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ABSTRACT

Earth-mass planets are expected to have atmospheres and experience thermal tides raised by the host star. These tides transfer energy
to the planet that can counter the dissipation from bodily tides. Indeed, even a relatively thin atmosphere can drive the rotation of these
planets away from the synchronous state. Here we revisit the dynamical evolution of planets undergoing thermal atmospheric tides.
We use a novel approach based on a vectorial formalism, which is frame independent and valid for any configuration of the system,
including any eccentricity and obliquity values. We provide the secular equations of motion after averaging over the mean anomaly
and the argument of the pericenter, which are suitable to model the long-term spin and orbital evolution of the planet.

Key words. planet-star interactions — planets and satellites: atmospheres — planets and satellites: dynamical evolution and stability —

planets and satellites: terrestrial planets — celestial mechanics

1. Introduction

In general, Earth-mass planets are believed to be composed of
a large rocky mantle covered by a thin atmospheric layer (e.g.,
Komacek & Abbot 2019; Wordsworth & Kreidberg 2022), as for
the Earth, Venus, and Mars in the Solar System. The molecules
that make up the atmospheres can absorb part of the radiation
they receive from the host star, giving rise to local temperature
gradients, which in turn create pressure variations. As a result,
large-scale periodic mass redistribution inside the atmosphere
occurs, while it attempts to return to an equilibrium state, known
as thermal atmospheric tides.

Observations on Earth and Mars show that the pressure vari-
ations can be essentially decomposed in a diurnal and a semidiur-
nal tidal wave (e.g., Withers et al. 2011; Auclair-Desrotour et al.
2017). These oscillations are one of the most regular meteorolog-
ical phenomena on Earth, and they are easily detectable by any
station around the world (e.g., Chapman & Lindzen 1970). The
thermal inertia of the atmosphere introduces a delay between
the stellar heating and the thermal response, which creates an
asymmetry in the mass redistribution with respect to the sub-
stellar point. As a consequence, the gravitational pull of the star
exerts a torque on the atmosphere. The diurnal wave has no net
torque, but the semidiurnal wave gives rise to angular momen-
tum exchanges within the atmosphere (e.g., Correia & Laskar
2003a).

Thermal atmospheric tides garnered special interest with the
discovery of the retrograde rotation of Venus (e.g., Carpenter
1964). Because the atmosphere and the mantle are usually well
coupled by friction at the surface, the variations in the angular
momentum of the atmosphere are then transferred to the mantle
of the planet, modifying its spin. To explain the peculiar rotation
of Venus, Gold & Soter (1969) thus proposed that it can be the
result of a balance between bodily tides (i.e., gravitational tides

raised in the mantle), which drive the planet toward synchronous
rotation, and thermal tides, which drive it away. This effect is
negligible on Earth, because it is too distant from the Sun; how-
ever, for Earth-like planets in the habitable zone of K-dwarf stars,
thermal tides can lead to asynchronous equilibria similar to that
of Venus (Leconte et al. 2015).

Formation studies predict that Earth-mass planets are com-
mon around main sequence dwarf stars (e.g., Schlecker et al.
2021). Indeed, there is already a large population of detected
low-mass exoplanets, and their number is likely to grow rapidly
(e.g., Winn 2018). These planets are found in a wide range of
orbital configurations, from very eccentric to compact multibody
resonant orbits (e.g., Borucki et al. 2013). We thus need a correct
modeling of their spins and orbital dynamics. The estimates for
the tidal evolution of a planet are based on a general formulation
of the tidal potential (e.g., Kaula 1964). The classical expansion
of this potential in elliptical elements depends on the chosen
frame and introduces multiple index summations, which can lead
to confusion and errors in the equations of motion. Moreover,
mistakes such as neglecting energy or momentum conservation
considerations are more easily done (Boué & Efroimsky 2019).
For bodily tides, it has been shown that the equations of motion
are more easily expressed in terms of angular momentum vec-
tors (e.g., Correia & Valente 2022). Therefore, in this paper, we
aim to also use these vectors to study the dynamics of a planet
undergoing thermal tides. This formalism is independent of the
reference frame and allows us to simply add the contributions of
multiple bodies in the system.

In Sect. 2, we obtain the tidal potential of a planet whose
atmosphere is excited through thermal forcing. In Sect. 3, we
derive the equations of motion to study the spin and orbital
evolution of a planet-star system under the action of ther-
mal tides. In Sect.4, we average the equations of motion over
the mean anomaly and the argument of the pericenter, which
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provide simpler expressions that are easy to implement and suit-
able for long-term evolution studies. In Sects. 5 and 6, we provide
the equations of motion in the simplified cases of small eccen-
tricity, and planar motion, respectively. Finally, the last section is
devoted to the conclusions.

2. Thermal atmospheric tides

We consider a planet with total mass m, which is composed of a
perfectly spherical mantle with radius R, and a thin atmosphere
with mass M. We assume that the mantle is completely rigid,
while the atmosphere can be deformed owing to the thermal
forcing from the radiation of a nearby star.

2.1. Atmospheric tidal potential

The gravitational potential in a generic point of the space, r, at
a given time, ¢, generated by all the particles that compose the
atmosphere is given by (e.g., Goldstein 1950)

vir, r)——gf ()
vl

where r’ is the position of an atmosphere mass element d M. For
a frame centered in the planet, we can expand Eq. (1) in Legendre
polynomials, P/(x), as

Vi, =) Ve(r, o), )
=0
with
g &
Ve(r,1) = —= ( ) Py(F - ) dM, 3)
rim

where 7 = r/r is the unit vector and r = ||r|| is the norm, and we
assume r > r’. For £ = 0 and ¢ = 1, we have Py(#-#') = 1 and
Pi(7-#) =77, respectively, and thus we can rewrite

M
Vitr, ) = - @
and
Vi = -8 )
r
where
Fem = % f/;l rdM, (6)

is the center of mass of the atmosphere. Furthermore, Vj is
the potential of a spherical symmetric atmosphere, which can
be absorbed in the total potential of a point-mass planet. For
simplicity, we can set re, = 0, and thus V| = 0. The result-
ing potential of a perturbed atmosphere, also known as tidal
potential, is then given by the differential potential

AV(r, 1) = V(r, 1) — Vo(r, 1) = Vi(r, 1) = Z Vi(r, o). )
=2

Moreover, if we assume r > r/, we can keep only the term in
¢ = 2 (quadrupolar approximation), and finally get

Q

AV(r,0) = Va(r, 1) = F2Py(# - 7)) dM. (8)
M
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2.2. Deformation of the atmosphere

For a frame attached to the planet, we can express r = (r,6, ¢)
and ' = (¥',60',¢") in spherical coordinates. Then

dM = p,(r', 1) r* dr'deY, 9)
where p, (7', t) is the local density of the atmosphere, and
dQ’ = sin#'dd’d¢’ (10)

is the differential solid angle. Assuming a constant radius for the
planet, R, we have

+o0 2 7w

AV(r,) = -2 f f fpa(r NP G- ) drdeY, (1)
=R ¢'=0 6'=0

with

7.7 =cosfcos@ +sinfsin@ cos(¢p — ¢'). (12)

For terrestrial planets, the height of the atmosphere, H, is usually
negligible compared to the radius of the planet', that is

H
R<r <R+H, and E«l' (13)
Thus, we can take a thin layer approximation and get
R+H 2w
AV(r,t) = —QR f f fpa(r HP(F- #)dr'dQ’. (14)
=R ¢'=00'=

We further assume that the self-gravity fluctuations in the atmo-
sphere can also be neglected (e.g., Cowling 1941). Then, we use
the hydrostatic equilibrium equation,

dp = —Pa("/,f)g(r/) dr’, (15)

where p(#’, 1) is the local pressure and g(#’) is the local gravity,
to eliminate the integral in height

2t 7
R
AV(r, t)_—%(7) ffps(e’,q&’,t)Pz(i'-i")dQ’, (16)
#=00'=0

and where py(6',¢’,1) = p(R, &', ¢', 1) is the surface pressure. We
also assume that p(R+ H, ¢, ¢’,t) = 0, and that g(r') = g(R) =
is constant. In a very general formulation, the surface pressure
depends on the amount of energy per unit area received from the
star, that is, the insolation W(¢', ¢, 1),

ps@.¢",0) = F[W(,¢", 0],

with F being an operator that depends on the composition and
the physical properties of the atmosphere. The insolation W can
be seen as a forcing function. For a measurement at the top of
the atmosphere, the insolation is given by (e.g., Ward 1974)

a7

a\2 Py, F-Fe>0
W(Q’, ¢,5 t) = S* (_) 5
Vx

0, S

18)

1 More generally, we have p(R + z) =~ p(R) exp(—z/Hy), where Hj is
the “scale height”. In the case of the Earth, Hy ~ 8 km, and because
the pressure decreases exponentially, 95% of the mass of the gas is
contained in H ~ 3H; ~ 24 km <« R (e.g., Chapman & Lindzen 1970).
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where S, = L, /(4na?) is the “solar” constant, L, is the lumi-
nosity of the star, r, is the position of the star with respect to the
center of mass of the planet (which is a function of the time), a
is the semimajor axis of the star-planet orbit, and
P - Py = cos8 cos b, +sinf’ sinf, cos(¢’ — ¢y). (19)

We can expand expression (18) in Legendre polynomials, as

W@,¢, 1) = Z W, @,(r, 1), (20)
n=0
with
a 2
Q,(r,1) = (r—) P,(F-7,), (21
and
n+1 (!
W, = S, ”2+ f P, (x)dx. 22)
0

The insolation variations can also be expressed in the frequency
domain by performing a Fourier transform

W00 =Y [ W60 e o 23)
n=0

with

O,(r,0) = f 0,(r,H)e " dr. (24)

Since the Legendre polynomials form an orthogonal basis, any
other quantity with the same symmetry as the insolation, such as
the surface pressure variations (Eq. (17)), can also be expanded
in a similar way. Therefore, we write

p0.8.0= [ 50,0700 do (5)
n=0

where p, are the coefficients of order n of the decomposition of
the surface pressure in Legendre polynomials. They can also be
expressed in terms of spherical harmonics Y;' and their complex

conjugate Y}” (e.g., Abramowitz & Stegun 1972)

¢
N AN 4n m vinco 4
Pf(r-r)—2€+];€Y6(9,¢)Y€(9,¢). (26)
Then, by replacing (25) and (26) in expression (16) we get
GR (R 4n < o
aven=-Z(2) F Y wen )y, f pul)
g r m=-2 n=0
2w (27)
X f f 6,(r, V3@, ¢')dQ 7" do,
¢'=00'=0
and, using the orthogonality formula
2n &
Al A Ui/ n’ ’ ’ 47[ yvimn
[ [riomesre - Lmecsos.. o

¢'=06'=0

where 6, is the Kronecker delta, we finally get

3
AV(r, t):—@(lf) 4n f Pa(0) Oa(r, ) & dor. (29)
g \r/ 5

The mass distribution inside the planet is usually better char-
acterized by its inertia tensor. Then, we can rearrange Eq. (29) as

3
AV(rp,t) = —g Fg- L) - Pp, (30)
2r3
with
To(t) = f Ba(0) Ap(er) 7 do, 31
Ap(o) = f Ap(D e db, (32)
and
A (t)——47TR4 ay Pophl — L1 (33)
B - 5g P *B T 4B 3 >

where T denotes the transpose, I is the identity matrix, J(¢) is
the atmosphere inertia tensor that accounts for the departure of
the mass distribution from a sphere (Eq. (56)), while A(?) is a
forcing tensor that depends on time through r,. The subscript
g is there to remind us that Egs. (30)—(33) were obtained in the
body frame, that is, in a frame attached to the planet.

2.3. Deformation in an arbitrary frame

It is also possible to compute the deformation of the atmosphere
in an arbitrary frame, 7 (¢). Following Correia & Valente (2022),
we let S be the rotation matrix that allows us to convert any
vector rp in a frame attached to the planet into another frame
r, such that r = Srp, and

I(t) = S Ip(t) SM)". (34)

Then, the atmospheric tidal potential (Eq. (30)) becomes

AV(r,t) = 36 FoI(t)- 7. (35)
2r3

Similarly, we can also compute the forcing tensor (Eq. (33)) in

the new frame as
47R* [ a 2 r 1
— | |Pe?, — =I].
5g (”*) (* * 3)

We note that the expression of 7 p(#) (Eq.(31)) also corre-
sponds to the convolution product between p,(f) and Ap(?),

A0 = SO A SO = -

(36)

T5(t) = [p2x As] ) = f pat = ) Ap(t') dt', (37)
where
pa)= [ iy do (38)
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Table 1. Coefficients of the product matrix S(7) A) ST (Eq. (40)).

—A[\(O’) cos 2wt — Alz(a) sin 2wt — %A33 (o)
—AA(0) sin 2wt + Ay (07) cos 2wt
A3(0) cos wr — Arz(0) sin wt

—AA(O‘) sin 2wt + f\lz(o-) cos 2wt
AA(0) cos 2wt + A (o) sin 2wt — %/A\33 (o)
A3(0) sin wt + Az (o) cos wr

A3(0) cos wt — Agz(0) sinwt
1A\13(0-) sin wt + f\zg (o) cos wt
As3(0)

Then, in the frequency domain we have
I(o) =ff(t) e ldr = fS(f)fB(t)S(t)Te‘if” dr

= f f Pat — ) S() Ap(t') S(r) e dr' dt (39)

= f f Pr(0) S + 1) Ap(t) S( + )T e 7+ dr dr.

Since S(¢) is a rotation matrix, we note that S(’ + 1) = S(7)S('),
and thus

I(o) = f f Pr(1) S(T) ALY S(t) e 7+ dr dr
(40)
= f P2(1) S(1) A(0) S(1)T e dr,

with

Ao) = f A e " dr. (41)

At this stage, we need to adopt a specific frame to proceed, in
order to express S(7). We adopt here a Cartesian reference frame
(p, q, s), such that s is the spin axis,

kxs k —coses
=—) g=—F"——, cose=k-s,
sing sing

(42)

where k is a unit vector that is normal to the orbital plane of the
star, p is aligned with the line of nodes between the equator of
the planet and the orbital plane, and & is the angle between these
two planes, also known as the obliquity (Fig. 1). This particular
frame is very useful to obtain the secular equations of motion
(Sect. 4.2), as it allows us to decouple the rotational perturbations
from the orbital ones (Correia 2006). For a planet rotating about
the s axis with angular velocity w, we thus have

coswt -—sinwt 0
S(r) = [ sinwt  coswt 0 (43)
0 0 1

The result for the product S(7) A) ST is given in Table 1.
For instance, for the f»; (o) coefficient of the inertia tensor J (o)
(Eq. (57)), we then finally have

Do) = f Pa(7) [[\1 3(0) sin wt + Anz(0) cos wT] e T dr
= A;(0) f Po(7) sinwt e T dr
+ Aoz (o) f Pa2(1) coswre T dr (44)
| R R
= 30200 ~ ) [Axs(@) ~ 1A 13(0)]
1 o N
+ 5020 + ) [Aas(0) + 1 Ais(@)].
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Fig. 1. Reference frame (p, ¢,s) and angles. We note that k is a unit
vector that is normal to the orbital plane, s is a unit vector that is normal
to the equatorial plane of the planet, and p is a unit vector along the line
of nodes of the two planes. The obliquity € is the angle between the two
planes, @ is the argument of the pericenter, and v is the true anomaly.

Similarly, for the remaining coefficients of I (o), we obtain

» 1 N ~
Iis(@) = 55200 = ) [Ai3(@) + 1 Ags(0)]

1. . . (45)
#3520 + ) [Ar3(0) — i Aps(0)].
- 1 " "
Iin(0) = 3p2(0 = 20) [Ann(@) + i AA@)]
1, A . (46)
520 + 2w) [A(e) —iAA@)].
(o) = pr()Ass(o), 47
X A 1.
In(e) = Ml(0) = 5 130, (48)
A A 1.
In(o) = ~Al(@) - 5 3(0) (49)
with
A 1 A A
Al(0) = 5 pa(er = 20) [AA(0) = 1 Ara(0)]
(50)
+ % Pa(o +2w) [AA(@) +iA1a(0).
and
" 1. "
AR(©) = 5 [An(@) - Au@)]. (51)
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2.4. Surface pressure variations

The deformation of the atmosphere is given by the inertia ten-
Sor, T (o), which is obtained from the second harmonic 0{ the
surface pressure, p(0), combined with the forcing tensor, A(o)
(Eq. (40)). While the forcing tensor is well determined, as it
only depends on the position of the star (Eq. (36)), the surface
pressure is subject to many uncertainties, as it depends on the
composition and the physical properties of the atmosphere.

In order to compute p,(0), we need to adopt some dynamical
model for the atmosphere. The study of thermal tides has been
initiated by the pioneer work of Siebert (1961) and Chapman &
Lindzen (1970). They assumed that the atmosphere of the planet
corresponds to an ideal gas obeying the perfect gas law, together
with the conservation of mass and the Navier-Stokes equation.
These equations were then linearized around the equilibrium
state. Chapman & Lindzen (1970) studied the case of a fast rotat-
ing planet, such as the Earth, but for long-term evolution studies,
the planet may encounter slow rotation regimes near synchro-
nization, such as Venus (e.g., Correia & Laskar 2001, 2003b).
In the later case, it is important to take into account the effect
of radiative losses (Auclair-Desrotour et al. 2017). Assuming a
slowly rotating convective atmosphere, the hydrodynamic equa-
tions can be simplified drastically, since the Coriolis acceleration
can be neglected. The thin atmospheric layer close to the surface
has a strongly negative temperature gradient (Seiff et al. 1980),
which subjects this layer to convective instability (Baker et al.
2000). As a result, gravity waves cannot propagate in the unsta-
ble region above the surface and we can set the Brunt-Viisild
frequency to approximately zero, which corresponds to the adia-
batic temperature gradient. Following Dobrovolskis & Ingersoll
(1980), thermal tides are thus solely considered to be generated
by the average heat at the ground, Jy, which finally gives the fol-
lowing for the second harmonic of the surface pressure variations
(Auclair-Desrotour et al. 2017, Eq. (166)):

K Po fo

) 52
oo + 10 (52)

pa(o) = -
with k = 1 —y~!, where v is the adiabatic exponent, py = p4(0) is
the mean surface density of the atmosphere, and o is the radia-
tive frequency of the atmosphere, which depends on its thermal
capacity. This theoretical estimation agrees incredibly well with
empirical estimations derived from generic global climate cir-
culation models (Leconte et al. 2015, Fig. 1). Interestingly, it is
also similar to the Love number of a Maxwell tidal model (e.g.,
Correia et al. 2014; Auclair-Desrotour et al. 2019). The minus
sign in the expression of p,(o-) causes the pressure variations to
lead the star, a phenomenon well documented for the Earth (e.g.,
Chapman & Lindzen 1970).

The p,(o) is a complex number, whose modulus gives the
amplitude of the pressure variations and the argument gives the
phase lag between the substellar point and the maximal defor-
mation of the atmosphere. It can be decomposed in its real and
imaginary parts as

p2(0) = a(0) —ib(0), (53)

which is very useful when we write the secular equations of
motion (see Sect. 4.2), because the imaginary part characterizes
the atmosphere’s viscous response. We thus have

Kk po Jo 0o
8o

KpojoO'

a(o) = and b(o) = — (54)

oo+ 0o 002+ 02

It is also important to note that a(c) is always an even function
and b(o) is always an odd function.

3. Two-body problem with thermal tides

We consider a system composed by a planet and a star with
masses m and m,, respectively, on a Keplerian orbit. The orbital
angular momentum is given by

G =B \Jua(l — )k,

where a is the semimajor axis, e is the eccentricity, S =
m,m/(my +m), u = G(m, + m), G is the gravitational constant,
and k is the unit vector along the direction of G, which is normal
to the orbit. The star is a point mass object with luminosity L.
The planet is composed by a completely rigid spherical mantle
with radius R, and surrounded by a thin atmosphere that can be
deformed under the action of thermal tides. The planet rotates
with angular velocity w = w's, where s is the unit vector along
the direction of the spin axis. The rotational angular momentum
of the planet is given by

(55)

L=Cw+1T - w, (56)

where C is the moment of inertia of the mantle together with the
moment of inertia of an unperturbed atmosphere and

I Ly I
IT=| 1y In Ix (57)
Iz Dbz I

is the inertia tensor that accounts for the departure of the mass
distribution in the atmosphere from a sphere (Eq. (34)). In the
absence of the stellar heating, we have 7 = 0. In general, the
deformations in the atmosphere are very small with respect to
the radius of the spherical mantle, R, and yield periodic changes
in the moments of inertia, such that 7w < Cé (e.g., Frouard &
Efroimsky 2018). Therefore, for simplicity, we can assume that
I;; < C(i,j=1,2,3), and thus

L~Cw=Cws. (58)

3.1. Tidal force and torque

The atmospheric tidal potential (Eq. (35)) creates a differential
gravitational field around the planet given by
a(r) = =V, [AV(r)]. (59)

The star, with mass m, and located at r = r,, interacts with this
field, with a resulting tidal force

F =m,a(ry) = Fy + F», (60)
with
15 I, -1 1 Iy —1 1
F = %[% goby ot 1
* (61)
+ 11X % + 11381 %3 + I3 %o %3 [ P
and
3Gm A -
Fr=- = - [(122 —h)X g+ (In—In)iss
*
+1p(R1 g+ X p) + [13(X1 s + X3 p) + In3(R25 + 23 9)),
(62)
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where 7, = r,/r« = (X1, X2, X3) is the unit vector. We decompose
F and all the following vectorial quantities in the frame (p, q, §)
(Fig. 1). There is no loss of generality with this frame choice,
because the vectors can always be expressed in another basis.
However, the frame (p, ¢, s) greatly facilitates the computation
of the inertia tensor J (Sect. 3.2) since the position of the star
does not depend on the planet’s rotation rate:

X1 =Py - p = cos(w +v),

% =Py - q = cosesin(wm + v), (63)
X3 =Py - 8§ = —sinesin(w + v),

and

Foop = ——— (sin(w +v) + esinw)

D= 1_625 @ + V) + esinw),

Feoq= = cos & (cos(w + v) + ecos @), (64)
i'*-s=\/I_ezsins(cos(w+v)+ecosw),

where n = /u/a? is the mean motion, v is the true anomaly, and
w is the argument of the pericenter (Fig. 1).

We follow the evolution of the system in an inertial frame
because we can always project an inertial vector in a noninertial
coordinate system. For the orbital evolution, we thus obtain

(65)

The first term is responsible for the Keplerian motion, while
the second term corresponds to the orbital correction introduced
by the tidal force, which is responsible for the modifications in
the orbit and spin of the planet. The evolution of the angular
momentum vectors are computed from the tidal torque,
G=T=r,xF=r,xF>, (66)

and, due to the conservation of the total angular momentum,

L=-G=-T, (67)
with
(I33 — In)fa %3 — Ik &3 + D31 ko + D3(35 — £3)
3Gm oo o o 0 . A
Tr=- 2| (I = Ba)ii & + Indads + 13(35 — £2) - Laki &

3
r*

PN Y a a PN
(I = I)&1 & + 1 (B — £5) — Tizfo Rz + Iafi &3

(68)
3.2. Expansion in Hansen coefficients

The coefficients of the inertia tensor 7 (0) (Egs. (44)—(49)) are
given in the frequency domain. In order to use them in the equa-
tions of motion (Sect. 3.1), we need to return to the time domain
using an inverse Fourier transform (Eq. (39)):

I = f I(o) e do. (69)

In general, the perturbations introduced by the forcing tensor

A(?) are quasi-periodic (Eq. (36)). Then, only a discrete number

of frequencies exist, and we can express () as a series:

1) = Z (o) e, (70)
k
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In the frame (p, g, s), the position of the star only depends on
the orbital motion (Eq. (63)), and so the only forcing frequencies
are the orbital mean motion, 7, and its harmonics. Thus, we can
express A(f) and 7 (f) through the Hansen coefficients, xom

e\ i - Lm ikM
Y imw _ Xt kM 7
(=) e k;m “me)e (1)
with

1 (" (re\
xr@ = o (2 et au

Tt (72)

1 -¢?

1 T
B 7_rj0‘ (1+ecosv

In Table 2, we provide the expression of the Hansen coefficients
used in this work expanded up to €°.

For instance, for the A3 coefficient (Eq. (36)), we get from
expression (63)

¢
) cos(mv — kM) dM.

4nR* azAA 4nR* az. . 2
Ay =— — | Fo%3 = — | sinecosesin*(w + v)
5g s 59 Ty
nR* al\ . -
= — sinscoss(—) (2 —el2@H) _ e“z(w“’))
Iy
Pe 4 +00
L 20 DRoy-22 _ -2wy-2-2)\ kM
= 59 smsk;mx(ZXk e X, e X, )e R
(73)
where x = cose = k - s.
Similarly, for the A3 coefficient (Eq. (36)), we get
nR* =
_ LT Rwy-2-2 _ _2wy-22) . ikM
Az =i 5, Sne k;m (27X, e27x2?) M, (74)

Then, for the I3 coefficient we finally have (Egs. (44) and (70))

4 +00

R . R _ Do o
I = Wg sine Z {pz(kn -w) [Zxsz'O -1+ x)ezkaz’2
k=—0c0

+(1-x) e—iZWX,;Z"Z]
+ pakn + w) [ZxX]:Z’O +(1 - x)e?7x;.>?
—(1+x) e—iZmXIZZ,—Z] } kM
(75)

For the remaining coefficients of 7 (), we get (Egs. (45)—(49))

R4 +00 )
I3 = lierg Sinsk:Z_oo {ﬁz(kl’l - w) [2XXI;2,O —(1+x) el2wX];2,2

+(1-x e*imx,f"z]
= palln + @) |22+ (1 - 927X

-(1+x) e—ﬂwx,;zfz] } M, (76)
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k X (e X (e) X e X (e)

-6 %eﬁ %e(’

-5 %es %es

—4 %64 - %66 —%66 %64 + %66 %86

-2 362 + ée“ + %66 —21—464 - 83—06'6 %ez + %e“ + %66 2—14@4 + 2%66

-1 e+ %ES + %es —ieﬁ - %es %e + %63 + %es ﬁe3 + %es
0 1+%ez+%e4+1—56e(j 1+%e2+%e4+%e6
1 e+ %e3 + %es —e + %e3 + &es %e + %e3 + %65 —%e + 1—1663 — 35@65
2 262 + %64 + g—}leG - %62 + %64 - %66 Zez + 3—164 + 1é—4166 1- %ez + }—264 - %66
3 %e3 - %es 3e — %96‘3 + %es %6‘3 + %es %e - %eS + %es
4 %64 — %e‘s 762 — %64 + %e‘s %64 + %66 %ez — %64 + %e6
5 1097 5 205 ,3 _ 13745 5 1773 5 845 ,3 _ 32525 5

384 24 384 256 43 768

6 %66 %4—%66 %eé %4—%66
7 %65 %es
8 %86 %66

Notes. X,f”z(e) = Xf’,f(e). The exact expression of these coefficients is given by expression (72).

I, =

Ii; =

Iy =

with

Al =

4 +00
i—

20g

k=—00

{ﬁz(kn -2w) [2(1 - X

F(1+ 027X 27 4 (1 - x)? e_uwX,:z’_z]

— ﬁz(k}’l + 2(,()) [(1 + x)z e*iZka—ZV_z

(77)

+(1-x)? eisz,;Z’z +2(1 - ) X/ZZ’O] }eikM,

+00
R

g 2

k=—o00

I3
Al — =—
2
7TR4 +co

209 2,

+(1+ 27 eiszk—z,z +(1-x? e—iZka—Z,—Z]

+ pakn + 2w) [(1 +x)P e X 22

{ﬁz(kn) [2 (xz =

+(1 =) (eiZka—Z,Z + e‘iZE’X,;Z’_Z)] } kM

1

-2,0
)

I3

and 111 =-Al - -,

{ Polkn — 20) [2(1 — ) x20

2

(78)

(79)

(80)

+(1 - x)?e?7X, 7% +2(1 - x%) Xk_z’o] } kM

The orbital and spin evolution of the planet under the action
of thermal atmospheric tides is completely described by the set
of Egs. (65), (67) and (75)—(80).

4. Secular dynamics

In general, the thermal atmospheric tides slowly modify the
spin and the orbit of the planet, in a timescale much longer
than the orbital and precession periods of the system. There-
fore, we can average the equations of motion (Sect. 3.1) over
the mean anomaly and the argument of the pericenter, and
obtain the equations of motion for the secular evolution of the
system.

4.1. Averaging process

Following Correia & Valente (2022), to average the equations of
motion, we first expand them in Hansen coefficients (Eq. (71)),
similarly to what we have done with the inertia tensor (Sect. 3.2).
For instance, for the last term in the s component of the tidal
torque we have (Eq. (68))

Ggmy . 3Gme
———= it = I3 sinesinw + 2v)
r- 2r3
3 +00
= ﬂl sing Z (eisz%’2 - e_isz%’*Z) ek M
T did K K :
k’=—o00

(81

Then, we replace the expression of I3 also expanded in Hansen
coefficients (Eq. (75)), and average over the mean anomaly, M,
which is equivalent to retaining only the terms with X’ = —k, and
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over the argument of the pericenter

<_ 3Gm,

3 123)?1)?3>
;

M@

+00

3nGm R* . . _ 3
= W sine ) {pg(kn - ) [(1 +X) X, X

k=—00

+(1-x) X,;HX;}Z] (82)

— palkn + w) [(1 - X)X, X7
—-2,-2v-3.2
+(1+x) X, "X, ]}

Finally, we decompose the surface pressure variations p,(kn + w)
in its real and imaginary parts (Eq. (53)), make use of their parity
properties, and use the simplification Xf,’(" = Xf’_m to write

3Gme .
——5Inkii =
,
Mo

1+0X X7+ (1 -0 X 77X 77

X i b(w — kn)

k=—00

(83)

This last arrangement is very useful, because we are able to com-
bine terms in b(w + kn) in a single term b(w — kn), which con-
siderably simplifies the expression of the equations of motion.
In this particular case, we also note that there is no longer the
contribution from a(w — kn).

Another simplification is that we do not need to follow the
evolution of the position vector anymore (Eq. (65)). Indeed, as
we average over the mean anomaly, M, the position of the planet
in the orbit is no longer defined, and as we average over w, the
position of the pericenter is also no longer defined. Therefore,
in the secular case, the equations of motion can be given by the
evolution of the orbital angular momentum (Eq. (55)) together
with the evolution of the eccentricity. Alternatively, we prefer to
use the evolution of the orbital energy,

Gm,m

E= ,
2a

(84)
because it can be directly obtained from the power of the tidal
force (Eq. (60)) as

E =¥, F, (85)
and thus provides a simpler expression, from which we can later
easily derive the evolution of the eccentricity.

4.2. Tidal torque and power

The orbital and spin evolution of the planet are completely
described by the evolution of the angular momentum vectors,
G and L, given by the torque (Egs. (66) and (67)), and by the
evolution of the orbital energy, E, given by the power (Egs. (85)).

The secular torque (Eq. (68)) can be written as
(T}M,W:Tpp+qu+Tss. (86)
For zero obliquity (¢ = 0), the vectors p and ¢q of the basis are
not defined (Eq. (42)). There are no singularities in this problem
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because both T',, T, o sin &; however, to avoid numerical issues,
it is easier to express the torque simply using the unit vectors of
the angular momentum quantities, k and s, as

<T>M’w,=le+T2S+T3kXS, &7

where

_ T, — T — T

Ti=—1, Ty=T,~cose—-, ==, (88)
sSin & sSin & sSin &

with

2l 3(]( « 2 —22+v-32 -2,-2v—-3,-2

=% . {3b(kn)[(1—x)(Xk X2 - x|

+2b(w - kn)[ (1-xQ2+x)X, 77X,
+4° X 20X — (1 + 0% (2 - %) Xk‘zvzx,f’z]
+bw — kn)[4x (1-22)x2x,.°

F (=P X222 (14 ) Xk—ﬂxk‘”]}, (89)

_ 3(]( +00

=3 2 {3 b(kn)[x (1 - x2) <X;2,—2 Xk—3,—2 _ X;:M X;z,z) ]

—2b(w — kn)

(1-x7(1+20X,27°X 7
FACXZOX0 4+ (14 27 (1= 20 X22X2
— 2w - kn)[ (1 -2 X 22x 32

+4(1-2)X2°% 0+ (1 + x)° X;Z*zx,f’z]}, (90)

__37< +00

2 —-2,0y-3.0
el {xa(kn)[ —4(1-327) X %]

=3(1- ) (P x|

+2a(w— kn)[ —(1=-x>1+2x%) Xk—z,—2XI:3,_2 o

+ax (1 -207) X 20X+ (1+ 22 (1 - 22 X2 ng,z]
—aQw - kn)[4x (1 - ) x;20x30
+ (=2 X 272X 777 - (1 + 0 X 22X 7 }

and

B 4n§m*R4 _ 3my (R)3

= 5 — 92)

5a’g a

where p = 3g/(4nGR) is the mean density of the planet. These
expressions were obtained using the algebraic manipulators
Maxima? and TRIP (Gastineau & Laskar 2011).

2 Maxima, a Computer Algebra System (Version 5.46.0), https://
maxima.sourceforge.io/


https://maxima.sourceforge.io/
https://maxima.sourceforge.io/
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Finally, for the secular power (Eq. (85)) we get

4(1-32) X;20x,0

. x +o00
Elw=—77 2,k {b(k )
Mo T 64 k;m o
+9 (1 _ x2)2 (X;z,szka,fz + X;2,2X;3,2)]

- 12b(w—kn)(1 —xz)

4x2X;2,0Xk—3.0
(93)
F (1= 0P X22X2 4 (14 Xk’z‘szf”]

- 3600 —kn[4(1 - ) X20X

+(1-0'X>7X 7 + (1 + 0 x;z’zxk‘”]}.

4.3. Orbital and spin evolution

The set of Eqs. (87) and (93) allows us to track the secular evo-
lution of the system using the angular momentum vectors and
the orbital energy. For a more intuitive description of the orbital
and spin evolution, we can relate these quantities to the orbital
elements and the rotation of the planet. The semimajor axis is
directly given from the orbital energy (Eq. (84))

_Bu

2F’ 4

a=

the eccentricity from the orbital angular momentum (Eq. (55))

(G- k)?
e= 4/1- = 4/1
BPua
and the rotation rate from the rotational angular momentum
(Eq. (58)),

GG
BPua’

(95)

]

L-s

The angle between the orbital and equatorial planes (also known
as obliquity or inclination), can be obtained from both angular
momentum vectors as (Fig. 1)

G-L
VG- G- L)
For a better comparison with previous studies, we can also

directly obtain the evolution of all these quantities. The semima-
jor axis evolution is given from expression (93),

cose=k-s= 97

24 .
a=2LE

98
Bu ©8

while the eccentricity evolution can be computed from expres-
sions (87), (95) and (98) as

1= G T Ni-e(Vi-¢e . - =
ée= a— = E-T,-T,x|,
2ae BPuae  Bnale n
99)

that is, using expressions (89), (90), and (93),

/] _ 2 +o00
€= 6K4 ﬁ—2e > {b(kn)[4(1 - 32) X200V - &2
na-e
k=—00

+9(1-2) X272 X2 2+ KV = &)
—o(1- ) X222 2k VT = ) |

— 12b(w - kn) (1 - &) [42X,2°X, >k V1 = 22
+ (1= XX (24 kY1 - @)

S+ XX (2 -k VT = &) ]

~ 352w - k)| 4(1 - ) X20X KV - &
+(1-0*X27X 7 (2+kV1 - @)

— 1+ XX (2 -k VT = ) ]}

(100)

For the rotation rate evolution, we have the following from
Egs. (67) and (96):

T- Tix+T
(),):—Cs:_ ]xg 2’ (101)
that is, using expressions (89) and (90)
i 3K S 2 22,030
w:—%k_z {Zb(w—kn)(l—x )[4x X 20x >
O+ X204 (- 0P XK
(102)

+b2w -~ kn)l4(1 - 2) X20X0
+ 1+ 0" XX+ (1= 0 sz’zxk“]}.

The obliquity (or inclination) evolution is given from expressions
(66), (67) and (97),

T-k—T-scose T-s—T-kcose

&=
sineVL - L sineVG - G
— — — (103)
T T,

. 1.
=| — - ———————/|sine ® —sine.
—e2) Cw

Co  ByJua(l

In general, for a planet around a star, we have |L| < |G|, and so
the evolution is dominated by the first term.

Finally, we can also obtain the evolution of the precession
angles, that is, the angular velocity of the longitude of the node,
Q, and the precession speed of the spin axis, ¢. The line of nodes
is aligned with the vector p (Fig. 1) and thus

. G T-(kxs) Tssine
a=8 - Lkx9 , (104)
Gl P 7 Glsine g — )
. L T-(kxs) Tssine
- ,—_ =— . 105
V=L P T T L sine Cw (105)
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4.4. Energy balance

The average total energy transferred to the planet due to thermal
atmospheric tides is given by

U=(E+ K)M)w, (106)
where E is the orbital energy (Eq. (84)),

L
K= “’T (107)

is the rotational energy, and
K =Coaw, (108)
where @ is given by expression (101).

The total energy is then obtained by combining expressions

(93) and (102) as

(](-H)o

U=-— o Py {kn b(kn)[4 (1- 3x2)2 X:20x30
P (1= (o x|

+ 12 (w — kn) b(w — kn) (1 - x*) [4x2Xk_2’0Xk_3’0

(109)
+(1 =22 X 272X + (1 + %) X;Z’Zxk‘”]

+3Qw — kn) bQw — kn)[4 (1- x2)2 X 20x 30
4 y-2,-2y-3,-2 4 y-22y-32
+(1-0"X, 77X, +(1+x0"X, "X, ]}

We note that regardless of the orbital and spin parameters,
the total energy transferred is always positive since b(o) is an
odd function and b(|o|) < 0 (Eq. (54)).

5. Expansion up to €?

Most Earth-mass planets are observed in multiplanet systems,
whose eccentricities are relatively small for stability reasons.
Therefore, to simplify the equations of motion, we can trun-
cate the series expansion in Hansen coefficients, and retain only
terms in e? or smaller.

5.1. Tidal torque and power

For the average tidal torque (Eq. (87)), we have
T = —‘K{b(3n)§(l -)e
9 2 2
+b(2n)E(l—x )(1-6¢%)
9 2\ 2
+b(n)§(1 -)e
03 2 2
+b(w+3n)§(l -x)2+x)e
3 2 2
+blw+2n) 7 (1 - ) @+x)(1-6¢%

3
+b(w +n)3—2 (2 -3x+ 13x3)62
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3 3 2

+b(w)7x (1+2¢%)

3 3\ 2
—b(a)—n)3—2(2+3x— 13x%) e
—b(w - 2n)13—6 (1 +x)7 2 - x)(1-6e%)
—b(w — 3n)g (1+x*2-x)é
+bQRw + 3n)§ (1- x)3 e
+b(2w+2n)33—2(1 — 2 (1-6¢) (110,
+bQuw + n)63—4 (1= x)(1+10x + 13x%) €2
+ b(2w)§x(1 - x2) (1 + 262)
—bQw — n)63—4 (1+x)(1-10x + 13x) ¢

—bQw - 2;1)3?’—2 (1 +x)°(1-6¢)

63 3 9
bQuw 3n)64 (I+x)e },

T, = W{b(3n)%x(l - ) e

9 2 2
+b(2n)Rx(l - X )(1 — 6e )
9 2\ 2
+b(n)3—2x(1 - X )e
63 5 s
+h(w+3m) 35 (1= 07 (1 + 2 e
3 2 2
+blw+2n) 7= (1= ) (1+20(1-6¢%)
3 2 3\ 2
+b(a)+n)3—2(1+9x +2x°)e
3 2 2
+b(@)x (1 +2e)
3 2 3 2
+b(w—n)§(l+9x —Zx)e
+b(w— 2n)]3—6 A+x?(1-2x)(1-6¢%)  (111)
63 5 5
+b((u—3n)3—2(1+x) (1-2x)e
+bQuw + 3n)§ (1-x)?e?
3 3 2
+bQw +2m) 2 (1-2) (1-6e?)
3 2\ 2
+b(2a)+n)a(1—x)<13+10x+x)e
3 2 2
+b(2w)§(l—x)(l+2e)
3 2\ 2
+b(2a)—n)a(1+x)(l3—10x+x)e
3 3 2
+bQw =2m) 2 (1+2) (1-6e%)

63 3 9
+bQuw 3n)64(1+x) e},
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— 1
Ts = —‘K{a(?m)gx(l —x2) e’
+ a(2n)2x(1 -2)(1-6¢)
16
9 2\ 2
+a(n)3—2x(5— 13x )e
3 2 2
+a(0)§x(1 - 3x )(1 +2¢°)
+a(w + 3n)§ (1I-x)*(1+2x)e
3 2 2
+a(+2n) 7 (1= ) (1+20)(1-6¢%)

3 2 3\ 2
+a(w+n)§(l—12x—3x +26x°) e

3 2 2
—a(cu)Zx(l - 227)(1+2¢)

3 2 3\ 2
—a(ou—n)3—2 (l +12x — 3x° — 26x )e
—a(w - 2n)i (1+x)7 (1 -2x)(1-6¢%)

16
—a(lw — 3n)§ (I+x)(1-2x)e

63
2 = (1= 3 2
+a(w+3n)64( x)’ e
3 3 2
+aQw +2n)2 (1= x) (1-6e%)
3 2\ 2
+aQw+mZ —x)(1+10x+13x%) e
3 2 2
+a(2w)§x(1 - 22) (1 +2¢%)
—a(zw—n)i (1+x) (1= 10x+13x) ¢’
64
3 3 2
~aw = 2n)7 (1 +x) (1-6e%)

63 32
—aCw - 3n)6—4 (I+x)e },
and for the average power (Eq. (93))

(EYyo =~ nw{b@n)sg (1- xz)z &
+bn = (1-2) (1 - 6¢%)
+ b(n)63—4 (7 - 3027 + 39x*) &2
+ b(w + 3n)% (1 - xz) (1-x?2¢é

+b(w + Zn)g (1-22) (1 - 0*(1-6¢)

+b(a)+n)33—2 (1 - xz)(l —-2x+ 13x2)e2

- b(w - n);’—2 (1-22)(1+2x+13x%)

(112)

- b(w - 2n)§ (1 - xz)(l +x)° (1 - 6e2)
—b(a)—3n)13£29 (1—)c2)(1+)c)2e2
189 o 4
+b(2w+3n)128(1 x)e
+b(2w+2n)3(1—x)4 1-6¢%)

128

_ - 2
bQw — n)128(1+x) 13 - 22x + 13x%) ¢

- bQuw - 2n)§ (1 +x?* (1 - 6e2)

(
+bQw + n)— (1 - x)? (13 +22x + 13x )
(

- bQuw - 3n)% 1+ x* ez}.
(113)

5.2. Orbital and spin evolution

The semimajor axis evolution can be directly obtained replacing
Eq. (113) in Eq. (98). For the eccentricity, we have (Eq. (100))

, Ke 189 2
e=— nd? {b(3 )—( —xz)

- b(zn)ﬁ (1- x2)

+ b(n)63—4 (1- 18> +33x%)

+b(w+3n)§—§(l—x2)(l—x)2

—b(w+2n)13—6( - %)

—b(w+n)3%(1—x2)(l—2x—llxz)
)(

+ b(w - 2n)—( - 2) (1 +x)? (114)

— b(w - 3n)—( - 2) (1 +x)?

+bQuw + S»n)ﬁ (1-x*

- bQuw + 2n)63—4 1-x*

+ b(2a)+n)% (1= x)? (11+26x + 11x?)

—b(2w—n)1%(l +x)2(11 —26x + 11x2)

+bQw — 2n)63—4 (1+x*

-bQuw - 3n)% 1 +x?* }
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The evolution of the obliquity is directly obtained by replacing
Eq. (110) in Eq. (103), and for the rotation rate (Eq. (102)),

K

(A)Z—E

{b(w + 3n)% (1-2)1-xe
+b(w + 2n)13—6 (1 - x2) (1 -x)? (1 - 682)
+b(w + n)% (1-2)(1-2x+132%)
+ b((u)%x2 (l - xz) (1 + 262)
+ b(w — 11)322 (l - xz) (1 +2x + 13x2) e
+b(w - 2n)% (1-2) 1 +x7(1-66%)
+b(w - 3n)% (1-2) 1 +x7 e
p (115)
+bQuw + 3n)a (1-x*e?
+bQw + 2;1)312 (1 -x)*(1-6¢%
+bQw + n)63—4 (1= x)? (13 +22x + 132%) &
+ b(2w)% (1-2) (1+22)
+bQw — n)63—4 (1+x)? (13 - 22x + 132%) &
+bQw — 2n)3i2 (1 +x)*(1-6¢%
+bQuw — 3n)g—i (1+x* 32}.

This last expression for e = 0 is equivalent to Eq.(11) in
Dobrovolskis (1980) and Eq. (7) in Correia & Laskar (2003a).
It should also match Eq. (19) in Cunha et al. (2015), but they per-
formed a development of the atmospheric tidal potential in }°,
while here the potential only depends on r;3 (Eq. (35)), and the
extra factor in ;2 is included in the forcing function (Eq. (36)).

5.3. Energy balance

The total energy is obtained from expression (109) as
U= 7<{ (3n) b(3n)16i49 (1-2) ¢
+2n) b(2n)% (1-2) (1-6¢)
+ (n) b(n)% (7 - 3027 + 39x*) &2
+ (W + 3n) b(w + 3n)§—3 (1-22)(1 - 0?e
+(w+2n) b(w + 2n)% (1-2) 1 -x?(1-6¢%)
+ (W +n) b(w + n)% (1-22)(1 - 2x+ 132%) &
+ (w) b(w)?—le (1-22)(1+2¢%

+(w—n)b(w - n)% (1-22)(1+2x+ 13%) &
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+(w —2n) b(w — 2n)13—6 (1-2) (1 +x7(1-66%)

+ (w - 3n) b(w - 3n)% (1-2)(1+x)7 e

+ Qw +3n) bQ2w + 3n)% (1-x)*e

+ Qw +2n) bQRw + 2n)63—4 1-x?* (1 - 6e2)

+ Quw +n)bQw + n)é—g (1= x)? (13 +22x + 13:%) &?
+ Qw) b(2w)% (1-2) (1+2¢)

+Qw - n)bQw — n)é—g (1+x) (13 = 22x + 132%) &
+Qw - 2n)bQw — 2n)63—4 (1 +x)* (1 -6¢%)

+Qw - 3n)bQw — 3n)% 1+ x)* ez}.

(116)

6. Planar case

The final outcome of tidal evolution is the alignment of the spin
axis with the normal to the orbit (see Correia et al. 2003). There-
fore, to simplify the equations of motion, many works assume
that this alignment is always present, that is, the motion is planar
(¢ = 0). In this case, we have x = 1 and s = k (Fig. 1).

6.1. Tidal torque and power
Using the simplification s = k yields (Egs. (86) and (87))

(D) =Tk = (T +To)k, (117)
for the average tidal torque, with
37<. +00
T,==—- bQw — kn) X 22X 2. (118)
k=—co

For the average power, we get the following from Eq. (93) with
x=1:

(]( +00
7 2 kX200 = 3w - kmX 22X |

k=—00

<E>M,w =
(119)

6.2. Orbital and spin evolution

For the semimajor axis, we have (Egs. (98) and (119))

. 7( +00 k
g- o [ptmx 20X - 3bw — kX2 X2

a  pnd = 2
(120)
or, up to e,
& _ 3K L pow—2m) (1-6¢)- b(n)~e?
a pna® 2
(121)

1 63
+bQuw — n)Zez +bQuw — 3n)Ze2}.
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Since x = 1, for the eccentricity we get (Eq. (100)),

e =

1 _ 2 +00
KNI-e > {b(kn)x,f")x,f-ok Vi—e
k

"4 Bnale
A = (122)
+3bQ2w — kmX, X (2 -k V1 - ¢2) }
or, up to e,
3K 1 21
e = _4,811; {b(n) + bQw —2n) + zb(Zw - n)—;b(Zw - 3n)},
(123)
and for the rotation rate (Eq. (102))
3 +00
o= XK bQ2w — kn)X; X2, (124)
2¢ ~
or, up to €2,
W=- %{b(Z(u - 2n)(1 - 6e )
(125)

1 21
+bQuw - n)zez +bQuw — 3n)782}.

The evolution of the obliquity is simply given by & = 0
(Eq. (103)) since sin & = 0, that is, the motion remains planar.

6.3. Energy balance

The total energy transferred to the planet due to tides is obtained
from expression (109) with x = 1,

7( +00
U=-7 Z {kn b(kn) X 20X >0
k=—c0

(126)
+3Qw — kn) bQw — kn)Xk_z’sz_S’z}.

7. Conclusion

In this paper, we have revisited the spin and orbital evolution
of a planet with a dense atmosphere under the action of ther-
mal tides. We derive the secular equations of motion using a
vectorial formalism, where the basis only depends on the unit
vectors of the spin and orbital angular momenta. These vectors
are related to the spin and orbital quantities, thus they are easy to
obtain and independent of the chosen frame. The equations only
depend on series of Hansen coefficients, which are widely used
in celestial mechanics. They are obtained after averaging over the
mean anomaly and over the argument of the pericenter, because
thermal tides are expected to modify the orbital elements on a
timescale much longer than the evolution of these two angles.
In some problems, where the pericenter evolves slowly, we can
also perform a single average over the mean anomaly following
the method presented in Sect. 3 of Correia & Valente (2022) for
bodily tides.

The expression of the second harmonic of the surface
pressure variations (Eq. (52)) was obtained following the approx-
imations in the work by Auclair-Desrotour et al. (2017), which
is in very good agreement with the results obtained with general

circulation models (Leconte et al. 2015; Auclair-Desrotour et al.
2019). Nevertheless, for more refined atmospheric models (e.g.,
Wu et al. 2023), we also expect that we only need to correct the
expression for the surface pressure variations (Eq. (52)) and that
the dynamical equations derived in Sect. 4 do not change.

The vectorial formalism presented in this paper is well suited
to study the long-term evolution of Earth-mass rocky planets. In
addition to thermal atmospheric tides, we generally need to con-
sider the bodily tides (e.g., Correia & Valente 2022), rotational
deformation and general relativity corrections (e.g., Correia et al.
2011). For multiplanet systems, the secular interactions can be
obtained either by developing the perturbing functions in terms
of Laplace coefficients, suited for nonresonant compact systems
(e.g., Boué & Fabrycky 2014), or in terms of Legendre polyno-
mials, suited for hierarchical systems (e.g., Correia et al. 2016).
All these previous studies adopted the same kind of reference
vectors and thus each individual effect can be simply added to
get the complete dynamical evolution of the planet.
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