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Abstract

The ideal magnetohydrodynamic torus instability can drive the eruption of coronal mass ejections. The critical
threshold of magnetic field strength decay for the onset of the torus instability occurs at different heights in
different solar active regions, and understanding this variation could therefore improve space weather prediction. In
this work, we aim to find out how the critical torus instability height evolves throughout the solar activity cycle.
We study a significant subset of Helioseismic and Magnetic Imager (HMI) and Michelson Doppler Imager Space-
Weather HMI Active Region Patches (SHARPs and SMARPs) from 1996 to 2023, totaling 21,584 magnetograms
from 4436 unique active-region patches. For each magnetogram, we compute the critical height averaged across
the main polarity inversion line, the total unsigned magnetic flux, and the separation between the positive and
negative magnetic polarities. We find the critical height in active regions varies with the solar cycle, with higher
(lower) average critical heights observed around solar maximum (minimum). We conclude that this is because the
critical height is proportional to the separation between opposite magnetic polarities, which in turn is proportional
to the total magnetic flux in a region, and more magnetic regions with larger fluxes and larger sizes are observed at
solar maximum. This result is noteworthy because, despite the higher critical heights, more coronal mass ejections
are observed around solar maximum than at solar minimum.

Unified Astronomy Thesaurus concepts: Solar magnetic fields (1503); Solar cycle (1487); Solar coronal mass
ejections (310)

1. Introduction

Coronal mass ejections (CMEs) are a significant component
of space weather that affects the Earth and human activities in
near-Earth space. These eruptions of plasma and magnetic field
can interact with the Earth’s magnetic field to induce damaging
electrical currents and accelerate harmful bursts of energetic
particles. We are continuously developing capabilities to
forecast space weather and the impact it may cause. CMEs
can take anywhere from 1–3 days to reach the Earth after they
erupt, so to be able to produce a forecast with a longer lead time
than that, we need to be able to predict CMEs before they
occur. This will require an improved understanding of the
mechanisms involved in CME initiation.

One theory is that CMEs are driven by the ideal magneto-
hydrodynamic torus instability (B. Kliem & T. Török 2006).
Magnetic flux ropes in the solar atmosphere carry electric
currents and tend to expand radially via the hoop force, but the
ambient magnetic field surrounding the flux rope contributes a
stabilizing tension force (G. Bateman 1978; B. Kliem &
T. Török 2006). However, if the strength of the restraining
magnetic field drops off sufficiently rapidly with height, radial
expansion of the flux rope will be unstable, leading to runaway
expansion and the eruption of the flux rope as a CME
(B. Kliem & T. Török 2006). We can quantify the gradient of
the magnetic field with height using a parameter known as the

decay index, n, where
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Here, Bext,p is the poloidal component of the magnetic field
external to a magnetic flux rope (the component that contributes
the restraining tension force), where the poloidal direction is
perpendicular to the axial (toroidal) direction of the flux rope and
R is distance in the solar radial direction. For a symmetric torus
with a major axis much larger than its minor axis, the critical
value of the decay index at and above which the torus instability
sets in is nc= 1.5 (G. Bateman 1978; B. Kliem & T. Török
2006), however observations and simulations suggest values that
range from 1< nc< 2 (T. Török & B. Kliem 2007; Y. Fan &
S. E. Gibson 2007; P. Démoulin & G. Aulanier 2010; X. Cheng
et al. 2020). We can define the height at which the critical value
of the decay index occurs as the critical height, hc, and this will
vary in time and space as the magnetic field evolves. Beneath the
critical height is a torus-stable zone, and the region above the
critical height is a torus-unstable zone (X. Sun et al. 2022).
A. W. James et al. (2022) studied a sample of 42 active

regions, quantifying how magnetic flux, the separation between
opposite polarities, and the critical height in each region
evolved over time and how these changes correlated with CME
occurrence. First, it was found that the CME rate was twice as
high during periods when magnetic flux in the active regions
was increasing than when it was decreasing, interpreted as
resulting from the emergence of magnetic flux that leads to
injection of free magnetic energy and increased complexity in
the photospheric inversion lines. Second, during these times of
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increasing magnetic flux, 63% more CMEs occurred per unit
time when the critical height in the source active region was
increasing rather than decreasing over a period of several hours
before the eruption. This seems like a surprising result because
a rising critical height should make it harder for a flux rope to
become torus unstable and erupt as a CME.

To help understand this observation, it is helpful to note that
the critical height in bipolar magnetic regions is strongly
correlated with the distance between the flux-weighted centers
of opposite magnetic polarities (D. Wang et al. 2017; C. Bau-
mgartner et al. 2018; A. W. James et al. 2022). Rising critical
heights are therefore often observed when photospheric
magnetic polarities move apart from each other, which can
occur on a timescale of hours in the early emergence phase of
active regions as an observational manifestation of the
emergence of Ω-loops through the photosphere. Since emer-
ging magnetic flux can cause magnetic polarities to move apart,
which in turn leads to higher critical heights, it can be difficult
to separate the roles changing magnetic fluxes and critical
heights play in causing eruptions. Furthermore, CMEs were
observed during phases of all combinations of increasing/
decreasing magnetic flux and increasing/decreasing polarity
separation. Still, the results of A. W. James et al. (2022)
suggest the increase of magnetic flux is more important for
creating the environment in which CMEs occur than changes in
the critical height.

In addition to studying how the critical height changes over
time, it is also important to understand how the critical height
compares to the height of an embedded flux rope. It has been
shown that the critical height is typically lower in complex
multipolar regions than in simple bipolar regions (T. Török &
B. Kliem 2007), and that the most magnetically complex active
regions can produce many CMEs (e.g., L. M. Green et al. 2002;
N. Gopalswamy et al. 2005). Active region properties show
some variation over the solar cycle (J. Guo et al. 2010a), and
with more active regions on the Sun around the cycle
maximum, the overall magnetic complexity increases. More
CMEs occur around solar maximum that at solar minimum
(D. F. Webb & R. A. Howard 1994; D. F. Webb &
T. A. Howard 2012), with CME rates correlating closely with
the sunspot number. The simplest explanation for this is that
there are more sunspot groups present to produce CMEs, but it
is also possible that the rate of CMEs produced per active
region varies with the solar cycle. The above points raise the
question of whether the critical height also shows a temporal
variation on the timescale of a solar cycle.

In this study, we use data from across three solar cycles to
investigate changes in the critical height and how they compare
with the magnetic fluxes and separations between opposite
polarities in solar magnetic regions. We outline the data used in
this work in Section 2 and describe our methods in Section 3.
We present our results in Section 4, discuss our findings in
Section 5, and summarize our conclusions in Section 6.

2. Data

The Solar and Heliospheric Observatory (SOHO; V. Domi-
ngo et al. 1995) was launched on 1995 December 2. Onboard is
the Michelson Doppler Imager (MDI; P. H. Scherrer et al.
1995), which took measurements from 1996 April 23 until
2010 October 27 that enable the line-of-sight component of the
photospheric magnetic field to be determined at an image
cadence of 96 minutes and a spatial pixel size of 2″. On 2010

February 11, the Solar Dynamics Observatory (SDO;
W. D. Pesnell et al. 2012) was launched, and its Helioseismic
and Magnetic Imager (HMI; P. H. Scherrer et al. 2012)
instrument produces 3D vector magnetograms at a cadence of
12 minutes with a pixel size of 0 5. We use magnetograms
from the Spaceweather HMI Active Region Patch (SHARP;
M. G. Bobra et al. 2014) and Spaceweather MDI Active
Region Patch (SMARP; M. G. Bobra et al. 2021) data sets,
which include cutouts of regions of significant photospheric
magnetic flux that are tracked as they transit the solar disk.
Each active-region patch in the SHARP and SMARP data sets
is assigned a unique HARP or TARP (HMI/Tracked Active
Region Patch) number, respectively, for identification, and they
may contain zero or more active regions as designated by the
National Oceanic and Atmospheric Administration of the
United States (NOAA).
In our work, we use HARPs and TARPs from the beginning

of 1996 May until the end of 2023 October, covering solar
cycles 23 and 24, as well as the rising phase of solar cycle 25.
We select regions that contain zero or one NOAA active
regions (patches with zero active regions are hereafter referred
to as ephemeral regions), which were observed between 60°
east and west of the central meridian (as observed by SOHO
and SDO), and were significantly nonunipolar (i.e., at least
10% of the total unsigned magnetic flux in the region was of
the minority magnetic polarity, whether positive or negative).
This nonunipolarity condition was enforced to ensure there
would be clear polarity inversion lines in the regions of study,
as these are essential to our method of computing the critical
torus instability height (see Section 3.1), and indeed are where
preeruptive magnetic flux ropes necessarily form.
To observe the evolution of the magnetic regions, we used

magnetograms in a cylindrical equal-area projection at an
image cadence of 24 hr (taken at approximately 00:00 UT each
day). In total, we used 21,584 magnetograms from 4436
SMARPs and SHARPs (see Table 1 for a breakdown of the
data set across the Active Region Patch (ARP) types and the
numbers of active regions and ephemeral regions). The number
of magnetograms used from each month is shown in the top
panel of Figure 1. Since we use magnetograms from TARPs
and HARPs, it is no surprise that the monthly number of
magnetograms in our sample varies with the solar activity
cycle. The “butterfly diagram” in the bottom panel of Figure 1
shows that the magnetograms in our study come from a wide
range of active latitudes that evolves as expected throughout
each sunspot cycle.
We spatially resampled magnetograms from the SHARP

data set by a factor of 4 to match the 2″ pixel size of the
SMARP data. For SHARP magnetograms, we used

Table 1
Number of ARPs (Top) and Magnetograms (Bottom) Used in this Study from
the HMI and MDI Data Sets that Contain One or Zero NOAA Active Regions

1 AR 0 ARs Total

HARPs 1474 858 2332
TARPs 1593 511 2104
Total 3067 1369 4436

1 AR 0 ARs Total

SHARP Magnetograms 8747 2758 11,505
SMARP Magnetograms 8678 1401 10,079
Total 17,425 4159 21,584
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magnetograms of the radial magnetic field component (Br),
however MDI magnetograms represent the line-of-sight field
component. To approximate the radial field component in the
SMARP magnetograms, we used the method of K. D. Leka
et al. (2017), first performing a potential field extrapolation that
uses the line-of-sight field component as the photospheric
boundary condition to obtain a 3D vector magnetic field model,
and then we take the Br component from the bottom of the
extrapolation as a modeled magnetogram. As noted by
K. D. Leka et al. (2017), this method generally performs better
in active regions (where horizontal fields are significant) than a
simple geometrical “μ-correction” that assumes all of the
observed magnetic field is radial.

There is an approximately six-month overlap period in
observations from when the SHARP series begins on 2010
May 1 and the SMARP series ends on 2010 October 27.
During this time, we find 49 NOAA active regions that are in
both the SMARP and SHARP data sets (and meet our selection
criteria for nonunipolarity and disk longitude). Using the full
MDI image cadence of 96 minutes (one in every eight HMI
images), we find 3142 pairs of SHARP and SMARP
magnetograms that were observed approximately cotemporally.
In Section 3.3, we perform a comparison of the critical-height

values obtained from these SMARP and SHARP
magnetograms.

3. Methods

3.1. Calculating the Critical Height

To compute the decay index and therefore the critical height
at which a flux rope would become unstable if present, we need
the coronal magnetic field external to such a flux rope. We
approximate the external magnetic field with the potential
magnetic field, which we produce using the method of
C. E. Alissandrakis (1981) with Br magnetograms as the
photospheric boundary condition (Br is obtained for SMARP
data using the method described in Section 2). Without
modeling flux ropes themselves, we cannot accurately determine
the orientation of the poloidal magnetic field component, which
is the necessary component in Equation (1). Instead we
approximate the poloidal component with the horizontal field
component, as has been assumed in other studies (e.g.,
Y. Liu 2008; F. P. Zuccarello et al. 2015; D. Wang et al.
2017; A. W. James et al. 2022).
We use a method similar to that performed in A. W. James

et al. (2022) to calculate the critical height, that is, polarity
inversion lines (PILs) are identified by heavily smoothing the
magnetograms with a 20× 20 pixel spatial average, pixels are
located where their neighbors are of the opposite magnetic
polarity, the critical height is identified above each PIL pixel,
and the mean critical height is calculated along the PIL. In
some cases, the decay index exhibits a “saddle”-shaped profile
with height above the PIL (Y. Guo et al. 2010b; R. Luo &
R. Liu 2022), in which there are multiple critical heights with a
torus-stable zone between them. As in A. W. James et al.
(2022), where multiple critical heights are found above one
pixel, we select the lowest because these tend to occur at
comparable heights to those calculated in regions where there is
no saddle (typically ∼40Mm). Furthermore, although saddle-
shaped decay-index profiles with multiple critical heights and
an intermediate stable zone can cause failed or two-step
eruptions (e.g., S. Gosain et al. 2016; L. Liu et al. 2018), CMEs
can still occur from such regions, particularly when the decay
index at the minimum of the saddle is not too small (D. Wang
et al. 2017) and when a large enough Lorentz force is applied to
give the erupting structure enough momentum to traverse the
torus-stable region (L. Liu et al. 2018). Magnetic reconnection
may also play a role in continuing to accelerate an erupting
structure after an initial torus instability subsides.
While A. W. James et al. (2022) manually defined sections

of the detected PILs that were relevant, we implement an
automated method (due to the large number of events in our
sample) that uses the field-strength pixel bitmaps that are
included with the SHARP and SMARP data sets. We select
PIL pixels that are within the weak-field bitmaps, but also
within regions where dilated positive and negative strong-field
bitmaps overlap with each other (similarly to how the R
parameter is computed by C. J. Schrijver (2007) to quantify
sharp gradients across inversion lines), resulting in masked PIL
pixels that lie between strong concentrations of opposite-
polarity magnetic fluxes (see Figure 2). Sometimes this method
identifies PIL pixels that are further from the core of the active
regions than we would like, and particularly in multipolar
active regions, there is sometimes more than one distinct PIL
identified, meaning the critical heights from each PIL are

Figure 1. Top: number of magnetograms in each month of our data set, which
ranges from the beginning of 1996 May until the end of 2023 October. During
the overlap period of MDI and HMI observations from 2010 May–October, we
include only the number of HMI magnetograms to avoid double counting. No
MDI observations were made from 1998 June 24 until 1998 October 19 due to
a loss of contact with the spacecraft. Bottom: latitude of the flux-weighted
center of each magnetogram. The months of sunspot minima that separate solar
cycles 23, 24, and 25 are indicated by vertical dashed lines.
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averaged into a single critical height for the magnetogram.
However, the large number of magnetograms we are using
should help to reduce the impact of outliers where the PILs are
not identified as clearly.

3.2. Quantifying Magnetic Flux and Polarity Separation

To quantify the radial magnetic flux in each Br magneto-
gram, we first smooth the data using a 15× 15 pixel spatial
average. Then, we create a mask of pixels where the smoothed
values are greater than a threshold magnitude of 100 G. We
apply this pixel mask to the unsmoothed magnetograms and
integrate the positive and negative flux densities, thereby
excluding weak-field pixels where the signal-to-noise ratio is
poor. Finally, we calculate the unsigned magnetic flux as the
mean of the absolute values of positive and negative magnetic
flux to give a single magnetic flux value for each magnetogram.

We quantify the characteristic separation between positive
and negative magnetic polarities in each magnetogram using
the same 15× 15 pixel spatially smoothed magnetograms as
are used to calculate the magnetic flux. Using only pixels where
the magnitude of smoothed flux density is greater than 100 G,
we compute the flux-weighted centers of positive and negative
magnetic flux. Examples of these two centroid coordinates are
shown with orange circles in Figure 2, and we use the distance
between the pair of centroids as our measure of the separation
between opposite magnetic polarities in each magnetogram.

3.3. Comparison of Critical Heights from SMARP and SHARP
Extrapolations

Before we can make conclusions using observations from
MDI and HMI, we need to understand any systematic
differences between the data sets. The magnetograms from
the two instruments are produced using observations across
different spectral lines, with MDI observing in a tunable band
around the Ni I 6768Å absorption line and HMI similarly
around the Fe I 6173Å absorption line. Furthermore, unlike the
line-of-sight MDI magnetograms, the HMI vector magneto-
grams are produced using the Very Fast Inversion of the Stokes
Vector (J. M. Borrero et al. 2011), and as outlined in Section 2,
HMI has a better spatial resolution than MDI. Therefore, even
when the two telescopes observe the same region of the Sun,
there are likely to be some differences in the inferred magnetic
fields. Here, we calibrate the critical-height values we obtain
from MDI and HMI observations of the same active regions.

As introduced in Section 2, we find 3142 pairs of SHARP
and SMARP magnetograms that contain the same NOAA
active region observed almost cotemporally. Even when
observing the same regions at the same time, the fields-of-
view of the SHARPs and SMARPs are generally different, so
we crop and use only the common area that is contained within
both magnetograms. To account for the different spatial
resolutions, we spatially resample the HMI magnetograms by
a factor of 4 to match the MDI resolution. Then, using the
method described in Section 3.1, we extrapolate potential
coronal magnetic fields from the SHARP and SMARP
magnetograms and calculate the mean critical height above
photospheric PILs. For each SHARP–SMARP magnetogram
pair, we identified PIL pixels using the mask made from the
SHARP data to ensure the same pixels were used to calculate
the critical height in both data sets. We obtain critical heights
from the 3142 pairs of SHARP and SMARP magnetograms
during the period of overlapping observations, and these are
presented in Figure 3.
A number of outliers where the critical heights calculated

from the SHARP magnetograms are significantly larger than
from the SMARPS can be seen in Figure 3 (marked with
orange “X” symbols). Specifically, we exclude 11 points where
the SHARP critical height is greater than 34Mm but the critical
height from a SMARP magnetogram at the same time is
<5Mm. All of these data points come from early in the
observed lifetime of HARP 00224, when it contained the weak
and dispersed remnants of a decayed active region before
NOAA 11119 emerged into it. The weak-field bitmap used to
search for PIL pixels between opposite polarities (described in
Section 3.1) only covered the negative polarity, so very few
PIL pixels were identified. Despite the fact that we compute
critical heights using the same PIL pixels in both the SHARP
and SMARP magnetograms, the critical-height values obtained
by averaging across so few PIL pixels are unreliable. We
exclude the values obtained from these 11 magnetograms from
our study.
We perform an orthogonal distance regression fit to the

SMARP and SHARP critical-height pairs to see how they

Figure 2. HARP 1727, containing NOAA AR 11497. “Weak-field" bitmap
pixels are outlined with the purple contour. The green contour outlines a region
identified as being between strong opposite polarities. PIL pixels within both of
these contours are identified and colored by the local critical height. Orange
circles show the flux-weighted centroids of positive and negative magn-
etic flux. Figure 3. Mean critical heights calculated from 3142 SHARP and SMARP

magnetogram pairs that were observed approximately cotemporally between
2010 May 1 and October 28, represented by blue circles. Outliers where the
SHARP critical heights are much greater than the SMARP critical heights are
depicted as orange crosses and excluded. The dashed black line illustrates a
gradient of one for illustration, whereas the red line corresponds to a linear fit to
the data (using orthogonal distance regression and constrained to pass through
the origin) with a gradient of 0.93. The Pearson’s correlation coefficient is
r = 0.864.
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compare. Constraining the fit to pass through the origin, we
find a gradient of 0.93 with a Pearson’s correlation coefficient
of r= 0.838. This suggests that the critical heights obtained
from SMARP magnetograms are, on average, slightly lower
than from the corresponding SHARP magnetograms. However,
while there are magnetograms where the SHARP critical height
is higher than the paired SMARP value, there are also many
magnetograms where the opposite is true. We take the ratio of
the SHARP-to-SMARP critical height for each magnetogram
pair, and find the median ratio across the data set to be 0.99.
This suggests there are roughly as many magnetogram pairs
where the SHARP critical height is higher as there are pairs
where the SMARP critical height is higher, and therefore no
systematic scaling is required for either the HMI or MDI
critical heights. Finally, we perform the Student’s t-test and the
Wilcoxon signed-rank test on the HMI and MDI critical heights
and find p-values of 0.40 and 0.93, respectively. Both of these
are significantly greater than 0.05, so we cannot reject the null
hypothesis. In other words, there is no evidence to suggest the
HMI and MDI critical heights are meaningfully different from
one another.

Whereas above we cropped the commonly observed field-of-
view from each pair of SHARP and SMARP magnetograms
and averaged their critical heights using the same mask of PIL
pixels made using the SHARP data and bitmap, we repeat the
analysis while treating the SHARP and SMARP magnetograms
independently as an additional test of how well the results
obtained from each agree. While the spatial resolution of the
SHARP magnetograms is still downsampled by a factor of 4
(matching that of the SMARP magnetograms) in order to save
computational time, this time we compute critical heights with
different pixel masks in the SHARP and SMARP magneto-
grams. The full SHARP and SMARP fields-of-view are
considered and PIL pixels are identified independently for
each data set using their respective bitmaps and Br. The
independently computed SHARP and SMARP critical heights
are still in very close agreement, albeit slightly less so than we
found using the previous method.

We now only find and exclude three magnetograms that fit
the definition for outliers we used above (i.e., where the
SHARP critical height is greater than 34Mm but the critical
height from a SMARP magnetogram at the same time is
<5Mm). These magnetograms still correspond to
NOAA 11119. The Pearson’s correlation coefficient of the
SHARP and SMARP critical heights using this method is
r= 0.762 (compared to the previous r= 0.838) and an
orthogonal distance regression fit results in a gradient of 0.87
(compared to the previous 0.93), suggesting the average critical
height from the SHARP magnetograms is greater than from the
SMARP magnetograms by a little bit more than was seen by
using the other method (i.e., slightly further away from a ratio
of 1.0). We again calculate the ratio of the critical heights from
each SHARP–SMARP pair and take the median ratio across
the data set, resulting in a ratio of 1.05. This is slightly larger
than the ratio of 0.99 found using the previous method, but is
still very close to unity, suggesting no significant systematic
difference between the HMI and MDI critical heights.

4. Results

We investigate how the magnetic flux, polarity separation,
and critical height vary throughout the SMARP and SHARP
data sets.

4.1. Active-region Flux, Polarity Separation, and Critical
Height

In the top panel of Figure 4, we plot the calculated critical
height (hc) against the measured separation between opposite
polarities (d) for each of the 21,584 magnetograms. The
critical height and polarity separation are strongly correlated,
with a Pearson correlation coefficient (r) of 0.854, and we
perform a linear fit to the data, resulting in the relationship
hc= 0.5d+ 7.35.
The color of each data point represents the unsigned

magnetic flux calculated in that magnetogram. The smallest
(largest) magnetic fluxes are generally seen in the magneto-
grams with the smallest (largest) polarity separations and
lowest (highest) critical heights. Specifically, many of the
weaker magnetic fluxes (<1021 Mx) are measured in magneto-
grams with small polarity separations (<80Mm) and small
critical heights (<40Mm). However, a small population of
magnetograms with polarity separations 50< d< 170Mm and
critical heights hc> 100Mm are seen to have abnormally small
magnetic fluxes <1021 Mx, and there are also two magneto-
grams with exceptionally high critical heights >250Mm for
their polarity separations (≈125Mm). These magnetograms all
contain magnetic flux concentrations that are very close to
quiet-Sun conditions, captured either early in the ARP’s life
before significant flux emergence has taken place, or after the
region’s magnetic flux has decayed.
In the middle panel of Figure 4, we show the critical height

against the unsigned magnetic flux in a log–log scale for each
of the 21,584 magnetograms, with colors corresponding to the
polarity separation. The Pearson correlation coefficient
between these two quantities is r= 0.738, and a linear fit to
the data gives hc= 6.5× 10−6Φ0.31, where Φ is measured in
Mx and hc is in Mm. The magnetograms with the largest
polarity separations are generally seen in magnetograms with
the largest magnetic fluxes and critical heights. There are a few
outliers with polarity separations >102 Mm and critical heights
<101.4 Mm.
In the bottom panel of Figure 4, we plot the magnetic flux

(measured in Mx) against the polarity separation (in Mm) from
all 21,584 magnetograms using a log–log scale. These para-
meters have a Pearson correlation coefficient of r= 0.600, and
a linear fit to the data gives the relationship Φ= 1.97×
1019 Mx d1.23, where d is measured in Mm and Φ is in Mx. For
direct comparison with the relationship obtained by
Y. M. Wang & N. R. J. Sheeley (1989) (presented in
Section 5), we also perform the fit with d measured in degrees,
finding the relationship Φ= 4.23× 1020 Mx d1.23.
We also repeat the linear fitting of unsigned flux against

polarity separation after separating the magnetograms that
contain an NOAA active region from those that do not
(ephemeral regions). With separations, d, in Mm, we find
Φ= 3.27× 1019Mx d1.14 for NOAA active regions (r= 0.566)
and Φ= 7.42× 1018Mx d1.31 in ephemeral regions (r= 0.772).
When d is measured in degrees, these relationships are
Φ= 5.64× 1020Mx d1.14 for NOAA active regions and
Φ= 1.95× 1020Mx d1.31 in ephemeral regions.

4.2. Temporal Evolution of Critical Height, Polarity
Separation, and Magnetic Flux

In Figure 5, we show the mean unsigned flux (top), the mean
separation between the flux-weighted centers of positive and
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negative magnetic flux (middle), and the mean critical height
(bottom) of all the magnetograms in each month of our data
sample containing a single NOAA active region (left column)
and ephemeral regions (right). The standard deviations of the

values across all magnetograms in each month are presented as
error bars to indicate the observed ranges in each parameter.
Though the standard deviations, σ, are often large, particularly
around solar maximum, the standard error (s N ) in the
monthly means is generally very low due to the large number
of magnetograms sampled, N. This suggests the monthly mean
values are well constrained. For comparison, we also show the
13-month smoothed sunspot number (issued by the Solar
Influence Data Analysis Center) in each panel of Figure 5, and
we indicate the times of sunspot minima that demarcate solar
cycles 23, 24, and 25. These took place in 1996 August, 2008
December, and 2019 December.
For the NOAA active regions, the lowest monthly means of

unsigned magnetic flux, polarity separation, and critical height
are seen around 1996, 2008, and 2019—around the same times
as the sunspot minima—with typical values <1021 Mx,
25–40Mm, and 10–20Mm, respectively. There is relatively
little range in the values observed in any given month around
these times of lower solar activity.
Periods of consistently higher monthly mean values occur

from roughly 1998–2007, 2010–2017, and from 2021 until the
end of our data set in 2023 October, with unsigned fluxes
>1021 Mx, polarity separations of 50–80Mm, and critical
heights of 20–35Mm. These periods span the years around the
times of maximum observed sunspot numbers in solar cycles
23 and 24, and appear to fit with the increasing numbers of
sunspots in solar cycle 25 that are currently predicted to peak in
2024 or 2025 (P. Bhowmik & D. Nandy 2018; S. W. McIntosh
et al. 2023; NOAA 2023). Although the monthly means are
higher during these periods of higher solar activity, the spreads
seen each month show that values from individual magneto-
grams can still be almost as low as those seen around solar
minimum. However, significantly higher values of unsigned
magnetic flux are also seen, with unsigned magnetic fluxes up
to ∼1022 Mx, polarity separations up to ≈150Mm, and critical
heights of up to ≈60Mm in many months. This demonstrates
the larger range of magnetic fluxes, polarity separations, and
critical heights that are seen during periods of increased solar
activity.
The ephemeral regions also do not exhibit a wide range of

values around solar minimum, with very few high values of
magnetic flux, polarity separation, and critical height around
these times (typical mean monthly fluxes ∼1020 Mx, polarity
separations ≈30Mm, and critical heights ≈15Mm). However,
the quantities vary significantly from month to month around
solar maximum, from some of the highest observed values
(fluxes approaching 1022 Mx, polarity separations >100Mm,
and critical heights >40Mm) to lows comparable to those seen
around solar minimum.

5. Discussion

5.1. The Correlation of Magnetic Flux, Polarity Separation,
and Critical Height

We study the relationships between the total unsigned
magnetic flux (Φ), the separation between the flux-weighted
centers of positive and negative magnetic polarity concentra-
tions (d), and the critical height hc in 21,584 magnetograms
from 1996 May—2023 October.
First, we find that the critical height above PILs is positively

correlated with the separation between positive and negative
polarities, resulting in a relationship of hc= 0.50d+ 7.35 and a

Figure 4. Top: critical height (hc) vs. polarity separation (d), colored by the
logarithm of the unsigned magnetic flux (Φ). Middle: critical height vs.
unsigned magnetic flux (log–log scale), colored by the logarithm of the polarity
separation. Bottom: magnetic flux vs. polarity separation (log–log scale),
colored by the logarithm of the critical height. Each point represents one of
21,584 magnetograms. Linear fits to the data are indicated by black dashed
lines, and the equations of the lines are given in the legends. The Pearson’s
correlation coefficients for the quantities on the x–y axes of each panel are
r = 0.854 in the top panel, r = 0.7388 in the middle panel, and r = 0.600 in the
bottom panel.
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Figure 5. The left column shows results from ARPs that contain one NOAA active region and the right column represents HARPs that contain ephemeral regions.
Mean unsigned magnetic fluxes (top), mean separations between opposite magnetic polarities (middle), and mean critical heights (bottom) of all magnetograms in each
month of our data set are marked with filled circles, and the standard deviation observed in each month are indicated with vertical bars. The 12-month moving means
are represented by black curves. The 13-month smoothed monthly sunspot number is represented by the gray shaded area along the bottom of each panel, and the
sunspot minima of 1996 August, 2008 December, and 2019 December are indicated by vertical dashed lines to show the start times of solar cycles 23, 24, and 25.
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strong Pearson’s correlation coefficient of r= 0.854. This is in
good agreement with the findings of previous studies
( = 0.54;h

d
c D. Wang et al. 2017, = 0.4 0.1;h

d
c C. Baumga-

rtner et al. 2018, = 0.52 0.04;h

d
c A. W. James et al. 2022).

The outliers in the top panel of Figure 4 that have small
magnetic fluxes and relatively large critical heights (mentioned
in Section 4.1) correspond to magnetograms that show
approximately quiet-Sun conditions. These may be captured
either early in the region’s life before significant flux
emergence has taken place, or after the region’s magnetic flux
has decayed. In these quiet-Sun-like conditions, there are no
strong, localized bipoles, so there are no strong-field gradients
(and therefore no critical heights) low down in the corona.
Instead, we suggest the coronal magnetic field in the quiet-Sun
is generally dominated by large-scale global fields from distant
bipoles, which decay over larger length scales and result in
higher critical heights.

Second, the critical height also correlates closely with
magnetic flux. T. Li et al. (2020) identified a correlation
between hc and logΦ, but in our data set, we find a better fit
when considering log(hc) and log(Φ) (Pearson’s correlation
coefficient r= 0.738). We fit the relation hc= 6.5× 10−6Φ0.31,
where hc is in Mm and Φ is in Mx.

The outliers in the middle panel of Figure 4 that have large
polarity separations and relatively small critical heights
(mentioned in Section 4.1) come from magnetograms that
contain multiple magnetic bipoles or one strong bipole and
another region of dispersed flux. This causes our method of
calculating the separation between opposite magnetic polarities
to perform poorly, as the positions of the two flux-weighted
centers of positive and negative flux are averaged between the
multiple bipoles and/or the regions of dispersed magnetic flux.
Furthermore, when more than one distinct PIL is identified in
multipolar configurations, we average the critical heights from
each PIL into a single value for the magnetogram, even though
the critical heights can vary significantly from one PIL to
another.

Third, we show that the logarithm of the separation between
opposite magnetic polarities, d, correlates with the total
magnetic flux in an observed region, Φ, with a relationship of
Φ∼ d1.23 and a Pearson’s correlation coefficient of r= 0.600
(in log–log space). This is in good agreement with the findings
of previous studies (Φ∼ d1.3, Y. M. Wang & N. R. J. Shee-
ley 1989; Φ∼ d1.15, L. Tian et al. 2003).

L. Tian et al. (2003) studied only bipolar magnetic regions
with two sunspots, and when we examine only the magneto-
grams from our data set that contain a NOAA active region, we
find Φ∼ d1.14 (r= 0.566), which agrees very well with their
result. Conversely, if we fit to only the magnetograms in our
data set that do not contain a NOAA active region (weaker,
ephemeral regions), we find Φ∼ d1.31 (r= 0.772). This is very
close to the Y. M. Wang & N. R. J. Sheeley (1989) result,
although they considered a broad range of magnetic regions
with and without sunspots, from strong regions ∼1022 Mx
down to weaker (likely ephemeral) regions ∼1020 Mx.

In summary, regions with larger magnetic fluxes tend to have
larger separations between their opposite magnetic polarities,
and regions with larger polarity separations tend to have higher
critical heights. Therefore, it follows that, since the magnetic
flux in our studied magnetograms varies with the solar cycle, so
too does the separation between opposite polarities and the
critical height (seen clearly in Figure 5).

5.2. Solar-cycle Variation of the Critical Height

In active regions, the mean critical height for the onset of the
torus instability varies with the solar cycle, as does the
unsigned magnetic flux and the separation between opposite
polarities. Minimum smoothed sunspot numbers were observed
in 1996, 2008, and 2019, around which times we see the
smallest mean monthly magnetic fluxes (<1021 Mx), the
shortest polarity separations (30–50Mm), and the lowest
monthly critical heights (15–20Mm). Maximum smoothed
sunspot numbers were observed in late 2001 and 2014 (with
another maximum expected around 2025), i.e., in the middles
of the extended periods when we see consistently higher mean
monthly unsigned fluxes (>1021 Mx), polarity separations
(60–100Mm), and critical heights (30–45Mm).
The solar-cycle variation of these quantities is less clear in

ephemeral regions. The largest monthly means of magnetic
flux, polarity separation, and critical height are observed
around solar minimum, but there are also many months around
solar maximum with very low mean quantities. In other words,
there is greater variance in the monthly means around solar
maximum, but comparably low values are still observed
throughout each solar cycle.
There are naturally fewer magnetograms in our data set

around solar minimum, and this will enable extreme values to
more strongly affect the mean and the spread of values seen in
the magnetograms each month. However, at least for active
regions, it is still interesting that the fluxes, polarity separations
and critical heights at solar minimum are generally among the
lowest values observed, with very few large fluxes, separations,
or critical heights identified (as evidenced by the small spreads
around these times in Figure 5). We note that the few regions
with strong magnetic fluxes (>1022 Mx) seen around periods of
solar minimum are all from latitudes lower than 12°, and
therefore likely belong to the waning solar cycle, whereas
regions with with weaker magnetic fluxes (<5× 1020 Mx) are
found from a wide range of latitudes up to ≈30°, which could
represent the earliest emergences of the next cycle.
As shown in Figure 6, we bin the magnetic fluxes, polarity

separations, and critical heights from our 21,584 magnetograms
into unsigned latitudinal bands of 5° (i.e., no distinction
between north and south) and examine the median values in
each band. First, there appear to be exceptionally large polarity
separations found between ±45° and 50°, but this is likely due
to anomalously large values in the eight magnetograms in our
sample at these latitudes, which all come from the weak-field
region, NOAAAR 08175.
Ignoring this, we generally see the largest magnetic fluxes,

polarity separations, and critical heights in the ±15°–25°
latitudinal range, with smaller values found further toward the
equator and the poles. This fits with the scenario where these
parameters vary with the solar cycle, because the latitudes of
our magnetic regions also vary with the solar cycle. As shown
in the bottom panel of Figure 1, magnetic regions typically lie
at higher latitudes at the start of each solar cycle, and their
latitude decreases over the next 11 yr. Our results suggest that,
during the activity minimum start of each 11 yr cycle, magnetic
regions emerge at high latitudes and have relatively small
magnetic fluxes, polarity separations, and critical heights. By
solar maximum, magnetic regions exist at lower latitudes
(∼20°) with stronger magnetic fluxes, larger polarity separa-
tions, and higher critical heights. Then, as the next sunspot
minimum approaches, magnetic patches emerge closer to the
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equator, and their magnetic fluxes, polarity separations, and
critical heights are smaller once again.

Around solar maximum, we do observe values in some
magnetograms that are comparably low to those seen at solar
minimum (see the lower ends of the standard deviation
error-bar spreads in Figure 5). These low critical heights may
occur in complex, multipolar active regions as suggested by

T. Török & B. Kliem (2007). However, there are also many
higher critical heights found each month around solar
maximum. In other words, there is a larger spread of high
and low magnetic fluxes, polarity separations, and critical
heights around solar maximum, whereas there is only a small
spread of relatively low values at solar minimum. But more
than just the difference in the range of values found from
magnetograms at different points in the solar cycle, it is clear
that the monthly mean values found in active regions are
significantly greater than those seen at solar minimum.
Despite the sunspot peak of solar cycle 23 being larger than

in solar cycle 24, the mean monthly values of each parameter
are not significantly different from one cycle to another. This
suggests the variations seen in the magnetic flux, polarity
separation, and critical height throughout each cycle do not
depend on the absolute number of sunspots (else, we would
expect to see a difference in the flux, polarity separation, and
critical-height values from one cycle to the next that depends
on the peak sunspot number). Instead, there appears to be an
intrinsic evolution in the magnetic properties of the regions
from solar minimum to solar maximum, irrespective of the
magnitude of the sunspot number.
Higher critical heights should make it harder for a flux rope

to become torus unstable and erupt as a CME, as the flux rope
would have to reach that higher instability height. But
following this logic, the higher critical heights that we find in
active regions around solar maximum appear to contradict the
observation of more CMEs than at solar minimum. The lower
quantity of active regions could mean that fewer flux ropes
form at solar minimum, explaining the relative lack of
eruptions. But how are the many CMEs seen at solar maximum
able to occur?
Perhaps CMEs around solar maximum are driven by

mechanisms other than the torus instability, such as magnetic
reconnection. Or perhaps many of the solar-maximum CMEs
come from the regions where we still observe low critical
heights. After all, low critical heights are found in magnetically
complex active regions (T. Török & B. Kliem 2007), which can
produce many CMEs (L. M. Green et al. 2002; N. Gopalswamy
et al. 2005). However, we may have excluded many of these
complex CME-producing magnetic regions with low critical
heights by selecting only ARPs that contain one or no NOAA
active region.
We must also consider the limitations of the methodology

we have used in this paper. When calculating the critical height
for each magnetogram, we take the mean of the critical heights
identified in all of the identified PIL pixels. However, where
multiple distinct PILs exist, the critical height associated with
one may be lower than the other. Our averaged critical height
will be an overestimate for one PIL and an underestimate for
the other, and a CME could erupt from either. We tried to
minimize the occurrence of this scenario by excluding ARPs
that contained multiple active regions and optimizing our
method of defining PILs, but the presence of complex active
regions and new flux emerging into decayed ephemeral regions
in our data set means we still may mischaracterize the true
critical height associated with a CME-producing ARP in some
cases.
Still, for a statistically significant sample of 21,584

magnetograms, our results show that the mean monthly critical
height in active regions is higher at solar maximum than at
solar minimum, and during many months around solar

Figure 6. Median unsigned magnetic flux (top), polarity separation (middle),
and critical height (bottom) of our 21,584 magnetograms binned into unsigned
latitudinal bands. The number of magnetograms in each latitudinal band is
indicated by white text labels, and the standard error of the median is indicated
with black error bars.
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maximum, high critical heights are also observed in ephemeral
regions. Some preeruptive flux ropes may somehow be able to
overcome these higher critical heights. Understanding the
heights of flux ropes is just as important as knowing the critical
height when determining whether the torus instability can cause
an eruption.

The cancellation of magnetic flux in the photosphere and
chromosphere can form low-altitude flux ropes (e.g., S. L. Yar-
dley et al. 2018). These flux ropes may have bald-patch
separatrix surface configurations (V. S. Titov et al. 1993), in
which their underside is line tied to the photosphere by high β
plasma. Similarly dense plasma can also manifest as an
associated filament along dips in the helical magnetic field of a
flux rope.

Y. Wang et al. (2010) identified 9477 prominences
(filaments observed at the solar limb) between 2007 and
2009. 99% of these prominences were between 30° and 60° in
latitude, and 82% lay at a height of about 26Mm above the
photosphere. These prominences were observed around solar
minimum, and this height of 26Mm is comparable to the
critical heights we observe around solar minimum in our study
(25± 5Mm). However, such filaments would lie well below
the typical active-region critical heights we observe around
solar maximum (roughly 35± 10Mm).

On the other hand, quiescent filaments (long lived and often
appearing at high latitudes) tend to form or rise to much
higher heights. X. Cheng et al. (2020) found the mean critical
height at the onset of six quiescent filament eruptions to be
118.3± 47.4 Mm. Quiescent filaments tend to form during the
decay phases of active regions which, after significant decay,
may be classed as ephemeral regions, and the increased
quantity of active regions around solar maximum means
this can happen more frequently. Indeed, the filament erup-
tions studied by X. Cheng et al. (2020) occurred between
2012 and 2014, demonstrating how quiescent filaments can
form or rise to meet great critical heights around solar
maximum periods.

We can also consider flux ropes that form in active regions
without filaments. A. W. James et al. (2022) studied 47 active-
region CMEs and found the mean critical height at eruption
onset was 43± 8Mm. Furthermore, X. Cheng et al. (2020)
found the mean critical height in “hot channel” eruptions was
58.0± 33.6Mm. These “hot channels” are signatures of heated
plasma trapped in the magnetic field of active-region flux
ropes. These hot flux ropes can form via magnetic reconnection
in the corona that is triggered by the motions of emerging
magnetic flux (A. W. James et al. 2017, 2020). They can form
at heights of ≈100Mm in the corona (A. W. James et al. 2018)
with a hyperbolic-flux-tube configuration (HFT; V. S. Titov
et al. 2002), in which magnetic reconnection can occur in a
current sheet around the flux rope, enabling it to rise and reach
higher altitudes.

A. W. James et al. (2022) found high CME rates during
phases of increasing magnetic flux, even though the critical
height was also increasing at the same time. The result in the
present study, that magnetic fluxes and critical heights are
higher at solar maximum (when the most CMEs occur), seems
to echo this scenario. We suggest that the effect magnetic flux
emergence has on triggering a CME is greater than the extra
stabilizing effect provided by an associated rise in the critical
height. Emerging magnetic flux could cause hot channel HFT
flux ropes to form at relatively high coronal heights, and the

photospheric motions associated with the flux emergence could
inject magnetic energy into such a flux rope, causing it to
inflate (C. W. Barnes & P. A. Sturrock 1972; T. Török et al.
2013) and rise above an increased critical height. Additionally,
newly emerged magnetic flux could reconnect with—and be
built into—a forming preeruptive flux rope, adding twist to the
structure. This added twist could evolve a flux rope toward the
threshold for the onset of the helical kink instability (T. Török
& B. Kliem 2005), which could deform the flux-rope axis and
cause it to rise toward the critical torus instability height.

6. Conclusions

Using a large sample of 21,584 MDI and HMI magneto-
grams from 1996 to 2023 containing NOAA active regions and
ephemeral regions, we find that the critical torus instability
height varies with the solar sunspot cycle. The mean value of
the critical height in months around solar-cycle minima are
found to be relatively low, and there are small spreads in the
observed critical heights. In contrast, larger mean monthly
critical heights occur around solar maximum, with larger
spreads in the values that are seen each month. We also see
similar variations of the magnitude of unsigned magnetic flux
and the separation between the centers of positive and negative
magnetic polarities throughout solar cycles 23, 24, and 25, each
also peaking around solar maximum and showing the lowest
monthly values around solar minimum.
The critical height is strongly correlated with the separation

between opposite magnetic polarities (r= 0.854), and we fit a
relationship of hc= 0.5d+ 7.35 to the values found from our
21,584 magnetograms. This is in close agreement with relations
found in previous studies (Y. M. Wang & N. R. J. Shee-
ley 1989; C. Baumgartner et al. 2018; A. W. James et al. 2022).
Second, we find that the logarithm of the critical height
correlates well with the logarithm of magnetic flux (r= 0.738),
and third, we provide an updated look at the connection
between magnetic flux and polarity separation. Across our full
data set, we find the logarithm of magnetic flux correlates with
the logarithm of polarity separation (r= 0.600), and we fit the
power law Φ∼ d1.23. This sits well between the results found in
previous studies (Y. M. Wang & N. R. J. Sheeley 1989; L. Tian
et al. 2003), and breaking the data set down to separately
examine active regions and ephemeral regions, we find
relationships of Φ∼ d1.14 and Φ∼ d1.31, respectively.
In summary, all three parameters—unsigned magnetic flux,

the separation between opposite magnetic polarities, and the
critical torus instability height—correlate well with each other.
Therefore, we suggest the stronger magnetic fluxes found
during periods of higher solar magnetic activity lead to larger
separations (as emerging bipoles expand), and that the
magnetic-field strength of these larger-scale magnetic bipoles
decays with height over larger length scales, resulting in higher
critical heights.
Despite the higher critical heights found around solar

maximum, more CMEs still occur then than at solar minimum.
For the torus instability to play a role in driving these eruptions,
the majority of CMEs must either originate from the regions
that have the lowest critical heights, or the flux ropes that form
around solar maximum must be able to overcome higher
critical heights.
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