes. ' Ages taken from Valcin et al. (2020). (D Ages taken from Tailo et al. (2020).

from the zero-age main-sequence (ZAMS) to the tip of TP-AGB.
To do that, we developed new methodologies to treat all the var-
ious types of evolutionary behaviors (typical of low-mass and
He-enriched stars) and build morphologically accurate and self-
consistent isochrones for the different metallicities, He enrich-
ments, and ages adopted. In future works, we plan to compute
new isochrones from stellar tracks computed with other forma-
tion scenarios and with different adopted physics.

The paper is structured as follows. In Section 2, we describe
the initial chemical abundances of the adopted stellar models,
the input physics, and the stellar tracks’ properties. Section 3
presents a brief description of the new isochrone building
pipeline and the new isochrones (more details are given in
Appendix C). In Section 4, we show and discuss the number
ratios obtained for isochrones representing populations of dif-
ferent ages, metallicities, and initial He enrichment. Finally, in
Section 5, we summarize our results and draw our conclusions.

2. Stellar evolutionary tracks

In this study, we use stellar tracks computed with the STAREVOL
code (Siessetal. 2000; Palaciosetal. 2003; Amard et al.
2019). We adopted the tracks computed and presented in
Charbonnel & Chantereau (2016) and Martins et al. (2021).
These stellar tracks follow the evolutions of low-mass stars
from the pre-main sequence’ to the TP-AGB or planetary neb-
ula phase and WD cooling. We took care to extend these sets to
improve the quality of the isochrones. In particular, we computed
new tracks with masses closer to the transition between different
evolutionary patterns, and we completed the unfinished tracks to
reach the end of the TP-AGB phase. The set of tracks spans a
mass range from 0.2 to 1 M. In the following, we describe the
characteristics of these stellar tracks.

2.1. Initial abundances for 1P and 2P

The stellar tracks computed by Charbonnel & Chantereau
(2016) and Martins et al. (2021) include four values of [Fe/H] =
-2.2,-1.53,-1.15, and —0.5, chosen to match those of four
GCs, namely NGC 4590, NGC 6752, NGC 2808, and
NGC 6641. For consistency with Chantereau et al. (2017), the
solar-scaled compositions are from Grevesse et al. (1993). For
each metallicity, the computed tracks representing the 1P have
an initial helium mass fraction (Yp) that is close to the primor-
dial one, obtained with the relation Yip = Yy + (AY/AZ) X Z,
where Z is the heavy element mass fraction (metallicity), the
Yy = 0.2463 is the primordial helium mass fraction (from
Coc et al. 2013), and AY/AZ = 1.62 is derived from the solar cal-

2 Computations start on the Hayashi track at the beginning of the deu-
terium burning phase on the PMS that we consider as the time zero of
the evolution.

ibration (by Grevesse et al. 1993) and primordial helium abun-
dances. For each [Fe/H], they adopt an @-enhancement follow-
ing Carretta et al. (2010), as listed in Table 1. We stress that, at
variance with the previous papers of this series (Chantereau et al.
2017), to better match the metallicity of NGC 6752, we use
the tracks by Martins et al. (2021), who assume a metallicity of
[Fe/H] = —1.53 instead of [Fe/H] = —1.75.

For the 2P, Charbonnel & Chantereau (2016) and
Martins et al. (2021) adopted the He—Na correlation predicted
by the FRMS scenario, described also in Charbonnel et al.
(2013). In particular, 2P stellar models are initially depleted
in C, O, Mg, Li, Be, and B, and enriched in He, N, Na, and
Al to various degrees (Chantereau et al. 2016). Stellar tracks
representing the 2P are computed with several initial helium
abundances ranging from ~0.26 to 0.6 (in mass fraction),
assuming the FRMS scenario. The C+N+O content is kept
constant between the two populations since the FRMS scenario
predicts that He-burning products are not included in 2P stars
in agreement with the observations. These assumptions are
compatible with the predictions of the conveyor-belt SMS
scenario, modulo the fact that high Na and Al enrichment
are reached already for much lower He enrichment because
of the highest H-burning temperature reached within these
objects. Table 1 lists all the different metallicities [Fe/H] and
initial helium abundances used to compute the stellar tracks we
adopted in this work.

2.2. Adopted physics

The basic input physics adopted for the stellar models can be
summarized as follows:

— We follow stellar nucleosynthesis of 54 chemical species
from 'H to 37Cl, with a network of 185 nuclear reactions (see
Lagarde et al. 2012, for more details). We use the nuclear
reaction rates from the NACRE2 database generated using
the NetGen web interface (Xu et al. 2013a,b).

— The screening factors are included using the Mitler (1977)
and Graboske et al. (1973) formalism.

— Opacities are interpolated from the OPAL? project opac-
ity tables (Iglesias & Rogers 1996) for T > 8000K, and
atomic and molecular opacity by Ferguson et al. (2005) for
T < 8000 K.

— For the equation of state, we adopt the formalism by
Eggleton et al. (1973) and Pols et al. (1995) (see Siess et al.
2000, for more details).

— Convection is treated within the mixing-length theory
(Bohm-Vitense 1958), assuming a parameter ayrr = 1.75
(as adopted in the FRMS scenario by Decressin et al. 2007b).
We assume instantaneous mixing in the convective regions,
except during the TP-AGB phase, in which we adopt a time-

3 https://opalopacity.llnl.gov
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dependent diffusion treatment to follow the hot-bottom burn-

ing properly (Forestini & Charbonnel 1997).

— To determine the regions unstable to convection, we use the
Schwarzschild (1958) criterion.

— We use the gray atmosphere approximation for the photo-
sphere, defined as the layer with an optical depth 7 between
0.005 and 10. The effective temperature, T and the stellar
radius are defined at the layer where 7 = 2/3.

— Mass loss is taken into account, assuming the Reimers
(1975) prescription (with n = 0.5) on the RGB and
during CHeB. During the AGB phase, we use the
Vassiliadis & Wood (1993) recipe for the oxygen-rich stars
and switch to Arndtetal. (1997) whenever the low-mass
AGB becomes C-rich. The mass loss in such phases (partic-
ularly on the RGB) is still an open issue and has great uncer-
tainty. The common prescription adopted by stellar model-
ers for this phase is the Reimers (1975), with a parameter n
that can vary from 0.1 to 0.65, depending on the calibration
performed (e.g., see Miglio et al. 2012; McDonald & Zijlstra
2015; Tailo et al. 2021). In the choice of this parameter,
Charbonnel & Chantereau (2016) and Martins et al. (2021)
used the results by McDonald & Zijlstra (2015), who give a
median determined from 56 GCs of n = 0.477 + 0.07.

In the models, the TP-AGB phase is fully followed within
the STAREVOL stellar evolution code (Forestini & Charbonnel
1997). This means that contrary to models computed by
synthetic codes (Groenewegen & de Jong 1993) and hybrid
“envelope-based” codes such as the COLIBRI code Marigo et al.
(2013), the main ingredients impacting the TP-AGB evolution,
such as mass loss, efficiency of mixing, depth of the third dredge-
up, core growth, cannot be fine-tuned and are fully dictated by
the physical prescriptions adopted from the beginning of the stel-
lar evolution. In the present models, s-process element nucle-
osynthesis is not followed.

The stellar tracks are computed without atomic diffusion,
semi-convection, thermohaline mixing, rotation, and overshoot-
ing. Neglecting atomic diffusion and rotation induces an uncer-
tainty on the low-mass stars’ lifetime of about 10-20% (e.g.,
VandenBerg et al. 2002; Lagarde et al. 2012; Dotter et al. 2017,
Borisov et al. 2024, see Appendix B for a comparison), which
can be of the same order of errors obtained from GCs age
estimations (e.g., for NGC 6752 13.48 +0.7 Gyr, Valcin et al.
2020). The FRMS scenario predicts a maximum delay of tens
of millions of years between the formation of the two stel-
lar populations (Krause et al. 2013). The observational con-
straints coming from young, very massive, compact, and gas-
free star clusters point rather to less than 10 Myr (Krause et al.
2016), which is compatible with the SMS scenario and any-
way negligible compared to the GCs age uncertainty. In future
work, we plan to use sets of stellar tracks based on differ-
ent formation scenarios than the FRMS, including also the
mentioned physical processes, to study their impact on the 2P
stars.

2.3. Stellar evolutionary paths

To illustrate the various evolutionary paths that low-mass stars
may follow, we show a set of tracks with Z = 0.002 and
Y = 0.249 in Figure 1. The selected tracks show the three dif-
ferent evolutionary paths. For this initial composition, we find
that tracks with an initial mass Mzams < 0.75 Mg are not mas-
sive enough to ignite helium. Near the RGB tip, they experi-
ence strong stellar winds that peel off their envelope, exposing
the degenerate helium core. When the envelope is almost totally
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Fig. 1. Hertzsprung—Russell (HR) diagram of three selected stellar evo-
lutionary tracks computed with STAREVOL, with different evolutionary
paths. The dashed lines show the pre-MS phase.

expelled, the stars move to the planetary nebula phase and then
to the WD cooling stage.

Stars with 0.75 < Mzams/Mp < 0.85 are massive enough
to ignite helium at the RGB tip, undergoing the so-called He-
flash. These stars then move to the HB where they undergo sta-
ble CHeB. In the fast transition phase, which lasts for ~1.3 My,
they may experience several secondary He-flashes (less lumi-
nous than the first one) that manifest as loops in the HR dia-
gram. Stars in this mass range retain only tiny envelopes, and
they lie on the blue side of the HB during the CHeB. They have
higher effective temperatures than more massive stars that retain
more massive envelopes (see, e.g., Rood 1973). The mass of the
envelope also affects the post-CHeB phase because it is too tiny
to allow the shell-burning processes that — in the usual case —
force stars to reach the AGB stage. Therefore, these stars with
tiny envelopes may completely miss the AGB phase. Moreover,
the stellar winds could eject the small envelope during the CHeB
phase. Therefore, the star cannot expand and completely avoids
the evolution toward the AGB, moving instead to higher lumi-
nosities and directly to the planetary nebula phase and WD cool-
ing sequence. This is the evolutionary pattern of AGB-manqué
stars.

For stars with a higher initial mass that also have higher enve-
lope mass when they reach the RGB tip, the post-CHeB evolu-
tion follows the ‘“standard” behavior. During the CHeB, tracks
with Mzams > 0.85 Mg, have a lower effective temperature, and
after this phase, they move to the AGB phase. The advanced
AGB phase is characterized by thermal pulses, dredge-up, and
strong stellar winds, which determine the duration of this phase.
When stellar winds almost totally peel off the envelope, stars
move to the planetary nebula phase (sometimes experiencing a
last thermal pulse) and finally to the WD cooling sequence.

Figure 2 shows all sets of stellar tracks we use in this work
to represent stars of the 1P of the four clusters. After the MS,
all stars cross the subgiant region and climb the RGB. Subse-
quently, as described above, stars may follow three different evo-
lutionary paths, depending on the stellar structure at the tip of the
RGB. We consider each track complete if the star has an enve-
lope <0.1 Mg, during the planetary nebula phase. In this assump-
tion, all our tracks are complete for our purposes (also those with
Z = 0.0009 and Y = 0.248415 shown in the top-right panel of
Figure 2).
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Fig. 2. Selected evolutionary tracks of STAREVOL in the HR diagram, representing 1P stars of the four clusters listed in Table 1. Starting from the
top-left and going clockwise, tracks are computed with Z = 0.0002, 0.0009, 0.008, and 0.002. Different colors indicate different initial masses.
Tracks are shown from their ZAMS to the planetary nebula phase and WD cooling. The little star apex in the label before the masses indicates

stars that go to the AGB phase.

The transition masses between the different kinds of evolu-
tion and the occurrence of AGB-manqué behavior depend on the
initial abundances of helium and metals (as shown in Figures 5
and 6 by Charbonnel & Chantereau 2016). In general, the higher
the metal content, the higher the transition mass between stars
with the AGB-manqué and AGB evolutionary patterns. On the
other hand, for 2P stars, the trend of the transition masses is not
linear with the initial helium abundance. For Y < 0.5, the higher
the helium, the smaller the transition mass. While, in cases of
a very high helium enrichment (i.e., ¥ > 0.5), the trend can be
inverted (see Figure 2 in Chantereau et al. 2016). From the anal-
ysis presented in Appendix B, we expect the effect of detailed
abundances of elements other than He and which do count in the
metal mass fraction Z to be small. We thus expect that the use of
2P abundances derived from the FRMS scenario, as done here
or from other scenarios, will not impact the results obtained in
this work. For a detailed description of the impact of the helium
enrichment on the tracks and the transition masses for different
metallicities, we refer the reader to Chantereau et al. (2015) and
Charbonnel & Chantereau (2016).

It is worth noticing that the transition masses and the occur-
rence of the AGB-manqué evolution also depend on the mass-
loss in the RGB and HB phases. The mass loss in such phases

(particularly on the RGB) is still an open issue and has great
uncertainty (e.g., Tailo et al. 2021). Further exploration of the
uncertainty related to stellar wind prescriptions is outside the
scope of this paper.

3. Isochrones

The computation of theoretical isochrones has a long
tradition, and several groups have developed their tools to
tackle this task (some recent examples are VandenBerg et al.
2014; Georgy etal. 2014; Dotter 2016; Spadaetal. 2017;
Hidalgo et al. 2018; Nguyen et al. 2022). These tools use smart
and efficient methods that exploit the similarities between tracks
to obtain accurate isochrones, starting from sets of tracks, which,
for obvious reasons, cannot span the space of initial param-
eters “continuously”. One common key idea adopted in the
isochrones building methods is the selection of the so-called
equivalent evolutionary points (or “critical points”) along the
evolutionary tracks (Simpson et al. 1970; Bertelli et al. 1990,
1994; Girardi et al. 2000; Ekstrom et al. 2012). An accurate
selection of these critical points permits obtaining smooth inter-
polated tracks and morphologically realistic isochrones without
wasting resources in the computation of very big stellar track
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Fig. 3. Example of an incorrect isochrone (dashed black line), as
obtained when not accounting for the different morphologies of the
post-RGB phase of the two tracks used in the interpolation. The
isochrone has an age of 14 Gyr. The two tracks used for the interpo-
lation of the post-RGB phases are shown in blue and orange. The ini-
tial metallicity is Z = 0.002, and the initial He mass fraction is 0.249.
The two tracks shown are reduced tracks obtained following the method
described in Section C.1.

grids with infinitely small mass steps between each track. Typi-
cally, grids of tracks to compute isochrones include a few hun-
dred tracks, not more.

It is worth stressing here that a good selection of critical
points is not enough to obtain acceptable isochrones. Since stel-
lar tracks with two very close masses may show a very differ-
ent morphology in the post-RGB phase (as shown in Fig. 1), a
specific strategy to treat this aspect accurately must be adopted.
Ignoring those transitions in the isochrone building methods will
produce wrong isochrones, as the one shown in Fig. 3. In this
case, the isochrone in the post-RGB is computed from the inter-
polations of the two tracks shown without an adapted method-
ology. This isochrone is a clear example of a “blind” inter-
polation that produces nonphysical properties, such as a faint
(log L < 3) and hot (T.¢ > 3.8) AGB phase. Because the stars
in these phases are bright, their properties impact the integrated
colors of a synthetic stellar population. Some of the evolution-
ary phases affected are short-lived, in which case their impact
on average integrated properties is limited, but they nevertheless
modify the statistical distributions of colors of equal-age popu-
lations of synthetic clusters with finite numbers of stars (a distri-
bution due to the stochastic sampling of the IMF; for examples
see Girardi & Bica 1993; Fouesneau & Langon 2010).

3.1. Isochrone building with sycList

Our building methodology consists of three steps: the creation
of reduced stellar track tables, the creation of the “fake” tracks,
and the isochrone-building process. All the details are described
in Appendix C. In brief, in the first step, we select the equiva-
lent evolutionary points and interpolate between them to create
reduced tables. In the second, we create the fake tracks needed
to avoid inadequate interpolations between tracks with differ-
ent post-RGB morphology. These tracks share the evolution-
ary properties of the two nearest tracks that enclose the tran-
sition. For the final step that leads from properly re-sampled
tracks to isochrones, we used the SYCLIST code (described in
detail in Georgy et al. 2014). Thanks to its flexible design, mod-
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Fig. 4. Isochrones with different ages from 8 to 16 Gyr with different
colors. The initial abundances are Z = 0.002 and Y = 0.249. Isochrones
with 13.5 and 14 Gyr overlap due to our isochrone-building methodol-
ogy. Therefore, only the one with 13.5 Gyr is visible.

ifying the equivalent points along tracks and introducing the
fake track method did not change the code’s structure. We
updated the code to propagate several surface abundances from
the STAREVOL stellar tracks to the isochrones, which will be use-
ful for any subsequent computation of detailed synthetic spec-
tra. Our isochrones now include surface abundances of 40 iso-
topes from 'H to *’Cl, plus all the remaining heavier elements
collected in a single variable, “Heavy”. The heavier isotopes
(included in the Heavy abundance) could be easily retrieved
using the initial element partition adopted since these elements
do not evolve in time in our stellar models.

3.2. New isochrones

For each set listed in Table 1, we computed new isochrones from
9 Gyr to 14 Gyr, with steps of 0.5 Gyr. Figure 4 shows an exam-
ple of selected isochrones computed with a fixed initial compo-
sition and different ages. The figure shows how, as the age of
the isochrones increases, the turn-off becomes fainter and red-
der, and the star’s position in the HB becomes bluer. The bluer
position of the HB at older ages is related to the smaller stellar
mass at the RGB tip and the smaller envelope masses that such
stars retain in that phase (Bertelli et al. 2008). When the enve-
lope mass is very small, the AGB-manqué evolutionary pattern
appears. In this case, stars burn He in a very hot location on
the HR diagram and then evolve directly to the planetary neb-
ula, skipping the AGB phase. In Figure 4, all isochrones aged
over 13 Gyr show the AGB-manqué behavior (note that these
isochrones overlap in the figure because of our isochrone build-
ing methodology). While isochrones with ages <13 Gyr have a
colder HB phase and stars in the AGB phase.

Figure 5 shows selected isochrones with different initial He
and two different ages but the same metallicity. Isochrones with
different initial He-content run in the HR diagram almost par-
allel during the MS. As already mentioned, a higher initial He
takes to a lower mean opacity and a higher mean molecular
weight in the stellar envelope, leading to hotter effective temper-
atures. Counterintuitively, He-enriched populations are fainter
in the MS turn-off because of the shorter MS lifetimes, which
indicate a lower mass at the turn-off (Salaris & Cassisi 2005;
Bertelli et al. 2008; Chantereau et al. 2015; Cassisi & Salaris
2020). Interestingly, this is also true in the case of very young
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Fig. 5. New isochrones computed with ages 9 Gyr and 13 Gyr in the top
and bottom panels, respectively. Different colors indicate the different
initial He content. All isochrones shown here have Z = 0.0009.

ages (down to 3 Myr), as shown by Nataf et al. (2020). After the
MS, the initial He-content does not affect the morphology of the
subgiant branch much. Still, He-enriched populations climb the
RGB with higher effective temperatures. The He-content also
affects the luminosity tip of the RGB. With an increasing ini-
tial He abundance, the brightness of the tip decreases. This is
due to the higher central temperatures of the He-enriched mod-
els, which take to lower degenerate cores and to a faster rate of
growth of the core. Both these effects make the He-flash condi-
tion occur with smaller He core masses, hence with lower lumi-
nosities (Cassisi & Salaris 2020). After the He-flash, the initial
He content affects the isochrones’ morphologies for two reasons.
The first is that the He-enriched populations reach the RGB tip
with a smaller ratio between the envelope and total mass, mainly
due to the smaller MS turn-off masses. The second is that the
abundance of He in the stellar envelope during the HB is higher
in He-rich stars. They both take the He-enriched populations to
have hotter (i.e., bluer) HB than populations with standard He.
For the same reasons above, the occurrence of AGB-manqué in
a stellar population at a fixed age also depends on the initial He.
In Figure 5, isochrones with 9 and 13 Gyr, and with ¥ < 0.4 have
models in the AGB phase, and those with ¥ = 0.4 have AGB-
manqué stars. Finally, models in isochrones with ¥ = 0.6 just
reach the RGB-tip before going to the planetary phase and WD
cooling sequence.

4. Number ratios

The frequency of AGBs with respect to RGBs and HBs stars
is strictly related to multiple populations in GCs (Gratton et al.
2019). Since AGB-manqué stars at certain ages are associated
with the He-enriched populations of a cluster (D’ Antona et al.
2002; Charbonnel et al. 2013; Chantereau et al. 2016), differ-
ences in the initial He enrichment affect the ratios R; =
Nage/Nrgs and Ry = Nags/Nug (which are proportional to the
lifetimes’ ratios of these phases). Our tracks include all the evo-
lution from the ZAMS to the TP-AGB; thus, we can consistently
compute and predict values of R} and R, for all our isochrones
with different ages and initial compositions and compare them
with those from the literature obtained from the observed data.
The purpose of this comparison is to check the accuracy of
our new isochrones, which will be used to compute integrated
synthetic spectra in a dedicated work to study distant and not-
resolved populations.

4.1. Ratios computation

Assuming a certain age, the number of stars, Ny, of a population
in an evolutionary phase, X, could be computed as follows

Nx = f DO(Mzams) OMzawms, ()
AMy
where AMy is the interval of mass within the selected phase X,
O(Mzanms) is the initial mass function and Mzays is the ini-
tial stellar mass. By knowing the mass limits of the different
phases from our isochrones and assuming a Kroupa initial mass
function (Kroupa 2001), we can compute the number ratios R,
and R, for each isochrone of our sets. We define all the stellar
phases in theoretical isochrones by checking the internal prop-
erties of the models (i.e., using the same approach described in
Sect. C.1). On the other hand, a precise definition of the stel-
lar phases cannot be easily retrieved from observations. In par-
ticular, it is difficult to disentangle stars in the RGB and AGB
phases, which are often quite overlapped in optical CMDs due
to their similar effective temperatures. Therefore, some strategy
must be adopted to decouple such stars and break the degener-
acy. An interesting methodology has been used by Lagioia et al.
(2021), who analyzed photometric data of several GCs from
HST. They used far-UV-optical CMDs to break the color degen-
eracy of RGB and AGB stars, exploiting the property of AGB
stars that are significantly brighter than RGB stars in the UV
flux. After the selection of the AGB stars, they selected the
fainter AGB star in optical CMDs (F814W band) and used that
magnitude as a limit for selecting the brighter RGB stars. This
methodology ensures a reasonable comparison between stars in
the two phases. To compare our theoretical ratios with the empir-
ical ones derived from observational data, we adopt a strategy
inspired by Lagioia et al. (2021) to derive stellar numbers of
RGB stars. This step is required to compare our R; number ratios
with theirs. Firstly, we selected the luminosity of the early-AGB
phase (defined as the onset of the He-shell burning). Then, we
used that luminosity as a lower limit to select the mass limit of
the most luminous models in the RGB phase. As regards the HB
phase, the selected mass limits are the beginning of the CHeB
and the beginning of the early-AGB phases. Once the mass lim-
its of each phase are defined, we computed the number ratios
R; and R, for all the isochrones in our sets. We compute the
ratios only for isochrones that populate the AGB, that is, with
models that lie in the region of the HR diagram defined by
T < 3.85 and log L > 3.1, making possible the computation of
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Fig. 6. Number ratios versus age, for different initial He content (in different colors). The left column shows R;, while the right column shows

R,. Each row indicates the ratios for different initial metallicity (i.e., for

different clusters). The dashed horizontal black lines indicate the number

ratios for each cluster obtained by Lagioia et al. (2021, L21) from observations. The corresponding 1o statistical Poisson error is indicated by the
blue horizontal area. The dashed blue and red lines indicate R, results by Constantino et al. (2016), which used data from Piotto et al. (2002, P02)
and Sarajedini et al. (2007, SO7), respectively. The dashed green line shows values from the collection by Sandquist (2000, S00). The green area
in the upper-right panel shows the error associated with the Sandquist (2000) value of the ratio. For clarity purposes, we do not show the statistical
errors of all observed values in the other panels, but only those by Lagioia et al. (2021). The other errors have amplitudes similar to those shown

here.

the ratios. We also associate a statistical Poisson error with the
observed ratios when the authors do not provide one. Since the
error size depends on the cluster’s number of AGB stars, number
ratios of clusters with a few AGBs (such as for Z = 0.0002 and
0.0009 that correspond to NGC 4590 and NGC 6752) have big-
ger errors. On the modeling side, it is important to say that there
are many uncertainties on several physical stellar processes that
can change the number counts, such as the mass loss in the RGB
and AGB phases, the thermohaline mixing, the semiconvection,
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stellar rotation, and nuclear rates uncertainties during the CHeB
phase. In Appendix B, we show a partial comparison with stellar
tracks found in the literature and using the STAREVOL code with
different physical assumptions.

4.2. Results and comparison with data

The ratios for each initial composition and age are shown in
Figure 6 and listed in Table A.1. Our results indicate a gen-
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eral trend for all cases. We find that R, is proportional to the
initial He enrichment, while R, has an inverse proportionality
with the initial He. This is expected since the lifetimes of such
phases depend on the initial He and because (dtrgp/dYini) <
(dtag/dYini) < (drup/dYini), where Trg, Tagp and Typ are
the lifetimes of the different phases. An example of the lifetime
trends with the initial He is shown by Chantereau et al. (2015) in
Figure 3. However, this general trend may change for R, at older
ages (12—13 Gyr) due to the AGB lifetimes of the He-enriched
populations. In particular, stars close to the AGBm-AGB transi-
tion mass (6M < 0.05 My,) have shorter AGB lifetimes than stars
with a mass well above the transition (6M < 0.05 M).

We also compare our number ratios with values from the
literature obtained from observations. In particular, we com-
pare the R; ratios with those obtained from observation by
Lagioia et al. (2021) because they are retrieved with similar
methodologies (as described above). Regarding R,, we com-
pare the ratios with those by Sandquist (2000), Constantino et al.
(2016) who computed the ratios from different catalogs
(Piotto et al. 2002; Sarajedini et al. 2007), and by Lagioia et al.
(2021). The observed values are retrieved by counting all stars in
the cluster, thus, without distinguishing between 1P and 2P stars.
The comparison is not intended as an attempt to fit the four clus-
ters in detail, but only as a test for our post-RGB tracks and for
the new isochrones, which are representative of a simple stellar
population (i.e., a coeval population with a certain initial abun-
dance). This check has the aim of verifying whether the current
set of evolutionary models, without any fine-tuning, reproduces
lifetimes in the various post-RGB phases reasonably well.

From the comparison of the number ratios with the observed
ones, we find that our R; and R, roughly agree within 1o~ with
observations. There are only two exceptions, one for the R, ratios
computed with Z = 0.008 and the other for the R, ratios for
Z = 0.0002. In the first case, the theoretical ratios are consis-
tently lower than the observed value by 1 or more o, depending
on the initial He. In this case, He-enriched populations seem to
reproduce better the observations. In the second case, the R, val-
ues are off the observed value by more than 1o~. However, it is
worth noticing that the R, value presented by Sandquist (2000)
for this cluster should be taken with care since the number of
AGBs they find is about 5 times higher than those found by other
authors (such as Lagioia et al. 2021, who found just 7 AGBs and
did not compute the R, value for this cluster), therefore affecting
the ratio value. On the other hand, we find that our R, ratios also
very well agree with other theoretical predictions, which find that
R, should not exceed 0.2 (Cassisi et al. 2014).

Figure 6 also shows the dependence of AGB star occurrences
with the initial He enrichment. The maximum age at which
AGB stars appear decreases as the initial He increases. However,
assuming a different set of input physics for our stellar models
may change this threshold age. For instance, including atomic
diffusion may change the stars’ lifetimes by up to 10-20% (e.g.,
VandenBerg et al. 2002; Dotter et al. 2017; Borisov et al. 2024).
Therefore, the threshold age between the occurrence of AGB-
manqué and AGB will change too. This prevents us from using
our results to discern the presence of 2P stars in the AGB phase
with Yin < 0.3. On the other hand, we can state that in clus-
ters with similar metallicity to those investigated here, the pres-
ence of AGB stars at ages above 12 Gyr with Yj,; > 0.4 is quite
unlikely, as already predicted and discussed by several authors
(e.g., Charbonnel et al. 2013; Milone et al. 2018; Martins et al.
2021). Finally, Table A.1 lists all the R; and R, ratio values and
the corresponding errors for each metallicity, age, and initial He
enrichment.

5. Conclusions

In this paper, we adopted and extended stellar evolution
tracks from Charbonnel & Chantereau (2016), Chantereau et al.
(2017), and Martins et al. (2021) such as to include lower stellar
masses and to fully process late stages of evolution up to the end
of the TP-AGB phase. We described the methodology adopted
to build morphologically accurate isochrones in the presence of
transitions from tracks with a standard evolutionary path through
the HB and the AGB, to tracks which lack either the AGB, or
both the HB and the AGB. We presented the resulting isochrones
for various metallicities, initial He-contents, and ages (spanning
from 9 to 14 Gyr). The stellar tracks and the new isochrones are
available in the CDS database.

For each isochrone, we computed the ratios between the
number of AGB stars and the number of RGB stars on one hand
and of HB stars on the other. We find a good agreement with
observed counts within 1o for most cases. That means that with
the parameters and initial physical processes chosen, our models
predict reasonable lifetimes for the different post-RGB evolu-
tionary phases. Varying physical processes, such as overshoot-
ing, atomic diffusion, mass loss on the RGB, or rotation, might
modify the resulting number ratios, but this should not affect our
conclusions on the differential importance of He (as shown in
Appendix B).

This work is the first methodological paper of a series that
aims to study and characterize remote unresolved stellar popu-
lations, which will become more readily available thanks to the
James Webb and Euclid space missions. Complete isochrones
are the first step for creating integrated synthetic spectra of sim-
ulated populations computed with different initial abundances
and stellar physical conditions. We have shown that this grid
of tracks produces reasonable number ratios of various types
of luminous evolved stars, which is a prerequisite for reason-
able integrated light fluxes. The set of tracks and the isochrones
presented and discussed here will be a reference set to which
we will compare results for stellar evolution models with modi-
fied assumptions, such as updated initial chemical compositions,
modified surface boundary conditions, or the presence of various
internal mixing processes.
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Appendix A: Additional table

Table A.1. Globular cluster number ratios (R, and R») for different ages and initial He enrichment.

Costa, G., et al.: A&A, 690, A22 (2024)

NGC 4590 — [Fe/H] = -2.2 — Z = 0.0002

Age [Gyr] 9.0 9.5 100 105 11.0 115 120 125 13.0 135 14.0
Y =0.248
R; - 039 039 038 037 035 033 031 031 031 043
Ry - 0.18 0.17 015 014 0.14 014 013 0.13 0.13 0.05
Y =0.26
R - - - 039 038 036 034 033 032 035 036
Ry - - - 0.13 0.13 0.13 0.13 0.13 0.13 0.11 0.09
Y =027
R - - 041 040 039 039 038 037 038 036 038
Ry - - 0.14 0.13 013 013 0.13 0.12 0.10 0.09 0.08
Y=03
R 047 046 047 046 044 042 040 036 037 033 -
Ry 0.1r 0.1 o011 011 011 010 0.10 0.09 0.05 0.05 -
Y =033
R; 050 050 048 050 043 - - - - - -
Ry 0.11 0.11 0.1 0.11 0.09 - - - - - -
Y =037
R 047 044 042 - - - - - - - -
Ry 0.07 0.06 0.05 - - - - - - - -
NGC 6752 — [Fe/H] = —1.53 — Z = 0.0009
Age [Gyr] 9.0 9.5 100 105 11.0 115 120 125 13.0 135 14.0
Y =0.248415
Ry 036 033 036 035 038 038 036 038 038 036 038
Ry 0.16 0.17 0.17 017 016 016 0.17 015 015 0.15 0.12
Y =027
R; 045 045 043 040 037 040 040 038 035 031 -
R 0.11 0.2 0.14 014 0.14 0.13 0.12 0.11 0.09 0.05 -
Y =03
R; 047 048 049 048 051 046 040 035 0.28 - -
Ry 0.10 0.10 0.10 0.10 0.13 0.1l 0.07 0.04 0.02 - -
NGC 2808 — [Fe/H] = —1.15 - Z = 0.002
Age [Gyr] 9.0 9.5 100 105 11.0 115 120 125 13.0 135 140
Y =0.249
R 045 045 045 043 042 043 042 042 042 - -
Ry 0.12 0.11 0.11 0.10 0.10 0.11 0.11 0.11 0.11 - -
Y =0.26
Ry 046 047 044 044 044 045 045 046 032 029 022
R 0.11 0.10 0.0 010 010 0.11 0.11 015 0.06 005 0.04
Y =027
R; - 044 046 045 047 049 045 042 038 031 0.24
R - 0.10 0.10 0.10 0.10 0.10 0.12 0.1 0.10 0.05 0.03
Y =03
R; 049 050 050 050 049 049 - - - - -
Ry 0.09 0.10 0.10 0.10 0.10 0.10 - - - - -
Y =033
R 053 054 044 - - - - - - - -
Ry 0.09 0.09 0.07 - - - - - - - -
Y =037
R 0.40 - - - - - - - - - -
R> 0.04 - - - - - - - - - -
NGC 6441 — [Fe/H] = -0.5 — Z = 0.008
Age [Gyr] 9.0 9.5 100 105 11.0 115 120 125 13.0 135 14.0
Y =0.255
R; 036 035 035 035 036 037 038 039 041 043 044
R 0.10 0.2 013 013 0.3 0.12 0.2 0.2 0.12 0.12 0.12
Y =027
R; 041 041 042 042 042 045 047 047 047 045 -
Ry 0.13 0.13 0.14 015 0.16 015 0.15 0.14 0.12 0.11 -
Y=03
R - 049 050 050 050 051 050 051 042 039 -
Ry - 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.08 0.07 -
Y =033
Ry 051 053 054 056 057 058 051 - - - -
R> 0.08 0.09 0.09 0.09 009 0.10 0.09 - - - -

Notes. For the sake of clarity, empty rows of isochrones with the highest Y values are not shown.
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Appendix B: Grid comparisons
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Fig. B.1. Top panel: Comparison of the MS lifetimes (7ys) versus the
initial mass (Mzams) for tracks computed with different initial abun-
dances, but the same [Fe/H]. Bottom panel: Relative variation of the MS
lifetime with respect to the FRMS scenario (i.e., 100 X %),
which is indicated by the horizontal dashed line. The points indicate the

available tracks.

Here, we compare the properties of our tracks with similar
grids computed by other authors. This comparison shows the dif-
ferent lifetimes and number ratios between sets of stellar tracks
computed with different physical processes and initial chemical
abundance.

B.1. On the impact of different formation scenarios

Fig. B.1 shows the MS-lifetimes vs. the initial mass (Mzams),
comparing models from different grids with [Fe/H] = —1.5,
all representative of the GC NGC 6752 populations. For this
comparison, we adopted our model computed with standard
Y (labeled FRMS) and with enhanced helium (Y = 0.4, grid
FRMS+He). We also adopted new models (SMS) computed in
the super-massive stars framework, which will be published in
a forthcoming paper. These tracks are computed with standard
helium, Y = 0.248, without atomic diffusion and rotation, but
with thermohaline mixing on the RGB phase. Stellar tracks are
computed from 0.2 to 1 Mg and are computed until they reach
an age of 15 Gyr. The last grid of models (labeled SMS rot. in
the figure) is taken from new models computed in Borisov et al.
(2024). These models are also computed in the SMS scenario,
with a [Fe/H] = —1.5 and [a/Fe] = +0.3. The tracks include
rotation-induced processes, atomic diffusion, penetrative con-
vection, parametric turbulence, and additional viscosity.

This analysis shows that the effect of detailed abundances
of elements that count in the metal mass fraction Z (associated
with different self-enrichment scenarios) has a minimal impact
with respect to that of He. Specifically, we observe a small rela-
tive variation of a few percent when comparing the MS lifetimes
of tracks from the FRMS and SMS grids. On the other hand, the
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Fig. B.2. Comparison of the R; and R; ratios for different grids of tracks
in the top and bottom panels, respectively. All the values are computed
from tracks with Z = 0.002. Continuous lines indicate tracks presented
in this work. The FMRS tracks have a standard He (Y = 0.249) and
[a/Fe] = +0.3. Tracks FMRS+He are computed with Y = 0.4. Dashed
lines show models from Lagarde et al. (2012) with (Lagarde rot.) and
without rotation (Lagarde). All these tracks have Y = 0.25 and [«/Fe]
= 0. Dotted lines show the MIST models from Choi et al. (2016), with
(MIST rot.) and without rotation (MIST). The models are computed
with Y = 0.252 and [a/Fe] = 0.

variation changes significantly (more than 60%) when compar-
ing them with helium-enriched tracks. From the comparison with
the set SMS rot., we find that rotation and atomic diffusion may
contribute to variations up to 12% (in this case). Again, helium
enrichment has a stronger impact on evolution.

B.2. On the differential impact of He on number ratios

We compared the number ratios obtained from our models with
those obtained from the grids created by Lagarde et al. (2012)
and Choi et al. (2016) to understand how different processes
impact them. We chose these two grids because they are simi-
lar to our sets of tracks, as they compute the full evolution from
the ZAMS to the TP-AGB phases. In this analysis, we focused
on comparing the impact of rotation with that of helium.

Fig. B.2 shows the comparison between the number ratios
R; and R, with respect to the initial mass of stars. The num-
ber ratios are derived from the evolutionary lifetimes of each
track using the same critical points selection method, described
in Sec. C.1. The comparison reveals that the impact of stellar
rotation on number ratios is relatively small. In fact, by analyz-
ing the largest variations for the same initial mass, it was found
that nonrotating and rotating tracks differ by less than 0.1 and
0.04 for R; and R, respectively, for the Lagarde et al. (2012)
grids. Similarly, for the Choi et al. (2016) tracks, the difference
is less than 0.04 and 0.02 for R; and R;, respectively. On the
other hand, a He enrichment of 0.15 in the initial composition
(FRMS models) leads to variations greater than 0.2 and about
0.06 in the Ry and R, values, respectively. It is worth notic-
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ing that the largest rotation-related variation for the MIST and
Lagarde grids is seen for models with Mzams > 1.4 Mg. These
models reach the AGB phase at around 2 Gyr, which is much
younger than the age of GCs. Finally, according to the models
presented in Lagarde et al. (2012), the difference between non-
rotating and rotating tracks is negligible for stars with a mass
of 0.85 solar masses. Unfortunately, Lagarde et al. (2012) stel-
lar track database* does not provide models with masses below
0.85 M, focusing instead on the intermediate-mass range. On
the other hand, the MIST’ database does not contain rotation
models for stars with masses below 1.3 solar masses (Choi et al.
2016).

Appendix C: Isochrone building methods

The method we adopted to build our new isochrones con-
sists of three steps. The first is the selection of critical points
and the construction of reduced stellar track tables. The second
consists of the creation of the fake track when needed. The last
one regards the isochrone building performed with SYCLIST. We
present all the important details in the following sections.

C.1. First-step — New critical points selection

From each evolutionary track, we create reduced tables con-
taining 500 points selected to describe the whole evolution
from the ZAMS to the luminosity tip of the RGB or AGB
phases. Firstly, we determine the critical points (cp) that split
the different evolutionary phases (see also Ekstrom et al. 2012;
Chantereau et al. 2015). Our selection of the critical points is
optimized to sample all the characteristic morphological features
of low-mass star tracks in the HR diagram, and represent an
updated version of that presented by Chantereau et al. (2015).
For stellar tracks that end their evolution after the RGB tip, we
select five cps, while for those that ignite helium and evolve in
the HB, we select ten cps. The critical points are selected as fol-
lows:

1. beginning of the main-sequence (i.e., ZAMS), selected when
in the star’s center X(H;,;) — X(H) < 0.003, where X(H;y;) is
the initial hydrogen abundance in mass fraction;

MS turn-off point, when central X(H) = 0.05;

MS-end, when central X(H) < 1073;

bottom of the RGB phase, which is defined as the moment
when the mass of the convective envelope is more than 25%
of the star’s total mass;

5. tip of the RGB, that is the most luminous point of the RGB
phase;

first helium luminosity peak after He-flash;

beginning of the CHeB phase, when central X(He) < 0.98;
end of the CHeB phase, when central X(He) < 0.05;

bottom (beginning) of the early-AGB phase, when two burn-
ing shells coexist.

10. Maximum luminosity (tip) of the TP-AGB phase.

Figure C.1 shows the critical points selected for three tracks
with different evolutionary paths, as discussed in Section 2.3.
The selection of the critical points ensures that the secondary
points (selected as described below) are evolutionary equivalent
between all tracks.

To determine the secondary equivalent points, we interpolate
all intervals between two critical points as follows:

Rl el

VXN

4 https://cdsarc.cds.unistra.fr/viz-bin/cat?J/A+A/
543/A108
5 https://waps.cfa.harvard.edu/MIST/index.html

We use 25 points to sample both [cpl-cp2] and [cp2-cp3]
intervals, with linear steps in central X(H) abundance.

40 points to interpolate the interval [cp3-cp4], with linear
steps in time.

40 points to interpolate between [cp4-cpS], in equal steps of
log L.

We select 80 and 65 points in the intervals [cp5-cp6] and
[cpb6-cp7], respectively. We use equal steps in time to per-
form the interpolation.

— For the interval [cp7-cp8] (i.e., CHeB phase), we use 50
points with equal steps in the cumulative sum of the cen-
tral He abundance, X(He). This assures a monotonic trend of
the interpolating variable®.

— From the end of the CHeB to the beginning of the AGB phase
(i.e., interval [cp8-cp9]), we select 75 points with linear steps
in time.

— Finally, for the interval [cp9-cpl0] that corresponds to the
AGB phase, we use 100 points with equal steps of the cuamu-
lative sum of log L. To simplify the difficult interpolation
of the TP-AGB phase, we pick only the most luminous
points of each inter-pulse quiescent phase in our collection
of secondary points, as shown in Figure C.2. Such a simpli-
fied approach has been used by other authors in the litera-
ture (such as Bertelli et al. 1990; Mouhcine & Langon 2002;
Marigo et al. 2008), and is opposed to other approaches
which instead add the thermal pulses in isochrones a pos-
teriori (Marigo et al. 2017).

For the stars that do not go through the He-burning phase, the last
line of their evolution, corresponding to the fifth cp (i.e., RGB-
tip), is repeated up to line 500, so we keep the same size for all
the reduced tables.

C.2. Second-step — fake star creation process

The second step for computing smooth isochrones consists of
the creation of fake stellar evolution tracks. These tracks are cre-
ated to cure the quick change of behavior between tracks that
go to the planetary nebula phase just after the RGB tip and
those that experience the He-flash (we refer to this transition
as RGBT-HB), and the transition between tracks that evolve as
AGB-manqué and those that go to the standard AGB phase (tran-
sition name AGBm-AGB). In both cases, the mass interval in
which the change of behavior happens is AM < 0.05 My. An
example is shown in Figure C.1.

The main idea behind the fake track method is to replace
the real transition (which could be known only by computing a
denser grid of tracks) with an abrupt transition that occurs at an
initial mass almost equal to the initial mass of one of the avail-
able tracks. The fake track shares the evolutionary properties
with each of the two nearest tracks, which enclose the transition.
For the sake of simplicity, we use A to refer to the track with
the mass above the transition and B to refer to the track with the
mass below. For the stellar properties, we use the subscript to
indicate which track we refer to (e.g., My is the initial mass of
the track above). For both transitions, we assume that the fake
track has a mass My = M4 — &, where € = 1071 M.

® The not monotonic decrease of X(He) could be due to thermal breath
pulses or potential numerical spikes.

7 Ttis important to use such a small value for & to avoid incorrect inter-
polation between the tracks. As explained in Section 3.1, we need to use
very tiny dm in the isochrone building to follow the fast evolution after
the He-flash, and obtain accurate isochrones.
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Fig. C.1. HR diagram of selected tracks with 0.75, 0.8, and 0.85 M, in the left-hand, middle, and right-hand panels, respectively. The tracks are
computed with Z = 0.002 and Y = 0.249. The continuous lines show the evolutionary phases we include in the isochrones computation, while
dashed lines indicate the pre-MS and the planetary nebula phases (excluded from the computations). Red diamonds and blue circles show the
critical points (marked by a number) and the secondary interpolated points, respectively.
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Fig. C.2. Evolution of the luminosity vs. time during the AGB phase of a Mzays = 0.85 My, track with Z = 0.002 and Y = 0.249. Red and blue
points indicate the critical and secondary points, respectively. The thin purple and orange lines show the evolution of the luminosity provided by

H- and He-burning, respectively.

For the first transition (i.e., RGBT-HB), we assume that the
fake star follows the evolution of the track A until the RGB tip.
Then, we cut all the evolution after the tip, thus assuming that
the fake star has the same post-RGB tip evolution as the track B.
All the evolutionary properties (also time) of the fake track are
exactly the same as the track A, except for the initial mass that is
smaller by . Things are a bit more complex for the second tran-
sition, AGBm-AGB. As before, the fake track follows the evolu-
tion of the track A until the RGB tip. After the tip, we assume that
the fake star follows the evolution of the track B. The time is the
only fake star property that remains the same as that of track A
for the whole evolution. An example of fake track reconstruction
for the two transitions (RGBT-HB and AGBm-AGB) is shown
in Figure C.3. The Figure also shows the two tracks closer to the
transition.

This approach implies that we are assuming that all the tracks
between Mp and M, evolve in the same way as track B, and
the transition between the two evolutionary paths happens in a
dm = & M. Creating and adding the fake track to the collec-
tion of tracks adopted to build isochrones assures that we do not
interpolate between tracks with different paths and, therefore,
permits the computation of isochrones with more reliable mor-
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phologies, which do not show strange artifacts, like those shown
in Figure 3.

Criterion of AGB selection. The criterion chosen in order to
detect the occurrence of AGB-manqué evolution is fundamen-
tal to properly applying the fake track methodology. We adopted
the following check to detect the AGBm behavior: 1- Check the
occurrence of at least two thermal pulses. If they are present,
proceed to step 2; otherwise, AGBm is detected. 2- Check if
the pulse positions in the HR diagram satisfy the following
Tex < 3.85 and logL > 3.1. If yes, standard AGB stars are
detected; otherwise, AGBm is detected. Other criteria based on
other stellar properties, such as the envelope mass vs total mass
ratio (Charbonnel et al. 2013), or the central degeneracy at the
RGB tip (Cassisi et al. 2014), may help. Still, they do vary with
the initial composition and mass. Therefore, it is difficult to
establish a general criterion.

C.3. Third-step — Isochrone building

SYCLIST uses an adaptive mass step (dm) for the isochrone
building process. The mass step is iteratively reduced when
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Fig. C.3. Two examples of fake tracks (dashed black lines) created to avoid the interpolation between tracks with different evolutionary paths. The
orange line shows the track with the mass above the transition (track A), and the blue line indicates the track with the mass below the transition
(track B). The left-hand panel shows the fake track created for the transition RGBT-HB (enclosed by tracks with 0.75 and 0.8 M), while the
right-hand panel shows the fake track for the AGBm-AGB transition (enclosed by tracks with 0.8 and 0.85 Mg). All the tracks are computed with

Z =0.002 and Y = 0.249. See details on the fake track creations in the text.

the difference between two sequential points of the isochrone
satisfies one of the following conditions: dlog Tz > 0.02 or
o0logL > 0.02. When the condition is hit, the code recom-
putes the new mass point with a reduced dm. A minimum mass
step (dmyy;,) 1s imposed to prevent the code from diverging to
infinitesimal dm, avoiding never-ending computations. In fast
evolutionary phases, such as after the He-flash, a very small
mass step is required to follow that phase properly. We found
that dm,,;,, = 107 is good enough to interpolate the fast phases
and to build good isochrones. We stress here that the choice of
an & < dmy,, is critical to minimize the chances of interpola-
tion between a track above the transition and the fake one, as
described in Section C.2.

Isochrones near the ftransition masses. The fake tracks
should be used carefully to avoid wrong interpolation in the
isochrone building process. To properly use fake tracks, it is
important to check the age at the tip of the RGB. The fake track
should be included in the collection of tracks used to compute
isochrones only if the isochrone age is enclosed by the ages at the
RGB tip of the two tracks with different behaviors. Figure C.4
shows a result of the blind usage of fake tracks. In this case, the
isochrone in the post-RGB part should be interpolated between
the two tracks with 0.90 and 0.95 Mg, Including the fake track,
mixed up the interpolation algorithm, and create the wrong inter-
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Fig. C.4. Example of the wrong use of the fake track in the interpola-
tion to build an isochrone of 13.5 Gyr (indicated by the dashed black
line). The two interpolated tracks are shown in blue and orange, while
the correct interpolation should be done between the orange and green
tracks. The metallicity is 0.008, and the He content is 0.27.

polation. Therefore, to obtain accurate isochrones, it is important
to use fake tracks only when needed.
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