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ABSTRACT

There is a common assumption in the particulate disc community that the pressure in particulate discs is essentially zero and that
the disc streamlines follow Keplerian orbits, in the absence of self-gravity or external perturbations. It is also often assumed that
the fluid description of particulate discs is not valid in the presence of crossing orbits (e.g. from non-zero free eccentricities).
These stem from the misconception that fluid pressure arises due to the (typically rare) collisions between particles and that the
velocity of particles in fluids are single-valued in space. In reality, pressure is a statistical property of the particle distribution
function which arises precisely because there is a distribution of velocities at a given position. In this letter we demonstrate, with
simple examples, that pressure in particulate discs is non-zero and is related to the inclination and free eccentricity distributions
of the constituent particles in the discs. This means many common models of debris discs implicitly assume a non-zero, and
potentially quite significant, dust pressure. We shall also demonstrate that the bulk motion of the dust is not the same as the

particle motion and that the presence of pressure gradients can lead to strong departures from Keplerian motion.

Key words: planetary systems —circumstellar matter — submillimetre: planetary systems — celestial mechanics.

1 INTRODUCTION

Debris discs are circumstellar discs of dust and other solid particles
typically left over from the dispersal of a gaseous protoplanetary
disc, along with the collisional grind-down of planetesimal belts.
Dynamically particles in the disc interact with the large bodies in
the system through gravity and, in the case of stars, through the
stellar radiation field and winds. While collisions between particles
in the disc are important for setting the planetesimal and grain-size
distribution, they are typically not frequent enough to strongly affect
the particle orbits (Wyatt et al. 1999). Thus, the only important
collective effect, on individual particle orbits, is that due to self-
gravity (see Wyatt 2008; Matthews et al. 2014; Hughes, Duchéne &
Matthews 2018).

Observations, however, are not sensitive to individual particle
orbits but are in fact sensitive to bulk (i.e. averaged) dust properties
such as the dust surface density. The bulk motion of the dust can
depart strongly from the motion of the individual dust particles as
a result of the dust pressure gradients, which, as we shall show,
can be important even in completely collisionless system. This can
be particularly important in very narrow rings such as Fomalhaut,
as imaged by Kalas, Graham & Clampin (2005), Boley et al.
(2012), MacGregor et al. (2017), and Géspar et al. (2023); HD53143
(MacGregor et al. 2022; Stark et al. 2023); HR4796 (Kennedy et al.
2018; Schneider et al. 2018; Olofsson et al. 2019), and HD202628
(Faramaz et al. 2019). The narrowness of the ring means that even a
small dust pressure can result in order unity corrections to the bulk
motion from the large pressure gradients.

* E-mail: elliot.lynch@ens-lyon.fr
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In this letter, we demonstrate the connection between dust pressure
and the free eccentricity and inclination distributions in dust discs.
We shall show how the presence of dust pressure can lead to the bulk
dust motion strongly departing from Keplerian motion, even when
every particle is constrained to follow a Keplerian ellipse. Finally,
we shall discuss the importance of dust pressure in dynamical and
morphological models of continuous debris discs (e.g. Davydenkova
& Rafikov 2018; Marino et al. 2019; Lovell et al. 2021; Sefilian,
Rafikov & Wyatt 2021; Lovell et al. 2022; Lynch & Lovell 2022;
Lovell & Lynch 2023; Sefilian et al. 2023).

The importance of pressure to the dynamics of completely colli-
sionless systems is a well-studied phenomena in galactic dynamics
and has been known about since Jeans (1915). The results we present
here are a consequence of Jeans equations and the dust pressure has
a close relationship to the velocity ellipsoid used to characterize
the distribution functions of galaxies (Binney & Tremaine 2008). In
addition to Jeans equations, there is existing work, in the galactic
dynamics literature, linking velocity dispersion to gravitational
softening (Miller 1971; Tremaine 2001; Touma 2002). While the
correspondence is not exact (velocity dispersion effects also occur
in the absence of 2-body interactions), Tremaine (2001) has shown
that velocity dispersion, gas pressure, and potential softening have
similar effects on spiral density waves propagating in particle discs.

In this letter, we shall only consider dust pressure in the absence
of gas. Dust pressure is also important in the presence of gas,
particularly for larger grains or for time varying or turbulent flows.
The presence of gas (particularly turbulent gas) makes the problem
significantly more complicated and is unnecessary for understanding
the main effects of dust pressure in gas-poor debris discs.

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium,

provided the original work is properly cited.
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family 1

‘line of nodes

Figure 1. Two families of inclined orbits in a circular disc with constant
inclination, ¢, and anti-aligned longitude of ascending nodes. At a given point
on the mid-plane, if there is the same mass in family 1 and family 2, the
averaged vertical velocity is zero and the average azimuthal velocity (as
defined in Section 2) is u?® = Qcos (.

In Section 2, we shall show how dust pressure arises in a circular
disc with an inclination distribution and how this leads to sub-
Keplerian orbital motion. In Section 3, we shall provide a brief
sketch of how this effect works in a coplanar disc with non-zero free
eccentricity. Finally, Section 4 discusses our results in the context of
existing models and Section 5 presents our conclusions.

2 INCLINATION DISTRIBUTION

The simplest setup that can demonstrate the importance of dust
pressure is to consider a disc where all the particles are on circular
orbits with a constant inclination, ¢, with respect to the mid-plane
and a random longitude of ascending node. Consider a point, p, on
the mid-plane with (spherical) radius r, azimuthal angle ¢, and polar
angle 6 = m/2. The particles which pass through this point will be
split into two families, family 1 with the longitude of ascending node
aligned with ¢ and family 2 where it is anti-aligned (see Fig. 1). Note
that both of these families orbit in a prograde direction.

By simple geometric arguments, one can show that the velocity (in
spherical polars) of particles in family 1, as they pass through p, is
= v? = Qgcost and v? = Qgsin ¢, where Q is the circular Keplerian
angular velocity at radius r. The velocity in family 2 is v# = Qgcos
and v? = —Qgsin:, with both families having v" = 0. Assuming
the total mass of dust particles in family 1 and 2 are the same then
the bulk (i.e. mass-weighted average) vertical velocity u’ = 0, and
the bulk azimuthal velocity u? = Qxcos t. Thus, the bulk motion of
the dust in the mid-plane consists of circular sub-Keplerian motion,
which only matches the particle motion when ¢ = 0.

We now show how dust pressure gradients are responsible for the
sub-Keplerian character of the velocity. As particles in family 1 all
have the same orbital elements, the distribution function for these
particles can be obtained as a product of delta distributions. The
distribution for family 2 can be constructed similarly. Assuming the
masses in family 1 and family 2 are the same, and the mass crossing
the mid-plane on the spherical shell with radius, r, is M,(r) then the
distribution function, f, for the particles on the mid-plane (0 = 7/2)
is

f= %Eo(r)é(vr)S(vd’ — Qg cost)

X [8(1}9 — Qg sino) + 807 + Qg sint)} s (D

where X° = 2M7r'r and §(x) is the Dirac-delta distribution. One can take

velocity moments of equation (1) to calculate the bulk properties of
the particulate disc (which is typically what observations are sensitive
to). The zeroth moment £ = [ f dv” dv? dv’ = £° is the surface
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density on the mid-plane. The bulk velocity components, ', are given
byu' = L [ fdv" dv?® dv®, withi={r,$,0}, which, as expected,
yield the same velocities described in the previous paragraph.

‘We can also compute the second velocity moment of the distribu-
tion function, the dust pressure tensor, PY, which arises irrespective
of the collisionality of the particles

Pl = /(vi —uHW —uw)f dv" dv® dv’. 2

As all particles have v" = u” = 0 and v? = u?, the components
of the pressure tensor which involve r or ¢ are zero and the only
non-zero pressure tensor component is P%? as u® = 0. However, the
individual orbits have velocities of v? = £Qgsin ¢, which results in
the following pressure tensor component

P = /(vg)zfdv’ dv? dv?,
= 2°Q% sin’¢. 3

The momentum equation for the bulk motion of the dust, which
arises from the first velocity moment of the (collisionless) Boltzmann
equation is

YDu=-2XVd —(V.P), )

where @ is the gravitational potential and D = 9, +u -V is the
Lagrangian time derivative with respect to the dust flow. In galactic
dynamics, equation (4) is known as Jeans equation (Jeans 1915;
Binney & Tremaine 2008). The last term, —(V - P), is the divergence
of the pressure tensor. In a gas disc, this corresponds to the usual
pressure gradient term —VP. In dust discs (e.g. gas-poor debris
discs) this term is usually neglected with the justification that the
only force on the particle is due to the point mass potential of the
central star. However, such a justification is incorrect as —(V - P)
is not due to the forces on the particles but is instead a statistical
property that arises as a consequence of the particle velocities being
multivalued at any given position in the disc. For the pressure tensor
associated with our distribution function (equation (1)) this is

(V-P)=—rP%,, (5)

close to the mid-plane, where €, is the radial unit vector. Looking for
the steady solutions to the momentum equation (equation (4)), near
the mid-plane, one finds

— @2+ W) = —r e +r 2 (6)
rluQ =0, Q)
rwu? =0. (8)

By equation (7), #" = 0 and by symmetry we require u’ = 0.
Substituting the expression for P into equation (6) we arrive
at Q2 = Q2 cos?t, which matches that derived directly from the
distribution function. Thus, we see that the pressure tensor gradients
are necessary to obtain the correct velocity for the bulk motion, which
is sub-Keplerian due to pressure support, similar to gas discs. If one
were to instead neglect the pressure gradients in the momentum
equation, one would instead obtain €2 = Qg and incorrectly arrive at
a Keplerian bulk dust motion.

This result will carry over to a more realistic inclination dis-
tribution (e.g. Brown 2001; Matra et al. 2019) with the added
complication of evaluating the integral in equation (3). Finally,
in discs where only one of the two families exist, there are no
intersections between particle orbits and the velocity remains single
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Figure 2. In a disc with only free eccentricity, the bulk motion of the dust
consists of circular, non-Keplerian motion.

valued. Thus, the pressure term vanishes, P = 0, and, by equation (7)
one has Q2 + (u”)? = Q% corresponding to an inclined Keplerian
disc.

3 FREE ECCENTRICITY DISTRIBUTION

Another situation where dust pressure is important is in axisymmetric
discs with non-zero free eccentricity (see Fig. 2). For simplicity, one
can consider the limiting case where the semimajor axis distribution
is infinitesimally narrow. Here, the radial velocity of the particle
orbits averages to zero. Thus, the bulk fluid motion consists of
circular, non-Keplerian, motion. That the bulk dust motion is non-
Keplerian should be obvious from the fact that the inner disc edge
is located at the pericentre of the particle orbits and, therefore, the
particle velocities must be higher than the circular Keplerian values
(similarly, the orbits are slower than the circular Keplerian value on
the outermost orbit).

As with the inclination distribution, if one considers a point, p, with
cylindrical radius, r, and azimuthal angle, ¢, then there are two orbits
which pass through this point (as depicted Fig. 2); one with a veloc-

\/ esiny(r, ¢)and v? = |/ L1 + ecos ¥ (r, §)I%;

Mesiny(r, p)
(where A and ¥ (r, ¢) are the semilatus rectum and true anomaly
of the particle, respectively). This results in the (mass-weighted)

ity of v" =

and the second with the same v? but v = —

mean velocity of #” = 0 and u? = Qg \/g . Fig. 3 shows how this

angular velocity compares with the Keplerian value for different
eccentricities. It is evident that the angular velocity is super-Keplerian
in the inner region of the disc and sub-Keplerian (potentially highly
s0) in the outer region.

We shall not repeat the same calculation we did with the cir-
cular disc with an inclination distribution (i.e. equation 2), as the
integration to obtain the pressure tensor is more involved. This is
because, even if we consider the simplest case of a set of a disc with
a constant free eccentricity and an infinitesimally narrow semimajor
axis distribution (so that each individual ring has a constant surface
density, Statler 1999), these rings cannot be directly summed in phase
space in the orbital coordinate system, as the orbital coordinates are
functions of both position and velocity. Regardless of the difficulty in
analytically evaluating the pressure tensor, the bulk velocity within
the disc will satisfy the momentum equation (equation (4)), provided
the pressure gradient term is included.

Dust pressure in debris discs ~ L149

Figure 3. Angular velocity in a disc with free eccentricity from e, = 0.1
(solid black line) to e, = 0.9 (dashed black line) in intervals of 0.1. ag is
the arbitrary, semimajor axis of the orbits and w = 2agpe), is the ring width.
The discs are super-Keplerian at small radii and sub-Keplerian at large radii.
For the most eccentric discs the angular velocity is limited to being less than
twice the Keplerian value in order for the particles to remain bound, however,
the outer regions of the disc can become almost entirely pressure supported
with an arbitrarily low rotation rate. In galactic dynamics this effect is a
well-known consequence of the virial theorem (Binney & Tremaine 2008).

4 VALIDITY OF MORPHOLOGICAL AND
DYNAMICAL MODELS

4.1 Implication for particle debris disc models

Debris disc observations are often interpreted using Monte Carlo
particle based-methods, which sample the orbits in the disc and typi-
cally include constant free and forced eccentricities (e.g. MacGregor
etal. 2017; Kennedy 2020; MacGregor et al. 2022). By sampling the
particle distribution directly, this method implicitly accounts for the
dust pressure. This will, however, mean the bulk motion around the
ring is non-Keplerian, particularly when the ring is narrow due to the
large pressure gradients present (for instance, the bulk motion in the
disc models of Fomalhaut and HD53143 by MacGregor et al. (2017)
and MacGregor et al. (2022), respectively, have strong departures
from Keplerian motion). One challenge for Monte Carlo models is
their slow convergence at high resolution (Lovell & Lynch 2023;
Rafikov 2023). This, however, will be further compounded if the
velocity distribution needs to be adequately sampled to account for
the effects of dust pressure.

4.2 Implication for parametrized debris disc models

One question that the fluid description may help to answer is
the question of the validity of simplified models for debris disc
morphology in the presence of orbital intersections, such as those
developed by Marino et al. (2019) and Lynch & Lovell (2022) (and
pioneered by Tremaine (1995); Statler (1999); Statler et al. (1999);
Peiris & Tremaine (2003) in the galactic dynamics context). The
model of Lynch & Lovell (2022) postulates that the density in the
debris disc satisfies the continuity equation for a fluid flow which
follows a set of non-overlapping, confocal, elliptical Keplerian orbits
— similar to the eccentric gas disc theories of Ogilvie (2001), Ogilvie
& Barker (2014) and Ogilvie & Lynch (2019). The validity of this
assumption is thus likely the same as that for a fluid disc, that is,
they should provide a good description of the bulk dust properties
on an orbital time-scale when the forces due to pressure gradients

MNRASL 529, L147-L151 (2024)
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are weak enough, relative to the Keplerian terms, to act on secular
time-scales. This is likely to be the case for geometrically thin (scale
height H « R the radial length-scale), but not for radially wide
debris discs (with radial length-scales much longer than H) with
small to moderate free eccentricities. As such, the model presented
in Lynch & Lovell (2022) will break down for geometrically thick,
or sufficiently narrow debris discs (i.e. discs with H ~ R or radial
variations on length-scales comparable with H), in the same way that
the secular theories for eccentric gas discs break down under similar
circumstances (Ogilvie 2001; Ogilvie & Barker 2014; Ogilvie &
Lynch 2019).

The model of Pan, Nesvold & Kuchner (2016) models eccentric
discs using 1D line densities, and predicts the disc-surface brightness
at long wavelengths to be oTes/Vor,, Where Te is equilibrium
temperature of the disc and v,y is the orbital velocity. This is on
a less secure footing as the dust does not obey the zero-th moment
equation. Lynch & Lovell (2022) showed that the model of Pan
et al. (2016) gives the correct behaviour in the low (observational)
resolution limit of the more complete theory. Thus, the requirements
for the Pan et al. (2016) model to be valid are very restrictive in
that the dust pressure must be low, whilst the beam size must be
much larger than the ring width, but not so large that it is comparable
with the disc radius. The issue with applying the model of Pan
et al. (2016) to a very narrow disc is that a relatively small free
eccentricity, or inclination distribution, will lead to non-Keplerian
bulk dust motion around the ring. We note that in situations where
the model of Pan et al. (2016) is valid, so too must be the models
of Lynch & Lovell (2022). Finally, we note that Lovell & Lynch
(2023) recently presented a parametrized model which includes free
eccentricity and thus implicitly includes dust pressure, similar to the
particle based models.

4.3 Implication for dynamical debris disc models

For dynamical models of debris discs (e.g. Wyatt et al. 1999;
Davydenkova & Rafikov 2018; Sende & Lohne 2019; Sefilian et al.
2021, 2023), the presence of dust pressure is potentially even more
important. The morphological models, discussed in subsection 4.2,
are primarily interested in describing dust properties on orbital time-
scales, in order to obtain the dust surface density, and thus require
very large pressure gradients to be strongly modified by the dust
pressure. Dynamical models, however, are often concerned with
describing the evolution of the disc on secular time-scales. This
means pressure can be much weaker and still significantly affect
the dynamics on the time-scales of interest. Notably, for lower mass
discs, it is likely that pressure, not self-gravity, is the dominant col-
lective effect and may need to be accounted for in models like those in
Davydenkova & Rafikov (2018), Sefilian et al. (2021), and Sefilian et
al. (2023). In fact, a simple consideration of the virial balance implies
that the correction to the (bulk) angular velocity for a typical disc
inclination distribution can greatly exceed that due to self-gravity.

To demonstrate the earlier statement, we consider a pessimistic
scenario (a thin but massive disc), where the disc mass is M, =
3 x 1073 M, (this includes the mass of the planetesimals which
contain the large majority of the total disc mass) and a mean particle
inclination above/below the mid-plane of « ~# H/R = 0.02. We can
then estimate the angular velocity correction due to self-gravity to
be

GMN\? rGm, N\
|wsc,/szK|~( ”’) ( >

'8 I3
Md B Md 1/2

_ <5x102 (), 9
M~ (3 X 10*3M*> ©)
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Similarly, based on the results from Section 2, the angular velocity
correction due to dust pressure is approximately

lwp/ Qx| ~ V1 —cos2t~122x 1072 (I;—éf), (10)
where we have neglected any contribution from free eccentricity.
Thus we see that, even in this pessimistic scenario, the angular
velocity correction from dust pressure is comparable to that from
self-gravity. For thicker or less-massive discs the correction due to
pressure can potentially exceed that due to self-gravity by several
orders of magnitude (for similar reasons, the effects of dust pressure
can also exceed that due to some planetary perturbations). There
is, however, a crucial difference between dust pressure and self-
gravity in that self-gravity is able to change the orbits of the particles,
whereas pressure in the collisionless/non-interacting limit is not. It
is primarily through its interaction with other dynamical processes
that the influence of pressure on the dynamics of the disc will be felt.
The dust pressure is likely the physical mechanism by which the disc
self-gravity is softened (where softened gravity is required) when
the finite size of the particles is unimportant (Tremaine (2001); see
also Sefilian & Rafikov (2019) for a detailed discussion of various
softening prescriptions employed in nearly Keplerian discs.

A dynamical model where dust pressure is implicitly present is
Wyatt et al. (1999). Wyatt et al. (1999) has shown that the (linear)
perturbations from an eccentric planet result in an eccentric debris
disc where the complex eccentricity of the particles is a sum of free
and forced eccentricity. In the fluid picture, the planet produces a
force in the momentum equation which affects the dust bulk velocity
(resulting in a forced eccentricity), along with heating the dust fluid.
The fluid thermal motion takes the form of the distribution of free
eccentricities in the disc. There is no distinction between dynamical
heating and thermodynamic heating in the large particle number
limit. Softened N-ring models (Touma 2002; Hahn 2003; Sefilian et
al. 2023) also imply the presence of the dust pressure, but only when
the rings overlap (although the softening is motivated by velocity
dispersion a la Tremaine (2001) and Hahn (2003)). This results in a
subtle difference with Wyatt et al. (1999) in that free eccentricity in
a single ring in Wyatt et al. (1999) results in an axisymmetric disc
with dust pressure (similar to that considered in Section 3), while
in Sefilian et al. (2023) one instead has a zero pressure precessing
eccentric ring. The dynamics of a (softened) N-ring model when
the rings share a common semimajor axis has been considered by
Touma (2002); Touma & Sridhar (2012); Touma & Tremaine (2014).
Notably Touma & Tremaine (2014) showed that, when self-gravity is
included, the thermal axisymmetric eccentricity distribution (as con-
sidered in Section 3) becomes unstable to developing an asymmetry,
with azimuthal wavenumber m = 1, if the particle eccentricities are
low enough.

Finally, one consequence of the non-zero dust pressure in debris
discs is the existence of dust sound/density waves. These sound
waves are closely linked to the possibility of having an arbitrary
initial mass distribution around an orbit. In relatively wide debris
discs, free sound waves quickly become extremely tightly wound as
a result of phase mixing on ~10’s of orbits and have little effect on
observations or dynamics. However, if the disc’s spread in semimajor
axes is small (making phase mixing slow), or the waves are being
actively excited (e.g. by a planet), these waves may have important
dynamical and observational effects that are worth exploring further.
It is plausible that the spiral feature seen in the simulation of Sende
& Lohne (2019) can be interpreted as a form of spiral-density wave,
excited by the planet, but propagating in the disc as a consequence
of dust pressure, rather than the more usually considered self-gravity
(with the added complication of radiation pressure affecting the orbits
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of small particles and artificial diffusion in orbital element space
required for stability).

In conclusion, it should be possible to rederive several well known
results of debris disc dynamics from the fluid perspective (e.g. the
shaping of an eccentric ring by a companion as described in Wyatt
et al. (1999)). Of course, unlike fluid discs, there is no guarantee that
one can find closed form expressions for the evolution of the dust
pressure!, so it remains to be seen whether there are aspects of debris
disc dynamics which are easier to treat with the fluid description.
A closure, when two-body relaxation is included was obtained by
Touma & Tremaine (2014). We leave the task of finding a closed form
fluid description of debris discs for future work. We note that one can
sidestep the closure problem by directly working with the distribution
function, as the fluid description is just a tool for interpreting and/or
solving the collisionless Boltzmann equation.

5 CONCLUSION

We have shown, with two simple examples, the importance of dust
pressure in dust discs, even when the individual particles are on
exact Keplerian orbits. Our findings have important implications
for the study of gas-poor debris discs. The pressure in debris
discs is not related to additional forces on particles, or collisions
between particles, but is instead related to the non-zero velocity
dispersion present in debris discs. One can interpret the inclination
and free eccentricity distributions expected in typical debris discs
to be equivalent to (anisotropic) dust pressure. The presence of dust
pressure in debris discs means that the bulk dust motion does not
match the particle orbits and is not, generally, Keplerian. Finally,
observations are primarily sensitive to bulk dust properties not
individual particle orbits, so dust pressure is likely important in their
interpretation.
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