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ABSTRACT

The absolute mass of neutrinos and their nature are presently unknown. Aggregate matter has a coherent weak charge leading to a repulsive
interaction mediated by a neutrino pair. The virtual neutrinos are non-relativistic at micron distances, giving a distinct behavior for Dirac versus
Majorana mass terms. This effective potential allows for the disentanglement of the Dirac or Majorana nature of the neutrino via magnitude
and distance dependence. We propose an experiment to search for this potential based on the concept that the density-dependent interaction of
an atomic probe with a material source in one arm of an atomic clock interferometer generates a differential phase. The appropriate geometry
of the device is selected using the saturation of the weak potential as a guide. The proposed experiment has the added benefit of being sensitive
to gravity at micron distances. A strategy to suppress the competing Casimir–Polder interaction, depending on the electronic structure of the
material source, as well as a way to compensate the gravitational interaction in the two arms of the interferometer is discussed.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1116/5.0169613

I. INTRODUCTION

Neutrino flavor oscillations1 prove that neutrinos have mass and
mixing among the three flavors. The aim of future oscillation experi-
ments is the search for CP Violation in the lepton sector as well as the
mass ordering of neutrino states via propagation in matter.2,3 These
experiments are blind to fundamental neutrino properties, like the
absolute scale of neutrino mass and the nature of massive neutrinos,
be it either Dirac or Majorana. The aforementioned neutrino proper-
ties are being studied, respectively, in the KATRIN experiment4

through tritium beta decay and in a plethora of neutrinoless double
beta decay experiments5,6 with improving sensitivity to this DL ¼ 2
transition, where L is the global lepton number. As neutrino masses
have a scale below 1 eV, the difficulty of these searches at nuclear
release energies, or in other proposed x-ray transitions like neutrinoless
double-electron capture7 where the stimulated enhancement has been
considered,8 is almost insurmountable.

These neutrino mass dependencies become apparent for non-
relativistic neutrinos—this is to say the Dirac or Majorana nature
becomes distinguishable through the mass terms. Is it possible to

descend, experimentally, to energy scales where neutrinos are non-
relativistic? The only source existing in nature for such low-energy
neutrinos is the relic neutrino background of the universe,10 but a con-
ceptual basis for observing it has yet to be determined. Recently, the
effective potential between aggregate matters mediated by the
exchange of two non-relativistic virtual neutrinos has been derived9

near its range with all ingredients for the neutrino properties
included—it is consistent with and predicted by the Standard Model of
Particle Physics. This is a coherent DL ¼ 0 interaction of matter with a
weak charge proportional to the number of constituents, implying a
violation of the equivalence principle with different weight of electrons,
protons, and neutrons with respect to the mass of matter. As the
Compton wavelength of neutrinos of mass 0.1 eV or less is beyond
1lm, this regime gives the range of the interaction. At these distances,
the exchanged neutrinos are non-relativistic, and so, this weak poten-
tial is sensitive to the absolute neutrino mass and the Dirac/Majorana
distinction, see Fig. 1. Contrary to the concept of DL ¼ 2 transitions
existing for Majorana neutrinos only, the DL ¼ 0 interaction discussed
here exists for both Dirac and Majorana neutrinos, and is
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distinguishable by mass. Additionally, and unlike the case of DL ¼ 2
searches, the DL ¼ 0 interaction is not heavily dependent on the
Pontecorvo–Maki–Nakagawa–Sakata (PNMS) mixing parameters or
the ordering of neutrino masses. With this interaction, it now becomes
conceptually feasible to determine both the mass and nature of neutri-
nos in a single experiment, which sets it apart from alternative
approaches reliant on beta decay kinematics and neutrinoless double
beta decay searches separately.

In this article, we explore the prospect of observing this weak,
repulsive potential generated by the non-relativistic, virtual exchange
of two neutrinos—the so-called 2� potential. For this goal, we maxi-
mize the 2� potential on an atomic probe P, from geometric consider-
ations, for a distributed and extended source material S; we are led to a
cylindrical source with an axial bore. In Sec. II, we discuss the distance
behavior of the potential and its weak charges for P and S, in the limit
of massless neutrinos, for finding the optimal thickness of S where the
effective potential saturates. Section III extends this analysis to massive
neutrinos, them being either Dirac or Majorana particles, which
changes the distance scaling and the weak charges of the six pairs of
neutrinos with definite mass and flavor mixing. The dependence of the
resulting potential between the extended source S and the atomic
probe P on the absolute mass and the nature of the mediating neutri-
nos is a demonstration of the conceptual basis of this work. Given the
range of microns for the potential and the corresponding scenario
where these sensitivities are apparent, in Sec. IV, we consider how pre-
vious low-energy atomic and neutron experiments, in the micron
regime from a surface, place bounds on this potential. This has been
considered previously,11–15 but new experiments and associated theo-
retical work offer significant promise for improvement. In Sec. V, we
address dominating background potentials from gravitational to the
Casimir–Polder effects: utilization of different strategies for the con-
struction of the source material and spatial scaling allows the 2�

potential to be isolated. Section VI follows by proposing a schematic
experiment, with the expectation that future experimental progress
could open the window to a feasible tabletop experiment to explore the
potential generated by the 2� exchange interaction, and so the absolute
mass and the Dirac or Majorana particulate nature of the neutrino.
We then present the conclusions and outlook projected by this work.

II. THE 2m POTENTIAL AND THICKNESS OF ITS SOURCE

The 2� potential has a range of microns,9 see Fig. 1, and is built
from the t-channel absorptive part of the scattering amplitude while
remaining dependent upon shell neutrino properties. Neutral aggre-
gate matter has a coherent weak charge proportional to the number of
constituents: Z electrons and protons and N neutrons. The properties
of the potential depend upon the pair of exchanged neutrinos of defi-
nite mass. Due to the mixing with electron neutrinos, electrons are
affected by charged current weak interactions in addition to the neutral
current weak interactions with all neutrino flavors. Protons and neu-
trons have universal diagonal neutral current interactions with all neu-
trino species. Neutral current couplings of electrons and protons are of
opposite sign, simplifying the calculation of the Hermitian matrix
Qij

W ¼ 2ZUeiU�
ej � Ndij of the six coherent charges of matter for each

(i, j) pair of definite-mass neutrinos, where U is the PMNS mixing
matrix. In the limit of massless neutrinos, the spatial dependence of
the potential between the source and the probe becomes a unique
inverse power law. It is in this way we may construct the sum of the
products of the six charges for the source and the probe, leading to an
inoperative mixing and [see Eq. (7) of Ref. 9] having a sum of products
of diagonal flavor charges of the matter Qe

W ¼ 2Z � N for electron
neutrinos and Ql;s

W ¼ �N for muon and tau neutrinos. Qe
W develops

due to charged current weak interaction of the Z electrons and the
neutral current interaction of the N neutrons, whereas Ql;s

W is due to
the neutral current of the N neutrons. Given this, the 2� potential for
massless neutrinos can be written as follows:

VSPðRÞ ¼ V0
SP

R5
; (1)

where R is the distance between the source S and the probe P and

V0
SP ¼ ðð2ZS � NSÞð2ZP � NPÞ þ 2NSNPÞG

2
Fð�hcÞ5
16p3

; (2)

where GF is the Fermi coupling constant of weak interaction, with
ZS;P(NS;P) being the atomic (neutron) number of the two atomic spe-
cies. In what follows, we take a single atomic probe and a distributed
source of the potential, with a number density q, and in doing so move
from atom–atom to atom–volume interactions, with the volume lim-
ited by two cylindrical surfaces of radii r1 and r2, see Fig. 2(a). We have
considered several possible geometries, such as planar, spherical,
needle-like, and pyramidal, but we find that a cylindrical tube is a prac-
tical compromise for optimizing the field. In cylindrical coordinates
ðr;/; zÞ, the potential induced on a single confined particle at the cen-
ter, taken as the origin r ¼ z ¼ 0, from a source volume element of
particles with the same ðZS;NSÞ is given by

dVSPðRÞ ¼ qV0
SPr

R5
dr d/ dz; (3)

where R2 ¼ r2 þ z2 (see Appendix A for more details). The potential
induced by the cylinder is only 3/2 times smaller than equivalent

FIG. 1. Two-neutrino exchange potential V2�ðRÞ9 between two atoms, S !74
32 Ge

and P !174
70 Yb. We show several relevant cases. The massless neutrino limit

where all neutrinos have null mass (red) and the scenarios for the minimum mass
mmin ¼ ð0; 0:1; 0:35Þ for both Dirac (gray; solid, dashed, and dotted-dashed,
respectively) and Majorana (orange; solid, dashed, and dotted-dashed, respectively)
neutrino models. The highest mass scenario we have selected (0.35 eV) is compati-
ble with the final sensitivity of the direct mass neutrino measurement experiment
KATRIN.4
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spherical geometries, but such a geometry lends itself significant ease
of use through analytical solutions to the potential and experiment
design. For reasons to be explained shortly, we choose 74

32Ge as the
source and 174

70 Yb as the atomic probe for the 2� potential (see
Appendix B), the atoms used in Fig. 1, and the rest of the calculations
considered here.

We use the computed potentials to optimize the geometry of the
source: inner radius r1, outer radius r2, and length L, see Fig. 2(a). We
fix the inner radius r1¼ 1lm, where the interaction departs from the
massless neutrino case, see Fig. 1, and study the behavior of the weak
potential benchmarked against the gravitational potential from the
source as function of r2 � r1, Fig. 2(b), and L, Fig. 2(c). The 2� poten-
tial decreases with distance faster than the gravitational potential; con-
sequently, the ratio between them for the interaction between the
source and the probe decreases. The potential increases with the vol-
ume of the source until it saturates at about 4lm due to its fast
decrease with distance compared to the increasing volume, propor-
tional to Lr22 . This saturation behavior is in stark contrast with that for
the gravitational potential, and so fixes the appropriate choice of r2 of
the cylinder. The scale differs between Figs. 2(b) and 2(c), due to this
differing dependency on the volume of the source in L and r2. We con-
clude that a finite cylinder thickness contributes to an enhancement of
the 2� exchange potential up to values reached at about 4lm. At these
distances, the effect of the neutrino mass and its Dirac/Majorana
nature will emerge,9 as seen in Fig. 1.

Along the axis of the source, see the solid red line of Fig. 2(a), the
2� potential has a weaker curvature than that of gravity, Fig. 2(d).
When considered radially, Fig. 2(e), the weak curvature is evident as
well, with the addition of a gravitational instability (a discontinuity) at
the center. This could prove useful, as a way of distinguishing the 2�
potential from the gravity of the source.

III. SENSITIVITY TO THE NEUTRINO MASS
AND NATURE

The dependency with any given mass of the exchanged neutrino
pair invalidates the R�5 potential, implying the existence of a symmet-
ric 3� 3 weak charge matrix with known flavor mixing for both the
source and the probe. These masses are determined by neutrino oscil-
lations in terms of an absolute scale, like the mass of the lightest neu-
trino. With non-vanishing neutrino masses, the spatial dependency of
the potential beyond 1lm is short range. This virtual non-relativistic
neutrino pair is a p-wave for Majorana neutrinos, contrary to the
Dirac case. Nevertheless, for each of the cases shown in Fig. 1, the
atom–atom potential between 1 and 10lm is approximated by

Vi
2� ¼

X5
n¼1

ain
Rn

; (4)

where the superscript i is each case (see Appendix C for details). The
five cases considered are that of all massless neutrinos, vanishing light-
est mass for Dirac or Majorana, and the lightest neutrino being of
mass 0.1 eV for Dirac or Majorana. The atom–atom potential is incor-
porated into the number density-dependent potential for the extended
cylindrical source. The integrated potentials are shown in Figs. 3(a)
and 3(b) as a function of the cylinder thickness, for an inner radius
r1¼ 0.5lm and for r1¼ 1lm. The 2� potential field strength exhibits
a strong dependency on nature of the neutrino.

The results obtained for the atom probe-cylindrical material
source at micron distances show the expected behavior of the decrease
in the 2� potential with increasing inner radius of the cylinder and the
increase in the sensitivity to the neutrino absolute mass and its nature.
Conceptually, there exists the possibility to explore these properties
using the approach shown. It is a novel method, entirely independent

FIG. 2. Source geometry optimization for generating a 2� exchange potential. (a) Cylinder with a bore hole, definition of variables, proposed location of probes (purple) along
centerline (red) of a cylindrical source. (b) Ratio between the 2� exchange and the gravitational potential as function of the cylinder thickness and (c) length. In both cases, we
show (solid lines, right y axis) the dependency of 2� potential compared to the ratio of the potential with gravity from the source (dashed lines, left y axis). Note that the 2�
potential saturates around 4lm. We have optimized the potentials along the center line of a cylinder with a thickness of 4 lm. Note the different scales of the potentials. (d) As
a function of the position along the axis, we show the 2� potential (solid line) is more flat compared to gravity (dashed line) and e: as a function of the radial position in the cen-
ter of the cylinder. Note the gravitational instability at the center.
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of the DL ¼ 2 experiments that allow for Majorana neutrinos only,
and it moves the burden of proof to a fundamentally lower energy
scale where the neutrino mass term emerges.

IV. PRIOR EXPERIMENTS

Is there a plausible detection scenario? The 2� potential is minute,
at micron distances being orders of magnitude weaker (10�15) than
that of gravity between the probe and the source, with the magnitude
being 10�56 J at 1lm—see Fig. 3. This is well below the direct detec-
tion limit of existing low-energy particle and atomic physics experi-
ments. The atom–volume interaction, along with improvements from
considering larger weak charge probes (see Appendixes), are enhance-
ments that make it worthwhile to consider previous experiments while
also provoking thought experiments that could lead to a future
bespoke low-energy experiment. We start by considering a selection of
prior experiments utilizing probe particles near surfaces.

A series of experiments in the micron regime have been per-
formed in atomic and neutron physics, often studying Casimir–Polder
interactions16 and limits on new Yukawa-type short-range forces.17

The geometries employed in these experiments involved planar sour-
ces, which are considered unfavorable despite their analytical solubil-
ity. The calculation of the Casimir force between plates for neutrinos
with two specific masses in the loop has been previously conducted.18

However, resolution of the 2� potential in these experiments would
necessitate a sensitivity of approximately 10�60 J at a distance of 1lm.

We focus on experiments in the range 0.5–10lm as a region of interest
and convert results from prior works to approximate equivalent poten-
tials for the continued illustration of our point: An atomic beam of
neutral 23Na passing between two parallel plates with a variable spac-
ing between 0.7 and 7lm resolved the Casimir–Polder potential to
1:7� 10�28 J—and was found to be in complete agreement with the-
ory.19 Modern ultracold bouncing neutron experiments20 demonstrat-
ing gravitational resonance spectroscopy resolved energy differences of
3� 10�33 J in the tens of lm regime. Neutrons are a notable option as
a probe, despite a low weak charge, as they are essentially undisturbed
by residual electromagnetic forces, such as the Casimir–Polder interac-
tion, given that its electric polarizability is small. Measurements of the
change in induced oscillation frequencies in magnetically trapped
Bose–Einstein condensates of alkali atoms 6–9lm above a surface21

realized a sensitivity nearing 5� 10�37 J. Atom interferometry on a
chip22 observed 3� 10�38 J about 10lm above a surface, with one
hour of integration and with 3lm resolution. State-of-the-art atom
interferometry, run in free space and as a differential experiment,23 is
sensitive enough to be only one order of magnitude away from observ-
ing QED corrections, a promising lead. An atomic clock trapped on a
chip24 provides bounds in the region 0.6–10lm to 7� 10�40 J. All of
these experiments are critically constrained by sub-optimal planar
geometry, source/probe composition, and the effects of surface physics,
which was often the point of interest in these works, and so demon-
strate a lack of sensitivity by orders of magnitude by comparison to
cylindrical or spherical geometries. There are no experiments that
place favorable bounds from low energy on the 2� potential.

V. THEORETICAL BACKGROUNDS

Further and contrary to mass density- and number density-
dependent potentials, which govern, respectively, the gravitational and
weak interaction, the Casimir–Polder interaction is controlled by the
electronic structure of the material source through its electric polariz-
ability.9 Most prior experiments in the micron regime occurred near
metallic surfaces (gold being a common surface substrate, over silicon).
Choice of a pure non-polar covalent material in a high-quality detector
grade crystal, like diamond, silicon, or germanium, allows for a sup-
pression of the Casimir–Polder effects. For our proposed experiment,
we choose germanium versus similar materials based on it having a
high weak charge for each atom and given that it can be grown with a
low impurity level—this can be accomplished by re-growing several
times with Czochralski’s method.25,26 The isotopic disorder of germa-
nium crystals can be taken into account by using the average weak
charge and the number density of atoms—this approximation demon-
strates a near-zero electronic polarizability of the entire source in the
region of interest. The absence of electric polarizability for the material
source, as expected from its tetrahedral crystalline structure, would be
confirmed with Raman and other infrared spectroscopic techniques.
Another option consists of materials constructed from dielectric nano-
tubes, expected to have low values of the transverse component of the
electric polarizability.27,28 We summarize values of the various poten-
tials for combinations of probe and source elements in Table I, found
in Appendix.

The gravitational interaction cannot be suppressed. However, in
an interferometric experiment, we can try to suppress the effect by
compensation within the arms of the interferometer without affecting
the 2� potential; the differing spatial dependence of the two interac-
tions provides a conceptual solution. By example, we take two

FIG. 3. Integrated potential at the center of a cylinder of inner radius (a) 0.5 lm and
(b) 1lm with a 5lm length, shown as function of the cylinder thickness, for five
cases.
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cylinders of the same density and length, one with an inner radius of
10lm and another with 1lm. The weak potential is negligible for the
large radius cylinder, but the gravitational potential at the center can
be made equal to that of the smaller radius cylinder by compensating
the longer distance with a larger mass at a magic width, common to
the two cylinders—see Fig. 4. This allows for a pathway to disentangle
local source gravity from the 2� potential, in addition to using a com-
bination of different properties for pattern generation,29 like spatial
dependence and different atom probes looking for a violation of the
equivalence principle.

VI. A SCHEMATIC EXPERIMENT

With this last consideration, we turn our attention to recent
developments in atomic physics, especially techniques from metrology,
as a starting point for a possible experiment. The physics of the 2�
potential gives a series of additional directives for the experiment:
heavy, neutral atoms, and so with an appreciable weak charge, as the
probe and a dense covalent source material, so as to suppress electro-
magnetic effects and that can be precisely constructed via crystal
growth. Given this, we chose 174Yb as the probe and 74Ge as the source
for all the work shown in this article—see Table I (Appendix B) for dif-
ferent combinations of probe and source species. Such an experiment
as this is sensitive to the positioning of the probe with respect to the
axis of the cylindrical source, as is demonstrable from Fig. 2; utilizing
an ultracold quantum gas in a magnetic waveguide (MWG) is a plausi-
ble probe scenario, to keep the experiment in the interaction volume at
the point of highest symmetry. An advantage of ultracold gases is the
ability to generate unique states of matter based on dimensionality,

scattering length, and temperature; a preparation as one-dimensional
hard bosons30 would be ideal, with minimal atom–atom (probe–
probe) interactions. We envision a chain of probes numbering
Natoms � 100 atoms in the two arms of an atomic clock interferome-
ter,31,32 see Fig. 5. The two clocks, initialized at the same time and run-
ning parallel to each other, are held in free space above a magnetic
waveguide, and/or within a series of cylindrical masses like that of
Fig. 2 (the main experiment) and modified like that of Fig. 4 (systemat-
ics, source gravity effects). These clocks are functioning as local atomic
potentiometers, held for a long time between the sets of pulses of the
interferometer. Such an experiment would be enhanced with detection
utilizing single-atom methods33,34 and spin-squeezing.35

Recent work on quantum-clock interferometry31,32,36 for studying
gravitational redshift gives a relevant and recent formalism to consider
the interference of atomic clocks as an atom potentiometer; we show,
in a schematic experiment like Fig. 5, that a differential phase gener-
ated by the 2� potential near a matter source in one arm of the clock
interferometer exists. We consider the interference pattern generated
by the two arms with different environments, be it either two different
matter sources or a single matter source compared to free space propa-
gation one has a probability P at recombination:

P :¼ hWjWi ¼ jwðx; tÞj2 ¼ 1
2
1þ C cos ðD/Þ½ �; (5)

where the interferometric contrast C ¼ jhUsourcejUfreei is given by the
overlap of the wave functions for the two alternative paths in space–
time, through the source and free space in Fig. 5. Fundamentally, the
differential phase has terms that can be grouped as

D/ ¼ d/s þ d/las þ d/pot; (6)

where d/s is the shift from finite initialization time difference (gov-
erned by the spatial distance between the arms and the speed of light)
and d/las from the light pulses. This experiment is kept along the same
geodesic, such that any tilt from perpendicular to Earth’s gravity is

FIG. 4. Demonstration of the equalization of the gravitational potential at the center
of two source cylinders of inner radius (a) 1lm (solid line) and (b) 10 lm (dashed
line) and 5lm length. The potentials are computed for different cylinder thickness,
equal for both geometries, in (a). The potential equalization occurs for a common
thickness of 2.362lm. In (b), the potential along the cylinder axis for the magic
compensation value of 2.362lm.

FIG. 5. Proposed space–time diagram of a schematic atom potentiometer. Central
trajectories for a hybrid atom interferometer, with one arm through a V2� source
(periwinkle). In the laboratory frame where we propose a Ramsey–Bord�e sequence
(purple dashed lines are the interferometer pulses) in a magnetic waveguide
(MWG). The waveguide functions as a holding potential (gray region), to increase
the interferometer time inside the V2� source. The clock path alternatives are paral-
lel and are initialized simultaneously. The signal of interest is a frequency shift
between the two arms, read out as a phase difference depending upon the source
mass geometry, time held in the source, and systematics.
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minimized—this suppresses a series of terms that would contribute to
d/pot, the term of interest. This term contains phase shifts from resid-
ual Earth gravity, gravity gradients, and rotations, source gravity, and
Casimir–Polder effects. There is a residual phase shift /�� from the
two-neutrino exchange potential contained within this term,
d/pot �/�� , and it is given by

/��ðr; tÞ ’
t
�h
Vi
2�ðrÞ; (7)

where t is the time spent within the field interacting. Our point is now
ready for a demonstration: with our choice of probe and matter source
of 1lm and for 10 s, we find a phase shift /�� � 10�22 rad exists in
principle, but this is inaccessible. Furthermore, enhancement of the
potential is an unlikely development; we look toward improvements in
atomic and metrological technique and extended time experiments.

Designing and constructing an experiment to start with exploring
source gravity physics at micron distances should be made. Moving
forward is to involve new results from atomtronics,37 entanglement
protocols,35,38 cryogenic cooling of the source for improved vacuum
and reduced blackbody and Casimir effects, and high-fidelity single-
atom detection,33,39 to constitute a new state-of-the-art experiment in
an attempt to explore the two-neutrino exchange potential from low
energy with precision atomic physics.

VII. CONCLUDING REMARKS

We have explored the prospect of observing the weak, repulsive
potential generated by the non-relativistic, virtual exchange of two neu-
trinos at micron distances. Within this range, the size of the potential is
dependent upon the absolute mass and the fundamental particulate
nature of the neutrino. We have shown an optimization of this poten-
tial on an atomic probe from geometric considerations, generating a
matter source with the criterion that the potential saturates. This shows
a 15 order of magnitude improvement over the atom–atom interaction
previously calculated. We consider prior low-energy atomic and neu-
tron experiments in the micron regime and find that planar geometries
and insufficient precision place no meaningful bounds on such a poten-
tial. We propose to suppress residual Casimir–Polder interactions by
the use of a purely covalent material like germanium. A schematic
experiment is outlined to begin exploring this potential, starting with
source gravity at micron distances, and that could lead to a low-energy
bounding of the 2� potential probes. The gravity effect can be compen-
sated, using an appropriate matter source in different arms as well as
different probes—this differential experiment is necessary to elucidate
the violation of the equivalence principle by this weak potential. This
last comparison makes apparent the violation of the equivalence princi-
ple implied by the weak charge of aggregate matter compared to its
mass. Despite this new understanding, distinct non-vanishing results of
the potential remains out of reach for existing state-of-the-art low-
energy precision measurements; future experimental progress could
open this window with a low-energy precision measurement tabletop
experiment.

Here, we show a new understanding of the accessibility of atomic
experiments to the open problems of neutrino mass and nature. While
the expected results for the detection of the weak potential between
aggregate matter at micron distances remain out of reach, the comple-
mentarity of our concept, based on quantum physics, makes this
approach worthwhile to pursue. Contrary to the search of DL ¼ 2

processes for Majorana neutrinos, this DL ¼ 0 effect would provide
distinct results between Dirac and Majorana mass terms. Attaining
such sensitivity to the weak potential could elucidate both the absolute
neutrino mass and its nature without the need for additional assump-
tions, all within a single experiment.
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APPENDIX A: POTENTIAL CREATED BY A SOURCE
DISTRIBUTED IN A CYLINDER

Let us consider the case of a long tube with inner radius Rin

and wall thickness T. In an infinite long tube

V2� ¼ 4pqV0
SP

3
1
R2
in
� 1

ðRin þ TÞ2
� �

: (A1)

We have computed that the cylinder potential is four times larger
than the one provided by an infinite plane and 2/3 times the one at
the center of a source sphere with the same material thickness. The
2� potential as function of the radial position of the probe inside
the cylinder (r) is given by
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V2�ðrÞ ¼ 4pqV0
SP

3
1

R2
in � r2

� 1

ðRin þ TÞ2 � r2

� �
: (A2)

The potential is rather flat around r¼ 0 and changes rapidly when
r � Rin (i.e., the probe gets closer to the source walls). At the center
of the tube (r¼ 0), we recover the previous result.

The same calculation applied to a gravitational potential pre-
dicts an infinite potential associated with the infinite mass of the
cylinder. A more realistic calculation considers a finite length of the
source (H). The potential as function of the location of the probe
inside the cylinder can be also computed analytically for different
probe locations

V2�ðr; zÞ ¼ qV0
SPp

1
R2
in � r2

þ 1

r2 � ðRin þ TÞ2
� �

�
���� 3 ðRin � rÞ2 þ ðH � zÞ2
� �

ðz � HÞ � ðz � HÞ3

3 ðRin � rÞ2 þ ðH � zÞ2
� �3=2

þ z3 � 3z ðRin � rÞ2 þ z2
� �

3 ðRin � rÞ2 þ z2
� �3=2

����; (A3)

where z is the coordinate along the cylinder axis, r is the radial
position with respect the cylinder axis, R is the inner cylinder
radius, T is the cylinder wall thickness, and H is the cylinder
length.

On the contrary, the gravitational potential induced by the
source in the probe shows different dependency with the tube thick-
ness (W). We have to consider a finite tube of length (H)

VGðr; zÞ ¼ � 2pMPqG 2RinT þ T2

2

� �

� tanh�1 z � Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðH � zÞ2 þ ðRin � rÞ2

q
0
@

1
A

0
@

�tanh�1 zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRin � rÞ2 þ z2

q !!
; (A4)

where MP is the atomic mass of the probe, r is the radial position
with respect the cylinder axis, and z is the coordinate along the cyl-
inder. The potential dependencies with the cylinder radius and
length permit the operation of two cylinders, one with vanishing 2�
potential and the other with a sizeable potential but sharing the
same gravitational potential.

APPENDIX B: INFLUENCE OF THE ATOMIC SPECIES

The optimal source potential is the one that optimizes V0
SPq.

We have computed the quantity for several source and probe spe-
cies. The relative strength to that of the gravitational force goes as
V0
SP . Values are tabulated in Table I. We can gain a factor of �10 in

atom–atom potential strength (V0
SP) from carbon to tungsten, and a

factor of 5.5 when considering the density of the source material
(V0

SPq). The loss of strength by changing the 184
74 W source by 74

32Ge is
around 3.6. We consider other aspects related to the control of the
Casimir–Polder potential in the selection of the source material. We
have also computed the same potential for a lighter probe atom
(4019K), see Table I. The 40

19K potential strength versus the one with
174
70 Yb varies from 4.5 to 4.9 times depending on the source atom
species. The same ratio is obtained for VSPq since the density
depends only on the source component. This result shows, as
expected, that the optimal configuration is the one with the largest
density in the source and largest number of nucleons in the source
and probe species. The case of the carbon source is special since it is
possible to achieve high-density material with respect the nominal
atomic mass using graphite as a source material. The VSPq strength
has a similar magnitude to the one of 7432Ge despite a large difference
in the atom–atom potential (VSP) between the two source atomic
species.

TABLE I. Values of V0
SP and V0

SPq for different combinations of atoms. Density for 126 C
is taken for graphite.

Probe Source q (atoms/lm3) V0
SP (J lm

5) V0
SPq (atoms J lm2)

174
40 Yb 12

6 C 1:13� 1011 3:25� 10�68 3:68� 10�57

174
40 Yb 74

32Ge 4:41� 1010 1:24� 10�67 5:47� 10�57

174
40 Yb 184

74 W 6:31� 1010 3:15� 10�67 1:99� 10�56

40
19K

12
6 C 1:13� 1011 6:56� 10�69 7:44� 10�58

40
19K

74
32Ge 4:41� 1010 2:78� 10�68 1:23� 10�57

40
19K

184
74 W 6:31� 1010 6:85� 10�68 4:32� 10�57

TABLE II. Expansion coefficients ani representing the 1=R
n potential between 7432Ge and 70174Yb atoms.

mmin a1 (J lm) a2 (J lm
2) a3 (J lm

3) a4 (J lm
4) a5 (J lm

5)

Massless
0 eV 	 	 	 	 	 	 	 	 	 	 	 	 1:26� 10�67

Dirac
0 eV 1:03� 10�71 �2:83� 10�70 2:37� 10�69 �3:51� 10�70 1:26� 10�67

0.1 eV 2:34� 10�70 �3:75� 10�69 1:63� 10�68 4:85� 10�69 1:26� 10�67

Majorana
0 eV 3:18� 10�71 �6:24� 10�70 3:76� 10�69 1:94� 10�70 1:26� 10�67

0.1 eV 2:36� 10�70 �3:35� 10�69 1:08� 10�68 2:32� 10�68 1:26� 10�67
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APPENDIX C: ATOM–ATOM 2� POTENTIAL EXPANSION
IN TERMS OF 1=Rn

To simplify numerical integrals, we approximate the atom–
atom potential between 1 and 10 lm by an expansion in terms of
1=Rn, where n is a positive integer. The integral is limited to values
between these two limits to ensure the validity of the expansion.
This expansion is given by

Vi
2� ¼

X5
n¼1

ain
Rn

: (C1)

Here, the superscript i represents each of the cases that have been
analyzed. The values of ani for the potential induced between 174

70 Yb
and 74Ge32 atoms can be found in Table II. The reference case for
massless neutrinos, with a nominal dependency of 1=R5, is also
shown.
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